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1.1 section 1
Table 1.1: Lookup table for all problems in current section

ID problem ODE

8661 1 Y =0

2 ¥y =a

8663 3 Y=z

8664 4 y =

8665 5 y =ax

6 y = azxy

8667 7 Y =ax+y
8668 8 y =ax+ by
8669 9 Y=y

8670, 10 y = by

11 Yy = ax + by?
8672 12 cy =0

8673 13 cy =a

8674 14 cy =azx

15 ¢y =ax+y
8676, 16 cy =ax+ by
8677 17 cy =y

8678 18 cy = by

8679 19 cy' = ax + by?
8680 20 cy = et
8681 21 cy = =’
8682 22 cy = b

Continued on next page
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23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

/ _ ax+by?
cYy = T

asin (z) yzy =0

f(z)sin (z) yzy'm =0

y =sin(z) +y
y = sin(z) +y*
y' =cos(z) + <
y' = cos(z) + yE—Q
Yy =z+y+by
zy' =0

5y =0

ey =0

7wy =0
sin(z)y =0
f(@)y =0

zy =1

zy = sin (z)

(z-1)y' =0
yy' =0
zyy =0

zysin (z)y' =0
mysin (z)y' =0
zsin(z)y =0
zsin (z)y? =0
yy? =0

Continued on next page
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Table 1.1 Lookup table

Continued from previous page

ID problem ODE

47 y" =0

]708| 48 zy" =0

8709 49 V:=z

8710, 50 yVi=z+y

8711 51 y? =1

8712 52 y?=v

8713 53 y? =2

8714 54 y =v

8715 55 yi=1L

8716 56 Y=

8717 57 v =

8718 58 yi=h

8719 59 v = A

8720 60 y=yI+t6z+y
8721 61 y = (1+6z+y)"?
8722 62 y' = (1+6z+y)*
8723 63 y = (a+bz+y)!
8724 64 Y =(m+az+7y)"?
8725 65 Y = (a+ bz + cy)°
8726/ 66 y = e*tY

8727 67 y =10+ e*tY

8728 68 Yy =10e*tY + 22
8729 69 Yy =z etV +sin (z)

8730 70 y = 5e”" T2 4 sin (z)



CHAPTER 1. LOOKUP TABLES FOR ALL PROBLEMS IN CURRENT BOOK 9

1.2 section 2 (system of first order odes)

Table 1.2: Lookup table for all problems in current section

ID problem ODE

8731 1 [2'(t) + ¥'(t) — z(t) = y(t) + t,2'(¢) + ¥ (¢) = 2z(t) + 3y(t) + €]

2 [22'(t) + 9/ (t) — z(t) = y(t) + t,2'(t) + /' (t) = 2z(t) + 3y(t) + €]

8733 3 [2'(t) + ¢/ (t) — z(t) = y(t) + t + sin (t) + cos (t),, ' (t) + ¥/ (t) = 2z(t) +
3y(t) + €]

1.3 section 3. First order odes solved using
Laplace method

Table 1.3: Lookup table for all problems in current section

ID problem ODE

8734 1 Yt+y=t

8735 2 y —yt=0

3 Yt+y=0

4 Yt+y=0

5 Yt+y=0

6 Yt+y=0

7 Yt+y=0

8741 8 y't +y = sin (¢)
8742 9 yt+y=t

8743 10 Yt+y=t

8744 11 Y +t2y=0

12 (at+1)y +y=t
8746/ 13 Y+ (at+bt)y=0

Continued on next page
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Table 1.3 Lookup table

Continued from previous page

ID problem ODE
8747 14 Y+ (at+bt)y=0
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2.1.1 problem 1
Solved as first order quadratureode . . . ... ... ... ... 14l
Solved as first order homogeneous class D2 ode . ... ... .. 15
Solved as first order ode of type differential . . . . .. ... .. 17
Maple step by step solution . . . . . .. ... ... ... .. .. 18]
Mapletrace . . . . . . . . . . .. 19
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Internal problem ID [8661]

Book : First order enumerated odes

Section : section 1

Problem number : 1

Date solved : Tuesday, December 17, 2024 at 12:57:13 PM
CAS classification : [_quadrature]

Solve

/

y =0

Solved as first order quadrature ode

Time used: 0.025 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ;
X

Figure 2.1: Slope field plot
y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode

Time used: 0.155 (sec)

Applying change of variables y = u(x) z, then the ode becomes

v (z)x+u(zr)=0

Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ulz)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.2: Slope field plot

y =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.010 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ;
X

Figure 2.3: Slope field plot
y =0

Summary of solutions found

Maple step by step solution

Let’s solve
Ly(z)=0

° Highest derivative means the order of the ODE is 1

Ly(z)

° Integrate both sides with respect to x

[ (Ly(z))dz = [0dz + C1
° Evaluate integral

y(z) = C1
o Solve for y(x)

y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.001 (sec)
Leaf size : 5

-

dsolve(diff(y(x),x) = 0,
L y(x),singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

‘DSolve[{D[y[x],x]==0,{}},
L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.2 problem 2
Solved as first order quadratureode . . . ... ... ... ... 201
Solved as first order homogeneous class D2 ode . ... ... .. 21
Solved as first order Exactode . . . . . ... ... ... .... 22]
Maple step by step solution . . . . . .. ... ... ... .. .. 251
Mapletrace . . . . . . . . . . .. 251
Maple dsolve solution . . . .. ... ... ... .. ....... 251
Mathematica DSolve solution . . . . .. .. ... ... ..... 26

Internal problem ID [8662]

Book : First order enumerated odes

Section : section 1

Problem number : 2

Date solved : Tuesday, December 17, 2024 at 12:57:14 PM
CAS classification : [_quadrature]

Solve

/

y=a

Solved as first order quadrature ode
Time used: 0.036 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

[v=[ads

Yy=ar+c

Summary of solutions found

Yy=ar-+c
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Solved as first order homogeneous class D2 ode
Time used: 0.186 (sec)

Applying change of variables y = u(x) z, then the ode becomes

v(z)z+u(z)=a

Which is now solved The ode v'(z) = —W is separable as it can be written as
o @) —a
u'(z) = .
= f(z)g(w)
Where
1
flz)=—
glu) = —u+a

Integrating gives

/ﬁdu=/f(x)dr
[

—In(—u(z)+a)=ln(z)+c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or —u + a = 0 for
u(z) gives

u(z) =a

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

—ln(—u(z)+a) =ln(z)+c;

Solving for u(z) gives
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Converting u(z) = a back to y gives
Yy = ax

_ (zefla—1)e°

Converting u(x) > back to y gives

y=(zea—1)e™™

Summary of solutions found

y=azx

y=(ze“a—1)e™™

Solved as first order Exact ode
Time used: 0.060 (sec)
To solve an ode of the form

M(z,) + N(z,y) B =0 (*)

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d
%QS(:I’., y) =0

Hence 06 00 d
0P o9ady _
Oxr Oydx 0 (B)

Comparing (A,B) shows that

o

e = M

op

=N
8%¢ _ 8%

ey = Byde then for the above to be valid, we require that

But since

oM _oN
oy Oz
If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition

86; g’y = g; a¢w is satisfied. If this condition is not satisfied then this method will not work
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and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy = (a)dz
(—a)dz+dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = —
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM_ 0
dy Oy
And
ON
1
o ( )
= ()
Since %M = 55 N then the ODE is exact The following equations are now set up to solve
for the function ¢(zx,y)
09
L =M 1
ox (1)
09
2 =N 2
o @)

Integrating (1) w.r.t. z gives

%dx:/de
or

0¢
9z dz = / —adzx

¢ = —azx+ f(y) (3)
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Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

99 _ :
a—y—0+f(y) (4)

But equation (2) says that g—‘z = 1. Therefore equation (4) becomes
1= 0+ £y ©
Solving equation (5) for f’'(y) gives
fly) =1

Integrating the above w.r.t y gives

/f’(y) dy=/(1)dy

fly)=y+a

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢

¢p=—-ar+y+c

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢ is new constant and
combining ¢; and ¢, constants into the constant c; gives the solution as

L =—ar+vy

Solving for y gives
Yy=ar-+c

Summary of solutions found

Yy=axr +c
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Maple step by step solution

Let’s solve
wy(@) =a
° Highest derivative means the order of the ODE is 1
=y(x)
° Integrate both sides with respect to x
[ (Ly(z)) dz = [ adz + C1
° Evaluate integral
y(x) = za+ CI1
o Solve for y(x)
y(x) = za+ C1

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

N\

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 9

‘dsolve(diff(y(x),x) = a,
‘ y(x),singsol=all)

Yy =ar-+c
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Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 11

'DSolve[{D[y[x],xl==a,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(x) = ax + ¢
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2.1.3 problem 3
Solved as first order quadratureode . . . ... ... ... ... 27
Solved as first order Exactode . . . . . ... ... ....... 28
Maple step by step solution . . . . .. ... ... ... ..... [31]
Mapletrace . . . . . . . . . . ... 32]
Maple dsolve solution . . . . . ... ... ... L.
Mathematica DSolve solution . . . . . ... ... ... .....

Internal problem ID [8663]

Book : First order enumerated odes

Section : section 1

Problem number : 3

Date solved : Tuesday, December 17, 2024 at 12:57:15 PM
CAS classification : [_quadrature]

Solve
y=x

Solved as first order quadrature ode
Time used: 0.038 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

[tv=[zdo

i
= — C
) 9 1
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X

Figure 2.4: Slope field plot

2
y=§+01
r,y) =0

T

(

y=x
¢

d
M(w,y)+N(x,y)£=0
dx

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the

Solved as first order Exact ode
ode. Taking derivative of ¢ w.r.t. x gives

Summary of solutions found
Comparing (A,B) shows that

Time used: 0.056 (sec)
To solve an ode of the form

Hence
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But since % = % then for the above to be valid, we require that
Y yox
oM _ ON
0y Oz

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
;f g’y = aa; g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy = (z)dzx
(—z)dz+dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = —z
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ 0N
oy Oz
Using result found above gives
oM_ 0
dy Oy
=0
And
ON 0
-1
ox 830( )
=0

Since %i;f = %%{, then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)

8¢
=M (1)

8¢
o =V 2)
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Integrating (1) w.r.t. z gives

%dxz/de
or

oo .
adx—/—xdx

2

o= —"5 + 1) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both = and
y. Taking derivative of equation (3) w.r.t y gives

9¢ :
3y =0+ 1"(y) (4)

But equation (2) says that g—‘;’ = 1. Therefore equation (4) becomes

1=0+7(y) ©
Solving equation (5) for f'(y) gives
flly)=1

Integrating the above w.r.t y gives

[rway=[@ay

fly)=y+a

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
2
x
p=—--+yta

2
But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and ¢y constants into the constant c; gives the solution as

2

x
01=—?+y



31

R N e I I T e N o N N =S

e e T T T T T T T T T T T S S S S SO
bSO NN NN NN NN NN NN
AN N I N N NN NN NN
ANUONRURNRURNNRNINNONNINNINNNNN N

ST ST TS
PP PP PP OO rrd

S S S S S B B B

BOOK SOLVED PROBLEMS

CHAPTER 2.
Solving for y gives

X

Figure 2.5: Slope field plot

+ C1

2

y(z)) dz = [ zdz + C1

d

dx

ylz) ==
Highest derivative means the order of the ODE is 1

y(x)
Integrate both sides with respect to x

d
dx
d

dx
Evaluate integral

Let’s solve

J(

y(z) =

Solve for y(x)
y(z) = ””2—2 + C1

Summary of solutions found
Maple step by step solution
[ J
[ J
[ J
[ J
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Maple trace

“Methods for first order ODEs:

‘——— Trying classification methods ——-

trying a quadrature
<- quadrature successful’

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 11

dsolve(diff (y(x),x) = x,
y(x) ,singsol=all)

y=—o+ta

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 15

‘DSolve[{D[y[x],x]==x,{}},
y[x],x,IncludeSingularSolutions->True]

y(z)

—>$2+c
2 1
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2.1.4 problem 4
Solved as first order quadratureode . . . ... ... ... ...
Solved as first order homogeneous class D2 ode . ... ... .. 34
Solved as first order Exactode . . . . . ... ... ... .... 361
Maple step by step solution . . . . . .. ... ... ... .. .. 391
Mapletrace . . . . . . . . . . .. 391
Maple dsolve solution . . . .. ... ... ... .. ....... 391
Mathematica DSolve solution . . . . .. .. ... ... ..... Z10)

Internal problem ID [8664]

Book : First order enumerated odes

Section : section 1

Problem number : 4

Date solved : Tuesday, December 17, 2024 at 12:57:15 PM
CAS classification : [_quadrature]

Solve

/

y=1

Solved as first order quadrature ode

Time used: 0.032 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy=/1dx
Y

=r+C
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Figure 2.6: Slope field plot

y =1

Summary of solutions found

r+c

y:

Solved as first order homogeneous class D2 ode

Time used: 0.173 (sec)

Applying change of variables y = u(x) z, then the ode becomes

v (z)r+u(z) =1

is separable as it can be written as

_ _u(w)—l
u(z) —1

Which is now solved The ode v/(x)

f(@)g(u)

v (r) = —

Where

Integrating gives

)du= /f(x)dm

1
g(u

/

1
—dzx
T

/

1
—u+1
—ln(u(z) —1)=In(z)+ ¢

/
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We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) =0 or —u+ 1 =0 for
u(z) gives

u(z) =1

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

—In(u(z) —1)=In(z) +

u(z) =1

Solving for u(z) gives

u(z) =1

C1 1 —C1
u(z) = (e +1)e
x
Converting u(x) = 1 back to y gives
y==o

= W back to y gives

Converting u(x)

y=(zet+1)e ™

y(x) 01

-1
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Figure 2.7: Slope field plot
y =1
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Summary of solutions found

y=g
y=(zer+1)e ™

Solved as first order Exact ode
Time used: 0.056 (sec)

To solve an ode of the form

M(z,) + N(z,) B =0 (4)

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. = gives

d
Hence 96 06d
Yy _
oxr  Oydr 0 (B)

Comparing (A,B) shows that

9¢

97 M

99

a_y =N

But since % = % then for the above to be valid, we require that

OM _ ON

oy Or
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
59; g’y = % is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is
M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(1)dy = d=
—dz+(1)dy =0 (2A)
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Comparing (1A) and (2A) shows that

M(z,y) =-1
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM  ON
oy Oz
Using result found above gives
oM _ o
dy Oy
=0
And
8N
1
s ( )
= 0
Since %M = 5 N ' then the ODE is exact The following equations are now set up to solve
for the function ¢(z,y)
09
i M (1)
o¢
kA 2
5 e

Integrating (1) w.r.t. = gives

%dxz/de
or

09
%dx—/—ldx

¢=—z+ f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both = and
y. Taking derivative of equation (3) w.r.t y gives

9¢ /
3y =0+ 1" (y) (4)
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But equation (2) says that g—"; = 1. Therefore equation (4) becomes
1=0+f(y) (5)
Solving equation (5) for f'(y) gives
fly)=1

Integrating the above w.r.t y gives

/ﬁw@=/m@

fly)=y+a

Where c¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
p=—-r+y+c

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

01=—$+y

Solving for y gives
y=z+c

y(x) 01

-1

24
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Figure 2.8: Slope field plot
y =1



CHAPTER 2. BOOK SOLVED PROBLEMS

39

Summary of solutions found

Yy=x+cC
Maple step by step solution

Let’s solve
&y(@) =1

° Highest derivative means the order of the ODE is 1
&y(@)

° Integrate both sides with respect to x
[ (Ly(z)) dz = [1dz + C1

° Evaluate integral
y(z) =z + C1

) Solve for y(x)
y(z) ==z + C1

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 7

‘ dsolve(diff(y(x),x) = 1,
‘ y(x) ,singsol=all)

y=zxz+ac
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Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 9

'DSolve[{D[y[x],x]==1,{}},
‘ y[x],x,IncludeSingularSolutions->True]

ylz) > z+ a1
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2.1.5 problem 5

Solved as first order quadratureode . . . ... ... ... ...
Solved as first order Exactode . . . . . ... ... .......
Maple step by step solution . . . . . ... ... ... ... ..

Maple trace

Maple dsolve solution . . . . . ... ... ... L.
Mathematica DSolve solution . . . . .. ... ... .......

Internal problem ID [8665]

Book : First order enumerated odes

Section : section 1
Problem number : 5

Date solved : Tuesday, December 17, 2024 at 12:57:16 PM
CAS classification : [_quadrature]

Solve

Yy =azx

Solved as first order quadrature ode

Time used: 0.040 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

Summary of solutions found

/dy=/azdm
2

@ +
= —_— C
) 9 1

azr
y=—+a
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Solved as first order Exact ode
Time used: 0.061 (sec)

To solve an ode of the form

M(z,) + N(z,) 2 =0 ()

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d
Hence 96 06d
Y
— —_—— T B
or + Oy dx 0 (B)
Comparing (A,B) shows that
09
9 M
09
TN
Oy
But since a‘fgy = aa: g; then for the above to be valid, we require that
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
g: g’y = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy = (az)dz
(—az)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that
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The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM_ 0o
dy Oy
=0
And
6N
1
. ( )
= O
Since 24 — then the ODE is exact The following equations are now set up to solve

By - (9:17’
for the function ¢(z,y)

9¢

9¢

Integrating (1) w.r.t. z gives

oo .
%dx—/de

¢
9z dz = /—ax dz

2

¢:_T+f() 3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

0 .
By =0+ f'(y) (4)

But equation (2) says that ‘% = 1. Therefore equation (4) becomes

1=0+f(y) (5)
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Solving equation (5) for f'(y) gives
f'ly) =1

Integrating the above w.r.t y gives

[rway=[way

flyY)=y+a

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
72

a
¢=_T+y+cl

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢ is new constant and
combining ¢; and ¢, constants into the constant c; gives the solution as

2

== +y
Solving for y gives
= az’ +c
Y= 9 1
Summary of solutions found
= a_a:2 +c
Y= 9 1

Maple step by step solution

Let’s solve

%y(w) = za
° Highest derivative means the order of the ODE is 1

Ly(z)

° Integrate both sides with respect to x

[ (Ly(z))dz = [ zadz + C1
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° Evaluate integral
y(z) = z;—“ + C1

o Solve for y(x)
y(z) = ””2& + (1

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

<- quadrature successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 12

dsolve(diff (y(x),x) = a*x,
y(x) ,singsol=all)

azx
y=-——+ta
Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 16

'DSolve [{D[y[x],x]==a*x,{}},

y[x],x,IncludeSingularSolutions->True]

2

ax
y(x) — =B + ¢
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2.1.6 problem 6
Solved as first order linearode . . . . . ... ... ....... 46
Solved as first order separableode . . .. ... ... ... ... 47
Solved as first order homogeneous class D2 ode . . .. ... .. 48
Solved as first order Exactode . . . .. ... ... ....... B0
Solved using Lie symmetry for first orderode . . . . . ... .. H3l
Maple step by step solution . . . . .. ... ... ... .. ... L7l
Maple trace . . . . . . . . . L BTl
Maple dsolve solution . . . .. ... ... ... ......... ¥
Mathematica DSolve solution . . . . .. .. ... ... ..... 58]

Internal problem ID [8666]

Book : First order enumerated odes

Section : section 1
Problem number : 6

Date solved : Tuesday, December 17, 2024 at 12:57:17 PM
CAS classification : [_separable]

Solve

Y =axy

Solved as first order linear ode

Time used: 0.086 (sec)

In canonical form a linear first order is

Y +q(z)y = p(z)

Comparing the above to the given ode shows that

The integrating factor u is
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The ode becomes

Integrating gives

azz
ye 2 =/0d:v—|—cl

=cl

2

Dividing throughout by the integrating factor e~ “z gives the final solution

2
y=e 2 C

Summary of solutions found

2
Yy = eTCl

Solved as first order separable ode
Time used: 0.109 (sec)

The ode y = axy is separable as it can be written as

y = axy

Where

Integrating gives
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We now need to find the singular solutions, these are found by finding for what values
g(y) is zero, since we had to divide by this above. Solving g(y) = 0 or y = 0 for y gives

y=20

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In(y) = 5 +c
y=0
Solving for y gives
y=0
Y= ez ta
Summary of solutions found
y=0
(II2
y = eT+Cl

Solved as first order homogeneous class D2 ode

Time used: 0.126 (sec)

Applying change of variables y = u(x) z, then the ode becomes
v (z) T+ u(z) = az’u(z)

u(z) (az?-1)
x

Which is now solved The ode v'(z) = is separable as it can be written as

u(z) (az? —1)

u'(z) = .
= f(z)g(u)
Where
f(z) = axl— 1
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Integrating gives

/ﬁdu:/f(x)dx
/idu=/ax2m_1dz

ar?

In (u(a)) = %2 +1n (1> to

T

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are
a2 1
In (u(z)) = 5 +In (;) +c
u(z) =0

Solving for u(z) gives

Converting u(x) = 0 back to y gives

y=20

2
. GF—+ec1 .
Converting u(x) = *“—— back to y gives
2
az?
y=e 2 +a

Summary of solutions found
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Solved as first order Exact ode
Time used: 0.173 (sec)

To solve an ode of the form

M(z,) + N(z,) 2 =0 ()

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d
Hence 96 06d
Y
— —_—— T B
or + Oy dx 0 (B)
Comparing (A,B) shows that
09
9 M
09
TN
Oy
But since a‘fgy = aa: g; then for the above to be valid, we require that
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
g: g’y = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy = (azy) dz
(—azy)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = —azy
N(z,y) =1
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The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM 0 9 (Zazy)
6y 6y ay
= —azx
And
6N
1
. ( )
= ()

Slnce 7é , then the ODE is not exact. Since the ODE is not exact, we will try to
find an mtegratlng factor to make it exact. Let

(-2
= 1((—55) - (((;)))

= —axr

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

p=e [Adz
— ef —azdz
The result of integrating gives
awz
n= e 2
aw2
= e_T

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.
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And
N = uN
az2
=T (1)
2
pry e_ag

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+N-2 =0
dx
GZZ G.IQ d
(—axye_ 2 ) + (e_T> % =0
The following equations are now set up to solve for the function ¢(z,y)
0y —
=M 1
e (1)
%N 2

Ay
Integrating (2) w.r.t. y gives

@dy= /Ndy
dy

0 _as?
a—ydy—/e dy

b=ye "t + f(2) (3)

Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t x gives

6 lleQ
20— —aayet 4 f'(a) @
U/T2
But equation (1) says that % = —azye 2 . Therefore equation (4) becomes
a132 a132
—azye” 2 = —azye 2 + f'(z) (5)

Solving equation (5) for f'(z) gives
fi(x)=0
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Therefore

f@)=«a
Where c; is constant of integration. Substituting this result for f(z) into equation (3)
gives ¢

azz

p=ye 2

+c

But since ¢ itself is a constant function, then let ¢ = c; where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

azz

cp=1ye 2
Solving for y gives
G/I2
y = e 2 C1
Summary of solutions found
QZ2
y=ez2 ¢

Solved using Lie symmetry for first order ode
Time used: 0.212 (sec)

Writing the ode as

Y = axy
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by
Nz + W("?y — &) — w2£y —we§ —wyn =0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ = zaz + yas + o (1E)
n = xby + ybs + by (2E)
Where the unknown coeflicients are

{al, a2, as, bl) b2, b3}
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Substituting equations (1E,2E) and w into (A) gives
by + axy(bs — a) — a®2®y*as — ay(zas + yas + a1) — ax(xby +ybs +b1) =0 (5E)
Putting the above in normal form gives
—a2a:2y2a3 —az’hy — 2azyag — ay2a3 —azxb; —aya; + by =0
Setting the numerator to zero gives
2,2 2 2 2 _
—a“z“y“az — ax°by — 2axyas — ay“az — axrb, —aya; + by =0 (6E)
Looking at the above PDE shows the following are all the terms with {z,y} in them.

{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z = v,y = v}
The above PDE (6E) now becomes
—a2azvvs — 200901V — aa3v: — abyv? — aa vy — abivy + by =0 (TE)
Collecting the above on the terms v; introduced, and these are

{’Ul, ’Uz}

Equation (7E) now becomes

—a2a3v%v§ — 2aayv1V9 — aagvg - abzv% — aa1ve — abjv; + by =0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

by =0
—aa; =0
—2aa, =0
—aaz =0
—ab; =0
—aby =0

—a%a; =0
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Solving the above equations for the unknowns gives

a; =0
a; =0
a3 =0
by =0
b, =0
bs = bs

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£E=0
n=y
The next step is to determine the canonical coordinates R, S. The canonical coordinates

map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _dy _
§ n

The above comes from the requirements that <§ 2 4+ n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx

1
S=/—dy

n

Y

S=In(y)

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ _ Sx +W($,y)Sy
dR R, +w(z,y)R,

(2)
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Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = axy

Evaluating all the partial derivatives gives

R, =1
R,=0
Sy =0
1
Sy = 5
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
ds
JR- (2A)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR

The above is a quadrature ode. This is the whole point of Lie symmetry method.

aR

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

/dS:/aRdR

2
S(R) = %"'62

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in
2

ax
In(y) = IO +Co
Which gives
awz
Y= e 2 Te2
Summary of solutions found
2
y= e%‘l'@
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Maple step by step solution

Let’s solve
wy(z) = vay(z)

° Highest derivative means the order of the ODE is 1
()

° Solve for the highest derivative

i-y(z) = zay(z)

° Separate variables

d
Ey(z‘) _
Ty T 2

° Integrate both sides with respect to x

icy(@) dz = [ zadz + C1
y(z) -

° Evaluate integral
In (y()) = %* + C1
o Solve for y(x)

Z2(l
y(@) == T

Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful’

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 13

‘ dsolve(diff (y(x),x) = axxxy(x),
‘ y(x),singsol=all)
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Mathematica DSolve solution

Solving time : 0.027 (sec)
Leaf size : 23

'DSolve [{D[y[x],x]==a*x+y[x],{}},
‘ y[x],x,IncludeSingularSolutions->True]

a$2

y(z) = cre 2
y(z) =0
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2.1.7 problem 7
Solved as first order linearode . . . . . ... ... ....... BYY)
Solved as first order Exactode . . . . . ... ... ....... 60
Solved using Lie symmetry for first orderode . . . .. .. . .. 64
Maple step by step solution . . . . . .. ... ... ... .. .. 671

Maple trace

Maple dsolve solution
Mathematica DSolve solution

Internal problem ID [8667]

Book : First order enumerated odes

Section : section 1
Problem number : 7

Date solved : Tuesday, December 17, 2024 at 12:57:18 PM
CAS classification : [[_linear, ‘class A‘]]

Solve

Yy =az+y

Solved as first order linear ode

Time used: 0.105 (sec)

In canonical form a linear first order is

Y + q(z)y = p(x)

Comparing the above to the given ode shows that

The integrating factor u is

g(z) = —1
p(x) = ax

M:efqda:

- ef(_l)dw

e

—T
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The ode becomes

Integrating gives
ye ¥ = /ax e “dx
=—(z+1ae®+¢
Dividing throughout by the integrating factor e™* gives the final solution

y=c e —a(z+1)

Summary of solutions found

y=ce —alzx+1)

Solved as first order Exact ode
Time used: 0.105 (sec)

To solve an ode of the form

M(z,) + N(z,3) 2 =0 *)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 06 06 d
vy _
oxr  Oydr 0 (B)

Comparing (A,B) shows that

0p

9 M

0p

8_;1/ =N
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But since aa g = a a then for the above to be valid, we require that
yox

OM  ON

By Or
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
;f g’y = aa; g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

dy = (az +y) dz
(—az —y)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that
M(z,y) = —az —y
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ 0N
oy Oz
Using result found above gives
oM 2(— T —y)
9y 9y
=-1
And
8N
1
. ( )
= 0

Since %i; # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

oM ON
A= (a—y - %)
= 1((~=1) - (0))
=-1
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Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor u is

— efAda:

— ef—ldz

I

The result of integrating gives

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM
=e "(—az —y)
=—(ax+y)e”
And

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is
M+N-=>=0
+ dx
o —oy Y _
(—(az+y)e ™) + (e77) iz =0

The following equations are now set up to solve for the function ¢(z,y)

0p —
B M (1)
0p —
oy = N (2)
Integrating (2) w.r.t. y gives
0 . [+
[ ayo= [ o
0¢ e
8_ydy = /e dy

p=ye "+ f(x) (3)
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Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t = gives

%yt @) (@

But equation (1) says that % = —(az + y) e *. Therefore equation (4) becomes
—(az +y)e™ = —ye™" + f'(z) (5)
Solving equation (5) for f'(z) gives
f(z) = —axe™

Integrating the above w.r.t = gives

/f’(a:)dx=/(—axe_x) dz

flz)=(z+1)ae ™+

Where c¢; is constant of integration. Substituting result found above for f(z) into
equation (3) gives ¢

dp=ye ’+(z+1)ae "+

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy; constants into the constant c; gives the solution as

cag=ye "+ (x+1)ae’”

Solving for y gives

x T

y=—(aze " +ae " —¢)e

Summary of solutions found

y= —(aace_“c +ae™® — cl) e’
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Solved using Lie symmetry for first order ode
Time used: 0.347 (sec)

Writing the ode as
v =ar+y
Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
e +w(ny — &) — W€y —w€ —wyn =0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

£ = zax +yaz + a1 (1E)
1 = wby +ybs + by (2E)

Where the unknown coefficients are
{a1, a2, a3,b1,b9, b3}
Substituting equations (1E,2E) and w into (A) gives
by + (az 4 y) (bs — a) — (az + y)* as — a(zay + yas + a;) — xby — ybs — by =0 (5E)

Putting the above in normal form gives
—a’z?a3 — 2azyas — 2azxas + axbs — ayas — ylas — aay — xby —yas — by + by =0
Setting the numerator to zero gives

—a’z%a3 — 2axyas — 2axay + arbs — ayas — y’as — aa; — vby —yas — by + by =0 (6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{r =v1,y = v}
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The above PDE (6E) now becomes
—azagvf —2aa3v1V9 — 20901 — AA3V9 + absv; — agvg —aa; —agVy—byvy —by +b, =0 (7E)
Collecting the above on the terms v; introduced, and these are
{v1, ve}
Equation (7E) now becomes

—a2a3v? — 2aa3v1v; + (—2aag + abs — by) v; — asva + (—aas — az) vy — aa; — by + by =0
(8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

—ag = 0
—2aa3 =0
—a%a3 =0

—aaz —as =0
—aa —b1+b2 =0
—2aa2 + ab3 — b2 =0

Solving the above equations for the unknowns gives

a; = ay

a; =0

a3 =0

by = —aa; + abs
by = abs

bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

§£=0
n=axr+a+y

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.



CHAPTER 2. BOOK SOLVED PROBLEMS 66

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

F=y =48 1)

The above comes from the requirements that (E 2+ n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx

n

1
ar+a—+y

S is found from

Which results in
S=In(azx+a+y)

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S tw(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(x,y) is the right
hand side of the original ode given by

w(z,y) =ax+y

Evaluating all the partial derivatives gives

R, =1
R, =0
g =—2
ar+a—+y
1
Sy=——
ar+a—+vy

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as
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We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as

ar =1

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form - S(R) = f(R), then we only need to integrate f(R).

/dS=/1dR

S(R) = R+02

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

In(az+a+y)=x+co
Which gives
T+cCc2

y=e —ar —a

Summary of solutions found

y=¢e""2 —qzr —a

Maple step by step solution

Let’s solve
wy(z) = za+y(z)
° Highest derivative means the order of the ODE is 1
=y(2)
° Solve for the highest derivative
y() = za +y(z)
° Group terms with y(z) on the lhs of the ODE and the rest on the rhs of the ODE
#Y(@) —y(z) = 2a
° The ODE is linear; multiply by an integrating factor u(x)

u(@) (Ly(@) - y(@)) = p(z)ea
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o Assume the lhs of the ODE is the total derivative 2 (y(z) u(z))

w(z) (Ly(@) —y(@)) = (Hy(@)) pz) +y(@) (Fuz))
o Isolate - u(x)

dwh(z) = —p(z)

° Solve to find the integrating factor

p(z) =e*
° Integrate both sides with respect to x

[ (L (y(z) u(z))) dz = [ p(z) zadz + C1
° Evaluate the integral on the lhs

y(2) p(x) = [ p(e) zadz + C1

o Solve for y(x)

y(z) = [ u(w);&d)HCl

o Substitute u(z) = e™*

y(z) = g
° Evaluate the integrals on the rhs
y(z) = W

° Simplify
y(x) = C1e* —a(zr+1)

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 15

‘dsolve(diff (y(x),x) = a*x+y(x),
‘ y(x) ,singsol=all)

y=¢€"c; —a(zr+1)
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Mathematica DSolve solution

Solving time : 0.027 (sec)
Leaf size : 18

'DSolve [{D[y[x],x]==a*x+y[x],{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(x) = —a(x + 1) + c1€°
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2.1.8 problem 8
Solved as first order linearode . . . . . ... ... ....... ()
Solved as first order Exactode . . . . . ... ... ....... [71l
Solved using Lie symmetry for first orderode . . . .. .. . .. 75}
Maple step by step solution . . . . . .. ... ... ... .. .. 79]

Maple trace

Maple dsolve solution .
Mathematica DSolve solution . . . . .. .. ... ... .....

Internal problem ID [8668]

Book : First order enumerated odes

Section : section 1
Problem number : 8

Date solved : Tuesday, December 17, 2024 at 12:57:19 PM
CAS classification : [[_linear, ‘class A‘]]

Solve

v =ar+by

Solved as first order linear ode

Time used: 0.124 (sec)

In canonical form a linear first order is

Y + q(z)y = p(x)

Comparing the above to the given ode shows that

The integrating factor u is

()
50



CHAPTER 2. BOOK SOLVED PROBLEMS 71
The ode becomes
d
g M) = 1p
d
3z W) = (u) (az)
i(ye—bz) — (e—bz) (CML')
dx
d(y e_b””) = (ax e_b””) dz
Integrating gives
ye = /ax e % dx
(bx +1)ae™®
_ 7
Dividing throughout by the integrating factor e~®® gives the final solution
c, e — abz — a
Summary of solutions found
c, e —abzr —a
Solved as first order Exact ode
Time used: 0.123 (sec)
To solve an ode of the form
dy

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the

ode. Taking derivative of ¢ w.r.t. z gives

d

Hence

0 00y _,

dor  dydz
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Comparing (A,B) shows that

09
T M
ox
9 _ n
Oy
But since aa;gy = ;; g’x then for the above to be valid, we require that
oM _ oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59;, gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

dy = (az + by) dz
(—az —by)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that
M(z,y) = —az — by
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0
T (—azr—b
oy = 5y (o=~ )
=-b
And
oN _ 2
oxr Oz

=0
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Since %i; # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

L L(oM_oN
N\ Oy Oz
=1((-0) - (0))
=—b
Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is
—e JAdz

— ef—bdz

L

The result of integrating gives

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM

—bac(

=e *(—azx — by)

= —(az +by)e ™
And
N = uN
=e (1)
—bx

=€

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+ N@ =0
dx
dy
_ b —bx —br\ =9 _
(—(az+by)e ™) + (e )dz 0
The following equations are now set up to solve for the function ¢(z,y)
op —
Y =M 1
e (1)
% _x (2)

Oy
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Integrating (2) w.r.t. y gives

¢
8y dy = /Ndy
8¢ b
3y / " dy
p=ye " + f(x) (3)

Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t  gives

% —pe 4 [ () @

But equation (1) says that % = —(ax + by) e~*. Therefore equation (4) becomes
—(az + by)e™™ = —ybe " + f'(x) (5)
Solving equation (5) for f'(z) gives
f'(z) = —aze™®
Integrating the above w.r.t = gives

/f’(z) dx=/(—axe_b“) dz

f(z) = (bz + 11)3 ae t®

&1

Where ¢; is constant of integration. Substituting result found above for f(z) into

equation (3) gives ¢

(bx+1)ae™®
b2

p=ye '+ 2

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

(bx+ 1)aet®
b2

c=ye?
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Solving for y gives

(azbe ™ — 1 b? + ae™) ™
y=—- b2

Summary of solutions found

(azbe™ — 1 b? + ae™") ™
y=-—- b2

Solved using Lie symmetry for first order ode
Time used: 0.415 (sec)

Writing the ode as

v =ar+by
Yy =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + W(ny - é..’ll) - w2£y —w€ — wyn =10 (A)

To determine &,n then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ = zag +yaz + ay (1E)
1 = xbz + ybs + by (2E)

Where the unknown coefficients are
{a1, a3, a3,b1,b9, b3}
Substituting equations (1E,2E) and w into (A) gives
by + (az + by) (bs — az) — (az + by)® as — a(zay + yas + a;) — b(xby + ybs +b;) =0 (5E)
Putting the above in normal form gives

—a’z?a3 — 2abryas — b*y’as — 2azas + axbs — ayas — brby — byas — aay — bby + by =0
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Setting the numerator to zero gives

—a’z?a3 — 2abryas — b*y’as — 2azas + axbs — ayas — brby — byas — aay — bby + by =0
(6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}

in them

{z =v1,y = v}

The above PDE (6E) now becomes

—a2a3vf — 2abasv vy — bzagvg — 2aa9v1 — aaszvs (7E)
+ absv; — bagvy — bbyv; — aa; — bby +by =0
Collecting the above on the terms v; introduced, and these are
{v1, va}
Equation (7E) now becomes
—a?azv? — 2abazvivy + (—2aay + abs — bby) vy (8E)

— b%a3v3 + (—aas — bay) vy — aa; — bby + by =0

Setting each coefficients in (8E) to zero gives the following equations to solve

2

—a“a3 =0
—b2a3 =0
—2aba3 =0

—aaz —bay =0
—aa; — bbl + b2 =0
—2aay + abs —bby =0
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Solving the above equations for the unknowns gives

ar=a

a, =0

a3 =0

by =b

by = aaq + bby

by — b(aay + bby)

a

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

§=0
n_abx+b2y+a

a

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

F=y =48 1)

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx

Sz/ldy
n

1
- / abz+b2y+a dy

a

S is found from

Which results in

_aln(abz + b’y + a)

S 72
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Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ _ Set+w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = ax + by

Evaluating all the partial derivatives gives

R,=1
R,=0
a2
== b(abx + b%y + a)

a
Sy = abxr + b’y +a

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds a
-~ _Z 2A
dR b (24)
We now need to express the RHS as function of R only. This is done by solving for =,y
in terms of R, S from the result obtained earlier and simplifying. This gives

45 _a
dR b
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form ;%S(R) = f(R), then we only need to integrate f(R).

a
/dS—/ZdR
S(R aR

):T—i_CQ

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in
aln (abz + b*y+a) ax
( y+tao) _az

b2 b
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Which gives

b(cgbtax)
e —abr—a
y - b2
Summary of solutions found
b(cgb+ax)
e a —abr —a
y - b2

Maple step by step solution

Let’s solve

4 y(z) = za + by(z)

Highest derivative means the order of the ODE is 1

=y(2)

Solve for the highest derivative

4y(z) = za + by(z)

Group terms with y(x) on the lhs of the ODE and the rest on the rhs of the ODE
=y(z) — by(z) = za

The ODE is linear; multiply by an integrating factor u(x)

u(@) (£y(@) — by(@)) = p(a) za

Assume the lhs of the ODE is the total derivative 2 (y(z) u(z))

(@) (y(z) = by(z)) = (Hy(@) ule) +y(z) (Zu))
Isolate - u(x)

(@) = —p(z) b

Solve to find the integrating factor

W) = e

Integrate both sides with respect to x

[ (E(y(z) p(z))) dz = [ p(z) zadz + C1

Evaluate the integral on the lhs

y(@) u(x) = [ u(x) 2ads + C1

Solve for y(x)

z)zxadx+C1
y(z) = J )#(x) +

Substitute u(z) = e~
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e Y zadr+C1
y(z) = IT
° Evaluate the integrals on the rhs
_ (bx+1)e7bza+01
y(r) = —S——
° Simplify
e??b2 —bza—a
y(w) — C1 bb2 b

Maple trace

“Methods for first order ODEs:

—-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 26

‘ dsolve(diff (y(x),x) = a*xx+b*xy(x),
‘ y(x) ,singsol=all)

et —azb—a
y - b2

Mathematica DSolve solution

Solving time : 0.056 (sec)
Leaf size : 25

p
DSolve [{D[y[x],x]==a*x+b¥y[x],{}},
L y[x],x,IncludeSingularSolutions->True]

abz + a
y(x) = — = + 1
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2.1.9 problem 9

Solved as first order autonomousode . . . . . .. ... ... ..
Solved as first order homogeneous class D2 ode . ... ... ..
Solved as first order Exactode . . . . . ... ... ... ....
Solved using Lie symmetry for first orderode . . ... ... ..

Maple step by step solution . . . . . .. ... ... ... ...,

Maple trace . . . .

Maple dsolve solution . . . .. ... ... ... .........
Mathematica DSolve solution . . . . . . ... ... ... ....

Internal problem ID [8669)

Book : First order enumerated odes
Section : section 1

Problem number : 9

Date solved : Tuesday, December 17, 2024 at 12:57:20 PM
CAS classification : [_quadrature]

Solve

y=y

Solved as first order autonomous ode

Time used: 0.083 (sec)

Integrating gives

n(y) =2+a
eln(y) — ex—l—cl

y=rce”

34
83|
93
93
93
94]
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unstable

I

Figure 2.9: Phase line diagram
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The following diagram is the phase line diagram. It classifies each of the above equilib-

rium points as stable or not stable or semi-stable.
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Figure 2.10: Slope field plot
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Summary of solutions found
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Solved as first order homogeneous class D2 ode

Time used: 0.139 (sec)

Applying change of variables y = u(x) z, then the ode becomes
v (z) x4+ u(z) = u(z)x

Which is now solved The ode v/'(z) = % is separable as it can be written as

= f(z)g(u)
Where
flo) =1
g(u) =u

Integrating gives

/ﬁdu=/f(z)dw
/%du=/x;1dx
In (u(z)) =z +1n (i) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are
1
In(u(z)) =z +1n <5) +c
u(z) =0

Solving for u(z) gives
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CHAPTER 2.

Converting u(x) = 0 back to y gives

Y gives

x+c
¢— back to

Converting u(z) =

y — e:1:+cl

s
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Figure 2.11: Slope field plot

Summary of solutions found

Solved as first order Exact ode

Time used: 0.096 (sec)

To solve an ode of the form

d
M(x,y)+N(w,y)£=0

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the

ode. Taking derivative of ¢ w.r.t. x gives

¢(z,y) =0

a
dx
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Hence 96 0d
Y
— —_—— T B
Oor Oydx 0 (B)
Comparing (A,B) shows that
99 _
oxr
09
TN
Oy
But since % = % then for the above to be valid, we require that
oM _ 0N
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
;’: gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy = (y) dz
(—y)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that

M(l‘,y) =Y
N(x,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM_o,
oy oy *

=-1
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And

Slnce 7$ , then the ODE is not exact. Since the ODE is not exact, we will try to
find an 1ntegrat1ng factor to make it exact. Let

Ao Lo _on
dy ox

= 1((—1) —(0))

=-1
Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

p=e JAdz

—e J-1dz

The result of integrating gives

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M =uM
=e "(—-y)
=—ye ”
And
N =uN
e "(1)
=e 7T

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+

dz

— oy By
(—ye™) +(e7) 3. =0
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The following equations are now set up to solve for the function ¢(z,y)

0p —
P M (1)
0p
oy N (2)
Integrating (2) w.r.t. y gives

09 . [+

8_y dy = /Ndy

op . [ _,

8_ydy = /e dy

¢=ye "+ f(z) (3)

Where f(z) is used for the constant of integration since ¢ is a function of both z and

y. Taking derivative of equation (3) w.r.t = gives

0
% ey (@) @
But equation (1) says that 52 = —ye~=. Therefore equation (4) becomes

—ye ¥ =—ye + f'(z)

Solving equation (5) for f'(z) gives

f'(z) =0

Therefore
flz)=c

Where c; is constant of integration. Substituting this result for f(z) into equation (3)

gives ¢
p=ye*+a

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy; constants into the constant c; gives the solution as

co=ye "
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Solving for y gives

y=rc e’
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Figure 2.12: Slope field plot

Summary of solutions found

y=rc e’

Solved using Lie symmetry for first order ode

Time used: 0.389 (sec)

Writing the ode as

Y=Y

Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

0

Nz + w(ny - Eoc) - w2§y - wx§ - wyn

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of

degree 1 to use as anstaz gives

(1E)
(2E)

ras + yas + a;

£
U

fEbz + yb3 + bl
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Where the unknown coefficients are
{a1,a2,a3,b1,bs,b3}
Substituting equations (1E,2E) and w into (A) gives
by +y(bs — az) — y’az — xby — ybs — by = 0 (5E)
Putting the above in normal form gives
—y’ag — xby —yag — by + by =0
Setting the numerator to zero gives
—y%ag — xby —yas — by + by =0 (6E)
Looking at the above PDE shows the following are all the terms with {z,y} in them.

{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z =v1,y = v}
The above PDE (6E) now becomes
—a3vs — AUy — by — by + by =0 (TE)
Collecting the above on the terms v; introduced, and these are
{vr,va}
Equation (7E) now becomes

—(lg’l)g — A2Vy — b2’U1 - bl + b2 =0 (8E)
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Setting each coefficients in (8E) to zero gives the following equations to solve

—ay =10
—a3 =0
—by=0
—b1+b,=0

Solving the above equations for the unknowns gives

ar =a
a; =10
a3 =10
by =0
by =0
bs = bs

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£E=0
n=y

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _dy _
§ n

The above comes from the requirements that ({ a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx

S:/ldy
n
Yy

S is found from
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Which results in

=1In(y)

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

aS _ Sp+w(z,y)Sy @)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) =y

Evaluating all the partial derivatives gives

R, =1
R,=0
S, =0

1
Sy=§

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds

dR
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

dsS

= =1

dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

=1 (2A)

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

/dS /1dR

S(R R+Cz
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=T+ cy

In (y)

y — ew+cz

Canonical

ODE in canonical coordinates

X

Figure 2.13: Slope field plot
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To complete the solution, we just need to transform the above back to x,y coordinates.

This results in

Which gives

The following diagram shows solution curves of the original ode and how they transform

in the canonical coordinates space using the mapping shown.
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Summary of solutions found

xT+c2

Maple step by step solution

Let’s solve

wy(@) = y(z)
° Highest derivative means the order of the ODE is 1

Ly(z)

° Solve for the highest derivative
Yy (z) =y(2)
° Separate variables
asy(@)
dy(w) =1
° Integrate both sides with respect to x
ax9(2)
[ =ayrdz = [1dz + C1
° Evaluate integral
In (y(z)) =z + C1
o Solve for y(x)

y(z) — ex+CI

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 8

r

dsolve(diff(y(x),x) = y(x),
L y(x),singsol=all)

y=¢€"c
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Mathematica DSolve solution

Solving time : 0.021 (sec)
Leaf size : 16

'DSolve[{D[y[x],xI==y[x],{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(x) = cr1€”
y(x) =0
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2.1.10 problem 10
Solved as first order autonomousode . . . . . .. ... ... .. 95
Solved as first order homogeneous class D2 ode . ... ... .. 917
Solved as first order Exactode . . . .. ... ... . ... ... O8]
Solved using Lie symmetry for first orderode . . ... ... .. 102
Maple step by step solution . . . . . ... ... ... ... ... 105
Maple trace . . . . . . . . ..
Maple dsolve solution . . . .. ... ... ... ......... 106
Mathematica DSolve solution . . . . .. ... ... ....... 106l

Internal problem ID [8670]

Book : First order enumerated odes

Section : section 1

Problem number : 10

Date solved : Tuesday, December 17, 2024 at 12:57:21 PM
CAS classification : [_quadrature]

Solve
Yy =by
Solved as first order autonomous ode

Time used: 0.155 (sec)

Integrating gives

1
—dy=d
by Y v
1
iy) =r+cC
b
Singular solutions are found by solving
by =0

for y. This is because we had to divide by this in the above step. This gives the following

singular solution(s), which also have to satisfy the given ODE.

y=0
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The following diagram is the phase line diagram. It classifies each of the above equilib-
rium points as stable or not stable or semi-stable.

Figure 2.14: Phase line diagram

Solving for y gives

y=0
y eclb—i-xb
Summary of solutions found
=0
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Solved as first order homogeneous class D2 ode
Time used: 0.115 (sec)

Applying change of variables y = u(x) z, then the ode becomes
v (z) z + u(z) = bu(z) x
Which is now solved The ode v/'(z) = % is separable as it can be written as

W (z) = u(z) (zb—1)

Where

Integrating gives

/ldu—/xb_ldx
u T
In(u(z)) =2b+1n (%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = b+ In (%) ta
w(z) =0
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Solving for u(z) gives

Converting u(x) = 0 back to y gives

y=0

Converting u(x) = exb% back to y gives

y= exb+cl
Summary of solutions found

y=20

y = emb—i—cl
Solved as first order Exact ode
Time used: 0.104 (sec)
To solve an ode of the form

d
M(z,y) + N(z,9) 52 =0 (A)

dz

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. = gives

d

Hence

0p  0¢dy _
6m+8ydm_0 (B)

Comparing (A,B) shows that
0

ox
¢

Oy
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But since aa g = then for the above to be valid, we require that

OM  ON

By Or
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
;f g’y = aa; g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

By(')

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy = (by) dz
(—by)dz+dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = —by
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ 0N
oy Oz
Using result found above gives
oM 0
—b
¥ ay( Y)
=-b
And
8N
1
. ( )
= 0

Since %i; # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

oM ON
A= (a—y - %)
= 1((=b) — (0))
=—b
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Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor u is

— efAda:

— ef—bd:c

I

The result of integrating gives

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M =uM
=" (=by)
= —bye @

And
N =uN
=e (1)
— oab

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

. _dy
M+N-—~2 =
+ e 0
dy
_ —xb —zb\ =9 _
(bye™) + () L =0
The following equations are now set up to solve for the function ¢(z,y)
0p —
o - M (1)
0y —
— =N 2
- )

Integrating (2) w.r.t. y gives

0o . [
/8—ydy—/Ndy

a¢ _ —xb

aydy—/e dy

¢ =e "y + f(z) (3)
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Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t = gives

9 ab g
20— bye ™+ f'a) @
But equation (1) says that % = —by e, Therefore equation (4) becomes
—bye™™ = —bye™™ + f'(z) (5)
Solving equation (5) for f'(z) gives
f'(x)=0
Therefore
f@)=a

Where c; is constant of integration. Substituting this result for f(z) into equation (3)
gives ¢
¢=e"y+c

But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and ¢y constants into the constant c; gives the solution as

e =e "y

Solving for y gives

y=c ezb

Summary of solutions found

y=c e
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Solved using Lie symmetry for first order ode
Time used: 0.244 (sec)

Writing the ode as

y =by
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + W(ny - é..’ll) - w2£y —wg€ — wyn =10 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

£ =zas+yas + a (1E)
n = xbs +ybs + by (2E)

Where the unknown coeflicients are
{a1, as, a3, b1, bs, b3}
Substituting equations (1E,2E) and w into (A) gives
by + by(bs — ay) — b*y*as — b(wby + ybs +by) =0 (5E)
Putting the above in normal form gives
—b%y%as — bxby — byay — bby + by =0
Setting the numerator to zero gives
—b%y%as — bxby — byay — bby + by =0 (6E)
Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{r =v1,y = v}
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The above PDE (6E) now becomes
—b%asv; — bayvy — bbyvy — bby + by =0 (TE)
Collecting the above on the terms v; introduced, and these are
{v1, 02}
Equation (7E) now becomes
—b%asv; — bayvy — bbyvy — bby + by =0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

—bas =0
—bby =0
—b%a3 =0
—bby + b, =0

Solving the above equations for the unknowns gives

a1 = ay
a; =10
a3 =0
by =0
b, =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£E=0
n=y
The next step is to determine the canonical coordinates R, S. The canonical coordinates

map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _dy _

F=, = 1)
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The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x

S:/ldy
n
Yy

S=In(y)

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

aS _ Sp+w(z,y)Sy ©)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = by

Evaluating all the partial derivatives gives

R, =1
R,=0
S, =0

1
Sy:?—/

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
as
dR

We now need to express the RHS as function of R only. This is done by solving for z,y

in terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR

b (2A)

b
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).
/ ds = / bdR
=bR + Co

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

In(y) =xb+co
Which gives

y = exb+02

Summary of solutions found

y = ea:b+cz

Maple step by step solution

Let’s solve

y() = by(z)
° Highest derivative means the order of the ODE is 1

=y(@)

° Solve for the highest derivative
axy(z) = by()

° Separate variables

Ly(x)
e =0

° Integrate both sides with respect to x
=y(e)
J “aydz = [bdz + CI
. Evaluate integral

In(y(z)) =bzx+ C1
) Solve for y(x)
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful’

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 10

‘dsolve(diff (y(x),x) = bxy(x),
‘ y(x),singsol=all)

y=e"c

Mathematica DSolve solution

Solving time : 0.024 (sec)
Leaf size : 18

'DSolve[{D[y[x],x]==bxy[x],{}},
y[x],x,IncludeSingularSolutions->True]

N\

y(z) — cre”®
y(z) =0
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2.1.11 problem 11
Solved as first order ode of type reduced Riccati . . . . . . . .. 107
Maple step by step solution . . . . ... ... ... ... .... 108
Mapletrace . . . . . . . . . . . ... 109
Maple dsolve solution . . . .. .. ... ... ... ....... 109
Mathematica DSolve solution . . . . . ... ... ........ 110

Internal problem

ID [8671]

Book : First order enumerated odes

Section : section

1

Problem number : 11
Date solved : Tuesday, December 17, 2024 at 12:57:23 PM
CAS classification : [[_Riccati, _speciall]

Solve

Y = azx + by?

Solved as first order ode of type reduced Riccati

Time used: 0.135

(sec)

This is reduced Riccati ode of the form

y'=ax”+by2

Comparing the given ode to the above shows that

a=a
b
n=1

Since n # —2 then the solution of the reduced Riccati ode is given by

W=z

/

bw

n
k=14
+2

¢, BesselJ (i, 2 abx’“) + ¢, BesselY (i,% abm’“) ab>0

¢1 Bessell (

11
2k k

V/—abz¥) + ¢ BesselK (5, 1V —abz¥) ab <0
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EQ(1) gives

3
k=3
1 2vabz3/? 1 2vabz3/?
w = v/z | ¢; BesselJ Vabz + ¢y BesselY Vabz
3 3 3 3
Therefore the solution becomes
__1v
vy= bw

Substituting the value of b, w found above and simplyfing gives

< BesselY ( 2 2‘/7””3/2> — Bessel] ( 2 2‘/7””3/2> cl> Vab\/z
b (cl BesselJ (1 2ﬁ“’3/2> + ¢ BesselY (1 2‘/7””3/2 ))

y:

Letting co = 1 the above becomes

( BesselY< 2 Waba™ ) BesselJ< 2 2‘/“7:’3””3/2>cl> Vab/z
)

1
37 3

y:

b (cl BesselJ (1 Q‘FW ) + BesselY (

Summary of solutions found

( BesselY < 2 2\/7””3/2) — BesselJ (—2, 2@‘”3/2) 01> Vab\/z
25))

y:

b (cl BesselJ (1 2‘/7””3/ ) + BesselY (

1
37

03

Maple step by step solution

Let’s solve
i2y(@) = za + by(z)’

° Highest derivative means the order of the ODE is 1
()

° Solve for the highest derivative

4y(z) = za+ by(z)?
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati Special

<- Riccati Special successful”

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 59

‘dsolve(diff(y(x),x) = axx+b*y(x) "2,
‘ y(x) ,singsol=all)

(ba)1/3 (AiryAi <1, —(ba)l/3 x) ¢ + AiryBi (1, —(ba)l/3 x>>
b <cl AiryAi <— (ba)'/? :c) + AiryBi <— (ba)'/? x))

y:



'DSolve [{D[y[x],x]==a*x+b*y[x]~2,{}},
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Mathematica DSolve solution

Solving time : 0.156 (sec)
Leaf size : 331

y[x],x,IncludeSingularSolutions->True] ‘

y(z)
. Vav/bx3/? (—2 BesselJ (—g, 5\/_\/_:133/2> +c (BesselJ <3, 3\/_\/1_7x3/2> BesselJ ( % %ﬁ\/l_)x?’ﬂ):

y(z) =

V/a/bz?/? Bessel] (—g, 5\/_\/5x3/2> V/a/bz?/? Bessel] <3, 3\/_\/_933/2> + BesselJ ( 1 2/aVba
2bz BesselJ (—5, 2\/a \/5x3/2>
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2.1.12 problem 12

Solved as first order quadratureode . . . ... ... ... ...
Solved as first order homogeneous class D2 ode . ... ... ..
Solved as first order ode of type differential . . . . .. ... ..
Maple step by step solution . . . . . .. ... ... ... .. ..
Mapletrace . . . . . . . . . . ..
Maple dsolve solution . . . .. ... ... ... .. .......
Mathematica DSolve solution . . . . ... ... .........

Internal problem ID [8672]

Book : First order enumerated odes

Section : section 1

Problem number : 12

Date solved : Tuesday, December 17, 2024 at 12:57:24 PM
CAS classification : [_quadrature]

Solve

cy =0

Solved as first order quadrature ode

Time used: 0.024 (sec)
Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.15: Slope field plot
cy =0

Summary of solutions found

y=q

Solved as first order homogeneous class D2 ode
Time used: 0.129 (sec)

Applying change of variables y = u(x) z, then the ode becomes
c(u'(z)z +u(z)) =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ule)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.16: Slope field plot

cy =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.011 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.17: Slope field plot
cy =0

Summary of solutions found

Maple step by step solution

Let’s solve

c(Ly(z)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)
° Separate variables
&y(@) =0
° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1
° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 5

-

dsolve(cxdiff (y(x),x) = 0,
L y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

‘ DSolve [{c*D[y[x],x]==0,{}},

L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.13 problem 13

Solved as first order quadratureode . . . ... ... ... ... 117
Solved as first order homogeneous class D2 ode . ... ... .. 18]
Solved as first order Exactode . . . . . ... ... ... .... 119
Maple step by step solution . . . . . .. ... ... ... .. .. 122
Mapletrace . . . . . . . . . . .. 122
Maple dsolve solution . . . .. ... ... ... .. ....... 123
Mathematica DSolve solution . . . . .. .. ... ... ..... 123}

Internal problem ID [8673]
Book : First order enumerated odes
Section : section 1
Problem number : 13
Date solved : Tuesday, December 17, 2024 at 12:57:25 PM
CAS classification : [_quadrature]
Solve
/

cy =a

Solved as first order quadrature ode
Time used: 0.038 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

Summary of solutions found
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Solved as first order homogeneous class D2 ode
Time used: 0.174 (sec)
Applying change of variables y = u(x) z, then the ode becomes

c(v'(z)z+u(z)) =a

Which is now solved The ode v/'(z) = —% is separable as it can be written as
oy cu(z)—a
u'(z) = Y
= f(z)g(v)
Where
1
@)= -~

Integrating gives

/ﬁdu=/f(x)dx
1

/ du=/—idw
cu—a zc

In (~cu(z) +a) _In (%)

+Cl

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or cu —a = 0 for
u(z) gives

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In(—cu(z)+a) In (%)




CHAPTER 2. BOOK SOLVED PROBLEMS 119

Solving for u(z) gives

(e™cazx — 1) 1€

u(z) =

Converting u(z) = ¢ back to y gives

y=——
c

W back to y gives

Converting u(z) =
(e — 1) e1€

c

y:

Summary of solutions found

y=—
c

_ (e7axz — 1) e2°

Cc

Y

Solved as first order Exact ode
Time used: 0.066 (sec)

To solve an ode of the form

M(z,) + N(z,9) 2 =0 (*)

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d

Hence 96 06d
Yy _
or  Oydr 0 (B)

Comparing (A,B) shows that
9¢

or
¢

oy
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But since % = % then for the above to be valid, we require that
Y yox
oM _ ON
0y Oz

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
;f g’y = aa; g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
(¢)dy = (a)dx
(—a)dz+(c)dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = —a
N(z,y) =c

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ 0N
oy Oz
Using result found above gives
oM_ o,
dy Oy
=0
And
ON 0
o~ 5
=0

Since %i;f = %%{, then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)

8¢
=M (1)

8¢
o =V 2)
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Integrating (1) w.r.t. z gives

0
%dx:/de
%dr=/—adx
¢ =—az + f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

9¢ :
3 =0+ 1 (y) (4)

But equation (2) says that g—i = c¢. Therefore equation (4) becomes

=0+ f(y) )

Solving equation (5) for f’(y) gives

Integrating the above w.r.t y gives

[rwa=[©w

fly)=cy+a

Where c¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢

p=—-ar+cy+c

But since ¢ itself is a constant function, then let ¢ = c; where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

cp=—ax +cy
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Solving for y gives

ar + ¢
y =
c
Summary of solutions found
ax + ¢
y =
c

Maple step by step solution

Let’s solve

c(Ly(z)) =a
° Highest derivative means the order of the ODE is 1

=y(@)

° Separate variables
(@) =12

. Integrate both sides with respect to x
[ (Ly(z)) dz = [ %dz+ C1

° Evaluate integral

y(z) = T+ 01

o Solve for y(x)

y(.’E) — C1 c:—za

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~
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Maple dsolve solution

Solving time : 0.001 (sec)
Leaf size : 12

dsolve(cxdiff (y(x),x) = a,
y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 14

DSolve [{c*D[y[x],x]==a,{}},
y[x],x,IncludeSingularSolutions->True]

ax
y(x) — ~ + ¢
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2.1.14 problem 14
Solved as first order quadratureode . . . ... ... ... ... 124
Solved as first order Exactode . . . . . ... ... ....... 1251
Maple step by step solution . . . . . ... ... ... ... .. 127
Mapletrace . . . . . . . . . . ... 128
Maple dsolve solution . . . . . ... ... ... L. 128]
Mathematica DSolve solution . . . . . ... ... ... ..... 128}

Internal problem ID [8674]

Book : First order enumerated odes

Section : section 1
Problem number : 14

Date solved : Tuesday, December 17, 2024 at 12:57:25 PM
CAS classification : [_quadrature]

Solve

cy =ax

Solved as first order quadrature ode

Time used: 0.042 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

Summary of solutions found

/dy=/%dx
c

az? N
=—+c¢
Yy % 1
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Solved as first order Exact ode
Time used: 0.061 (sec)

To solve an ode of the form

M(z,) + N(z,) 2 =0 ()

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d
Hence 96 06d
Y
— —_—— T B
or + Oy dx 0 (B)
Comparing (A,B) shows that
09
9 M
09
TN
Oy
But since a‘fgy = aa: g; then for the above to be valid, we require that
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
g: g’y = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(¢)dy = (ax) dz
(—az)dz+(c)dy =0 (2A)

Comparing (1A) and (2A) shows that

M(:I,', y) = —azr



CHAPTER 2. BOOK SOLVED PROBLEMS 126

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM_ 0o
dy Oy
=0
And
ON 0
o~ )
=0
Since %i; = %, then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)
¢ _

or M (1)
9¢

Integrating (1) w.r.t. z gives

oo .
%dx—/de

op .,
%dx—/—axdx

2

¢=—T+f(?/) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

0 .
8_y:0+f(y) (4)

But equation (2) says that g—‘g = c. Therefore equation (4) becomes

c=0+f(y) (5)
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Solving equation (5) for f'(y) gives

Integrating the above w.r.t y gives

/f’(y) dy:/(C) dy

fly)=cy+a

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
72

a
¢=—T+0y+01

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢ is new constant and
combining ¢; and ¢, constants into the constant c; gives the solution as

az?
== +cy
Solving for y gives
_a z% + 2¢
v= 2c
Summary of solutions found
_azr®+2¢
B 2c

Maple step by step solution

Let’s solve
c(Ly(z)) = za

° Highest derivative means the order of the ODE is 1
=y(x)

° Separate variables

d ax

@y(x) =
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° Integrate both sides with respect to x
[ (£y(@) de = [ =dz + 01
° Evaluate integral

y(z) = % + C1
o Solve for y(x)

_ z2a+2C1
y(z) = =et2ede

Maple trace

“Methods for first order ODEs:

‘——— Trying classification methods ——-
‘trying a quadrature

‘<— quadrature successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 15

‘dsolve(cxdiff (y(x),x) = a*x,
‘ y(x) ,singsol=all)

V=" ta
Mathematica DSolve solution
Solving time : 0.002 (sec)
Leaf size : 19
‘ DSolve [{c*D [y [x] ,x]==a*x,{}},
L y[x],x,IncludeSingularSolutions->True]

2

ax
y(x) — 2 + ¢
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2.1.15 problem 15

Solved as first order linearode . . . . . ... ... ....... 129]
Solved as first order Exactode . . . . . ... ... ....... 1301
Solved using Lie symmetry for first orderode . . . .. .. . .. 134
Maple step by step solution . . . . . .. ... ... ... .. .. 138
Mapletrace . . . . . . . . . . .. 139
Maple dsolve solution . . . .. ... ... ... .. ....... 139
Mathematica DSolve solution . . . . .. .. ... ... ..... 139

Internal problem ID [8675]

Book : First order enumerated odes

Section : section 1

Problem number : 15

Date solved : Tuesday, December 17, 2024 at 12:57:26 PM
CAS classification : [[_linear, ‘class A‘]]

Solve

cy =ar+vy

Solved as first order linear ode
Time used: 0.125 (sec)

In canonical form a linear first order is

Y +q(x)y = p(z)
Comparing the above to the given ode shows that

2) =

p(z) = %

The integrating factor u is
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The ode becomes

g (HY) = Hp
) =w (%)
20 = ()
d(ye %) = (axi > dz

Integrating gives

ye_z:/awe " dx
=—(c+z)ae e +c

Dividing throughout by the integrating factor e < gives the final solution

y=rcrec —alc+z)

Summary of solutions found

y=01e%—a(c+x)

Solved as first order Exact ode
Time used: 0.128 (sec)
To solve an ode of the form

dy
x
We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the

ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 06 04d
—_— —_— —y =
ox + Oy dz 0 (B)
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Comparing (A,B) shows that

09
T M
ox
9 _ n
Oy
But since aa;gy = ;; g’x then for the above to be valid, we require that
oM _ oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59;, gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(c)dy = (ax +y)dz
(—az —y)dz+(c)dy =0 (2A)

Comparing (1A) and (2A) shows that
M(z,y) = —az —y
N(z,y)=c

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM_o
dy Oy Y
=-1
And
ON 0
o~ 5

=0
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Since %i; # %—]Z, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

4] (aM aN)

~ N\dy Oz

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

p=e JAdz
— ef—% dz

The result of integrating gives

e

W

o8 ol

e

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM
= e <(—az —y)
=—(az+y)e -
And
N =uN
— (9
= ce_%

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+N% =0
dz
(—(az +y)e <) + (ce <) dy _ 0

dz
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The following equations are now set up to solve for the function ¢(z,y)

0p —
=M (1)
0p —
oy = N (2)
Integrating (2) w.r.t. y gives
0 . [
By dy = /Ndy
op . _ez
8_y dy = /ce dy
¢ =ce ey + f(x) (3)

Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t  gives

% e e ) @

But equation (1) says that % = —(az + y) e~ <. Therefore equation (4) becomes

—(az +y)e e = —ye < + f'(x) (5)
Solving equation (5) for f'(z) gives

f'(z) = —aze e

Integrating the above w.r.t x gives

/f'(x) dz = / (—aze <) dzx

f(@)=clc+z)ae +c

Where ¢; is constant of integration. Substituting result found above for f(z) into

equation (3) gives ¢
p=ce cy+clc+z)ae e+
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But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and ¢y constants into the constant c; gives the solution as

c=ceey+clc+z)ae e

Solving for y gives

o8

(ae”cc? 4+ care e —ci)e

y=-
c

Summary of solutions found

o8

(ae”cc? 4+ caze e —ci)e

y=-
c

Solved using Lie symmetry for first order ode
Time used: 0.365 (sec)

Writing the ode as

y' _ axr +y
c
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by
Ne + W(ﬂy - &) — w2£y —we§ —wyn =0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

g = zas + yas +a; (1E)
n = xby + ybs + by (2E)
Where the unknown coefficients are

{ala az, as, b17 b27 b3}
Substituting equations (1E,2E) and w into (A) gives

by + (azx + y) (b3 — ag) B (azx + y)2 as a(zas + yas + ay) _zhatybst+ b

c c? c c

=0 (5E)
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Putting the above in normal form gives

a’z%a3 + 2acras — acxbs + acyas + 2axyas + aca; — bac® + cxby + cyas + y2as + cby
C2

=0
Setting the numerator to zero gives

—a’z2a3 — 2aczas + acxbs — acyas — 2axyas — acay + bac® — cxbs — cyag — y2as —cby =0
(6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z =v1,y =}

The above PDE (6E) now becomes

—a2a3'vf — 2acasv, — acazvs + acbsv; — 2aa3vV1v (TE)
— acay + byc® — casvy — chovy — agvg —cb; =0

Collecting the above on the terms v; introduced, and these are
{’Ul, 1}2}

Equation (7E) now becomes

—a’a3v? — 2aa3v1v; + (—2acay + achs — cby) vy (8E)
— a3vs + (—acas — cag) vy — acay + byc® —cby =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—asz = 0
—2aa3 =0
—a%a; =0

—acaz — cas =0
—acay +byc? —cby =0

—2acay + acbs — cby =0
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Solving the above equations for the unknowns gives

a; = aq
0,2:0
(1,3=0

b1 = acbs — aaq
b2 = ab3
b3 == b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£€=0

n=ac+axr+vy

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

F=y =48 1)

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x

n

/ 1
= —dy
ac+ar +y

S is found from

Which results in

S =1n(ac+ az +y)
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Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ S t+w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

axr +y
w(z,y) =
c
Evaluating all the partial derivatives gives
R, =1
R,=0
g a
a(c+z)+y
1
Sy=—F—"-——
a(c+z)+vy

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
R 2A
dR ¢ (24)
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

s 1

dR ¢
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).
/ ds = / ! dR
c
R
S (R) = Z + Co

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

1n(a(c+z)+y)=%+cz
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Which gives

coctx
Yy=—ac—ar+e ¢

Summary of solutions found

cgctx
y=—ac—ar+e -

Maple step by step solution

Let’s solve

o(Ly(@)) = za + y(o)
° Highest derivative means the order of the ODE is 1

()
° Solve for the highest derivative
Lofa) = =

o Collect w.r.t. y(z) and simplify
fy@) =r+
° Group terms with y(z) on the lhs of the ODE and the rest on the rhs of the ODE

d y(w) y(z) =4

° The ODE is linear; multiply by an integrating factor u(x)

p(z )(dzy(a:) y<w>> — le)ar

o Assume the lhs of the ODE is the total derivative 2 (y(z) u(z))
() (Ly() — 12 = (Ly()) n(@) +y(=) (Lu())

e  Isolate 2 u(z)

an(z) = =42

° Solve to find the integrating factor
pz) =e<

° Integrate both sides with respect to x

[ (£ () u(x))) do = [ #2224z + C1
o Evaluate the integral on the lhs

y(z) p(z) = [ D24y + C1
) Solve for y(x)
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e e
y@) ="

o Substitute u(z) = e«

z

e £9% 4z O1
y(z) = gt ‘T
° Evaluate the integrals on the rhs
y(z) = et farot

e c

° Simplify
y(z) = Clec —a(z +c)

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 19

‘ dsolve(cxdiff (y(x),x) = axx+y(x),
‘ y(x) ,singsol=all)

y=ecc; —a(c+m)

Mathematica DSolve solution

Solving time : 0.052 (sec)
Leaf size : 22

‘DSolve[{c*D[y[X],X]==a*X+y[X],{}},
‘ y[x] ,x,IncludeSingularSolutions->True]

z
c

y(xz) = —a(c+ ) + cre
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2.1.16 problem 16

Solved as first order linearode . . . . . ... ... ....... 1401
Solved as first order Exactode . . . . . ... ... ....... [141]
Solved using Lie symmetry for first orderode . . . .. .. . .. 145]
Maple step by step solution . . . . . .. ... ... ... .. .. 149
Mapletrace . . . . . . . . . . .. 150
Maple dsolve solution . . . .. ... ... ... .. ....... [I51]

Mathematica DSolve solution

Internal problem ID [8676]

Book : First order enumerated odes
Section : section 1

Problem number : 16

Date solved : Tuesday, December 17, 2024 at 12:57:27 PM
CAS classification : [[_linear, ‘class A‘]]

Solve
cy' = az + by
Solved as first order linear ode

Time used: 0.124 (sec)

In canonical form a linear first order is

Y + q(z)y = p(x)

Comparing the above to the given ode shows that

The integrating factor u is
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The ode becomes

Integrating gives

(bz +c)ae™ <
= — +cl

b2

Dividing throughout by the integrating factor e e gives the final solution

crecb? —a(bz + )

Summary of solutions found

o e'cb? — a(bz + c)

b2
Solved as first order Exact ode
Time used: 0.140 (sec)
To solve an ode of the form
dy

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 06 06 d
op 994y _
Oxr Oydx 0 (B)
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Comparing (A,B) shows that

09
T M
ox
9 _ n
Oy
But since aa;gy = ;; g’x then for the above to be valid, we require that
oM _ oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59;, gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(c)dy = (ax + by) dz
(—az —by)dz+(c)dy =0 (2A)

Comparing (1A) and (2A) shows that
M(z,y) = —az — by
N(z,y)=c

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0
T (—azr—b
oy = 5y (o=~ )
=-b
And
ON 0

or &(C)



CHAPTER 2. BOOK SOLVED PROBLEMS 143

Since %i; # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

4] (aM aN)

~ N\dy Oz
1

= (-5 - )
__?b
o
Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor y is
p=e JAdz
—e J —% dz

The result of integrating gives

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM
= e_sz(—aw —by)
= —(ax + by) e
And
N = uN
=e7¢(0)
_bz
=ce c

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+N%=0
dz

(-(aw+by) e‘bf) + (ce"’?”) j_z —0
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CHAPTER 2.

The following equations are now set up to solve for the function ¢(z,y)

o¢ 1)

ﬁxzﬁ
86
B_y_N (2)

Integrating (2) w.r.t. y gives
% dy = / N dy
Ay

g—jdyz /ce_bcz dy
o=ce cy+ f(a) (3)

Where f(z) is used for the constant of integration since ¢ is a function of both z and

y. Taking derivative of equation (3) w.r.t  gives

2 = be Tyt f(2) (@

Ox

But equation (1) says that % = —(az + by) e ¢ . Therefore equation (4) becomes

—(az+by)e e = —be cy+ f(z) (5)

Solving equation (5) for f'(z) gives
f(z) = —azx e

Integrating the above w.r.t = gives

/f'(w)dx=/<—awe_b:> dz

bz
clbxr +c)ae <
( ) +c

Where ¢; is constant of integration. Substituting result found above for f(z) into

equation (3) gives ¢
bz
_be c(bx +c)ae ¢
ooty i guct
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But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and ¢y constants into the constant c; gives the solution as

w ez +c)ae
b2

cp=ce cy—+

Solving for y gives

be _be be
(e_cabcx—l—e cac2—clb2>ec

y=- ch?

Summary of solutions found

bz bx bz
(e_7abca: +e cacd—¢ b2> ec

y=- ch?

Solved using Lie symmetry for first order ode
Time used: 0.383 (sec)

Writing the ode as

J = azr + by
[
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - é.x) - wzé.y —wz€ — Wyl = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

¢ = zay +yas + ay (1E)
n = by + ybs + by (2E)

Where the unknown coeflicients are

{al, as, as, by, b2a b3}
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Substituting equations (1E,2E) and w into (A) gives

- (az +by) (bs —az) (az+ by)? as _a(zaz +yaz +a1)  b(zby + ybs + b1)

=0
c c? c c

(5E)

Putting the above in normal form gives

a’z%az + 2abryas + b*y?as + 2acxras — acxbs + acyas + bexbs + beyay + acay + beby — boc?
2

=0
Setting the numerator to zero gives

—a’z?as — 2abzyas — b*y’as — 2acxas + acxbs (6E)

— acyas — bexby, — beyas — acay; — beby + boc? =0
Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z =v1,y = v}
The above PDE (6E) now becomes

—a2a3v% — 2abasv vy — b2a3v§ — 2acaqyvy — acazvs (7E)

+ achb3vy — beagvs — bebyu, — acay — beby + byc® = 0
Collecting the above on the terms v; introduced, and these are
{v1, v2}
Equation (7E) now becomes

—a’a3v? — 2abazvivy + (—2acay + achs — bebs) vy (8E)

— b%a3v3 + (—acas — beag) vy — aca; — beby + byc® =0
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Setting each coefficients in (8E) to zero gives the following equations to solve

—a’a3 =0
—b2a3 = 0
—2abas; =0

—acaz — bcag =0
—acay — beby +byc® =0

—2acas + acbs — beby = 0

Solving the above equations for the unknowns gives

a; = aq
QAo = 0
as = 0
a(ba;, — cbs)

b, =— =

ab
by ="
b3 = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

§=0
abz + b?y + ac
n= b2

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
3 n

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx
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S is found from

)
Il

dy

I I

/ abx+b2y+ac
Which results in

S = In (abz + b’y + ac)

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ St w(z,y)S,
dR R, +w(z,y)R,

(2)
Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right

hand side of the original ode given by

az + by
c

w(m,y) =

Evaluating all the partial derivatives gives

R, =1
R,=0
ab
a (bx + ¢) + %y
b2
Sy =
abz + b*y + ac

Sy =

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as b
-~ _Z 2A
dR ¢ (24)
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as _b

dR ¢
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

integration when the ode is in the canonical coordiates R, S.
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Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

/dS /

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

In (a(bz + c) + b%y) = b?x + ¢
Which gives

02c+bz
—abxr —ac+e

Summary of solutions found

czc+bw
—abr —ac+e ¢
y - b2

Maple step by step solution

Let’s solve
e(y(x)) = va + by(x)

° Highest derivative means the order of the ODE is 1
=y(z)

) Solve for the highest derivative

ary(@) = =

o Collect w.r.t. y(z) and simplify

da:y(m) by(m) + °
) Group terms w1th y(x) on the lhs of the ODE and the rest on the rhs of the ODE

ay(x) - W =

° The ODE is linear; multiply by an integrating factor u(x)

u(e) (y(w) — ) = violes

o Assume the lhs of the ODE is the total derivative - (y(z) u(z))
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() (Ly() — 22 = (Ly(2)) n(z) + y(2) (Lu())

e Isolate 2 u(z)
an(z) = =43¢

° Solve to find the integrating factor
W) =e %

° Integrate both sides with respect to x
[ (L (y(z) u(z))) de = [ #D%2 4z 4 O1

° Evaluate the integral on the lhs

y(x)p(z) = [ @dx + C1
o Solve for y(x)
u@)az g0 01
y(z) = [ @) =
o Substitute p(z) = e~ %

zb

&2 4r4 (1
y(z) = ! C—_%b
° Evaluate the integrals on the rhs
zb
_ (bw+c)eiTa+01
° Simplify
%b 2—0, L1C
y(z) _ Cie bb2 (bz4-c)

Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”
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Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 29

‘ dsolve(cxdiff (y(x),x) = axx+b*y(x),
‘ y(x) ,singsol=all)

eccb? — a(bz + c)
Y= b2

Mathematica DSolve solution

Solving time : 0.061 (sec)
Leaf size : 28

‘ DSolve [{c*D[y[x],x]==a*x+b*y[x],{}},
‘ y[x],x,IncludeSingularSolutions->True]

a(bx +c b
y(x) — —% +oet
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2.1.17 problem 17
Solved as first order autonomousode . . . . . .. ... ... .. 152
Solved as first order homogeneous class D2 ode . ... ... .. 1541
Solved as first order Exactode . . . . . ... ... ... .... 155]
Solved using Lie symmetry for first orderode . . ... ... .. 159
Maple step by step solution . . . . . .. ... ... ... ..., 162
Maple trace . . . . . . . . .. 163
Maple dsolve solution . . . .. ... ... ... ......... 163
Mathematica DSolve solution . . . . .. ... ... ....... 163]

Internal problem ID [8677]

Book : First order enumerated odes

Section : section 1

Problem number : 17

Date solved : Tuesday, December 17, 2024 at 12:57:28 PM
CAS classification : [_quadrature]

Solve

/

Yy =Y

Solved as first order autonomous ode
Time used: 0.161 (sec)

Integrating gives
/ Edy =dx
)
cln(y)=z+¢c
Singular solutions are found by solving

y:()

c

for y. This is because we had to divide by this in the above step. This gives the following

singular solution(s), which also have to satisfy the given ODE.

y=0
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The following diagram is the phase line diagram. It classifies each of the above equilib-
rium points as stable or not stable or semi-stable.

Figure 2.18: Phase line diagram

Solving for y gives

y=0
z+cy
y = e c
Summary of solutions found
y=0
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Solved as first order homogeneous class D2 ode
Time used: 0.184 (sec)
Applying change of variables y = u(x) z, then the ode becomes

c(v(z)z +u(z)) = u(z)z

Which is now solved The ode v/'(z) = —W is separable as it can be written as
’U,l(.’IJ) — _u(w) (C — .’L’)
cx
= f(z)g(u)
Where
c—z
fla)=-
9(uw) =u

Integrating gives

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (;) v

Solving for u(z) gives
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Converting u(x) = 0 back to y gives

y=0
ln(%)c+c1c+x
Converting u(x) =e~ ¢ back to y gives
ln(%)cﬁ-clc-ﬁ—x
y=e c T
Summary of solutions found
y=0
ln(%)c+clc+a:
Yy = e ¢
Solved as first order Exact ode
Time used: 0.170 (sec)
To solve an ode of the form
dy

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 96 06 d
Y
AT Sl A B
Or Oydx 0 (B)
Comparing (A,B) shows that

0
oM
0
YN
Oy
8%¢ __ 82%¢
ozxdy ~ Oyoz

But since then for the above to be valid, we require that

oM  ON

oy Oz
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
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86; g’y = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(c)dy = (y)dz
(—y)dz+(c)dy =0 (2A)

Comparing (1A) and (2A) shows that

M(SE,y) =Y
N(z,y)=c

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy  Ox
Using result found above gives
oM_o,
oy Y
=-1
And
ON 0
o~ o5
=0

Since %i: # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

4] (aM BN)

- N Oy ox
= (-1 - )
1
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Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor u is

MZefAdx

— ef—%dw

The result of integrating gives

=
Il
®

o8 o8

|
)

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

And

2

Il

=
n\& 2

()

_z
c

ce

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

~dy
dz
_z dy
(—ye ¢) + (ce™c) = iz =0

The following equations are now set up to solve for the function ¢(z,y)

¢
g—z (1)
3y (2)

M+N-==0

I
<

I
2|

Integrating (2) w.r.t. y gives

8¢dy—/Ndy
Ay

0p s
aydy—/ce e dy

¢=ce cy+ f(z) (3)
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Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t = gives

0¢ _e
%yt ) (@)
But equation (1) says that % = —ye . Therefore equation (4) becomes
—ye e =—ye : + f'(z) (5)

Solving equation (5) for f'(z) gives
fi(x)=0
Therefore
f@)=qa
Where ¢, is constant of integration. Substituting this result for f(z) into equation (3)
gives ¢
p=ce cytc

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

c = ce_%y
Solving for y gives
C1 e%
y =
c
Summary of solutions found
C1 e%
y =
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Solved using Lie symmetry for first order ode
Time used: 0.201 (sec)

Writing the ode as

€ ol

y =
Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - €z) - w2€y —wg€ — Wyt = 0

(A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of

degree 1 to use as anstaz gives

£ =zax+yas+a;
n = xby + ybs + by

Where the unknown coeflicients are
{ala az,as, b17 b2a b3}
Substituting equations (1E,2E) and w into (A) gives

by + y(bs —az) y’az  aby+ybs+ b

=0
c 2 c

Putting the above in normal form gives

byc? — cxby — ycay — y?az — chy

c? =0

Setting the numerator to zero gives

boc? — cxby — ycas — y2az — cby =0

(1E)
(2E)

(5E)

(6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.

{z,y}
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The following substitution is now made to be able to collect on all terms with {z,y}
in them
{z=v,y =05}

The above PDE (6E) now becomes

bac? — cagvy — chyvy — aszvs —cby =0 (TE)
Collecting the above on the terms v; introduced, and these are

{’Ul, 1}2}

Equation (7E) now becomes

byc? — caguy — chyvy — azvi — cby =0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

—a3 =0

—ca; =0
—cby =0

boc? —cby =0

Solving the above equations for the unknowns gives

ay = ay
a, =0
a3 =0
by =0
by =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£E=0
n=y
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The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

do _dy _

F=, = 1)

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx

S:/ldy
n
Yy

S=In(y)

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ — Sx +W(.’E,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

)
w(z,y) = E

Evaluating all the partial derivatives gives

R, =1
R, =0
S, =0

1
S, =-

Y
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
R 2A
dR ¢ (24)
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as _1

dR ¢
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).
[as= [ Lar
c
R
S (R) = Z +co

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

x
1n(y)=z—|—02

Which gives

coctx

Summary of solutions found

cgctx

Maple step by step solution

Let’s solve
o(Zy(@) = y(x)

° Highest derivative means the order of the ODE is 1
=Y(@)

° Solve for the highest derivative

ay(z) =13
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° Separate variables
Ly@) 1
y@) e

° Integrate both sides with respect to x
@ o 1
° Evaluate integral

In (y(z)) = 2+ C1
) Solve for y(x)

Clc+z

ylz) =e e

Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.001 (sec)
Leaf size : 12

‘ dsolve(c*diff (y(x),x) = y(x),
‘ y(x),singsol=all)

Y= e%01
Mathematica DSolve solution
Solving time : 0.024 (sec)
Leaf size : 20
‘ DSolve [{c*D[y[x],x]==y[x],{}},
L y[x],x,IncludeSingularSolutions->True]
y(z) = cree

y(z) =0
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2.1.18 problem 18
Solved as first order autonomousode . . . . . .. ... ... .. 164
Solved as first order homogeneous class D2 ode . ... ... .. 166!
Solved as first order Exactode . . . . . ... ... ... .... 167
Solved using Lie symmetry for first orderode . . ... ... .. Ival
Maple step by step solution . . . . . ... ... ... ... ... 174
Maple trace . . . . . . . . .. 175
Maple dsolve solution . . . .. ... ... ... ......... 175
Mathematica DSolve solution . . . . .. ... ... ....... 175]

Internal problem ID [8678§]

Book : First order enumerated odes

Section : section 1

Problem number : 18

Date solved : Tuesday, December 17, 2024 at 12:57:29 PM
CAS classification : [_quadrature]

Solve
cy =by

Solved as first order autonomous ode
Time used: 0.173 (sec)
Integrating gives

Cc

dy=d
by Y v
cln (y) e
b
Singular solutions are found by solving
b
b _,
c

for y. This is because we had to divide by this in the above step. This gives the following

singular solution(s), which also have to satisfy the given ODE.

y=0
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The following diagram is the phase line diagram. It classifies each of the above equilib-
rium points as stable or not stable or semi-stable.

Figure 2.19: Phase line diagram

Solving for y gives

y=0
b(z+teq)
y = e c
Summary of solutions found
y=0
b(z+cy)
y = e c
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Solved as first order homogeneous class D2 ode
Time used: 0.202 (sec)

Applying change of variables y = u(x) z, then the ode becomes
c(u'(z) z + u(z)) = bu(z) z

Which is now solved The ode v/'(z) = % is separable as it can be written as

Where

Integrating gives

/ﬁdu=/f(x)dz
/%dUZ/xbz;cdw
In (u(z)) = In (%) + zb +c

Cc

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are
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Solving for u(z) gives
u(z) =0
1n(%)c+c1c+mb

u(z) =e c

Converting u(x) = 0 back to y gives

y=0
ln(%)c-ﬁ-clc-i—wb
Converting u(x) =e— <  back to y gives
ln(%)c-ﬁ-clc-ka:b
Yy=x e <
Summary of solutions found
y=0
1n(%)c+c1c+zb
y=gxce <
Solved as first order Exact ode
Time used: 0.170 (sec)
To solve an ode of the form
dy

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d

Hence 96 06d
Yy _
or  Oydx 0 (B)

Comparing (A,B) shows that

op
5. =M
op
=N
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But since % = % then for the above to be valid, we require that
Y yox
oM _ ON
0y Oz

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
gf g’y = g; g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
() dy = (by) dz
(=by)dz+(c)dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = —by
N(z,y)=c

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM 0
il G
By ay( 0)
=-b
And
ON 0
o~ 0
=0

Since %i: # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

Sl (aM 6N)

- N Oy ox
= (-5) - (0)
b
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Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor u is

u=efAdx

— ef—%dz

The result of integrating gives
u= e_z?b
_ab
= e c
M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M =uM
_ab
=e" < (—by)
= —bye_%b
And
N = uN
=77 (0)
b
=cCce c

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M + N% =0
dx
_zb _a\ dy
(—bye c)—l—(ce c)a—O
The following equations are now set up to solve for the function ¢(z,y)
00 —
9 - M (1)
00 —
PN 2
o ®)

Integrating (2) w.r.t. y gives

%dy = /Ndy
Oy

%dy = /ce_xcb dy
Oy

¢=ce “y+ f(z) (3)
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Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t = gives

% by 4 f() @
But equation (1) says that % = —bye~ . Therefore equation (4) becomes
~bye % = —bye " + f'(z) (5)

Solving equation (5) for f'(z) gives
fl(x)=0

Therefore
f(z) =
Where c; is constant of integration. Substituting this result for f(z) into equation (3)
gives ¢
p=c e_%by +c

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢ is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

_ab
cp=ce cy

Solving for y gives

zb

ci€c
y =
c
Summary of solutions found
zb
Ci€c
y =
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Solved using Lie symmetry for first order ode
Time used: 0.231 (sec)

Writing the ode as

y=
C
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + W(ny - gz) - w2€y —wg€ — wyn =0

(A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of

degree 1 to use as anstaz gives

£ =zas+yasz+a;

n = by + ybs + by
Where the unknown coefficients are

{01, as, as, by, ba, 53}
Substituting equations (1E,2E) and w into (A) gives

by(b3 — G,Q) . b2y2a3 _ b(.’L’bz + yb3 + bl)
c c? c

=0

by +

Putting the above in normal form gives

B b*yas + beaby + bycas + beby — bac®

c? 0

Setting the numerator to zero gives

—b%y%as — bexby — bycag — beby + bac® =0

(1E)
(2E)

(5E)

(6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.

{z,y}
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The following substitution is now made to be able to collect on all terms with {z,y}
in them
{z=v,y =05}

The above PDE (6E) now becomes

—b%a3v3 — beayvy — bebyvy — beby + byc® =0 (TE)
Collecting the above on the terms v; introduced, and these are

{’Ul, 1}2}

Equation (7E) now becomes

—b%asv3 — beayvy — bebouy — beby + bac? = 0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

—b2a3 =0
—bcas, =0
—beQ =0

_bel + b202 =0

Solving the above equations for the unknowns gives

ay = ay
a, =0
a3 =0
by =0
by =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£E=0
n=y
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The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dr dy
& n

The above comes from the requirements that (§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

ds (1)

R=«x

S:/ldy
n
Y

S =1n(y)

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

aS _ Sp+w(z,y)Sy @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

b
w(x ) y) = ?y
Evaluating all the partial derivatives gives
R, =1
R,=0
S, =0
1

Sv=
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds b
-~ _Z 2A
dR ¢ (24)
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as _

dR ¢
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

zb
In(y) = " +co

Which gives

coc+xzb
y = e c
Summary of solutions found
coctxb
y = e c

Maple step by step solution

Let’s solve
o(4y(z)) = by(z)

° Highest derivative means the order of the ODE is 1
=y(@)

° Solve for the highest derivative

&y(@) = "2
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° Separate variables
Ly@) _p
yl@) e
° Integrate both sides with respect to x
¥ g — [ bz + Cf
° Evaluate integral

In(y(z)) = 2+ C1
o Solve for y(x)

Clc+bz

y(a)=e -

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 13

‘dsolve(c*diff (y(x),x) = by (x),
‘ y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.025 (sec)
Leaf size : 21

s

DSolve [{c*D[y[x],x]==b*xy[x],{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(x) — cre*
y(z) =0
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2.1.19 problem 19
Solved as first order ode of type reduced Riccati . . . . . . . .. 1776
Maple step by step solution . . . . ... .. .. ... ...... e
Maple trace . . . . . . . . . . . e 178
Maple dsolve solution . . . .. .. ... ... ... ....... 178
Mathematica DSolve solution . . . . . ... ... ........ 179

Internal problem

ID [8679)

Book : First order enumerated odes
Section : section 1
Problem number : 19
Date solved : Tuesday, December 17, 2024 at 12:57:31 PM
CAS classification : [[_Riccati, _speciall]

Solve

cy = ax + by?

Solved as first order ode of type reduced Riccati

Time used: 0.151

(sec)

This is reduced Riccati ode of the form

y':aw”+by2

Comparing the given ode to the above shows that

a
a=—
c
b
b= -
c
n=1

Since n # —2 then the solution of the reduced Riccati ode is given by

w=+/T
. 1w
T obw
k=142

¢, BesselJ (i, 2 abx’“) + o BesselY (i,% abzv’“) ab>0

¢1 Bessell (

11
2k k

V/—abz¥) + ¢ BesselK (5, 1V —abz¥) ab <0
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EQ(1) gives

3
k=—
2
L 2 ab :3/2 12 b 73/2
w = vz | c¢; Bessel] 3 CT + co BesselY 3 T
Therefore the solution becomes
1 w'
vy= bw

Substituting the value of b, w found above and simplyfing gives

2,/ 43/2 2,/ 3/2
<— BesselY (— 3 ) co — Bessel] (— 3 ) cl> c 2—2” N7
y = ab 3/2 ab .3/2
b (cl BesselJ (%, 2/ ) + ¢y BesselY (1, 2\/% ))

3 3
Letting co = 1 the above becomes

2 % 3/2 2 gng/Z
(— BesselY (— = ) — BesselJ (—%, = ) cl) c\/ 2z

y = ab ,.3/2
b (cl BesselJ (%, e ) + BesselY (%

3

[\V]

0| NS
8

w

~

(V]

N——

N——

Summary of solutions found

ab 13/2
(— BesselY < > BesselJ (—%, : =1 ) cl) c\/ 2z
y =
ab ;3/2
b (cl BesselJ (% \/j ) + BesselY (%

[\V]
0| NS
8
W
~
[ V]
N——
N——

Maple step by step solution

Let’s solve
e(Ly(x)) = za+ by(2)?

° Highest derivative means the order of the ODE is 1
=y(x)
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° Solve for the highest derivative

2
%y(x) — M

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati Special

<- Riccati Special successful”

N

Maple dsolve solution

Solving time : 0.004 (sec)
Leaf size : 75

-

dsolve(cxdiff (y(x),x) = a*xx+b*xy(x)~2,
L y(x) ,singsol=all)

(%)™ (AiryAi (1,—(%)""2) c1 + AiryBi (1, - (%) "2 ) e

T (i (- (2)Fe) + AinBi (- (4)7)
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Mathematica DSolve solution

Solving time : 0.186 (sec)
Leaf size : 437

' DSolve [{c*D[y[x],x]==a*x+b*y[x]~2,{}},
‘ y[x],x,IncludeSingularSolutions->True] ‘

y(z)

< 3/2\/_\/7< 2 BesselJ <—§ %ﬂ\/z 3/2> +01<BesselJ <3,3\/_\/Z 3/2> — BesselJ <—§ g\/_\/
2bx (BesselJ (3’ 3\/_\/7353/2) + ¢; Bessel] <_% % \/7 /

c<x3/2\/§\/§BesselJ <—§,§\/§\/Ex3/2> 3/2\/_\/7BesselJ (3’3\/—\/3 3/2) + Bessel] <_% g
) 2bx BesselJ (—% %ﬂfﬁﬂ)

_>
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2.1.20 problem 20
Solved as first order ode of type reduced Riccati . . . . . . . .. 180
Maple step by step solution . . . . ... .. .. ... ...... 18T
Mapletrace . . . . . . . . . . . ... 182
Maple dsolve solution . . . .. .. ... ... ... ....... 182
Mathematica DSolve solution . . . . . ... ... ........ 183

Internal problem

ID [8680]

Book : First order enumerated odes
Section : section 1
Problem number : 20
Date solved : Tuesday, December 17, 2024 at 12:57:32 PM
CAS classification : [[_Riccati, _speciall]

Solve

b2
o = W

Solved as first order ode of type reduced Riccati

Time used: 0.155 (sec)

This is reduced Riccati ode of the form

y/:axn+by2

Comparing the given ode to the above shows that

a
a=—
re
b
b= —
cr
n=1

Since n # —2 then the solution of the reduced Riccati ode is given by

w=+/T
. 1w
T obw
k=142

¢, BesselJ (i, 2 abx’“) + o BesselY (i,% abzv’“) ab>0

¢1 Bessell (

L
2k’

+v/—abz*) + c3 BesselK (5, 1V —abz¥) ab <0
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EQ(1) gives
3
k=3

/ _ab ..3/2 3/2
]_ 2 rec Z ]. 2 rec
w = vz | ¢; Bessel] Vet + c9 BesselY | = L

3’ 3 3’ 3
Therefore the solution becomes

1w

V=3

Substituting the value of b, w found above and simplyfing gives

2 %$3/2 2 ab $3/2
(— BesselY (—§,+ co — Bessel] | =2, Y22 )¢y | ery /-2 x

7202

ab_ 23/2 ab_ .3/2
b (cl BesselJ (%, QL) + ¢, BesselY (%, 2/ 8 ))

y:

3 3

Letting co = 1 the above becomes

ab 13/2 [ 5
(— BesselY (—%, 2—m§g) — BesselJ ( R ) ) AT

3

ab 1133/ x3/2
b (cl BesselJ (% % ’?? ) + BesselY (% Ve T ))

y:

Summary of solutions found

ab 13/2 [ 55
(— BesselY (—%, Q—Vpgz) — BesselJ ( 3, = g ) ) AT
/_ab 13/2 13/2
b (cl BesselJ (% : ’?? ) + BesselY (% VS ))

y:

Maple step by step solution

Let’s solve
za+by(z)?
c(fy(a)) = ==t
° Highest derivative means the order of the ODE is 1

Ly(z)
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° Solve for the highest derivative

2
A y(z) = Letplel

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati Special

<- Riccati Special successful”

N

Maple dsolve solution

Solving time : 0.004 (sec)
Leaf size : 91

-

dsolve(cxdiff (y(x),x) = (a*x+b*xy(x)~2)/r,
L y(x) ,singsol=all)

(20" (AiryAi (1, — ()" =) e1 + AiryBi (1, — () ) ) re
b (cl AiryAi (— (T’;‘gz)l/?’ :c) + AiryBi <— (;;;)”3 x))

y:
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Mathematica DSolve solution

Solving time : 0.21 (sec)
Leaf size : 517

' DSolve [{c*D[y[x],x]==(a*x+b*y[x]~2)/r,{}},
‘ y[x],x,IncludeSingularSolutions->True] ‘

y(x)
2bx (BesselJ <3, 3\/_\/7x3/2> + ¢; BesselJ (—% %\/:\/

_>

y(z) —
cr<x3/2\/§ b Bessel] <—§,§\/_\/7 3/2> 3/2\/_\/7Bessel (% %F\/T 3/2>—|-BesselJ
2bz BesselJ (—5, g\/g\/gxi%ﬂ)
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2.1.21 problem 21

Solved as first order ode of type Riccati . . ... ... ... ..
Maple step by step solution . . . . ... ... ... ... ....

Maple trace . . . . . ...
Maple dsolve solution . .

Mathematica DSolve solution . . . . . .. .. ... ... ....

Internal problem ID [8681]

Book : First order enumerated odes
Section : section 1

Problem number : 21

Date solved : Tuesday, December 17, 2024 at 12:57:34 PM
CAS classification : [_rational, _Riccatil

Solve

b2
of = BT

rT

Solved as first order ode of type Riccati

Time used: 2.946 (sec)

In canonical form the ODE is

y = F(z,y)
by tax

rrc

This is a Riccati ODE. Comparing the ODE to solve

y/ — g + b_y2
rc crx
With Riccati ODE standard form
y' = fo(z) + fi(z)y + fo(z)y®
Shows that fo(z) = 2, fi(z) =0 and fo(z) = -=. Let
V= f2u

188
139
189
190
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou" () = (f5 + fufa) w'(x) + f3 fou(z) = 0 (2)
But
, b
f2= or 2
fifa=0
b2
Bh= 55

Substituting the above terms back in equation (2) gives

bu (x) N b/ (z) N bau(x)

cre cr 2 Brig? 0
In normal form the ode
b(%) N b(g—’;) N b2au _0 1)
cre crrz?  Ar3xg?
Becomes
d*u du
90 () +al@)u=r(e) )
Where
1
p(z) = o
ab
a(z) = r2cix
r(z) =0
The Lagrange adjoint ode is given by
¢ —(€p) +&g=0
" z)\’ abf(x
& - (%) + ( rfc(zx)) =0
d? 4¢(x) N (¢ +abz) §(2) _

@f (z) -
Which is solved for £(x). Writing the ode as

T r2z2c?

2" — x¢ + (1 + @) £E=0 (1)

r2c2
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Bessel ode has the form
2"+ + (—n*+2*) =0 (2)
The generalized form of Bessel ode is given by Bowman (1958) as the following
26"+ (1 —2a)z¢ + (B2 —n*y* + %) € =0 (3)
With the standard solution
& = z%(c5 BesselJ (n, B27) + ¢ BesselY (n, 5z7)) (4)

Comparing (3) to (1) and solving for a, 8, n,y gives

a=1
2v/ab
,32
e
=0
_1
773

Substituting all the above into (4) gives the solution as
2V ab 2
& = csx BesselJ (0, @) + cex BesselY < \/_\/_)

Will add steps showing solving for IC soon.

The original ode now reduces to first order ode

amutwmx>+ampxnr—/§

drulpe) - g ) = fgg@)

Or
c5+/z BesselJ 1,2\/E‘/E Vab ce+/x BesselY 1,%
¢; BesselJ (0’ Nﬁﬁ) o <'rc = ) + c¢ BesselY (0, 2\/372\/5) o <rc
W tu| - —

@ csT BesselJ (0 2ff> + cex BesselY (O 2@““?)

Which is now a first order ode. This is now solved for u. In canonical form a linear first
order is

'+ q(z)u = p(z)
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Comparing the above to the given ode shows that

Vab <BesselJ <1, @) cs + BesselY (1’ 2@\/5) cﬁ)
Vzre <c5 BesselJ (0, 2‘/7%‘/5) + ¢¢ BesselY (0, 2\/512 vz >>
p(xz) =0

The integrating factor y is

q(z) =

p=e Jadx
Vab (BesselJ (1,%/?72‘/5 c5+BesselY(1,2\/§+ﬁ 6 e
Vare (c5 Bessel] (o, Nfiléﬁ)ﬂe BesselY (0, N{i’iﬁ) )
1
cs Bessel] (07 2@\/5) + cg BesselY <O, 2Vab/z )

rCc

The ode becomes

d u ~0

dz \ ¢, BesselJ (O 2ff> + cs BesselY <0 ﬁﬁ)

Integrating gives

- = / 0dz + cr
cs BesselJ <O 2\F‘f) + c¢ BesselY (0 Wab/e >

1

Dividing throughout by the integrating factor o2 Bossel] (072r f) v Bessely( W f) gives

the final solution
U= <C5 BesselJ < 2\/_\/_> + c¢ BesselY ( 2\/:\/_>>

Hence, the solution found using Lagrange adjoint equation method is

U= (cs BesselJ ( \/_\/_> + c¢ BesselY < 2\/;\/_>>
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The constants can be merged to give
2vab 2V ab
u = c5 BesselJ (O, @) + c¢ BesselY (0, @)

Will add steps showing solving for IC soon.

Taking derivative gives

cs BesselJ (1, NEﬁ) Vab  cgBesselY (1, 2\/3‘/5) Vab

u'(x) _ rc _ rC

rey/x rey/T

Doing change of constants, the solution becomes

rc rc

rcy/T reva
b (cs BesselJ (0, @) + BesselY (0, Nﬁ Ve ))

( cg BesselJ (1’2\/3\/5)\/% BesselY(1,2mﬁ)\/ﬁ>
- crx

Summary of solutions found

re/x reva
b (cs BesselJ (0, @) + BesselY (0, 2\/17?1; Ve ))

( cs BesselJ(l,Ngizﬁ)\/aib BesselY(l,M‘:f;‘/E)\/ab)
— crx

Yy=-

Maple step by step solution

Let’s solve
za+by(z)?
c(y(a)) = =5
° Highest derivative means the order of the ODE is 1
=Y(@)
° Solve for the highest derivative

b 2
ayle) = =
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati sub-methods:

-> Trying a Liouvillian solution using Kovacics algorithm

<- No Liouvillian solutions exists

<- Abel AIR successful: ODE belongs to the OF1 l-parameter (Bessel ty

Maple dsolve solution

Solving time : 0.016 (sec)
Leaf size : 98

|
L

dsolve(cxdiff (y(x),x) = (a*x+b*xy(x)~2)/r/x,
y(x) ,singsol=all)

y:

Y T T (BesselY (1, 2 %) cicr + BesselJ <1, 2 7@%‘;))
b (clcr BesselY (0, 2 %) + BesselJ (0, 2 Ta;b;))

pe) class’
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Mathematica DSolve solution

Solving time : 0.288 (sec)
Leaf size : 207

' DSolve [{c*D[y[x],x]==(a*x+b*y [x]~2)/(r*x) ,{}},
‘ y[x],x,IncludeSingularSolutions->True] ‘

\/E\/E(2 BesselY (1, %) + c1 BesselJ <1, W))
Vb (2BesselY (0, 2/2/02) 4 ¢; Bessely (0, 2/2/% ) )
v/a+/x BesselJ <1, M)

cr

/b BesselJ <0, W)

y(z) —

y(z) -
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2.1.22 problem 22

Solved as first order ode of type Riccati . . ... ... ... .. [191]
Maple step by step solution . . . . ... ... ... ... .... 196
Mapletrace . . . . . . . . . . . ... 196
Maple dsolve solution . . . . . .. ... ... ... ... ..., 197
Mathematica DSolve solution . . . . . ... ... ........ 197

Internal problem ID [8682]

Book : First order enumerated odes

Section : section 1

Problem number : 22

Date solved : Tuesday, December 17, 2024 at 12:57:38 PM
CAS classification : [_rational, _Riccatil

Solve
+b 2
c ’ azxr Y

r 2

Solved as first order ode of type Riccati
Time used: 4.780 (sec)

In canonical form the ODE is

y' = F(z,y)
by tax
- raZc
This is a Riccati ODE. Comparing the ODE to solve

,_a | by?

Y=ot re
xcer rxec

With Riccati ODE standard form

y' = fo(z) + fi(z)y + fo(z)y?

Shows that fo(z) = -%, fi(z) =0 and fo(z) = 2. Let

y_fzu
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou" () = (f + fofa) w'(z) + f3 fou(z) = 0 (2)
But
,_2b
fa= crx3
fifa=0
b2
B =55

Substituting the above terms back in equation (2) gives

b (z) N 2bu/ () N bau(z)

cr 2 cr 3 c3r3xd =0
In normal form the ode
b(?ng) N 2b(g—;‘) N bau 0 1)
cr 2 cr 3 Ar3gd
Becomes
d*u du
e -~ = 2
o+ 000) () + @) u=r(e) @)
Where
2
p(z) = o
ba
r(z) =0

The Lagrange adjoint ode is given by

¢ —(p) +€q=0

() ()

d? 2(£¢ 2¢*r2z + b
- (z) — (d x(x)) i (2¢°r Z3c2rg) {(z) _

0

Which is solved for £(x). Writing the ode as

26" — 2x€' + (2 + %) =0 (1)



CHAPTER 2. BOOK SOLVED PROBLEMS

193
Bessel ode has the form
2" +z¢ + (—n*+2°) €=0 (2)
The generalized form of Bessel ode is given by Bowman (1958) as the following
22" + (1 - 2a)z¢ + (827’ —n*y* +a?) =0 (3)
With the standard solution
& = z%(c5 BesselJ (n, Bx7) + c¢ BesselY (n, S z7)) 4)
Comparing (3) to (1) and solving for a, 8, n,y gives
oz’
S 2
2v/ba
8=
rc
=-1
__1
7T
Substituting all the above into (4) gives the solution as
2vb 2vb
¢ = —c5 2°/% BesselJ (1, \/_a> — ¢6 z°/? BesselY ( \/_a>
reVT "rey/T
Will add steps showing solving for IC soon.
The original ode now reduces to first order ode
{(z) v —uf'(z) + (@) p(x)u= [ (= )T(w) d
v +u (p(m) (a:)) = &
¢ (z) 5(96)
Or
. esse 2v/ba _rc\/i BesselJ (1,%&7%) - . o
3c5+/7 Bessell (1,3;/5%) ° (B Y <O’$c‘/§) 2vba Vb 3c6/T BesselY(l,%) 5P
’LL/ +u 2 _ _ 2 + rc — 2 +
x

—c5 23/ BesselJ (1, f;@%) — cg 23/2 Bessel Y (1, fg{%)
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Which is now a first order ode. This is now solved for u. In canonical form a linear first
order is

v + q(z)u = p(z)
Comparing the above to the given ode shows that

Vba (BesselJ (0 2‘/%) ¢s + BesselY (0 NE) Cﬁ)

q(z) = - pk
x3/2rc (BesselJ ( 2‘/\379) c5 + BesselY ( 2‘{?) cﬁ>
p(z) =0

The integrating factor u is
p=e Jqdz
\/E(Bessel.]< \/IT>85+BESSGIY( 2\/5

o)
f 23/2rc (BesselJ( . d

)c5+BesselY< zc a) )

rey/T

Vba (2 BesselJ (1 ‘G) cs + 2 BesselY <1, n§> C )

S
L

o | o
%

%

S
S

rCc

=e

The ode becomes

d
Q=0
da:'uu

d urc\/x _o

dz Vba <2 Bessel] < , 2;{?) ¢s + 2 BesselY ( , rr§> C6)

Integrating gives

urce\/x _ /
Vba <2 BesselJ ( NE) cs + 2 BesselY (1 Nl;) 05> Odeter

Ve Ve
=cy
o e 7 . . rcf
Dividing throughout by the integrating factor T (2Besse1J ( 5 ‘/f‘l)cs+2 — ( @)ca)

gives the final solution

2v/ba (BesselJ <

) cs + BesselY (1 Nﬁ) Cs) cr
rey/T

Hence, the solution found using Lagrange adjoint equation method is

u =

2v/ba <BesselJ (1, f;{%) c5 + BesselY ( 2{?@) cﬁ> cr

rey/x

u =
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The constants can be merged to give
2v/ba (BesselJ (1, %) cs + BesselY (1, f;{%‘) c6>
u =
res/T
Will add steps showing solving for IC soon.
Taking derivative gives
v'(z)
rcy/x BesselJ|( 1, 2v/ba rcy/x BesselY I,M
<BesselJ <0,%%) _ 2% TC\/E) > Vbacs (BesselY (0,%%) — 2\/b7§ mﬁ) ) Vba cg
2\/ ba | — rcx3/2 - rex3/2

rey/T

Vba (BesselJ (1, fﬁ) cs + BesselY (1, fﬂ) Cﬁ)

rcx3/?

Doing change of constants, the solution becomes

y =
reva BesselJ(l,M> re/T BesselY(l,Lm)
2\/E - rC\/E a C; esse. 2\/E — TC\/E a
(BesselJ(O,Tcﬁ> N Vba cg B 1Y<0,Tcﬁ) 3752 Vba
2Vba | — —7 _ —
Vba (BesselJ (1,%
rey/T -
- 2v/ba 2v/ba
2bv/ ba (BesselJ (1, mﬁ> cs + BesselY (1, mﬁ))
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Summary of solutions found

y =
rcy/T BesselJ(l, 2\/5) reVT BesselY(l,M)
BesselJ (0, ?;/%) - 2vba reve \/Ecs BesselY <O7 3!\7%) — i reyVz Vba
2Vb B rca3/2 N rex3/2

Vba (BesselJ (1,%

rey/T

2bv/ba <Besse1J (1, f;@%) cs + BesselY (1, f;{%))

Maple step by step solution

Let’s solve
ra T 2
c(fu(@)) = =05
° Highest derivative means the order of the ODE is 1
Ly(z)
° Solve for the highest derivative
xa xT 2
Ly(x) = 2etmer

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati sub-methods:
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-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

<- Abel AIR successful: ODE belongs to the OF1 1-parameter (Bessel tytpe) class
Maple dsolve solution

Solving time : 0.020 (sec)
Leaf size : 110

‘dsolve(cxdiff (y(x),x)

N\

(axx+b*y(x)~2) /r/x"2
y(x) ,singsol=all)

a(BesselY (0 2

) cicr + BesselJ (0 24/ 2% >>
y =

cry/ 2% <clcr BesselY (1 2/ 2% ) + BesselJ (
Mathematica DSolve solution

=)
Solving time : 0.341 (sec)
Leaf size : 492

' DSolve [{c*D[y[x],x]

(a*x+bxy [x]72) / (r*x~2) ,{}}
y[x] ,x,IncludeSingularSolutions->True]

y(z)

2chesselY<
2+/aV/b BesselY( 2f\[\/7>
_>

1’2\/&?@) 2vavhy /1
— — 2./a/bBesselY ( —) — iy/avbe, B
y(x)

2b\/g (2 BesselY (1, %) — ic; Bes:
avh /1 avb /1
z<\/5\/5\/gBesselJ (O, %) + cr BesselJ (1, %) - \/E\/_\/7 BesselJ ( 2\[\[\/7))
%

av/b. /1
2b BesselJ (1, %)
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2.1.23 problem 23

Solved as first order Bernoulliode . . . . . . . ... ... .... 198
Solved as first order Exactode . . . . . ... ... ....... 207]
Maple step by step solution . . . . . ... ... ... ... .. 205
Mapletrace . . . . . . . . . . ... 205
Maple dsolve solution . . . . . ... ... ... L.
Mathematica DSolve solution . . . . . ... ... ... .....

Internal problem ID [8683]

Book : First order enumerated odes

Section : section 1

Problem number : 23

Date solved : Tuesday, December 17, 2024 at 12:57:44 PM
CAS classification : [_rational, _Bernoulli]

Solve
,  ar+ by?
cy = ———
Y
Solved as first order Bernoulli ode
Time used: 0.301 (sec)
In canonical form, the ODE is
y' = F(z,y)

by’ tax
==

- (0o ()}

The standard Bernoulli ODE has the form

This is a Bernoulli ODE.

y' = fo(z)y + fi(z)y" (2)

Comparing this to (1) shows that

fo=

Q|§QI®‘
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The first step is to divide the above equation by y™ which gives

Y _ fy@y "+ fia) 3)

<

The next step is use the substitution v = y' ™" in equation (3) which generates a new
ODE in v(z) which will be linear and can be easily solved using an integrating factor.
Backsubstitution then gives the solution y(z) which is what we want.

This method is now applied to the ODE at hand. Comparing the ODE (1) With (2)
Shows that

fo(z) ZIE)
fi(z) = %
n=-1

Dividing both sides of ODE (1) by y™ = i gives

by? ax
yy=—+— (4)
c c
Let
v = yl—n
=y’ (5)

Taking derivative of equation (5) w.r.t = gives

v = 2yy (6)
Substituting equations (5) and (6) into equation (4) gives

V(@) _ Wiz | e

2 ¢ c
,_ 2bv  2ax

+— (7)

C C

(%

The above now is a linear ODE in v(z) which is now solved.

In canonical form a linear first order is

V() + q(z)v(z) = p(x)
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Comparing the above to the given ode shows that

2b
q(z) = T
2ax
p(z) = o
The integrating factor u is
b= efqdz
_ ef—%da:
_2ba
— e %
The ode becomes
d—(/w) = kp
2ax
@(MU) = (1) (T)

Integrating gives

2bx

2z 2arxe <
ve ¢ = | ———dx

Cc

2bx + ¢ ae 2%
=—( ) +a

2b2

Dividing throughout by the integrating factor e’ gives the final solution

c e e — (bz+£)a

v(z) = 7

The substitution v = y'~" is now used to convert the above solution back to y which

results in
- cle’eh? — (bz+£)a
= 7

Y
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Solving for y gives

\/401 e’ b2 — daxb — 2ac
T 2b

Y

\/401 e’ b2 — 4axb — 2ac

y 2%

Summary of solutions found

\/401 e’ b2 — 4axb — 2ac

y %
\/461 e’ b2 — dazb — 2ac
y= %
Solved as first order Exact ode
Time used: 0.322 (sec)
To solve an ode of the form
dy

dz

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d

Hence 96 06d
Yy _
ox + oydr 0 (B)
Comparing (A,B) shows that

0p
aw M
0p
oy

But since % = aa;—g; then for the above to be valid, we require that

oM _oN
oy Oz
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If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition

6‘?: ;’y = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(yo)dy = (by® + az) dz
(=by? —az) dz +(yc)dy = 0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = —by® —ax
N(z,y) = yc

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ N
oy Oz
Using result found above gives
oM 0 9
= —2by
And
ON 0
or %(?JC)
=0

Since %—A; # %—JZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

am k(2 o)

- N Oy 0x
- i((—zbm — ()
2b

c
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Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor u is
—e JAdz

zef—%da:

I

The result of integrating gives

_2bz
[1,:6 c
_2bz
= e c

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.
M =uM

= e_%m (—by2 — ax)

2bx

=—(by*+az)e

And
N =uN
_ 2bx
= e 2c (yc)
_2bx
= yce c

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+ _j—i =0
(—(by2 + az) e_%Tm> + (yce_%> j—i =0
The following equations are now set up to solve for the function ¢(z,y)
% =M (1)
=N @)

Integrating (1) w.r.t. = gives
% dx = / M dx
ox

o . (B2 —2bz
3—zdx—/ (by’ +az)e e dx

c(2b%y% + 2axb + ac) e~ &
o= LV FNDLC L | 1) @
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Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

0 2be
5 = vee 4 £10) @)

But equation (2) says that g—i = yce~¢". Therefore equation (4) becomes

2bzx 2bz

yce = =yce o + f'(y) (5)

Solving equation (5) for f'(y) gives
f'y) =0
Therefore
fly)=a
Where ¢, is constant of integration. Substituting this result for f(y) into equation (3)
gives ¢
 c(2b%y® + 2axb 4 ac) e

¢= 402 Ta

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining ¢; and ¢, constants into the constant c; gives the solution as
2bz

. c(2b?y? + 2axb +ac)e” e
1 =

4b2
Solving for y gives
e’ [—2e ¢ <2e_¥abcx+e_2%mac2 —4¢; b2>
y=- 2¢ch
e’ [—2e ¢ (Qe_%Tzabcx+e_%ac2 —4¢; b2>

vy= 2¢cb
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Summary of solutions found

e’ | —2e % ¢ (2e‘¥abcx+e‘%zac2 —4c¢; b2>
y=- 2¢cb
2 | —2e ¢ <2e_%7zabcx+e_¥ac2 —4¢; b2>
y= 2¢cb

Maple step by step solution

Let’s solve
za+by(z)?
c(fy(x) = =5
° Highest derivative means the order of the ODE is 1
=y(@)
° Solve for the highest derivative

d _ zatby(z)®
ﬂy(x) = my(f)f

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

<- Bernoulli successful”
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Maple dsolve solution

Solving time : 0.017 (sec)
Leaf size : 69

‘ dsolve(c*diff (y(x),x) = (a*x+bxy(x)~2)/y(x),
‘ y(x) ,singsol=all)

\/4 e¥clb2 — 4axb — 2ac
v=- %
\/4 e%Tzclb2 — 4axb — 2ac
v= %

Mathematica DSolve solution

Solving time : 5.76 (sec)
Leaf size : 85

'DSolve [{c*D[y[x],x]==(axx+b*y[x]~2) /y [x] ,{}},
‘ y[x],x,IncludeSingularSolutions->True]

2bx

z'\/abz + % + b%c; (—eT

)

y(z) = — 2

i\/abx + % + b (—e%)

y(z) — 5
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2.1.24 problem 24
Solved as first order quadratureode . . . ... ... ... ... 208]
Solved as first order homogeneous class D2 ode . ... ... .. 208]
Solved as first order ode of type differential . . . . .. ... .. 210
Maple step by step solution . . . . .. ... ... ... ..... 211
Mapletrace . . . . . . . . . . .. 212
Maple dsolve solution . . . .. ... ... ... .. ....... 212
Mathematica DSolve solution . . . . ... ... ......... 212

Internal problem ID [8684]

Book : First order enumerated odes
Section : section 1

Problem number : 24

Date solved : Tuesday, December 17, 2024 at 12:57:46 PM

CAS classification : [_quadrature]

Solve

asin (z)yzy' =0

Factoring the ode gives these factors

Now each of the above equations is solved in turn.

Solving equation (1)

Solving for y from

Solving gives y = 0

Solving equation (2)




CHAPTER 2. BOOK SOLVED PROBLEMS 208

Solved as first order quadrature ode
Time used: 0.013 (sec)
Since the ode has the form 3y’ = f(x), then we only need to integrate f(zx).

/dy:/Odz+cl
Y

:cl

y(x) 0

—1-

24

—3

= 7 5 ; 7
X

Figure 2.20: Slope field plot
y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.152 (sec)

Applying change of variables y = u(x) z, then the ode becomes

u'(z)z+u(z)=0

Which is now solved The ode v/(z) = —@ is separable as it can be written as
IR C))
(z) = -2
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Where

Integrating gives

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (%) to

u(z) =0
Solving for u(z) gives
u(z) =0
e
u(z) = —
Converting u(x) = 0 back to y gives
y=20

Converting u(z) = <* back to y gives
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= 7 5 ; 3
X

Figure 2.21: Slope field plot

y =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.012 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.22: Slope field plot
y =0

Summary of solutions found

Maple step by step solution

Let’s solve

asin (z) y(z) z(Ly(z)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 9

-

dsolve (a*sin(x)*y(x)*x*diff (y(x) ,x) = O,
L y(x) ,singsol=all)

&1

Mathematica DSolve solution

Solving time : 0.003 (sec)
Leaf size : 12

‘ DSolve [{a*Sin [x]*y [x]*x*D [y [x],x]==0,{}},
‘ y [x] ,x,IncludeSingularSolutions->True]

y(z) =0
y(z) =
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2.1.25 problem 25
Solved as first order quadratureode . . . ... ... ... ... 214]
Solved as first order homogeneous class D2 ode . ... ... .. 214
Solved as first order ode of type differential . . . . .. ... .. 216
Maple step by step solution . . . . .. ... ... ... ..... 217
Mapletrace . . . . . . . . . . .. 218
Maple dsolve solution . . . .. ... ... ... .. ....... 218
Mathematica DSolve solution . . . . ... ... ......... 218

Internal problem ID [8685]

Book : First order enumerated odes
Section : section 1

Problem number : 25

Date solved : Tuesday, December 17, 2024 at 12:57:47 PM

CAS classification : [_quadrature]

Solve

f(z)sin (z) yzy'm =0

Factoring the ode gives these factors

Now each of the above equations is solved in turn.

Solving equation (1)

Solving for y from

Solving gives y = 0

Solving equation (2)




CHAPTER 2. BOOK SOLVED PROBLEMS 214

Solved as first order quadrature ode
Time used: 0.013 (sec)
Since the ode has the form 3y’ = f(x), then we only need to integrate f(zx).

/dy:/Odz+cl
Y

:cl

y(x) 0

—1-

24

—3

= 7 5 ; 7
X

Figure 2.23: Slope field plot
y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.158 (sec)

Applying change of variables y = u(x) z, then the ode becomes

u'(z)z+u(z)=0

Which is now solved The ode v/(z) = —@ is separable as it can be written as
IR C))
(z) = -2
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Where

Integrating gives

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (%) to

u(z) =0
Solving for u(z) gives
u(z) =0
e
u(z) = —
Converting u(x) = 0 back to y gives
y=20

Converting u(z) = <* back to y gives
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= 7 5 ; 3
X

Figure 2.24: Slope field plot

y =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.012 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.25: Slope field plot
y =0

Summary of solutions found

Maple step by step solution

Let’s solve

f(@)sin (z) y(2) o Ly(z)) 7 = 0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.001 (sec)
Leaf size : 9

-

dsolve (f (x)*sin(x)*y (x) *x*diff (y(x) ,x)*Pi = O,
L y(x) ,singsol=all)

&1

Mathematica DSolve solution

Solving time : 0.003 (sec)
Leaf size : 12

' DSolve [{f (x)*Sin [x]*y [x]*x*D [y [x] ,x]#Pi==0,{}},
‘ y [x] ,x,IncludeSingularSolutions->True]

y(z) =0
y(z) =
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2.1.26 problem 26
Solved as first order linearode . . . . . ... ... ....... 219
Solved as first order Exactode . . . . . ... ... ....... 227]
Maple step by step solution . . . . . ... ... ... ... .. 225
Mapletrace . . . . . . . . . . ... 226
Maple dsolve solution . . . . . ... ... ... L. 226
Mathematica DSolve solution . . . . . ... ... ... ..... 226

Internal problem ID [8686]

Book : First order enumerated odes

Section : section 1
Problem number : 26

Date solved : Tuesday, December 17, 2024 at 12:57:48 PM
CAS classification : [[_linear, ‘class A‘]]

Solve

y' =sin(z) +y

Solved as first order linear ode

Time used: 0.148 (sec)

In canonical form a linear first order is

Y +q(z)y = p(x)

Comparing the above to the given ode shows that

The integrating factor u is
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sin ()

(e7%) (sin (z))
(sin (z)e™®) dz
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Dividing throughout by the integrating factor e gives the final solution

The ode becomes
Integrating gives

CHAPTER 2.

T T T T
3] ~ — =] tn o N

y(x)

sin (z)

X

Figure 2.26: Slope field plot

sin (z) + y
cos (z)

/
Yy
c e’ —

y =

4

Summary of solutions found
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Solved as first order Exact ode
Time used: 0.120 (sec)

To solve an ode of the form

M(z,) + N(z,) 2 =0 ()

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d
Hence 96 06d
Y
— —_—— T B
or + Oy dx 0 (B)
Comparing (A,B) shows that
09
9 M
09
TN
Oy
But since a‘fgy = aa: g; then for the above to be valid, we require that
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
g: g’y = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

dy = (sin (z) + y) dz
(—sin(z) —y)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = —sin (z) —y
N(z,y)=1
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The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM 0 :
En 8_y(_ sin (z) — y)
=-1
And
ON
1
B = ( )
= O

Slnce 7é , then the ODE is not exact. Since the ODE is not exact, we will try to
find an mtegratmg factor to make it exact. Let

3_M _oN
Jy ox
= 1((—1) —(0))
=-1
Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is
p=e JAdz
— ef —1dzx

The result of integrating gives

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.
M = puM
— e~*(—sin (z) —y)
= —(sin(z)+y)e™®
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CHAPTER 2.
And
N =uN
e (1)
= e_z

Now a modified ODE is ontained from the original ODE, which is exact and can be

solved. The modified ODE is

MiNY _g
dz
d
dy _

(—(sin(z) +y)e™®) + (¢7%) e

The following equations are now set up to solve for the function ¢(z,y)

9 —

g—x—M (1)
6

=N @)

Integrating (2) w.r.t. y gives

@dy = /Wdy
Ay

op . x
a—ydy—/e dy

¢=ye "+ f(z) (3)

Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t = gives

0

2yt ) @

But equation (1) says that % = —(sin (z) + y) e~*. Therefore equation (4) becomes

—(sin (2) +y)e™ = —ye ™ + f'(2) (5)

Solving equation (5) for f'(z) gives

f'(z) = —sin(z)e™™
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Integrating the above w.r.t = gives

el
Q
+
8
|
[<}]
< E
(=
_e ()
—~ l_l
) 8
i o
[#2] —~
_ 8|
—  a
/ Q
(&)
| |
oun
8
N—r
Sy

/f’(ac) dz

Where ¢; is constant of integration. Substituting result found above for f(z) into

equation (3) gives ¢

+c

_|_

cos (z)e™™

p=ye "+

sin (z)e™®
2

But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and

combining ¢; and ¢y constants into the constant c; gives the solution as

—T

cos (z) e

a=ye "+

sin (z)e™®
2

Solving for y gives

(sin (z) e™® + cos (z) e™* — 2¢;) €”

s .,, | )7 |

N
\ |/
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Figure 2.27: Slope field plot

y =sin(z) +y

Summary of solutions found
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Maple step by step solution

Let’s solve
Y (z) = y(z) +sin (z)
° Highest derivative means the order of the ODE is 1
=y(2)
° Solve for the highest derivative
&y(@) = y(z) + sin (2)
° Group terms with y(z) on the lhs of the ODE and the rest on the rhs of the ODE
xy() — y(z) = sin (z)
° The ODE is linear; multiply by an integrating factor u(x)
w(z) (4y(2) — y(z)) = p(z)sin (2)
o Assume the lhs of the ODE is the total derivative - (y(z) u(z))

w(z) (Ly(@) —y(@)) = (Hy(@) p@) +y(2) (Fu))
e Isolate L u(z)

L u(z) = —p(x)

° Solve to find the integrating factor
pu(z) = e~
° Integrate both sides with respect to x
[ (£ (@) p(@))) do = [ p(z)sin (z) dz + C1
° Evaluate the integral on the lhs
y(z) p(z) = [ p(z)sin (z) dz + C1
o Solve for y(x)

) sin(x)dz+C1
y(z) = J (=) #((x))

o Substitute p(z) = e~*

T

e~ % sin(z)dz+C1
y(z) = Leren@drtdt
° Evaluate the integrals on the rhs
e ®cos(z) e Tsin(z) +C1
y(z) = 2
° Simplify

y(.’lf) = O1e* — cos2(m) _ sinz(x)
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 17

-

dsolve(diff (y(x),x) = sin(x)+y(x),

L y(x) ,singsol=all)
Y= _cos2(m) B sm2(m) oo
Mathematica DSolve solution
Solving time : 0.037 (sec)
Leaf size : 24
'DSolve [{D[y[x] ,x]==Sin[x]+y [x],{}},
y[x],x,IncludeSingularSolutions->True]
sin(x cos(z
y(x) = — (=) _ ()-I—cle””

2 2
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2.1.27 problem 27

Solved as first order ode of type Riccati . . ... ... ... .. 227
Maple step by step solution . . . . ... ... ... ... .... 229
Mapletrace . . . . . . . . . . . ... 229
Maple dsolve solution . . . . . .. ... ... ... ... ..., 2311
Mathematica DSolve solution . . . . . ... ... ........ 231

Internal problem ID [8687]

Book : First order enumerated odes

Section : section 1

Problem number : 27

Date solved : Tuesday, December 17, 2024 at 12:57:49 PM
CAS classification : [_Riccati]

Solve

y = sin (z) + 3°

Solved as first order ode of type Riccati
Time used: 0.641 (sec)
In canonical form the ODE is
Yy =F(z,y)
= sin (z) + ¢*
This is a Riccati ODE. Comparing the ODE to solve

y = sin (z) +y°

With Riccati ODE standard form

Y = fo(z) + fi(z)y + foz)y”

Shows that fo(z) =sin (z), fi(z) =0 and fo(x) = 1. Let

_u/

B f2u

= (1)

u

Y
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou" () — (f5 + fufo) W' (2) + f3 fou(z) = 0 (2)
But
f2=0
fife=0

f3 fo = sin (z)
Substituting the above terms back in equation (2) gives
u"(z) + sin (z) u(z) =0
Unable to solve. Will ask Maple to solve this ode now.

Solution obtained is

u(z) = ¢; MathieuC <0, 9 T2

1 2) + ¢ MathieuS (O, -2, T + E)

4 2

Taking derivative gives

. c1 MathieuCPrime (0, —2,—% + 2) ¢, MathieuSPrime (0, -2, —% + %)
u'(z) = 5 + 5

Doing change of constants, the solution becomes

c1 MathieuCPrime (0,—2,— it %) + MathieuSPrime (O,—2,— Tt %)
2 2

Yy=- : .

c1 MathieuC (0, -2,-%+ %) + MathieuS (O, -2,-7+ %)
L T A A I A |
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Sttt
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Figure 2.28: Slope field plot
y =sin(z) +y°
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Summary of solutions found

c1 MathieuCPrime (O,—2,— it %) + MathieuSPrime (0,—2,— Tt %)
2 2

" ¢ MathieuC (0, —2, — T + ) + MathieuS (0, —2, =% + 2

y:

Maple step by step solution

Let’s solve
aey(z) = sin (z) +y(z)’

° Highest derivative means the order of the ODE is 1
=Y(@)

° Solve for the highest derivative

y(@) =sin (z) + y(z)”

Maple trace

"Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:
trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE™, diff(diff(y(x), x), x) = -y(x)*sin(
Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y

x), y(x)°
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-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @
-> trying a solution of the form rO(x) * Y + ri1(x) * Y where Y = exp(int(r(x), «
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y

->

<-

Change of variables used:
Linear ODE actually solved:

<- change of variables successful
<- Riccati to 2nd Order successful”

Trying an equivalence, under non-integer power transformatioms,
to LODEs admitting Liouvillian solutioms.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker
-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric
-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or OF1 under a power @ Moebius
-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moel
Equivalence transformation and function parameters: {t = 1/2xt+1/2}, {l
<- Equivalence to the rational form of Mathieu ODE successful
<- Mathieu successful
special function solution successful

[x = arccos(t)]

(-t~2+1)"(1/2) *xu(t) -t*xdiff (u(t) ,t)+(-t"2+1) *diff (diff (u(t),t),t) =0
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Maple dsolve solution

Solving time : 0.005 (sec)
Leaf size : 59

‘ dsolve(diff (y(x),x) = sin(x)+y(x)~2,
‘ y(x) ,singsol=all)

—c1 MathieuSPrime (0, —2, —Z + £) — MathieuCPrime (0, —2, —

£+9)
2c; MathieuS (0, —2, —F + £) + 2MathieuC (0, -2, — % + %)

y:

Mathematica DSolve solution

Solving time : 0.174 (sec)
Leaf size : 105

‘ DSolve [{D[y[x],x]==Sin[x]+y[x]~2,{}},
‘ y[x],x,IncludeSingularSolutions->True]

(2) = —MathieuSPrime[0, —2, (7 — 2z)] + ¢;MathieuCPrime[0, —2, 1 (7 — 2z)]

x

Y 2 (MathieuS [0, —2, 1 (2 — )] + c;MathieuC [0, —2, L (7 — 2z)])
MathieuCPrime [0, —2, (7 — 2z)]

y(z) = 2MathieuC [0, -2, (77 )}
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2.1.28 problem 28

Solved as first order linearode . . . . . ... ... ... ....
Solved as first order homogeneous class D2 ode . ... ... .. 234
Solved as first order Exactode . . . . . ... ... ... .... 235]
Solved using Lie symmetry for first orderode . . ... ... .. 239
Maple step by step solution . . . . . ... ... ... ... ... 244
Maple trace . . . . . . . . .. 245
Maple dsolve solution . . . .. ... ... ... ......... 245
Mathematica DSolve solution . . . . .. ... ... ....... 246}

Internal problem ID [8688]

Book : First order enumerated odes

Section : section 1

Problem number : 28

Date solved : Tuesday, December 17, 2024 at 12:57:52 PM
CAS classification : [_linear]

Solve

= y
Y —cos(x)+x

Solved as first order linear ode
Time used: 0.105 (sec)

In canonical form a linear first order is

y +a(z)y = p(z)
Comparing the above to the given ode shows that

q(z) = -1

x
p(z) = cos (x)
The integrating factor u is
p= efqd:c

— ef—%dx
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gives the final solution

1

T

Hp

T

(1y) = (n) (cos (x))

y=z(Ci(z) +a1)

dzx
dzx
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Dividing throughout by the integrating factor

The ode becomes
Integrating gives

CHAPTER 2.

) & B ) 1_.

y(x)

Yy
T

Figure 2.29: Slope field plot
y' = cos(z) +
y=2z(Ci(z) + c1)

Summary of solutions found
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Solved as first order homogeneous class D2 ode

Time used: 0.030 (sec)

Applying change of variables y = u(x) z, then the ode becomes

cos (z) + u(x)

v (z) T + u(z)

f(z), then we only need to

Which is now solved Since the ode has the form u'(x)
integrate f(z).

cos () i

]

[an

Ci(z) +c

u(x)

Converting u(z) = Ci (z) + ¢; back to y gives

y=z(Ci(z) +a)
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Figure 2.30: Slope field plot

Y
T

y' = cos(z) +

Summary of solutions found

y=z(Ci(z) + 1)
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Solved as first order Exact ode
Time used: 0.109 (sec)

To solve an ode of the form

M(z,) + N(z,) 3 =0 *)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d
Hence 96 06d
Y
AT e A B
ox + Oy dx 0 (B)
Comparing (A,B) shows that
o¢
9 M
o¢
T _N
9y
But since % = % then for the above to be valid, we require that
oM _ 0N
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59; gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore
— (Y
dy = (z + cos (x)) dz
<— cos (z) — %) de+dy=0 (2A)

Comparing (1A) and (2A) shows that
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The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM 0 Y
"y
_ !
oz
And
ON 0
o~ oz
=0

Since %i; F# %—]Z, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

am k(2o

" N\dy oz
((-2)-0)

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

= el Ade
_J -t
The result of integrating gives
= e~ 0@
_1
x

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM

~L(-ome-2)

—cos(z)z —y

xr2
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And

=
I

=
=

8I—8 R

—~
—_
N—

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+NY _ o
dzx

(=== ()5

The following equations are now set up to solve for the function ¢(z,y)

0p  —
g—w =M (1)
[0) =
oy = N (2)
Integrating (2) w.r.t. y gives
0¢
8y dy = /Ndy
0¢
= / 2%
=2+ 1) 3)

Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t = gives

) @

— cos(

But equation (1) says that % = % Therefore equation (4) becomes

—en@ey 3 p ©)
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Solving equation (5) for f'(z) gives

Integrating the above w.r.t x gives

/ f'(z)de = / (—Cosx(x)>d:c

f(z)=—-Ci(z) + &

Where c¢; is constant of integration. Substituting result found above for f(z) into
equation (3) gives ¢

¢=g—Ci(x)+cl

But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

_ Y _
o= Ci(x)

Solving for y gives
y = z(Ci(z) + 1)
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Figure 2.31: Slope field plot
y =cos(z)+ Y
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Summary of solutions found

y =z(Ci(z) + 1)

Solved using Lie symmetry for first order ode
Time used: 0.398 (sec)
Writing the ode as

J = cos(z)z+y

Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Mo +w(ny — &) — w2§y —wef —wyn =0 (A)

To determine &,n then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

é' = zaz + yaz + aq (1E)
n = xbs +ybs + by (2E)

Where the unknown coeflicients are

{al, a2, as, bla b2, b3}

Substituting equations (1E,2E) and w into (A) gives

(cos(z) x +y) (b3 —az)  (cos(z)z + y)’ as

by + T 22 (5E)
—sin (x)x + cos (z cos(x)x +

_( @)z +oos(a) _ con (o) y)(mﬁy%m)
_xb2+yb3+b1_0

T

Putting the above in normal form gives

_cos () 22a3 — sin (z) £%a, — sin (z) z2yas + cos () z2ay — cos (x) 22bs + 2 cos () yas — sin (z) x2a; -
‘,L'Q

=0
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Setting the numerator to zero gives

— cos ()% z2a3 + sin () 23ay + sin (z) 22yas — cos (z) z2a, (6E)
+ cos (z) 2*bs — 2 cos (z) zyas + sin (z) za; — zby + ya; = 0

Simplifying the above gives

2 2
2
—xby +ya; — 3:2(13 _ T C;S (22) + sin (z) z°ay + sin (z) zyas (6E)

— cos (z) 2%ay + cos (z) %bs — 2 cos (x) zyas + sin (z) z%a; = 0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y,cos (x),cos (2z),sin (z)}

The following substitution is now made to be able to collect on all terms with {z,y}
in them
{x = v1,y = vy, cos () = vs3, o8 (2x) = vy, sin () = vs}

The above PDE (6E) now becomes

1 1
—v1by + voaq — §vfa3 — ivfag,w + v5vfa2 + v5vaza3 (TE)

— v3viag + v3vibs — 203v1v0a3 + VsVIa; = 0
Collecting the above on the terms v; introduced, and these are
{U1,U2,U3,’U4, U5}
Equation (7E) now becomes

vias

v2asv
a— 5 (SE)

2
— ’Ulbl “+ v9a; + v5vf'v2a3 — 2’03’01’02(13 =0

2 2
+ vsviag + (b — ag) vivs + vsvia; —
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Setting each coefficients in (8E) to zero gives the following equations to solve

a; =0

a, =0

a3 =0

—2a3 =0
a

_53:0

—b;=0

b3 —a; =0

Solving the above equations for the unknowns gives

a; =0
a; =0
a3 =0
by =0
by = by
bs =0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

0
z

£
U]

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

F=, =4 1)

The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx
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S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S+ w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

cos(z)z+y

w(wvy) = T

Evaluating all the partial derivatives gives

R, =1
R,=0
Y
Sx:_ﬁ
1
Sy:;

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS _ cos(z)
dR =«

(24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

dS _ cos(R)
dR R
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.
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Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).
cos (R)
as = [
fas= [ SR ar
S(R) =Ci(R) + ¢

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

% =Ci(z) + ¢
Which gives
y=(Ci(z)+c)x

The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical
.. . . . ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R,S)
transformation ’
dy _ cos(z)z+y das _ cos(R)
dz T dR R
R==x
s=1Y
x
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Figure 2.32: Slope field plot
y =cos(z)+ Y

Summary of solutions found

y=(Ci(z)+e)x
Maple step by step solution

Let’s solve
dy(z) = y(x) + cos (z)
° Highest derlvatlve means the order of the ODE is 1
=Y(@)
° Solve for the highest derivative
dxy(z) y(w) + cos (z)
° Group terms with y(z) on the lhs of the ODE and the rest on the rhs of the ODE
Ly(z) — (“’) = cos (z)
° The ODE is linear; multiply by an integrating factor u(x)

(=) (L) — Y2 = u(z) cos (z)

o Assume the lhs of the ODE is the total derivative 2 (y(z) u(z))
() (Ly() — 12 = (Ly()) n(@) +y(2) (Lu())

e  Isolate 2 u(z)

an(z) = =42
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° Solve to find the integrating factor
1

u(z) =5
° Integrate both sides with respect to x

J () w(@))) do = [ () cos (x) da + C1
° Evaluate the integral on the lhs

y(z) u(x) = [ p(x) cos (z) dx + C1
o Solve for y(x)

) cos(xz)dz+C1
y(z) = J (=) u((w)) +

o Substitute p(z) = %
y(z) = x(f %(x)dx+ C]>

° Evaluate the integrals on the rhs

y(z) = z(Ci(z) + C1)

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 10

-

dsolve(diff (y(x),x) = cos(x)+y(x)/x,
L y(x),singsol=all)

y=(Ci(z)+ec)zx



CHAPTER 2. BOOK SOLVED PROBLEMS 246

Mathematica DSolve solution

Solving time : 0.034 (sec)
Leaf size : 12

'DSolve [{D[y[x],x]==Cos [x]+y[x]/x,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(xz) — z(Coslntegral(z) + ¢1)
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2.1.29 problem 29

Maple step by step solution . . . . ... ... ... ... .... 247
Maple trace . . . . . . . . . L 247
Maple dsolve solution . . . .. ... ... ... ......... 250
Mathematica DSolve solution . . . . . ... ... ........ 250

Internal problem ID [8689]

Book : First order enumerated odes

Section : section 1

Problem number : 29

Date solved : Tuesday, December 17, 2024 at 12:57:54 PM
CAS classification : [_Riccati]

Solve

2
Yy =cos(z)+ =
T

Unknown ode type.

Maple step by step solution

Let’s solve
4y(z) = cos (z) + @

° Highest derivative means the order of the ODE is 1
a=y(2)

° Solve for the highest derivative

4y(z) = cos (z) + @

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:
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trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:
trying Riccati_symmetries
trying Riccati to 2nd Order

-> Calling odsolve with the ODE™, diff(diff(y(x), x), x)

Methods for second order ODEs:

-—- Trying classification methods ---

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y

-(diff (y(x), x))/x-cos(:

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @

-> trying a solution of the form rO(x) * Y + r1(x) * Y where Y = e
-> Trying changes of variables to rationalize or make the ODE simp
trying a symmetry of the form [xi=0, eta=F(x)]

checking if the LODE is missing y

-> Heun: Equivalence to the GHE or one of its 4 confluent cases
-> trying a solution of the form rO(x) * Y + ri1(x) * Y where Y
trying a symmetry of the form [xi=0, eta=F(x)]

trying 2nd order exact linear
trying symmetries linear in x and y(x)

trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients
trying a symmetry of the form [xi=0, eta=F(x)]

checking if the LODE is missing y

-> Heun: Equivalence to the GHE or one of its 4 confluent cases
-> trying a solution of the form rO(x) * Y + ri1(x) * Y where Y
trying a symmetry of the form [xi=0, eta=F(x)]

trying 2nd order exact linear
trying symmetries linear in x and y(x)

trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]

trying 2nd order exact linear
trying symmetries linear in x and y(x)

trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)

xp(int (r(x), «
ler

under a powel

= exp(int (r(x.

under a powel
= exp(int (r(x.
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trying a symmetry of
checking if the LODE
-> Heun: Equivalence
-> trying a solution
-> Trying changes of

trying a symmetry

the form [xi=0, eta=F(x)]
is missing y

to the GHE or one of its 4 confluent cases under a powe:

of the form rO(x) * Y + ri(x) * Y where Y

= exp(int (r(x;

variables to rationalize or make the ODE simpler

of the form [xi=0, eta=F(x)]

checking if the LODE is missing y

-> Heun: Equivalence

to the GHE or one of its 4 confluent cases under a p¢

-> trying a solution of the form rO(x) * Y + r1(x) * Y where Y = exp(int(:
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear

trying symmetries linear in x and y(x)

trying to convert to a linear

-> trying with_periodic_functions in the coefficients

trying a symmetry

of the form [xi=0, eta=F(x)]

checking if the LODE is missing y

-> Heun: Equivalence

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear

trying symmetries linear in x and y(x)

trying to convert to a linear

<- unable to find a useful change of variables

trying a symmetry
trying to convert to

of the form [xi=0, eta=F(x)]
an ODE of Bessel type

-> trying with_periodic_functions in the coefficients
-> Trying a change of variables to reduce to Bernoulli

-> Calling odsolve with the ODE™, diff(y(x), x)-(y(x)~2/x+y(x)+x"2%co

Methods for first order

ODEs:

-—- Trying classification methods ---

trying a quadrature
trying 1st order linear
trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries

trying exact

ODE with constant coefficie

ODE with constant coefficients

to the GHE or one of its 4 confluent cases under a p¢
-> trying a solution of the form rO(x) * Y + r1(x) * Y where

Y = exp(int (s

nts

s(x))/x, y(x)
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Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:
trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
-—- Trying Lie symmetry methods, 1st order ——-
*, "=> Computing symmetries using: way = 4
2
6"

~

, —> Computing symmetries using: way
, —> Computing symmetries using: way

Maple dsolve solution

Solving time : 0.543 (sec)
Leaf size : maple_leaf size

‘ dsolve(diff (y(x),x) = cos(x)+y(x)~2/x,
‘ y(x) ,singsol=all)

No solution found

Mathematica DSolve solution

Solving time : 0.0 (sec)
Leaf size : 0

'DSolve [{D[y[x],x]==Cos [x]+y[x]~2/x,{}},
‘ y[x],x,IncludeSingularSolutions->True]

Not solved
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2.1.30 problem 30

Solved as first order ode of type Riccati . . ... ... ... .. 2511
Maple step by step solution . . . . ... ... ... ... .... 253
Mapletrace . . . . . . . . . . . ... 253
Maple dsolve solution . . . .. .. ... ... ... ....... 254
Mathematica DSolve solution . . . . . ... ... ........ 257

Internal problem ID [8690]

Book : First order enumerated odes

Section : section 1

Problem number : 30

Date solved : Tuesday, December 17, 2024 at 12:57:58 PM
CAS classification : [_Riccati]

Solve

Y =z+y+by?

Solved as first order ode of type Riccati
Time used: 0.185 (sec)
In canonical form the ODE is

y' = F(z,y)
=by’+z+y

This is a Riccati ODE. Comparing the ODE to solve
Y =by +z+y
With Riccati ODE standard form
y' = fo(z) + fr(z)y + fa(x)y®
Shows that fo(z) =z, fi(z) =1 and fa(z) = b. Let

_u/

v= f2u

= (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou"(x) = (f5 + fufa) v () + f3 fou(z) = 0 (2)
But
f3=0
fifa=0b
f22f0 = b’z

Substituting the above terms back in equation (2) gives
b (z) — bu/(z) + bPzu(z) =0

This is Airy ODE. It has the general form

a% + bg—z + cuz = F(x)
Where in this case
a=1b
b=—-b
c="b
F=0

Therefore the solution to the homogeneous Airy ODE becomes

. ba — 16 . bz — 3b?
u = ¢y e2 AiryAi (—xbg—/;) + ¢y ez AiryBi (_ $b8/34 )

Will add steps showing solving for IC soon.

Taking derivative gives

T 4. . biz—1p2
c1 e2 AiryAi (—128—/;,‘)
2
b3z— 12

) b — 1p2 coe2 AiryBi (—bs—/;,‘> . b3r — 1p2
—c; e3b1/3 AiryAi (1, - b8/34 > + 5 —c,e3b1/3 AiryBi (1, __b8/34 )

v'(z)
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Doing change of constants, the solution becomes

y fry
2 s A'( p3z—1p2 % AsrvBi b3e— L2
ce WyAL =873 ) T . . b3z—1p2 e 1y 1(_ 8/3 ) T . . b3z
— — c3e2b'/3 AiryAi (1, ——7 > + — — e2b'/3 AiryBi (1, ——
o 2 x. . [ blo—Lp? 2 .. . [ bdz—1ip?
b (c?, ez AiryAi <—28—/§> + ez AiryBi <—zbs—/§>>
Summary of solutions found
y =
% s A'( b3 Lb? % AivBi e
mebamyai(-5AR) e ey eBamm(-TAR)
— — c3ezb!/3 AiryAi (1, ——7 ) + — — e2b'/3 AiryBi (1, —

b3z—1b2

b <03 ez AiryAi <_W> +e2 AiryBi <_b3§s—#>>

Maple step by step solution

Let’s solve
(@) = z +y(z) + by(z)*

° Highest derivative means the order of the ODE is 1
=y(®)

° Solve for the highest derivative

4y(z) =z +y(z) + by(z)’

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati
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‘trying Riccati sub-methods:

<- Abel AIR successful: ODE belongs to the OF1 O-parameter (Airy type‘) class

Maple dsolve solution

Solving time : 0.022 (sec)
Leaf size : 105

‘ dsolve(diff (y(x),x) = x+y(x)+b*xy(x)~2, ‘

‘ y(x) ,singsol=all) ‘

Y

_ 2AiryAi (1, =957 ) bM/3¢; — AiryAi (- 457 ) o1 + 2 AiryBi (1, - 557 ) b'/2 — AiryBi (- 5524)
B 2b (AiryAi (— iblf? 7+ ) ¢ + AiryBi (— ‘ib;z 7))

Mathematica DSolve solution

Solving time : 0.201 (sec)
Leaf size : 211

 DSolve [{D[y[x],x]==x+y[x]+b*y [x]~2,{}}

y[x],x,IncludeSingularSolutions->True]

y(z) =
—(—b)%/3 AiryBi (

= b)2/3> + 2b AiryBiPrime <( b)2/3> +c <2b AiryAiPrime ((ib)2/3> — (—b)2/3 Airy

2(—b)5/3 (A1ryB1 (( b)2/3> +c AiryAi( i-bz ))

(e

1 _be
—-b AiryAiPrime ( %)

1
y(z) = — oot 21,;)2/3)
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2.1.31 problem 31

Solved as first order quadratureode . . . ... ... ... ... 255)
Solved as first order homogeneous class D2 ode . ... ... .. 250}
Solved as first order ode of type differential . . . . .. ... .. 258]
Maple step by step solution . . . . . .. ... ... ... .. .. 259
Mapletrace . . . . . . . . . . .. 260
Maple dsolve solution . . . .. ... ... ... .. ....... 260
Mathematica DSolve solution . . . . ... ... ......... 2601

Internal problem ID [8691]

Book : First order enumerated odes

Section : section 1

Problem number : 31

Date solved : Tuesday, December 17, 2024 at 12:58:00 PM
CAS classification : [_quadrature]

Solve
zy =0
Solved as first order quadrature ode

Time used: 0.026 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.33: Slope field plot
zy' =0

Summary of solutions found

y=q

Solved as first order homogeneous class D2 ode
Time used: 0.132 (sec)

Applying change of variables y = u(x) z, then the ode becomes
z(u'(z)z +u(z)) =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ule)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.34: Slope field plot

zy' =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.010 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.35: Slope field plot
zy' =0

Summary of solutions found

Maple step by step solution

Let’s solve

z(Ly(z)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 5

-

t

dsolve(diff(y(x),x)*x = 0,
y(x) ,singsol=all)

|
L

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

DSolve [{x*D[y[x],x]==0,{}},

y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.32 problem 32

Solved as first order quadratureode . . . ... ... ... ... 261]
Solved as first order homogeneous class D2 ode . ... ... .. 262]
Solved as first order ode of type differential . . . . .. ... .. 264
Maple step by step solution . . . . . .. ... ... ... .. .. 265
Mapletrace . . . . . . . . . . .. 266
Maple dsolve solution . . . .. ... ... ... .. ....... 266
Mathematica DSolve solution . . . . ... ... ......... 26061

Internal problem ID [8692]

Book : First order enumerated odes

Section : section 1

Problem number : 32

Date solved : Tuesday, December 17, 2024 at 12:58:01 PM
CAS classification : [_quadrature]

Solve

50 =0

Solved as first order quadrature ode
Time used: 0.025 (sec)
Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.36: Slope field plot
5y =0

Summary of solutions found

y=q

Solved as first order homogeneous class D2 ode
Time used: 0.130 (sec)

Applying change of variables y = u(x) z, then the ode becomes
5u/(z) z + bu(z) =0

Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ule)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.37: Slope field plot

5y =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.010 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.38: Slope field plot

5y =0
Summary of solutions found
y=a
Maple step by step solution
Let’s solve
5dy(z)=0
° Highest derivative means the order of the ODE is 1
()
° Separate variables
wy(z) =0
. Integrate both sides with respect to x
[ (Ly(z)) dz = [0dz + C1
. Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 5

-

dsolve(5xdiff (y(x),x) = 0,
L y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

'DSolve[{5+D[y[x],x]==0,{}},

L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.33 problem 33

Solved as first order quadratureode . . . ... ... ... ... 267
Solved as first order homogeneous class D2 ode . ... ... .. 268]
Solved as first order ode of type differential . . . . .. ... .. 270
Maple step by step solution . . . . . .. ... ... ... .. .. 271l

Mapletrace . . . . . . . . . . .. 272
Maple dsolve solution
Mathematica DSolve solution

Internal problem ID [8693]

Book : First order enumerated odes
Section : section 1

Problem number : 33

Date solved : Tuesday, December 17, 2024 at 12:58:02 PM
CAS classification : [_quadrature]

Solve
ey =0
Solved as first order quadrature ode

Time used: 0.023 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.39: Slope field plot
ey =0

Summary of solutions found

y=q

Solved as first order homogeneous class D2 ode
Time used: 0.132 (sec)

Applying change of variables y = u(x) z, then the ode becomes
e(u' (z)z +u(z)) =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ule)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.40: Slope field plot

ey =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.010 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.41: Slope field plot
ey =0

Summary of solutions found

Maple step by step solution

Let’s solve

e(Ly(z)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)
° Separate variables
&y(@) =0
° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1
° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 5

-

dsolve(exp(1)*diff(y(x),x) = 0,
L y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

'DSolve [{Exp[1]*D[y[x],x]==0,{}},

L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.34 problem 34

Solved as first order quadratureode . . . ... ... ... ... 273
Solved as first order homogeneous class D2 ode . ... ... .. !
Solved as first order ode of type differential . . . . .. ... .. 276
Maple step by step solution . . . . . .. ... ... ... .. .. 27T
Mapletrace . . . . . . . . . . .. 278
Maple dsolve solution . . . .. ... ... ... .. ....... 278
Mathematica DSolve solution . . . . ... ... ......... AL

Internal problem ID [8694]

Book : First order enumerated odes

Section : section 1

Problem number : 34

Date solved : Tuesday, December 17, 2024 at 12:58:02 PM
CAS classification : [_quadrature]

Solve
my =0
Solved as first order quadrature ode

Time used: 0.023 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.42: Slope field plot
7wy =0

Summary of solutions found

y=q

Solved as first order homogeneous class D2 ode
Time used: 0.132 (sec)

Applying change of variables y = u(x) z, then the ode becomes
(v (z) z + u(z)) =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ule)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.43: Slope field plot

7wy =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.010 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives



CHAPTER 2. BOOK SOLVED PROBLEMS 277

= 7 5 ; 3
X

Figure 2.44: Slope field plot
7wy =0

Summary of solutions found

Maple step by step solution

Let’s solve

W(%y(m)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)
° Separate variables
&y(@) =0
° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1
° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 5

-

dsolve(Pixdiff (y(x),x) = 0,
L y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

‘ DSolve [{Pi*D[y[x],x]==0,{}},

L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.35 problem 35
Solved as first order quadratureode . . . ... ... ... ... 2779
Solved as first order homogeneous class D2 ode . ... ... .. 280
Solved as first order ode of type differential . . . . .. ... .. 282
Maple step by step solution . . . . . .. ... ... ... .. .. 283
Mapletrace . . . . . . . . . . .. 284
Maple dsolve solution . . . .. ... ... ... .. ....... 284
Mathematica DSolve solution . . . . ... ... ......... 284

Internal problem ID [8695]

Book : First order enumerated odes

Section : section 1

Problem number : 35

Date solved : Tuesday, December 17, 2024 at 12:58:03 PM
CAS classification : [_quadrature]

Solve

/

sin(z)y' =0

Solved as first order quadrature ode

Time used: 0.026 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.45: Slope field plot
sin (z)y =0

Summary of solutions found

y=q

Solved as first order homogeneous class D2 ode
Time used: 0.156 (sec)

Applying change of variables y = u(x) z, then the ode becomes
sin (z) (v/'(z) z + u(z)) =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ule)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives



CHAPTER 2. BOOK SOLVED PROBLEMS 282

= 7 5 ; 3
X

Figure 2.46: Slope field plot

sin (z)y =0
Summary of solutions found
y=0
y=e

Solved as first order ode of type differential
Time used: 0.012 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.47: Slope field plot
sin (z)y =0

Summary of solutions found

Maple step by step solution

Let’s solve

sin (z) (Ly(z)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 5

-

dsolve(sin(x)*diff (y(x),x) = 0,
L y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

‘ DSolve [{Sin[x]*D[y[x],x]1==0,{}},

L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.36 problem 36

Solved as first order quadratureode . . . ... ... ... ... 285
Solved as first order homogeneous class D2 ode . ... ... .. 286
Solved as first order ode of type differential . . . . .. ... .. 288]
Maple step by step solution . . . . . .. ... ... ... .. .. 289
Mapletrace . . . . . . . . . . .. 290
Maple dsolve solution . . . .. ... ... ... .. ....... 290
Mathematica DSolve solution . . . . ... ... ......... 2901

Internal problem ID [8696]

Book : First order enumerated odes

Section : section 1

Problem number : 36

Date solved : Tuesday, December 17, 2024 at 12:58:04 PM
CAS classification : [_quadrature]

Solve
f@)y' =0

Solved as first order quadrature ode
Time used: 0.026 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.48: Slope field plot
f@)y =0

Summary of solutions found

y=q

Solved as first order homogeneous class D2 ode
Time used: 0.145 (sec)
Applying change of variables y = u(x) z, then the ode becomes
f(@) (W(z) z +u(z)) = 0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ule)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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4 2 0
X

2 2

Figure 2.49: Slope field plot

f@)y =0
Summary of solutions found
y=0
y=e

Solved as first order ode of type differential
Time used: 0.012 (sec)
Writing the ode as

Which becomes

(1)dy = (0) dz

But the RHS is complete differential because

Hence (2) becomes

Integrating gives

(1)

(2)
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= 7 5 ; 3
X

Figure 2.50: Slope field plot
f@)y =0

Summary of solutions found

Maple step by step solution

Let’s solve

f(@) (&y()) =0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.001 (sec)
Leaf size : 5

-

dsolve(f (x)*diff(y(x),x) = 0,
L y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

'DSolve [{f [x]*D [y [x] ,x]==0,{}},

L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.37 problem 37

Solved as first order quadratureode . . . ... ... ... ...
Solved as first order Exactode . . . . . ... ... .......
Maple step by step solution . . . . . ... ... ... ... ..

Maple trace . . . . . ..
Maple dsolve solution .

Mathematica DSolve solution . . . . . . . .. . . . ... ....

Internal problem ID [8697]

Book : First order enumerated odes
Section : section 1

Problem number : 37

Date solved : Tuesday, December 17,
CAS classification : [_quadrature]

Solve

2024 at 12:58:05 PM

zy =1

Solved as first order quadrature ode

Time used: 0.036 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

-
y:

/ldx
z

In(z)+ ¢

291]
292
2901
2971
297
297
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Figure 2.51: Slope field plot

zy =1
Summary of solutions found
y=In(z)+c
Solved as first order Exact ode
Time used: 0.075 (sec)
To solve an ode of the form
dy

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 06 04d
o9 oeady _
Oxr Oydx 0 (B)

Comparing (A,B) shows that

0p
o M
0p
oy
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But since % = % then for the above to be valid, we require that
Y yox
oM _ ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
2 2
8‘5; gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
(x)dy = dz
—dz+(z)dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = -1
N(z,y) ==

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0
T (1
=0
And
ON 0
% 5
=1

Since %i; # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let
4 L(oM _oN
N\ oy ox
1
= — —(1
~((0) - (1)
1

T
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Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor u is

p= efAda:
—e J —1l4g
The result of integrating gives
p=e" In(z)
1
oz

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

And

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

H+N@=0
dz

(—%) =0

The following equations are now set up to solve for the function ¢(z,y)

0p —
=M (1)
%N 2

Oy
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Integrating (1) w.r.t. z gives
0 . [—
9 dx = /de
o9 ., 1
¢=—In(z)+ f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

9¢ :
3 =0+ 1 (y) (4)

But equation (2) says that g—i = 1. Therefore equation (4) becomes
1=0+7(y) ©
Solving equation (5) for f’(y) gives
flly) =1
Integrating the above w.r.t y gives
[ reay=[ay
fy)=y+a
Where c¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
¢=—-In(z) +y+a

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

aa=—-In(x)+y
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Solving for y gives
y=In(z)+a

y(x)

B e . e S N

N O D O e N N T N N D N

B e NN N\

% 3 5 ; 3
X

Figure 2.52: Slope field plot
zy =1

Summary of solutions found

y=In(z)+ ¢

Maple step by step solution

Let’s solve

z(Ly(z)) =1
. Highest derivative means the order of the ODE is 1

=y(z)

) Solve for the highest derivative
wy(@) =3

° Integrate both sides with respect to x
[ (f9(0)) da = [ 3o+ C

° Evaluate integral

y(z) =In(z) + C1
o Solve for y(x)
y(z) =In(z) + C1
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Maple trace

‘“Methods for first order ODEs:

‘——— Trying classification methods ——-
‘trying a quadrature

‘<- quadrature successful’

Maple dsolve solution

Solving time : 0.000 (sec)
Leaf size : 8

\dsolve(diff(y(x),x)*x = 1,
‘ y(x),singsol=all)

y=In(z)+c

Mathematica DSolve solution

Solving time : 0.003 (sec)
Leaf size : 10

‘DSolve[{x*D[y[x],X]==1,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(z) — log(z) + ¢
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2.1.38 problem 38
Solved as first order quadratureode . . . ... ... ... ... 298]
Solved as first order Exactode . . . . . ... ... ....... 299]
Maple step by step solution . . . . . ... ... ... .. ....
Mapletrace . . . . . . . . . . ... 304
Maple dsolve solution . . . . . ... ... ... L.
Mathematica DSolve solution . . . . . ... ... ... .....

Internal problem ID [8698]

Book : First order enumerated odes
Section : section 1

Problem number : 38

Date solved : Tuesday, December 17, 2024 at 12:58:05 PM

CAS classification : [_quadrature]

Solve

zy = sin (z)

Solved as first order quadrature ode

Time used: 0.086 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

f-
y=Si(

1

sin (z

)+Cl
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Figure 2.53: Slope field plot
zy = sin (x)

Summary of solutions found

y=Si(z)+a

Solved as first order Exact ode
Time used: 0.085 (sec)
To solve an ode of the form

M(z,) + N(z,) 2 =0 (*)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 06 04d
o9 oeady _
Oxr Oydx 0 (B)

Comparing (A,B) shows that

0p
o M
0p
oy
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But since % = % then for the above to be valid, we require that
Y yox
oM _ ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
2 2
8‘5; gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy=0 (1A)
Therefore
(x)dy = (sin (z)) dz
(—sin(z))dz+(z)dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = —sin (z)
N(z,y) ==z

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0 .
By 8_y(_ sin (z))
=0
And
ON 0
% 5
=1

Since %i; # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let
4 L(oM _oN
N\ oy ox
1
= — —(1
~((0) - (1)
1

T
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Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor u is

p= efAda:
—e J —1l4g
The result of integrating gives
p=e" In(z)
1
oz

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM

And

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+ N dy _ 0
dx
sin (z) dy
_ 1) =2 —
( x > * )dx 0
The following equations are now set up to solve for the function ¢(z,y)
06 —
9 M 1
o (1)
¥_w )

Oy
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Integrating (1) w.r.t. z gives

%dx = /de
ox

@ dx = /__sin (z) dx

oz T

¢ = —Si(z) + f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

9¢

9y~ 0t (4)
But equation (2) says that g—‘; = 1. Therefore equation (4) becomes
1=0+f(y) ()
Solving equation (5) for f’'(y) gives
fly)=1

Integrating the above w.r.t y gives

/f’(y) dy=/(1)dy

fly)=y+a

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢

¢=—Si(z)+y+a

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢ is new constant and
combining c¢; and c; constants into the constant c; gives the solution as

cg=-Si(z)+y
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Solving for y gives
y=1Si(z)+a

y) of
4

24—

R T e N e N N I N
A N R N N N N N Y
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D N N N N N e N N N N N NN
A N R N N N N N Y
R T e N e N N I N
A RN

AN NN NN NN Y

4 2 0

Figure 2.54: Slope field plot
zy' = sin (x)

Summary of solutions found

y=1Si(z)+ca

Maple step by step solution

Let’s solve

z(Ly(z)) = sin(z)
. Highest derivative means the order of the ODE is 1

=y(2)

) Solve for the highest derivative
%y(x) _ sinw(:t:)

° Integrate both sides with respect to x
[ (Ly(z))dz= [ Sinmﬂdm + C1

° Evaluate integral

y(z) = Si(z) + C1
o Solve for y(x)
y(z) = Si(z) + C1
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Maple trace

‘“Methods for first order ODEs:

‘——— Trying classification methods ——-
‘trying a quadrature

‘<- quadrature successful’

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 8

'dsolve(diff (y(x),x)*x = sin(x),
‘ y(x),singsol=all)

y=29Si(z)+a

Mathematica DSolve solution

Solving time : 0.006 (sec)
Leaf size : 10

‘DSolve[{x*D[y[x],x]==Sin[X],{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(z) — Si(z) + 1
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2.1.39 problem 39

Solved as first order quadratureode . . . ... ... ... ...
Solved as first order homogeneous class D2 ode . ... ... ..
Solved as first order ode of type differential . . . . .. ... ..
Maple step by step solution . . . . . .. ... ... ... .. .. 309
Mapletrace . . . . . . . . . . .. 310
Maple dsolve solution . . . .. ... ... ... .. ....... 310
Mathematica DSolve solution . . . . ... ... ......... B10

Internal problem ID [8699]

Book : First order enumerated odes

Section : section 1

Problem number : 39

Date solved : Tuesday, December 17, 2024 at 12:58:06 PM
CAS classification : [_quadrature]

Solve

(z—1)y' =0

Solved as first order quadrature ode
Time used: 0.024 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.55: Slope field plot
(z—-1)y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.130 (sec)

Applying change of variables y = u(x) z, then the ode becomes
(z—1) (W(z)z+u(z) =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ulz)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.56: Slope field plot

(z-1)y' =0
Summary of solutions found
y=0
y=e

Solved as first order ode of type differential
Time used: 0.010 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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Figure 2.57: Slope field plot
(z-1)y' =0

Summary of solutions found

Maple step by step solution

Let’s solve

(z-1) (£y(@) =0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.001 (sec)
Leaf size : 5

-

dsolve((x-1)*diff (y(x),x) = 0,
L y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 7

‘DSolve[{(x-1)*D[y[x],x]1==0,{}},

L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.40 problem 40

Solved as first order quadratureode . . . ... ... ... ... 312
Solved as first order homogeneous class D2 ode . ... ... ..
Solved as first order ode of type differential . . . . .. ... .. [314]
Maple step by step solution . . . . . .. ... ... ... .. .. 315
Mapletrace . . . . . . . . . . .. 316
Maple dsolve solution . . . .. ... ... ... .. ....... 316
Mathematica DSolve solution . . . . ... ... .........

Internal problem ID [8700]

Book : First order enumerated odes

Section : section 1

Problem number : 40

Date solved : Tuesday, December 17, 2024 at 12:58:07 PM
CAS classification : [_quadrature]

Solve
yy' =0
Factoring the ode gives these factors
y=0 (1)
y' =0 (2)

Now each of the above equations is solved in turn.

Solving equation (1)

Solving for y from

Solving gives y = 0

Solving equation (2)
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Solved as first order quadrature ode
Time used: 0.013 (sec)
Since the ode has the form 3y’ = f(x), then we only need to integrate f(zx).

/dy:/Odz+cl
Y

:cl

y(x) 0

—1-

24

—3

= 7 5 ; 7
X

Figure 2.58: Slope field plot
y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.154 (sec)

Applying change of variables y = u(x) z, then the ode becomes

u'(z)z+u(z)=0

Which is now solved The ode v/(z) = —@ is separable as it can be written as
IR C))
(z) = -2
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Where

Integrating gives

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (%) to

u(z) =0
Solving for u(z) gives
u(z) =0
e
u(z) = —
Converting u(x) = 0 back to y gives
y=20

Converting u(z) = <* back to y gives
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= 7 5 ; 3
X

Figure 2.59: Slope field plot

y =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.009 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.60: Slope field plot
y =0

Summary of solutions found

Maple step by step solution

Let’s solve

y(z) (4y(z)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)
° Separate variables
&y(@) =0
° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1
° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Classification methods on request
Methods to be used are: [exact]

* Tackling ODE using method: exact
--- Trying classification methods ---
trying exact

<- exact successful’

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 11

‘ dsolve(y(x)*diff(y(x),x) = 0,
‘ y(x) ,singsol=all)

SIS
Il

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 12

‘ DSolve [{y[x]*D[y[x],x]==0,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(z) =0
y(z) =
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2.1.41 problem 41

Solved as first order quadratureode . . . ... ... ... ... 318
Solved as first order homogeneous class D2 ode . ... ... ..
Solved as first order ode of type differential . . . . .. ... .. 320
Maple step by step solution . . . . . .. ... ... ... .. .. 321
Maple trace . . . . . . . . . ..
Maple dsolve solution . . . .. ... ... ... .. .......
Mathematica DSolve solution . . . . ... ... .........

Internal problem ID [8701]

Book : First order enumerated odes

Section : section 1

Problem number : 41

Date solved : Tuesday, December 17, 2024 at 12:58:07 PM
CAS classification : [_quadrature]

Solve
zyy =0
Factoring the ode gives these factors
y=0 (1)
y' =0 (2)

Now each of the above equations is solved in turn.

Solving equation (1)

Solving for y from

Solving gives y = 0

Solving equation (2)
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Solved as first order quadrature ode
Time used: 0.013 (sec)
Since the ode has the form 3y’ = f(x), then we only need to integrate f(zx).

/dy:/Odz+cl
Y

:cl

y(x) 0

—1-

24

—3

= 7 5 ; 7
X

Figure 2.61: Slope field plot
y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.152 (sec)

Applying change of variables y = u(x) z, then the ode becomes

u'(z)z+u(z)=0

Which is now solved The ode v/(z) = —@ is separable as it can be written as
IR C))
(z) = -2
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Where

Integrating gives

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (%) to

u(z) =0
Solving for u(z) gives
u(z) =0
e
u(z) = —
Converting u(x) = 0 back to y gives
y=20

Converting u(z) = <* back to y gives
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= 7 5 ; 3
X

Figure 2.62: Slope field plot

y =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.009 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.63: Slope field plot
y =0

Summary of solutions found

Maple step by step solution

Let’s solve

zy(z) (Fy(z)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 9

-

dsolve (xxy(x)*diff (y(x),x) = 0,
L y(x) ,singsol=all)

&1

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 12

‘ DSolve [{x*y [x]*D [y [x],x]==0,{}},
‘ y [x] ,x,IncludeSingularSolutions->True]

y(z) =0
y(z) =
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2.1.42 problem 42
Solved as first order quadratureode . . . ... ... ... ...
Solved as first order homogeneous class D2 ode . ... ... .. 3241
Solved as first order ode of type differential . . . . .. ... .. 326
Maple step by step solution . . . . . .. ... ... ... .. .. 327
Mapletrace . . . . . . . . . . . e
Maple dsolve solution . . . . ... ... .. ... .. ......
Mathematica DSolve solution . . . . ... ... .........

Internal problem ID [8702]

Book : First order enumerated odes
Section : section 1

Problem number : 42

Date solved : Tuesday, December 17, 2024 at 12:58:08 PM

CAS classification : [_quadrature]

Solve

zysin (z)y' =0

Factoring the ode gives these factors

Now each of the above equations is solved in turn.

Solving equation (1)

Solving for y from

Solving gives y = 0

Solving equation (2)
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Solved as first order quadrature ode
Time used: 0.013 (sec)
Since the ode has the form 3y’ = f(x), then we only need to integrate f(zx).

/dy:/Odz+cl
Y

:cl

y(x) 0

—1-

24

—3

= 7 5 ; 7
X

Figure 2.64: Slope field plot
y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.153 (sec)

Applying change of variables y = u(x) z, then the ode becomes

u'(z)z+u(z)=0

Which is now solved The ode v/(z) = —@ is separable as it can be written as
IR C))
(z) = -2



CHAPTER 2. BOOK SOLVED PROBLEMS 325

Where

Integrating gives

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (%) to

u(z) =0
Solving for u(z) gives
u(z) =0
e
u(z) = —
Converting u(x) = 0 back to y gives
y=20

Converting u(z) = <* back to y gives
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= 7 5 ; 3
X

Figure 2.65: Slope field plot

y =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.009 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.66: Slope field plot
y =0

Summary of solutions found

Maple step by step solution

Let’s solve

zy(@)sin (2) (Ly(2)) = 0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.003 (sec)
Leaf size : 9

-

L y(x) ,singsol=all)

dsolve (x*y(x)*sin(x)*diff (y(x) ,x) = O,

Mathematica DSolve solution

Solving time : 0.003 (sec)
Leaf size : 12

&1

‘DSolve[{x*y[x]*Sin[x]*D[y[x],x]==0,{}},

‘ y [x] ,x,IncludeSingularSolutions->True]

y(z) =0
y(z) =
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2.1.43 problem 43
Solved as first order quadratureode . . . ... ... ... ... 330
Solved as first order homogeneous class D2 ode . ... ... .. 330
Solved as first order ode of type differential . . . . .. ... ..
Maple step by step solution . . . . .. ... ... ... ..... 333
Mapletrace . . . . . . . . . . . e 334
Maple dsolve solution . . . . ... ... .. ... .. ...... [334]
Mathematica DSolve solution . . . . ... ... ......... 3341

Internal problem ID [8703]

Book : First order enumerated odes
Section : section 1

Problem number : 43

Date solved : Tuesday, December 17, 2024 at 12:58:09 PM

CAS classification : [_quadrature]

Solve

mysin (z)y =0

Factoring the ode gives these factors

Now each of the above equations is solved in turn.

Solving equation (1)

Solving for y from

Solving gives y = 0

Solving equation (2)
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Solved as first order quadrature ode
Time used: 0.014 (sec)
Since the ode has the form 3y’ = f(x), then we only need to integrate f(zx).

/dy:/Odz+cl
Y

:cl

y(x) 0

—1-

24

—3

= 7 5 ; 7
X

Figure 2.67: Slope field plot
y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.153 (sec)

Applying change of variables y = u(x) z, then the ode becomes

u'(z)z+u(z)=0

Which is now solved The ode v/(z) = —@ is separable as it can be written as
IR C))
(z) = -2
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Where

Integrating gives

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (%) to

u(z) =0
Solving for u(z) gives
u(z) =0
e
u(z) = —
Converting u(x) = 0 back to y gives
y=20

Converting u(z) = <* back to y gives
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= 7 5 ; 3
X

Figure 2.68: Slope field plot

y =0
Summary of solutions found

y=0

y=e

Solved as first order ode of type differential
Time used: 0.010 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.69: Slope field plot
y =0

Summary of solutions found

Maple step by step solution

Let’s solve

my(x)sin (2) (Ly(2)) = 0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 9

-

dsolve (Pixy(x)*sin(x)*diff(y(x),x) = 0,
L y(x) ,singsol=all)

&1

Mathematica DSolve solution

Solving time : 0.003 (sec)
Leaf size : 12

‘ DSolve [{Pi*y [x]*Sin[x]*D[y[x],x]==0,{}},
‘ y [x] ,x,IncludeSingularSolutions->True]

y(z) =0
y(z) =
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2.1.44 problem 44
Solved as first order quadratureode . . . ... ... ... ...
Solved as first order homogeneous class D2 ode . ... ... .. 3306}
Solved as first order ode of type differential . . . . .. ... .. 338
Maple step by step solution . . . . . .. ... ... ... .. .. 339
Mapletrace . . . . . . . . . . .. 340
Maple dsolve solution . . . .. ... ... ... .. ....... 340
Mathematica DSolve solution . . . . ... ... ......... 340

Internal problem ID [8704]

Book : First order enumerated odes

Section : section 1

Problem number : 44

Date solved : Tuesday, December 17, 2024 at 12:58:10 PM
CAS classification : [_quadrature]

Solve

zsin(z)y' =0

Solved as first order quadrature ode

Time used: 0.026 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+c1

y=a
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= 7 5 ; 3
X

Figure 2.70: Slope field plot
zsin(z)y =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.158 (sec)

Applying change of variables y = u(x) z, then the ode becomes
zsin (z) (v'(z) z +u(z)) =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ulz)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.71: Slope field plot
zsin(z)y =0

Summary of solutions found

y=0

C1

y=e
Solved as first order ode of type differential

Time used: 0.012 (sec)
Writing the ode as

Which becomes

(1) dy = (0) dz (2)

But the RHS is complete differential because

Hence (2) becomes

Integrating gives
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= 7 5 ; 3
X

Figure 2.72: Slope field plot
zsin(z)y =0

Summary of solutions found

Maple step by step solution

Let’s solve

zsin (z) (Ly(z)) =0
. Highest derivative means the order of the ODE is 1

a=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z))dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.001 (sec)
Leaf size : 5

-

dsolve(x*sin(x)*diff (y(x),x) = 0,

L y(x) ,singsol=all)
y=a
Mathematica DSolve solution
Solving time : 0.002 (sec)
Leaf size : 7
' DSolve [{x*Sin[x]*D[y[x],x]==0,{}},
L y[x],x,IncludeSingularSolutions->True]

y(z) =
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2.1.45 problem 45

Maple step by step solution . . . . ... ... ... ... ....
Mapletrace . . . . . . . . . . ...
Maple dsolve solution . . . . .. ... ... ... ........
Mathematica DSolve solution . . . . . ... ... ........ 1343

Internal problem ID [8705]

Book : First order enumerated odes

Section : section 1

Problem number : 45

Date solved : Tuesday, December 17, 2024 at 12:58:10 PM
CAS classification : [_quadrature]

Solve
. 12
zsin(z)y”“ =0

Solving for the derivative gives these ODE’s to solve

Yy =0 (2)

Now each of the above is solved separately.

Solving Eq. (1)

Since the ode has the form 3y’ = f(x), then we only need to integrate f(z).

/dy=/0dm+cl

y==a

Solving Eq. (2)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+02

Yy==c
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Maple step by step solution

Let’s solve

: 2
zsin (z) (Ly(z))" =0
° Highest derivative means the order of the ODE is 1

Ly(x)

° Solve for the highest derivative
#wy(@) =0

. Integrate both sides with respect to x
[ (Ly(z)) dz = [0dz + C1

. Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1

Maple trace

"Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

<- differential order: 1; missing y(x) successful’

Maple dsolve solution

Solving time : 0.029 (sec)
Leaf size : 5

dsolve(x*sin(x)*diff (y(x),x)"2 = 0,
y(x) ,singsol=all)
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Mathematica DSolve solution

Solving time : 0.003 (sec)
Leaf size : 7

DSolve [{x*Sin[x]*D[y[x],x]1"2==0,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(z) > a
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2.1.46 problem 46

Maple step by step solution . . . . ... ... ... ... ....
Maple trace . . . . . . . . . L 345
Maple dsolve solution . . . .. ... ... ... ......... 346
Mathematica DSolve solution . . . . . ... ... ........ 346

Internal problem ID [8706]

Book : First order enumerated odes

Section : section 1

Problem number : 46

Date solved : Tuesday, December 17, 2024 at 12:58:11 PM
CAS classification : [_quadrature]

Solve
vy’ =0
Factoring the ode gives these factors
y=0 (1)
y =0 (2)

Now each of the above equations is solved in turn.

Solving equation (1)

Solving for y from

Solving gives y =0

Solving equation (2)

Solving for the derivative gives these ODE’s to solve

Yy =0 (2)

Now each of the above is solved separately.

Solving Eq. (1)
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Since the ode has the form 3y’ = f(x), then we only need to integrate f(zx).

/dy=/0dw—|—cl

y=a

Solving Eq. (2)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy:/de+02

Yy==c

Maple step by step solution

Let’s solve

2
y(@) (y(z)) =0
° Highest derivative means the order of the ODE is 1
=y(2)
° Solve for the highest derivative

#y(@) =0

° Integrate both sides with respect to x
[ (Ly(z)) dz = [ 0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(xz) = C1

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”
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Maple dsolve solution

Solving time : 0.002 (sec)
Leaf size : 9

‘ dsolve(y(x)*diff(y(x),x)"2 = 0,
‘ y(x) ,singsol=all)

&1

Mathematica DSolve solution

Solving time : 0.002 (sec)
Leaf size : 12

‘ DSolve [{y[x]*(D[y[x],x])~2==0,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(z) =0
y(z) =
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347
2.1.47 problem 47

Solved as first order quadratureode . . . ... ... ... ... [347]
Solved as first order homogeneous class D2 ode . ... ... .. 348]
Maple step by step solution . . . . . ... ... ... ... .. 350
Mapletrace . . . . . . . . . . ... 350
Maple dsolve solution . . . . . ... ... ... L. 350
Mathematica DSolve solution . . . . .. ... ... ....... 3511

Internal problem ID [8707]

Book : First order enumerated odes
Section : section 1

Problem number : 47

Date solved : Tuesday, December 17, 2024 at 12:58:11 PM
CAS classification : [_quadrature]

Solve
y" =0
Solved as first order quadrature ode

Time used: 0.043 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy=/0dm+cl

y=a
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= 7 5 ; 3
X

Figure 2.73: Slope field plot
y" =0

Summary of solutions found

y=q

Solved as first order homogeneous class D2 ode
Time used: 0.228 (sec)

Applying change of variables y = u(x) z, then the ode becomes
(v'(z) z +u(z))" =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ule)

Where
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Integrating gives

/ﬁdu=/f(m)dx
/%du=/—idm
In (u(z)) =In (i) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(x)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Solving for u(z) gives

Converting u(z) = <+ back to y gives

y(x) 0

-2

—34

I 2 5 5 7
X
Figure 2.74: Slope field plot
y" =0

Summary of solutions found
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Maple step by step solution

Let’s solve
(#y())" =0

° Highest derivative means the order of the ODE is 1
=y(@)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z)) dz = [0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1

Maple trace

"Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

<- differential order: 1; missing y(x) successful’

Maple dsolve solution

Solving time : 0.006 (sec)
Leaf size : 5

dsolve(diff(y(x),x)"n = 0,
y(x) ,singsol=all)

y=a
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Mathematica DSolve solution

Solving time : 0.003 (sec)
Leaf size : 15

'DSolve[{(D[y[x],x]) n==0,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(x) — 0"z + ¢
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2.1.48 problem 48
Solved as first order quadratureode . . . ... ... ... ...
Solved as first order homogeneous class D2 ode . ... ... ..
Maple step by step solution . . . . . ... ... ... .. ....
Maple trace . . . . . . . . . . . e
Maple dsolve solution . . . . . ... ... ... L. 356]
Mathematica DSolve solution . . . . .. ... ... .......

Internal problem ID [8708]

Book : First order enumerated odes

Section : section 1

Problem number : 48

Date solved : Tuesday, December 17, 2024 at 12:58:12 PM
CAS classification : [_quadrature]

Solve
zy" =0
Solved as first order quadrature ode

Time used: 0.026 (sec)

Since the ode has the form 3y’ = f(z), then we only need to integrate f(z).

/dy=/0dm+cl

y=a
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= 7 5 ; 3
X

Figure 2.75: Slope field plot
zy" =0

Summary of solutions found

y=a

Solved as first order homogeneous class D2 ode
Time used: 0.155 (sec)

Applying change of variables y = u(x) z, then the ode becomes
z(v'(z) z +u(z))" =0
Which is now solved The ode v/(z) = —@ is separable as it can be written as

u'(z) = _ulz)

Where
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Integrating gives

/ﬁdu=/f(m)dm
/%du=/—idm
In (u(z)) =In <%) +c

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or u = 0 for u(z)
gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z)) = In (i) +o

u(z) =0
Solving for u(z) gives
u(z) =
e
u(z) = —
Converting u(x) = 0 back to y gives
y=0

Converting u(z) = <+ back to y gives
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= 7 5 ; 3
X

Figure 2.76: Slope field plot

zy" =0
Summary of solutions found

y=20

y = e

Maple step by step solution

Let’s solve
x(d%y(x))n =0
° Highest derivative means the order of the ODE is 1

=y(2)

° Solve for the highest derivative
&y(@) =0

° Integrate both sides with respect to x
[ (Ly(z)) dz = [0dz + C1

° Evaluate integral
y(z) = C1

o Solve for y(x)
y(z) = C1
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Maple trace

“Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

<- differential order: 1; missing y(x) successful”

Maple dsolve solution

Solving time : 0.005 (sec)
Leaf size : 5

e

dsolve(x*diff (y(x),x)"n = O,
y(x) ,singsol=all)

Mathematica DSolve solution

Solving time : 0.003 (sec)
Leaf size : 15

‘DSolve [{x*(D[y[x],x])"n==0,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(x) — 0"z + ¢
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2.1.49 problem 49

Maple step by step solution . . . . ... ... ... ... ....
Maple trace . . . . . . . . . L
Maple dsolve solution . . . .. ... ... ... ......... 359
Mathematica DSolve solution . . . . . ... ... ........ 359

Internal problem ID [8709]

Book : First order enumerated odes

Section : section 1

Problem number : 49

Date solved : Tuesday, December 17, 2024 at 12:58:13 PM
CAS classification : [_quadrature]

Solve

2_
Solving for the derivative gives these ODE’s to solve
V= Ve M
Y =—Vz (2)
Now each of the above is solved separately.

Solving Eq. (1)

Since the ode has the form 3y’ = f(x), then we only need to integrate f(z).

/dy:/\/idx

2()’)3/2
¥y=73

+c

Solving Eq. (2)

Since the ode has the form 3y’ = f(x), then we only need to integrate f(z).




CHAPTER 2. BOOK SOLVED PROBLEMS
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Maple step by step solution

Let’s solve
2
(&y(@) =2
° Highest derivative means the order of the ODE is 1
=y(@)
° Solve for the highest derivative

[£4(0) = V&, f(s) = —Va]
O Solve the equation Ly(z) = \/z
o Integrate both sides with respect to x
[ (Ly(z)) dz = [ zdz + _C1
o Evaluate integral
y(x) = 2’32/2 +_C1
o Solve for y(x)
y(x) = 23”;/2 +_ 01
O Solve the equation Ly(z) = —/z
o Integrate both sides with respect to z
[ (Ly(z))dz = [ —/zdz +_C1
o Evaluate integral
y(@) = ~25" +_Ci

3
o Solve for y(x)

y(x) = —@ +_C1

° Set of solutions

{y(w) = —2”;/2 + C1,y(z) = 2“;'/2 + C’]}

Maple trace

"Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

<- differential order: 1; missing y(x) successful”
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Maple dsolve solution

Solving time : 0.040 (sec)
Leaf size : 21

‘ dsolve(diff(y(x),x)"2 = x,
‘ y(x) ,singsol=all)

21:3/2
Yy= 3 ]
22:3/2
y=—- 3 1

Mathematica DSolve solution

Solving time : 0.004 (sec)
Leaf size : 33

‘DSolve[{(D[y[x],x])"2==x,{}},
‘ y[x],x,IncludeSingularSolutions->True]

21;3/2

y(x) = — 3 +c

23’}3/2
3

y(x) — +c
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2.1.50 problem 50
Solved as first order ode of type dAlembert . . ... ... ... 360
Maple step by step solution . . . . ... ... ... ... .... 362
Maple trace . . . . . . . . . . . e
Maple dsolve solution . . . .. .. ... ... ... ....... 363
Mathematica DSolve solution . . . . .. .. ... ... ..... 363]
Internal problem ID [8710]
Book : First order enumerated odes
Section : section 1
Problem number : 50
Date solved : Tuesday, December 17, 2024 at 12:58:14 PM
CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]
Solve
Y =z+y
Solved as first order ode of type dAlembert
Time used: 0.226 (sec)
Let p = 9/ the ode becomes
PP=z+y
Solving for y from the above results in
y=p’—z (1)
This has the form
y=zf(p) +9(p) (*)

Where f, g are functions of p = ¢/(x). The above ode is dAlembert ode which is now

solved.

Taking derivative of (*) w.r.t. z gives

dp

p=f+(f+4)5

dz

d
p—f=(af +9)

(2)
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Comparing the form y = zf + g to (1A) shows that

f=-1
g=p
Hence (2) becomes
p+1=2pp'(z) (24)

The singular solution is found by setting j—x = 0 in the above which gives
p+1=0

Solving the above for p results in
p1=-—1

Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=1-—=z

The general solution is found when 3—2 # 0. From eq. (2A). This results in

p(z)+1
2p (z)

This ODE is now solved for p(z). No inversion is needed. Integrating gives

/ —dp dx

2p—2In(p+1)=z+¢c

p(z) =

Singular solutions are found by solving
p+1

2p =0

for p(x). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) = -1
Solving for p(z) gives
p(z) =—-1

p(z) = — LambertW <—e_1_%_7> -1



CHAPTER 2.

BOOK SOLVED PROBLEMS

362

Substituing the above solution for p in (2A) gives

»
N

s = (- tambertt (-e757%) 1)

Summary of solutions found

y=1—=x

N
N

y= (— LambertW (—e_l_L*> — 1)2 -z

Maple step by step solution

Let’s solve
2
(@) =z +y(2)
° Highest derivative means the order of the ODE is 1

()
° Solve for the highest derivative

Ly(e) = Va+y(@), Ly@) = —Vot+y @)
o Solve the equation Ly(z) = \/z +y (z)
) Solve the equation Ly(z) = —\/z + y (z)

. Set of solutions
{workingODE, workingODE}

Maple trace

“Methods for first order ODEs:

-> Solving
trying 1st
trying 1st
trying 1st
trying 1st

1st order ODE of high degree, 1st attempt

order WeierstrassP solution for high degree ODE
order WeierstrassPPrime solution for high degree ODE
order JacobiSN solution for high degree ODE

order ODE linearizable_by_differentiation

trying differential order: 1; missing variables
trying dAlembert
<- dAlembert successful’
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Maple dsolve solution

Solving time : 0.048 (sec)
Leaf size : 33

‘ dsolve(diff (y(x),x)"2 = x+y(x),
‘ y(x) ,singsol=all)

y = LambertW (—cie”71)” + 2 LambertW (—c;e 5 7!) —z + 1

Mathematica DSolve solution

Solving time : 14.92 (sec)
Leaf size : 100

'DSolve [{(D[y[x],x]) " 2==x+y[x] ,{}},
‘ y[x],x,IncludeSingularSolutions->True]

—_z_1-4

y(x) — W(—e 272

y(z) — W(e%(_””_”cl)) 24+ 2W (ei(_x_”cl)) —z+1
y(z) > 1—=z
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2.1.51 problem 51
Solved as first order homogeneous class Aode . . . . . ... ..
Solved as first order ode of type nonlinear p but separable . . . [369
Solved as first order ode of type dAlembert . . . .. ... ... 370
Maple step by step solution . . . . .. ... ... ... ..... 373
Mapletrace . . . . . . . . . . . e
Maple dsolve solution . . . . ... ... .. ... .. ...... [374]
Mathematica DSolve solution . . . . ... ... ......... 374

Internal problem ID [8711]

Book : First order enumerated odes
Section : section 1

Problem number : 51

Date solved : Tuesday, December 17, 2024 at 12:58:14 PM

CAS classification : [[_homogeneous, ‘class A‘], _rational, _dAlembert]

Solve

12 g
T

Solved as first order homogeneous class A ode
Time used: 0.832 (sec)

Solving for y' gives

r_ VY
Yy =—-—
x
/ vTY
Yy =——
x
In canonical form, the ODE is
y' = F(z,y)
_ vy
x
/I M(zvy)
An ode of the form ¢y = NMay)

2)

1)

is called homogeneous if the functions M(z,y) and

N(z,y) are both homogeneous functions and of the same order. Recall that a function

f(z,y) is homogeneous of order n if

[z, t"y) =t"f(z,y)
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In this case, it can be seen that both M = ,/zy and N = x are both homogeneous
and of the same order n = 1. Therefore this is a homogeneous ode. Since this ode is
homogeneous, it is converted to separable ODE using the substitution u = ¥, or y = ux.
Hence

dy du
dz et
Applying the transformation y = uz to the above ODE in (1) gives
d—ux +u=1+/u
dx
du  +/u(z) —u(r)
de x
Or
u’(x) v U(.’IJ) - U(.’E) =0
z
Or

v'(z)z — Vu(z)+u(z) =0

Which is now solved as separable in u(z).

The ode /(z) = Y“®="2) is separable as it can be written as

x

Where

Integrating gives

/\/ﬁl—uduz/idm‘
—2ln(m—1)=ln(x)+c1

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or /u —u = 0 for
u(z) gives

u(z) =0

u(z) =1
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Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

—2In (m— 1) =In(z)+ ¢
u(z) =0
u(z) =1

Converting —21n (x/u (z) — 1) = In (z) + ¢; back to y gives

—2In <\/g— 1) =In(z)+a

Converting u(x) = 0 back to y gives

y=0
Converting u(x) = 1 back to y gives
y=3z
In canonical form, the ODE is
y =F(z,y)
x
An ode of the form y' = % is called homogeneous if the functions M(z,y) and

N(z,y) are both homogeneous functions and of the same order. Recall that a function
f(z,y) is homogeneous of order n if

f@ "z, t"y) =t"f(z,y)

In this case, it can be seen that both M = —,/xy and N = z are both homogeneous
and of the same order n = 1. Therefore this is a homogeneous ode. Since this ode is
homogeneous, it is converted to separable ODE using the substitution u = £, or y = uz.

Hence
dy _du
dz  dz ' °
Applying the transformation y = uz to the above ODE in (1) gives
d
o tu= —Vu
dx
du _ —/u(z) —u(z)

dz T
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Or

’U/(CL‘) TV U(xm)_ —’U,(.’IJ) =0

Or
v(z)r+ Vu(z)+ulz) =0

Which is now solved as separable in u(z).

The ode v/(z) = ——”‘(xg):u(x) is separable as it can be written as
) = YA+ ula)
x
= f(z)g(u)
Where
1
fla)=~

Integrating gives

( u(z) + 1>2

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) =0 or —\/u —u =10
for u(z) gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In ! =In(z)+c

(Va@+1)
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Converting In L = In (z) + ¢, back to ives
g (W) ( ) 2 yg

1
n|{— | =h@)+e
((ﬁﬂ))

Converting u(x) = 0 back to y gives

Solving for y gives

y=20

VT e

B 2z e (/ze +1)
v= VT ec?

+ e — 1) e

Summary of solutions found

y=0

y=x
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Solved as first order ode of type nonlinear p but separable
Time used: 0.242 (sec)
The ode has the form

W) = f(z)g(y) (1)

Wheren =2,m=1, f = %,g = y. Hence the ode is

w)»="2

Solving for ' from (1) gives
¥y =V/fg
¥y =-Vfg

To be able to solve as separable ode, we have to now assume that f > 0,g > 0.

->0
z

y>0

Under the above assumption the differential equations become separable and can be
written as

v =VfVg
v =—VFf\Vg

Therefore
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Integrating now gives the following solutions

—dy /[dx—l—cl

2/ = 2x\/7

[~ [ \Tacve

—2/y = 2x\[

1 a
=z\/—a+—-+zx
T 4
1 c
T\ —a+— -+
T 4

Therefore

<

Y

Summary of solutions found

1 c
y=zr\/—Cc1+—+=x
z 4

Solved as first order ode of type dAlembert
Time used: 0.071 (sec)

Let p = ¢ the ode becomes

Solving for y from the above results in

This has the form

y =z f(p) + g(p)

(1)

(*)

Where f, g are functions of p = y/'(z). The above ode is dAlembert ode which is now

solved.
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Taking derivative of (*) w.r.t. z gives

dp
_ / /
dp

/ /
— f= -= 2
p—f=(f+4) (2)
Comparing the form y = zf + g to (1A) shows that
f=p
g=0
Hence (2) becomes
—p* +p = 2zpp/(z) (24)
The singular solution is found by setting fll—’m’ = 0 in the above which gives
—p?+p=0
Solving the above for p results in
p1=0
p2=1

Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=20

y=z

The general solution is found when g—g # 0. From eq. (2A). This results in

)= 25 P Q

This ODE is now solved for p(z). No inversion is needed. In canonical form a linear
first order is

P'(z) + q(z)p(z) = p(z)

Comparing the above to the given ode shows that

q(z) = %
p(x) !

T2
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The integrating factor u is

o= efqda:
_ ef sdx
—
The ode becomes
g (HP) = kp

Integrating gives

p\/ﬂ_:=/ﬁdx
=VI+ag

Dividing throughout by the integrating factor \/z gives the final solution

:\/E-I-cl
NZ7

Substituing the above solution for p in (2A) gives

y= (\/5'1‘01)2

p(z)

Summary of solutions found

y=20
y==x

y= (\/54‘01)2
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Maple step by step solution

Let’s solve

(Ly(z))” =22

° Highest derivative means the order of the ODE is 1

Ly(x)

° Solve for the highest derivative

(@) = Y0, dy(e) = V2O

T

T
x

o Solve the equation Ly(z) = Vzy(z)
° Solve the equation %y(x) =— @
° Set of solutions

{workingODE, workingODE}

Maple trace

"Methods for first order ODEs:

*xx Sublevel 2 *x*x*

Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables

trying dAlembert

<- dAlembert successful”
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Maple dsolve solution

Solving time : 0.048 (sec)
Leaf size : 39

‘ dsolve(diff (y(x),x)"2 = y(x)/x,
‘ y(x) ,singsol=all)

y=0
RN
)

Mathematica DSolve solution

Solving time : 0.047 (sec)
Leaf size : 46

‘DSolve [{(D[y[x],x])"2==y [x]/x,{}},
y[x],x,IncludeSingularSolutions->True]

N\

y(z) = }l(—2\/5 +c1)?

y(z) — 4_11(2\/5 +c1)?

y(x) =0
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2.1.52 problem 52

Maple step by step solution . . . . ... ... ... ... .... 377
Maple trace . . . . . . . . . L
Maple dsolve solution . . . .. ... ... ... ......... 379
Mathematica DSolve solution . . . . . ... ... ........ 379

Internal problem ID [8712]

Book : First order enumerated odes

Section : section 1

Problem number : 52

Date solved : Tuesday, December 17, 2024 at 12:58:16 PM
CAS classification : [_separable]

Solve

2)

Now each of the above is solved separately.

Solving Eq. (1)

In canonical form a linear first order is

Y +q(z)y = p(z)

Comparing the above to the given ode shows that

The integrating factor u is
p=e Jqdz

_ f—ﬁdw

e—2ﬁ
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The ode becomes
d
LMY= 0

o) -0

Integrating gives

ye VT = /Od:v—l—cz
= cz
Dividing throughout by the integrating factor e 2V gives the final solution

Yy= ezﬁcz

We now need to find the singular solutions, these are found by finding for what values
(\%) is zero. These give

y=0
Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.
The solution y = 0 satisfies the ode and initial conditions.

Solving Eq. (2)

In canonical form a linear first order is

Yy +a(z)y = p(z)
Comparing the above to the given ode shows that

1
q(z) = %

p(z) =0
The integrating factor y is
p=e [qdz
= ef %d.’t

— ez\/:}
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The ode becomes
d

Lo o

Integrating gives

ye?VT = /de—|—03

= 03
Dividing throughout by the integrating factor e?v® gives the final solution

y=e Ve,

We now need to find the singular solutions, these are found by finding for what values
(—\%) is zero. These give

y=0

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

The solution y = 0 satisfies the ode and initial conditions.

Maple step by step solution

Let’s solve
2 x 2
(Hy(@)” =¥~
° Highest derivative means the order of the ODE is 1
=Y(@)
° Solve for the highest derivative

[£0(0) = 2. i) = —42)]
0 Solve the equation -Ly(z) = %

o Separate variables

my@) 1
y(@) vz
o Integrate both sides with respect to x
dmy(z —
J4nyde = [ dz+_C1



CHAPTER 2. BOOK SOLVED PROBLEMS 378

o Evaluate integral

In(y(z)) =2y/z+_C1
o Solve for y(x)
y(w) — e2Vz+_C1

L~

T

—

O Solve the equation y(z) = —%

§

o Separate variables

Ly 1

y@) vz
o Integrate both sides with respect to x
a=y(x)
J=nyde = [ —J-dz+_C1
o Evaluate integral

In(y(z)) = -2z +_C1
o Solve for y(x)
y(x) = e~ 2Vz+_CI

° Set of solutions
{y(x) — e‘2‘/5+01,y(w) — e2ﬁ+01}

Maple trace

"Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying simple symmetries for implicit equations

<- symmetries for implicit equations successful’
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Maple dsolve solution

Solving time : 0.061 (sec)
Leaf size : 27

‘ dsolve(diff(y(x),x)"2 = y(x)~2/x,
‘ y(x) ,singsol=all)

y=0
y = cre 2V
y=ce®V”

Mathematica DSolve solution

Solving time : 0.067 (sec)
Leaf size : 38

'DSolve [{(D[y[x],x])"2==y[x]"2/x,{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(x) — cle 2V®
y(z) = c1e?V®
y(z) =0



CHAPTER 2. BOOK SOLVED PROBLEMS 380
2.1.53 problem 53
Solved as first order ode of type nonlinear p but separable . . . [B80
Maple step by step solution . . . . . ... ... .. ......
Maple trace . . . . . . . . . . . e
Maple dsolve solution . . . . . ... ... ... .. ...... 382
Mathematica DSolve solution . . . . . ... ... .......

Internal problem ID [8713]

Book : First order enumerated odes

Section : section 1

Problem number : 53

Date solved : Tuesday, December 17, 2024 at 12:58:18 PM
CAS classification : [[_homogeneous, ‘class G‘]]

Solve

Solved as first order ode of type nonlinear p but separable
Time used: 0.425 (sec)
The ode has the form

W)™ = f(z)9(y)

Wheren =2,m=1, f = }E,g = 13. Hence the ode is

3
/2_y_
@)—x

Solving for y' from (1) gives
¥y =V/fg
¥ =-Vfg

To be able to solve as separable ode, we have to now assume that f > 0,g > 0.

1
->0
z

> >0

(1)
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Under the above assumption the differential equations become separable and can be

written as
v =VIvg
v =—VFvg
Therefore
1
% dy = <\/?> dz
1
—% dy = (ﬁ) dx

Replacing f(z), g(y) by their values gives
1 1
—dy = = 1d
Vi ( ) ’
1

—ﬁdy= ( i) dx

Integrating now gives the following solutions

1 1

2 /13
Y T
1 1
2\/3?_2 1
2~ 4T\~
Y T
Therefore
4
y:
4x\/gc1+c%+4x
4

y:
4x\/§cl—|—c%—|—4x

Summary of solutions found

4
y:
4x\/gcl+c%+4z
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Maple step by step solution

Let’s solve

2 )3
(y(@)” =42
° Highest derivative means the order of the ODE is 1

=y(2)
° Solve for the highest derivative
(o) = YIE) () — At
e  Solve the equation Ly(z) = M
e  Solve the equation Ly(z) = ——me(z)y(x)
° Set of solutions

{workingODE, workingODE}

Maple trace

-

“Methods for first order ODEs:

‘—> Solving 1st order ODE of high degree, 1st attempt
‘trying 1st order WeierstrassP solution for high degree ODE
‘<— 1st_order WeierstrassP successful’

Maple dsolve solution

Solving time : 0.045 (sec)
Leaf size : 27

‘dsolve(diff(y(x),x)‘2 = y(x)~3/x,
‘ y(x) ,singsol=all)

0
WeierstrassP (1,0, 0) 22/

y:
Y= 2
(\/521/34-01)
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Mathematica DSolve solution

Solving time : 0.071 (sec)
Leaf size : 42

'DSolve [{(D[y[x],x])~2==y[x]"3/x,{}},
‘ y[x],x,IncludeSingularSolutions->True]

4
y(z) = (—2\/;?"‘01)2
y(z) = —(2\/3_6_'_ =E
y(z) =0
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2.1.54 problem 54
Solved as first order ode of type nonlinear p but separable . . .
Maple step by step solution . . . . . ... ... .. ......
Maple trace . . . . . . . . . . . e

Maple dsolve solution . . . . . ... ... ... .. ......
Mathematica DSolve solution . . . . .. .. .. ... ... ..

Internal problem ID [8714]

Book : First order enumerated odes

Section : section 1

Problem number : 54

Date solved : Tuesday, December 17, 2024 at 12:58:19 PM
CAS classification : [[_homogeneous, ‘class G‘], _rationall

Solve

Solved as first order ode of type nonlinear p but separable
Time used: 0.947 (sec)
The ode has the form
y) = f(2)9(y)
Where n =3, m=1, f = %,g = y2. Hence the ode is

W)y =%
Solving for y' from (1) gives
y = (f9)"”*
(9" i3 (f9)”
2 2
. (9" B9
YT 2

To be able to solve as separable ode, we have to now assume that f > 0,9 > 0.

1
->0
x

>0

(1)
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Under the above assumption the differential equations become separable and can be

written as
yl — f1/3gl/3
y o i)
2

f1/3gl/3(1+1\/§)
v=- 2

Therefore
1
e dy = (f*?) dz
2
7 (<14 v3)
2
T 1+ i3)

Replacing f(z), g(y) by their values gives

1 1
=G

dy = (f1/3) dx

dy = (f1/3) dzx

dz

dz

)

1/3
(»)"? (—21 +4v/3) W= (%> o

)

2 1
@)Y (1+iV3) W= (5

Integrating now gives the following solutions

1 1\

3627 3x(1)"?
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Therefore
1/3
3" _ 30"
y 2 '
L W () g
=B e ) de ¢
8 4 6 27
2/3 1/3
S WP )P g
8 4 6 27
Summary of solutions found
362”7 _ 32(3)"
y = 9 +Cl
L W () g
y=" 4= A7 4 le) 7 A
8 4 6 27

Maple step by step solution

Let’s solve

3 x
(&y(@)" =2
° Highest derivative means the order of the ODE is 1

2

=y(@)
° Solve for the highest derivative
ay()?) y@?)” 1B (aty(@?) ay(z)?
dy(o) = )y - N W) gy )
m2 - 2 1/3
o Solve the equation y(z) = %
z2y(z)? 13 V3 (22y(z)? s
o Solve the equation Ly(z) = —< y(zi ) - ( zyi )
z2y(z)? s V3 (z? z)? s
e  Solve the equation Ly(z) = _{ y;i ) + ( ;ji ?)
° Set of solutions

{workingODE, workingODE, workingODE}
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Maple trace

“Methods for first order ODEs:
*xx Sublevel 2 *x*x*
Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying simple symmetries for implicit equations
Successful isolation of dy/dx: 3 solutions were found. Trying to solv
*xx Sublevel 3 **x*
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
trying an integrating factor from the invariance group
<- integrating factor successful
<- homogeneous successful
* Tackling next ODE.
*xx Sublevel 3 *x*x*
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
trying an integrating factor from the invariance group
<- integrating factor successful
<- homogeneous successful
* Tackling next ODE.
*** Sublevel 3 k%
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G

e each result:

trying an integrating factor from the invariance group
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‘ <- integrating factor successful

‘ <- homogeneous successful”

Maple dsolve solution

Solving time : 0.104 (sec)
Leaf size : 341

‘dsolve(diff (y(x),%)"3 = y(x)"2/x,
‘ y(x) ,singsol=all)

y=0
3z%3¢;  32?3c2 ¢

8

8 8
B 3(—iv3 — 1) 2?3 N 3e1(1—4v3) z

y 16

3c3(iv/3 — 1) 2%/3 N 3c1 (1 +iv/3) 2%/
y =

16
33y | 31?3 N a s
YT 16 32 64 8
_ 3(—iv3—1) 32 L 3a (iv3 —1) z%/3
V= 64 32
34 (V3 —1) 23 N 3c1(—iv3 —1) z/3
v= 64 32
A U a -
(T 32 64 8
3(—iv3 —1) 3z?/3 N 3c (1 —iv/3) &3
y =
64 32
y— 3 (iv3—1)z*? N 3c1 (14 iv/3) z/3

64 32 64
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Mathematica DSolve solution

Solving time : 0.084 (sec)
Leaf size : 152

p
‘DSolve[{(D[y[x],x])"3==y[x]"2/x,{}}, |
‘ y[x],x,IncludeSingularSolutions->True] ‘

1
y(z) — ﬁ(?)xw?’ +2¢;) °

1
y(x) — 316 (18i (\/5 + z) o2/ — 27i<\/§ - z) x4 2722 + 8013>
y(x) — % <—18i(\/§ — z) ci22?® + 274 (\/3 + z) caz® + 2722 + 8013)
y(x) =0
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2.1.55 problem 55
Solved as first order ode of type nonlinear p but separable . . . [B90
Maple step by step solution . . . . . ... ... .. ......
Mapletrace . . . . . . . . . . . ... 394
Maple dsolve solution . . . . . ... ... ... .. ...... 395
Mathematica DSolve solution . . . . . ... ... .......
Internal problem ID [8715]
Book : First order enumerated odes
Section : section 1
Problem number : 55
Date solved : Tuesday, December 17, 2024 at 12:58:21 PM
CAS classification : [[_homogeneous, ‘class G‘]]
Solve
12 _ i
Yz
Solved as first order ode of type nonlinear p but separable
Time used: 0.305 (sec)
The ode has the form
(¥)™ = f(2)g(y) (1)

Solving for y' from (1) gives

3

y =
y =

3

To be able to solve as separable ode, we have to now assume that f > 0,g > 0.
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Under the above assumption the differential equations become separable and can be
written as

v =Vfvg
v =—VfV3
Therefore
Ly

1
/ —1dy = —dr 4+ ¢;
y
28y 1

Therefore
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Solving for y gives

B TR o
235\[4—01 B 6<2w\/g+cl>

—18 2:1:\/>+cl )1/3 3 (_18<2z\/g+01>2) 1/3\ 2
2x[+01 + 12%\/%4_601

1

( )" )

6(22/1+c1) B 6(20/T4er)
1

1/3 1/3 B
81/3( 2z l—}-cl ) i\/§181/3((2z\/%+01>) )

_|_
6 2x %4‘61 121\/%4‘661

Summary of solutions found

y:

_ (_18(29”\/;“1)2)1/3 B /3 (—18(295\/;”:1)2)1/3 2
6<2z\/g+01) 6(235\/%_'_01)

y:

_ (_18(2’6\/%“1)2)1/3 N \/??(—18(21\@%1)2)1/3 2
6(20/14c1) 20/ T40
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1
Y= 2

181/3(<2m\/g+61)2)1/3 z_\/;;)181/3<<2m\/g_i_61>2)1/3
6<2z\/g+cl> N 6<2z\/g+cl>

1

y= 1/3 173\ 2

+

i4/3181/3 ((Zx\/g+cl> 2)
12m\/§+6cl

~ 181/3 ((2x\/g+c1)2)
6(22/1+c1)

y= 2/3

(—18 (20/2 + cl)Z)
<2z\/§ + c1)2 181/:'/ 3
2 (@W} 01)2>

Maple step by step solution

y:

Let’s solve

2
(@) = @
. Highest derivative means the order of the ODE is 1

i=y(2)
° Solve for the highest derivative
[d%y(w) = Ay = -5
° Solve the equation %y(m) = \/le(x)
. Solve the equation Ly(z) = — \/%
° Set of solutions

{workingODE, workingODE}
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Maple trace

“Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying simple symmetries for implicit equations

Successful isolation of dy/dx: 2 solutions were found. Trying to solve e

*xx Sublevel 2 **x*
Methods for first order ODEs:
-—- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful
* Tackling next ODE.
*xx Sublevel 2 **x*
Methods for first order ODEs:
-—- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful”

ach resulting
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Maple dsolve solution

Solving time : 0.085 (sec)
Leaf size : 51

‘ dsolve(diff(y(x),x)"2 = 1/x/y(x),
y(x) ,singsol=all)

Y\/TY — c14/T — 3z
=0
N
Y/TY — c14/T + 3z
=0
NZ7

Mathematica DSolve solution

Solving time : 3.342 (sec)
Leaf size : 53

'DSolve [{(D[y[x],x])"2==1/(y[x]*x),{}},
L y[x],x,IncludeSingularSolutions->True]

2/3

(2Va )"

o)~ ( )2/3
(3)

(2V3 + 1) 2P

y(z) =
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2.1.56 problem 56
Solved as first order ode of type nonlinear p but separable . . .
Maple step by step solution . . . . . ... ... .. ......
Maple trace . . . . . . . . . . . e
Maple dsolve solution . . . . . ... ... ... .. ...... 399
Mathematica DSolve solution . . . . . ... ... ....... 4001
Internal problem ID [8716]
Book : First order enumerated odes
Section : section 1
Problem number : 56
Date solved : Tuesday, December 17, 2024 at 12:58:22 PM
CAS classification : [[_homogeneous, ‘class G‘]]
Solve
p_ 1
xy3
Solved as first order ode of type nonlinear p but separable
Time used: 0.294 (sec)
The ode has the form
(¥)™ = f(2)g(y) (1)

Wheren =2,m=1, f = %,g = y—13 Hence the ode is

Solving for y' from (1) gives

3

y =
y =

3

To be able to solve as separable ode, we have to now assume that f > 0,g > 0.
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Under the above assumption the differential equations become separable and can be
written as

v =Vf\3g
v =—VfV3

Therefore

1
/ 1dy= —dx + ¢
V3
' N
5  Vz
1
/—\/Tdy=/ de—l—cl
v3
' N
5 Nz

Therefore
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Summary of solutions found

Maple step by step solution

Let’s solve
2
(&v(@) = o
° Highest derivative means the order of the ODE is 1
=Y(@)
° Solve for the highest derivative

[dxy(x) \/my(m)’ dacy(m) \/QT(ZE)ZI(Z)

. d =1

° Solve the equation dxy(w) zy(z) y(z)
3 i = —+
° Solve the equation dwy(x) Vy(@) y(x)

° Set of solutions
{workingODE, workingODE}

Maple trace

“Methods for first order ODEs:

-> Solving
trying 1st
trying 1st
trying 1st
trying 1st

1st order ODE of high degree, 1st attempt

order WeierstrassP solution for high degree ODE
order WeierstrassPPrime solution for high degree ODE
order JacobiSN solution for high degree ODE

order ODE linearizable_by_differentiation

trying differential order: 1; missing variables
trying simple symmetries for implicit equations

Successful isolation of dy/dx: 2 solutions were found. Trying to solve e

**% Sublevel 2 k%

Methods

for first order ODEs:

--- Trying classification methods ---

trying homogeneous types:

ach resulting
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trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful
* Tackling next ODE.
*xx Sublevel 2 **x*
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful”

Maple dsolve solution

Solving time : 0.109 (sec)
Leaf size : 55

-

dsolve(diff (y(x),x)"2 = 1/x/y(x)"3,
‘ y(x) ,singsol=all)

VIYY? — c1\/T — 5z
VT
VIYY? — c14/T + 5z
=0
\ﬂi

=0
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Mathematica DSolve solution

Solving time : 0.109 (sec)
Leaf size : 53

' DSolve [{(D[y[x],x])"2==1/(x*y[x]"3),{}},
‘ y[x],x,IncludeSingularSolutions->True]

2/5

(2vF + 1) 2

y(z) —

o)+ (3) (ava v
(2
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2.1.57 problem 57

Solved as first order ode of type nonlinear p but separable . . .
Maple step by step solution . . . . . ... ... ... .. ...
Mapletrace . . . . . . . . . . . ...
Maple dsolve solution . . . . . ... ... ... .. ......
Mathematica DSolve solution . . . . . ... ... .......

Internal problem ID [8717]

Book : First order enumerated odes

Section : section 1

Problem number : 57

Date solved : Tuesday, December 17, 2024 at 12:58:23 PM
CAS classification : [_separable]

Solve

y?=

1’2y3

Solved as first order ode of type nonlinear p but separable
Time used: 0.325 (sec)
The ode has the form

()= = f(z)g(y)

Wheren =2,m=1, f = w%,g = y% Hence the ode is

Solving for y' from (1) gives

3

y =
y =

3

To be able to solve as separable ode, we have to now assume that f > 0,g > 0.

1
72
1
;>0

>0

409)

409)

1)
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Under the above assumption the differential equations become separable and can be
written as

v =Vf\3g
v =—VfV3

Therefore

Replacing f(z), g(y) by their values gives

1 1

lsdy=< ﬁ) dx
1 1

— ldy= <“ﬁ) dz

3

<

§’

Integrating now gives the following solutions
1 1
/—ldy=/wﬁdx+cl
V@
2w 1
r =\ 2% In (z)
1 1
/— - dy=/\/ﬁdx+cl
V@
2w 1
=\ 2 ¢ In (z)

Therefore

23/4\/% 1
! =\/len(z)—|-cl
2y 3 1
y /
—— = ﬁxln(z)+cl
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Summary of solutions found

2ty /o 1
- ! =\/ﬁx1n(x)+c1
1
5 zﬂﬁxln(x)+cl

Maple step by step solution

Let’s solve
2
(%y(z)) = x2y1(ac)3
° Highest derivative means the order of the ODE is 1
()
° Solve for the highest derivative
Ey(2) = s y(o) =~
O Solve the equation -Ly(z) = m

o Separate variables

(y(@) y(=)** =1
o Integrate both sides with respect to z
J (#y(@) y(@)** de = [ Ldz +_C1
o Evaluate integral
—Zy(xjﬂ =In(z)+_C1
o Solve for y(x)
801n(z)+80__ C1 2
y(z) = ( 1 )
O Solve the equation -Ly(z) =

1
y(2)* %z

o Separate variables

3/2
(y(@) y(@)** = -1
o Integrate both sides with respect to z

f (%y(w)) y(w)3/2 dr = f —%d.’lﬁ +_01
o Evaluate integral

—Zy(x5)5/2 =—In(z)+_CI1
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o Solve for y(z)

—80In(z)+80__C1 2/
y(w) = ( 4 )
° Set of solutions
__ (—80In(x)+80C1)%/5 __ (80In(z)+80C1)%/®
y(.’l?) - 4 ,y(.’l)) - 4

Maple trace

"Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying simple symmetries for implicit equations

<- symmetries for implicit equations successful"

Maple dsolve solution

Solving time : 0.158 (sec)
Leaf size : 29

‘dsolve(diff (y(x),x)"2 = 1/x72/y(x)"3,
‘ y(x) ,singsol=all)

2 5/2

In(z) — y5 —c=0
2 5/2

In (z) + Y =
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Mathematica DSolve solution

Solving time : 0.132 (sec)
Leaf size : 45

p
'DSolve [{(D[y[x],x])"2==1/(x"2xy[x]1"3),{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(z) = (g) " (—log(z) + ¢1)%/*
) Gogto) + )
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2.1.58 problem 58
Solved as first order ode of type nonlinear p but separable . . .
Maple step by step solution . . . . . ... ... ... .. ... 409
Mapletrace . . . . . . . . . . . ... 410
Maple dsolve solution . . . . ... ... ... ... ...... 411
Mathematica DSolve solution . . . . . ... ... ....... T2l

Internal problem ID [8718]

Book : First order enumerated odes

Section : section 1

Problem number : 58

Date solved : Tuesday, December 17, 2024 at 12:58:24 PM
CAS classification : [[_homogeneous, ‘class G‘], _rationall

Solve

Solved as first order ode of type nonlinear p but separable
Time used: 0.720 (sec)
The ode has the form

y) = f()9(y)

Wheren =4,m=1, f = %,g = y—13 Hence the ode is

(v)* = xiyg
Solving for ' from (1) gives
y = (fg)"*
Y =i(fg)"*
y =—(fg)*
y = —i(fg)"*

To be able to solve as separable ode, we have to now assume that f > 0,9 > 0.

1
->0
X
1
E>O

(1)
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Under the above assumption the differential equations become separable and can be
written as

y = f1/4gl/4
y = ,L-fl/4gl/4
y/ — _f1/4g1/4
y = _Z-fl/4gl/4

Therefore
%/4 y = (f/*) dz
QILM y = (f/*) dx
1L/4 y = (f/*) dz
11;/4 dy = (f1/4) dz

1 1\ Y4
—dy = — dx
o ((x)
<yz'> 1\

_—L 77 dy = ((;) dx
(y1> ( 1\
—dy=1| |- dx

= (3)
<y3z'> 1\ M4
e (G)e
:,F
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Integrating now gives the following solutions

1 1 1/4

1
e

4y* <L> ¥ 1\1/4
v 4o (3)

i 1\ 4
i (D) e
[y ) e

Y

W) sy
7 3 »
/ ’ dy=/(1) dr + c;
)"

Therefore

7 T3 *ta
af 1) 1/4
w(F) e,

7 3 “
3/4
() ()
= c].
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Summary of solutions found

T 7 T3 ta
af 1)
() ()"
T 3 “
3/4
WE) _w®”
7 3 '
4( 1 3/4 1/4
W) ™
T 3 “
Maple step by step solution
Let’s solve
4
(%y(w)) - acy(ll‘)5
° Highest derivative means the order of the ODE is 1
=Y(@)
° Solve for the highest derivative
a0y @y@)t gy @y@)t g @@ gy Leby@)
w¥(®) = " wd(®) = e ¥ = T wv(®) = T
1/4
o Solve the equation -Ly(z) = %
1/4
o Solve the equation Ly(z) = —@"35?5—2)0;
1/4
o Solve the equation Ly(z) = _I(gi;’—((j)))
1/4
o Solve the equation Ly(z) = %
° Set of solutions

{workingODE, workingODE , workingODE, workingODE}
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Maple trace

“Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying simple symmetries for implicit equations
Successful isolation of dy/dx: 4 solutions were found. Trying to solve e
*xx Sublevel 2 **x*
Methods for first order ODEs:
-—- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful
* Tackling next ODE.
*xx Sublevel 2 **x*
Methods for first order ODEs:
-—- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful
* Tackling next ODE.
*xx Sublevel 2 *x*x*
Methods for first order ODEs:
-—- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful

ach resulting

<- homogeneous successful
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* Tackling next ODE.
***x Sublevel 2 k%
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful

<- homogeneous successful”

Maple dsolve solution

Solving time : 0.223 (sec)
Leaf size : 121

‘ dsolve(diff(y(x),x)"4 = 1/x/y(x)~3,
y(x) ,singsol=all)

Ta® — 3(yz®)** y + c129/4 B

2974 0
723 + 3i(yz®)¥* y — 129/ _
19/4 =0
72 + 3i(ya®)** y — ez _
29/4 =0
723 + 3(yz3)¥* y — 129/ _0

79/4
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Mathematica DSolve solution

Solving time : 6.693 (sec)
Leaf size : 129

'DSolve [{(D[y[x],x])"4==1/(x*y[x]°3),{}},
‘ y[x],x,IncludeSingularSolutions->True]

(_283?’3/4 + 701) 4/7
) —
y(z) 273
(Ter — Bag®/4) 47
) —
y() 272
B3/t + Tey) 47
2v/2
(283:533/4 + 7Cl> 4/7
) —
y(z) 273

y(z) — (
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2.1.59 problem 59

Solved as first order ode of type nonlinear p but separable . . .
Maple step by step solution . . . . ... ... ... ... ....
Mapletrace . . . . . . . . . . . ...
Maple dsolve solution . . . .. .. ... ... ... .......
Mathematica DSolve solution . . . . .. .. ... ... .....

Internal problem ID [8719]

Book : First order enumerated odes

Section : section 1

Problem number : 59

Date solved : Tuesday, December 17, 2024 at 12:58:25 PM
CAS classification : [_separable]

Solve

Solved as first order ode of type nonlinear p but separable
Time used: 0.469 (sec)
The ode has the form

()= = f(z)g(y)

Wheren =2,m=1, f = w%,g = y%l Hence the ode is

Solving for y' from (1) gives

3

y =
y =

3

To be able to solve as separable ode, we have to now assume that f > 0,g > 0.

1

— >0
3

1
¥>0

419
419]
416}

413

1)
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Under the above assumption the differential equations become separable and can be
written as

v =Vf\3g
—VF/3

Therefore

d

<
Il

(
(

) do

) dzx
Replacing f(z), g(y) by their values gives

1
1dy=< E)dm
yt
1 /1
—\/Idy=< E)dm
y

4

35

Sl-§l-

dy

—_

Integrating now gives the following solutions

/1
/—ldy—/ Edw—l—cl
4

Therefore
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Summary of solutions found

Maple step by step solution

Let’s solve

(£y(@)" = ;o

° Highest derivative means the order of the ODE is 1
=y(@)
° Solve for the highest derivative
(@) = g V(@) =~
. d 1
O Solve the equation -y (z) = T2y

o Separate variables

(:c) (dz (:c)) w31/2

o Integrate both sides with respect to x

Jy(@)* (Ly(z)) dz = [ Andz+_C1
o Evaluate integral
T 3
W =24+ _ct
o Solve for y(x)

yia) = (2oEEe)
O Solve the equation -Ly(z) = —W
o Separate variables
(w) ( (x)) a:3/2
o Integrate both sides with respect tozx
Jy(@)’ (Ey()) dz = [ —Zrde +_C1

o Evaluate integral

y(@)®
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o Solve for y(x)

y(z) = <%)1/3

° Set of solutions

{y(x) - <Mz—\/%1_6>1/3 y(z) = (m%y/a}

Maple trace

"Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying simple symmetries for implicit equations
Successful isolation of dy/dx: 2 solutions were found. Trying to solve each resulting
*** Sublevel 2 k%
Methods for first order ODEs:
-—— Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
<- Bernoulli successful
* Tackling next ODE.
***x Sublevel 2 k%
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
<- Bernoulli successful”
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Maple dsolve solution

Solving time : 0.070 (sec)
Leaf size : 133

‘dsolve(diff(y(x),x)’? = 1/x73/y(x)"4,

‘ y(x) ,singsol=all)
B (Cl\/_ . 6) 1/3
S\ Ve

() 0

d 2
()" (vB-1)

v= 2

_ (avz+

y‘( Ve )/

. ({5) (1+4v3)

2

(c1\§>+6> /3(\/3_1)

Y=
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Mathematica DSolve solution

Solving time : 3.383 (sec)
Leaf size : 157

'DSolve [{(D[y[x],x])"2==1/(x"3+y[x]°4),{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(z) = —v/=3¢ —% +c



CHAPTER 2. BOOK SOLVED PROBLEMS 419
2.1.60 problem 60
Solved as first order homogeneous class Code . . . . . .. . .. 419
Solved using Lie symmetry for first orderode . . . .. ... .. 4201
Solved as first order ode of type dAlembert . . . .. ... ... 426

Maple step by step solution . . . . . .. ... ... ... .. ..
Mapletrace . . . . . . . . . . ..
Maple dsolve solution . . . .. ... ... ... .. .......
Mathematica DSolve solution . . . . .. .. ... ... .....

Internal problem ID [8720]

Book : First order enumerated odes

Section : section 1

Problem number : 60

Date solved : Tuesday, December 17, 2024 at 12:58:26 PM
CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]

Solve
y=+/14+6z+y
Solved as first order homogeneous class C ode

Time used: 0.536 (sec)

Let

z=1+6z+y
Then

Z(z) =6+
Therefore

y =2(x)—6

Hence the given ode can now be written as

Z(z)— 6=z

This is separable first order ode. Integrating

/dxz/ﬁdz

:c—l—cl=2\/E—61n(\/5+6)+61n(—6+\/2) —61n(—36 + 2)
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Replacing z back by its value from (1) then the above gives the solution as Solving for
Y gives

_1_L_ﬂ _1_£_671
—2 LambertW —# —2-2_°4 — LambertW —# -1-£-
y=e —12e — 6z + 35
3 AR
VAR A A
V2R O B |
21 VARV R A
SRR EEEEEE
AV A
4 VANV A A R A
/A |
AR ERERE
o 71T
SRR RN
AR RN
ARRRRRRRE
/A
2 =7 707111111
VAR A
VANV A |
] 7771111711
= 2 2 a
X
Figure 2.77: Slope field plot
/
Y =+1+6x+y
Summary of solutions found
-1-f%-1h -1-f%-1
—2LambertW | —¢—2 12 | 2_z_°1 —LambertW | —¢—212 | 12 <L
y=e —12e — 6z 4+ 35

Solved using Lie symmetry for first order ode
Time used: 1.181 (sec)
Writing the ode as

Yy =y1+6z+y

Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Ne + w(ny - €z) - w2€y - wzf — Wyl = 0 (A)
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To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ = zay +yaz +a (1E)
n = xbs +ybs + by (2E)

Where the unknown coefficients are
{a1, as, as, by, ba, 53}
Substituting equations (1E,2E) and w into (A) gives
_ 3(zaz tyazt+a1) zhot+ybs+b

VI¥6z+y 0WI+6r+y
(5E)

bo+ /14 6x+y(bs —az) — (1+6x+7y)as

Putting the above in normal form gives

~ 12a3y/1 462+ yx + 2a3y/1 + 62 +yy+ 2031+ 60 +y — 2bo/1 + 62 + y + 18zas + xby — 12b3x +
2{/1+6x+y

=0

Setting the numerator to zero gives

—12a3+/1 4+ 6x +yx — 2a3\/1 + 6+ yy — 2a3/1 + 62+ y (6E)

+ 2bs+/1 + 6z + y — 18xas — xbs + 12b3x
- 2a2y — 6ya3 +yb3 — 6(11 - 2&2 - bl + 2b3 =0

Simplifying the above gives

—2(14+6x+y) ag+2(1+6x+y) bs—12a3+/1 + 6z + yx —2a3\/1+ 62+ yy (6E)

—2a3+/1+ 6x 4+ y+2by\/1 + 62 + y— 6xas — xby — b6yas —ybs —6a; —b; =0

Since the PDE has radicals, simplifying gives

—12a3\/1+ 62 +yz — 2a3/1+ 6 +yy — 2a3/1 +6x+y+2byy/1+ 62+ y

— 18zay — xby + 12bsx — 2a9y — 6yas + ybs — 6a; — 2a3 — by +2b3 =0
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Looking at the above PDE shows the following are all the terms with {z,y} in them.

(o VT¥ 60

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{x=vl,y=v2,\/1+6x+y:v3}

The above PDE (6E) now becomes

—12(131)3’01 — 20;3'03’1}2 — 18'1)1&2 - 20,2’02 - 6'02(13 — 2&3’1}3 (7E)
- ’U1b2 + 2b2’03 + 12b3’01 + ’l)2b3 — 6&1 - 20,2 - b1 =+ 2b3 =0

Collecting the above on the terms v; introduced, and these are
{U17 V2, ’U3}

Equation (7E) now becomes

—12a31)3v1 + (—18(12 - bg + 12b3) V1 — 2(13’03’02 + (—2&2 - 6a3 + bg) Va2 (SE)
+ (—20,3 + 2b2) V3 — 60,1 — 20,2 — bl + 2b3 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—12@3 =0
—2a3 =0
—2a3 + 2b2 =0

—18(12 — b2 + 12b3 =0
—2a9 —6az+ b3 =0
—6a1 — 2(12 — bl + 2b3 =0

Solving the above equations for the unknowns gives

apr=a
a, =0
a3 =0
b; = —6a,
by =0

bs =0
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Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

n=—6
Shifting is now applied to make & = 0 in order to simplify the rest of the computation

n=n-w(y)é

= -6 (V1+6s+y) (1)
=—\/14+6z+y—6
£=0

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _ dy _

F=y =48 1)

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx

S:/ldy
n

1
_ d
/—\/1+6w+y—6 Y

S is found from

Which results in

S=—2\/1+6w+y+61n<\/1+6w+y+6> —6ln(—6+\/1+6x+y> +61n (=35 + 62 + )

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ _ Sx +W($,y)Sy
dR R, +w(z,y)R,

(2)
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Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) =/1+6z+y

Evaluating all the partial derivatives gives

R, =1
R,=0
g __ 6
‘ VI+6z+y+6
1
S =
VT it6aty—6
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
dsS
-~ - 2A
dR (24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

-1

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).
/ ds = / —1dR
S (R) =—R + Cy

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

—2/T+6z+y+6In («/1+6x+y+6> —6ln (—6+ \/1+6x+y> 4 6In (=354 62 +y) = — + ¢
Which gives

St _ St s o
—2 LambertW - _2_6"'? — LambertW - —1-=24

y:e —]_26
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The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical . . .
. ) ) . ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, S)
transformation ’

dy _

2=41+6z+y

Yo
R=zx

S =—2\/1+6x+y+6]

\
AR

AR NN SN
D N O S N

y(x) 01

1

N e e e

\A\A\A\A\A\A\ﬂ\ﬂ\A\A\ﬂ\ﬂ\A\§\§\A\A\§\§\;
e e e i e, e e e, e " e e e e, e e e

N N D e e I N S N
e S S e S e e SN NN
e e e N GG N o GG

T T TR TR T T TR TR TR T T TR T T T T T A
R S N e

Figure 2.78: Slope field plot
Y =+1+6z+y

Summary of solutions found

—2 LambertW - —2—§+? — LambertW - —-1-5+

y=-e —12e
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Solved as first order ode of type dAlembert
Time used: 0.268 (sec)

Let p = ¢ the ode becomes

p=+1+6x+y

Solving for y from the above results in
y=p*—6z—1 (1)

This has the form

y =zf(p) + g(p) *)

Where f, g are functions of p = y/(z). The above ode is dAlembert ode which is now
solved.

Taking derivative of (*) w.r.t. z gives

p=f+(af +9) P
p—f=af +d) 2L @)

Comparing the form y = zf 4+ g to (1A) shows that

f=—6
g=p"—1
Hence (2) becomes
p+ 6= 2pp/(z) (24)

The singular solution is found by setting % = 0 in the above which gives

p+6=0

No valid singular solutions found.

The general solution is found when 2 # 0. From eq. (2A). This results in

iy _ P(x)+6
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This ODE is now solved for p(z). No inversion is needed. Integrating gives

2p—12In(p+6)=z+¢

Singular solutions are found by solving

p+6_

0
2p

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) = —6

Solving for p(z) gives

p(z) = —6

—1—=z_4a
p(z) = —6 LambertW (—%) —6

Substituing the above solution for p in (2A) gives

y=—6x 4 35

c 2
5%
y = (—6 LambertW (—GT) - 6) — 6z —1

y=—6x+ 35

The solution

was found not to satisfy the ode or the IC. Hence it is removed.
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o] =77 7111117111
AR EEEEEEE
VA A
21 VA A (.
VA | 11
70011 11
. SR EEERREE
S 71T
=77 771111111
7 717 1 71 1 ¢
w0 o 2R ERRRE
VA A A
VAV A A
= 2770011
A
SRR
2 SRR EEEE
VA A A B
VANV |
-3 77111111
o 3 5 5 7
X
Figure 2.79: Slope field plot
Yy =+y1+6zx+y
Summary of solutions found
1-z 21 2
e - 127 12
y = | —6 LambertW -5 -6 —6z—-1

Maple step by step solution

Let’s solve
dy(z) = /1462 +y(z)

° Highest derivative means the order of the ODE is 1
=y(@)

° Solve for the highest derivative

%y(m) =/1+6zx+y(x)

Maple trace

"Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous C
1st order, trying the canonical coordinates of the invariance group
-> Calling odsolve with the ODE™, diff(y(x), x) = -6, y(x)° *okok

Sublevel 2 *x*>
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Methods for first order ODEs:
-—- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful
<- 1st order, canonical coordinates successful

<- homogeneous successful”

Maple dsolve solution

Solving time : 0.029 (sec)
Leaf size : 57

e

dsolve(diff(y(x),x) = (1+6xx+y(x))~(1/2),
L y(x) ,singsol=all)

1—2y/T+6+y+6m(6+/1+62+y)
—61n(—6+\/1+6:c—|—y) +6In(—35+y+6z)—c; =0

Mathematica DSolve solution

Solving time : 10.898 (sec)
Leaf size : 112

'DSolve [{D[y[x],x]==(1+6xx+y[x])~(1/2),{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(z) — 36W (—%eé<—6f—73+6°1>) 2 4 T2W (—%eé<—6$—73+601>) — 6z +35
y(z) — 35 — 6z

1 2 1
y(z) = 36W (—56712(—69”—73)) +72W (—geé<—6$—73>) — 6z + 35
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2.1.61 problem 61

Solved as first order homogeneous class Code . . . . . . . ..
Solved using Lie symmetry for first order ode . . . . . . . ..
Maple step by step solution . . . . . ... ... ... ... ..
Maple trace . . . . . . . . . . . ...
Maple dsolve solution . . . . . ... .. ... ...,
Mathematica DSolve solution . . . . . ... ... ... .....

Internal problem ID [8721]

Book : First order enumerated odes

Section : section 1

Problem number : 61

Date solved : Tuesday, December 17, 2024 at 12:58:29 PM
CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]

Solve

y’=(1—|—69c-|—y)1/3

Solved as first order homogeneous class C ode
Time used: 0.240 (sec)
Let
z=1+6zx+y
Then
Z(z)=6+1y
Therefore
y =2(x)—6
Hence the given ode can now be written as
Z(z) — 6 =23

This is separable first order ode. Integrating

1
2/3

3z

Tr+c =

1)

—361n (%% — 62'% + 36) + 721n (2'/* + 6) + 361n (216 + z) — 182"/
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Replacing z back by its value from (1) then the above gives the solution as

3 ~

RTRTR TR TR TR T ™
N NN

NN NN

AR O NN

D O D e e e e N N

y(x) 01

1

24

N D D e e e N N NN

NN N e N T S N NN

N

N e e e

N e e e e N

3

v 2 0 2 4
X

Figure 2.80: Slope field plot
y = (1+6z+y)"

Summary of solutions found

3(1 + 6z +y)*/?

2
—6(1+6z+y)1/3+36) +721n ((1+6x+y)1/3+6) +361n (217+62+y)—18(1+62+y)* =z+e;

—361n ((1 + 6z + y)*/?

Solved using Lie symmetry for first order ode
Time used: 0.928 (sec)
Writing the ode as

y'=(1+6s+y)"”

Y =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Ne + W(ﬂy - é-m) - w2€y —we€ — Wy = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ =zaz +yas + a (1E)
n = by + ybs + by (2E)
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Where the unknown coeflicients are

{ala Gz, as, b17 b27 b3}
Substituting equations (1E,2E) and w into (A) gives

by + (14 6z + 1) (bs — az) — (1 + 6z + )% as (5E)

B 2(zas + yas + ay) by + ybs + by

1+6z+1)" 3(1+6z+y)7®

Putting the above in normal form gives

_3(1+6z+ y)4/3 asz — 3by(1 + 6z + y)2/3 + 24zxay + xby — 18b3x + 3asy + 6yas — 2ybs + 6a; + 3as + by
3(1+ 6z +y)°
Setting the numerator to zero gives
—3(1+ 6z + )3 a5 + 3by(1 + 6z + y)*/® — 24za, — by (6E)

+ 18bsx — 3asy — 6yaz + 2ybs — 6a; — 3as — by + 3b3 =0
Simplifying the above gives

—3(1 46z +y)* a5 — 3(1 4 62 + y) as + 3(1 + 6z + ) bs (6E)

+ 3by(1 + 62 + y)2/3 — 6zay — xby — 6yaz — ybs — 6a; — by =0
Since the PDE has radicals, simplifying gives

—18(1 + 62 + 4)'/? asz + 3b,(1 + 62 + y)** — 3(1 + 62 + )"/ asy — 24zay — b,
+ 18bsz — 3(1 + 6z + y) /% a3 — 3agy — 6yas + 2ybs — 6a; — 3as — by + 3b; =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{o,0,(1+62+9)"*, (1 + 62 +1)*}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{x = v,y =02, (1462 +y)"° = vs, (1 + 6z +7)*° = v4}
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The above PDE (6E) now becomes

—18’03(13’01 — 3U3&3U2 - 24’010,2 — 30,2’02 - 6’1)2@3 - 3’1)3&3 (7E)
- ’l)1b2 + 3b2v4 + 18b31)1 + 2’02b3 - 6a1 — 302 - bl + 3b3 =0

Collecting the above on the terms v; introduced, and these are
{vla V2, U3, U4}

Equation (7E) now becomes

—181)3&3’1)1 + (—24a2 - b2 + 18b3) V1 — 3v3a3v2 (8E)
+ (—3&2 — 6(13 + 2b3) Vg — 3’03(13 + 3b2’U4 — 6(,11 — 3(12 - b1 + 3b3 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—18a3 =0
—3(13 =0
3by =0

—24(12 - b2 + 18b3 =0
—3&2 - 6(13 + 2b3 =0
—6a1 — 3&2 — bl + 3b3 =0

Solving the above equations for the unknowns gives

a; = ay
a; =0
a3 =0
b; = —6a,
by =0
bs =0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives
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Shifting is now applied to make & = 0 in order to simplify the rest of the computation

n=n-w(,y)§

=—6— ((1 + 62 + y)1/3) (1)

—(1 +6x+y)1/3

£€=0
The next step is to determine the canonical coordinates R, S. The canonical coordinates

map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

der dy
—=—"=d
£ S (1)

The above comes from the requirements that <£ 2 4 n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==zx
S is found from

S dy

I
I =

d
/ 1+6x+y)1/3—6 Y
Which results in

3(1 + 6z + y)*/?

S=— .

+361n (1462 +y)*° — 6(1+62+)"* +36) — 72In (1 + 62 +1)"* +6) -

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

S _ S, +w(z,y)s,
dR R, +w(z,y)R,

2)

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = (1+6z +y)"
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Evaluating all the partial derivatives gives

R, =1
R,=0
6
Se == 1/3
(1+6z+y)’"+6
1
Sy =

—(1+6z+y)/* -6
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds
-~ -1 2A
dR (24)
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

-1

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

/dS:/—ldR
S(R)=—-R+c

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in
3(1+ 6z + y)?/?

- . +361n ((1+6x+y)2/3—6(1+6x+y)1/3+36> —72In ((1+6x+y)1/3+6) 36!
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The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical . . )
.. . . . ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, S)
transformation ’
1/3
= (1+6z+y)" s — 1

o

z+y)

3 7777177777711
7771777111

7777711

2] AN
AR

A

R AN
777771

S nnn

yo) o 777717107
777777710

] AN

4 A
s 7717711

AN

-2 AN
7777777177

AN

3 77777
= 2 : h

Figure 2.81: Slope field plot
Y =(1+6z+y)"

Summary of solutions found

3(1+6z+y)*?

2
—6(1+62+y)"°+36) ~72In ((1+62+y)"/*+6) ~36In (217+62-+y) + 18(1+62-+1)"/* = 2+,

+361n ((1 + 62 + )
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Maple step by step solution

Let’s solve
Ly(z) = (1462 +y())"”°

° Highest derivative means the order of the ODE is 1
=Y(@)

° Solve for the highest derivative

y(@) = (1+ 62 +y(@)"”?

Maple trace

e N

"Methods for first order ODEs:

--- Trying classification methods ---

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful

<- homogeneous successful”

N\ J

Maple dsolve solution

Solving time : 0.029 (sec)
Leaf size : 79

‘dsolve (diff(y(x),x) = (1+6xx+y(x))~(1/3), ‘
‘ y(x) ,singsol=all) ‘

L, 31 +6z+y)*"

2
+361n ((1+6x+y)2/3—6(1+6x+y)1/3+36> —361n (217+y—+6z)+18(1+6z+y) /> —c; =0

—72n (6+ (1462 +3)"°)
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Mathematica DSolve solution

Solving time : 0.229 (sec)
Leaf size : 66

'DSolve [{D[y[x],x]==(1+6xx+y[x])~(1/3),{}},
‘ y[x],x,IncludeSingularSolutions->True]

Solve E (y(z) — 9(y(z) + 62 + 1)*3 + 108 ¢/y(z) + 6z + 1
— 648 log (\S/y(x) +6x+1+ 6) + 6z + 1) — @ = c1,y(x)
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2.1.62 problem 62

Solved as first order homogeneous class Code . . . . . .. . .. 439
Solved using Lie symmetry for first orderode . . . .. ... .. 440
Maple step by step solution . . . . . ... ... ... ... .. 446
Mapletrace . . . . . . . . . . ... 446
Maple dsolve solution . . . . . ... ... ... L. 446
Mathematica DSolve solution . . . . . ... ... ... ..... 447

Internal problem ID [8722]

Book : First order enumerated odes

Section : section 1

Problem number : 62

Date solved : Tuesday, December 17, 2024 at 12:58:31 PM
CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]

Solve

y = (14 6z +y)"/*

Solved as first order homogeneous class C ode

Time used: 0.237 (sec)

Let

z=1+6x+y (1)
Then

Z(x)=6+Yy
Therefore

y =2(x)—6

Hence the given ode can now be written as
2 (z) — 6 =24

This is separable first order ode. Integrating

1

T+ ¢ = —2161n (—z + 1296) — 12/z + 2161n (v/z + 36) — 2161n (v/z — 36)
423/4
3

+ 1442"* — 4321n (2M/* + 6) + 4321In (2V/* — 6) +
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Replacing z back by its value from (1) then the above gives the solution as
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Figure 2.82: Slope field plot
y = (1+ 6z +y)"*

Summary of solutions found

21610 (1295 — 62 — y) — 12,/1 + 62 + ¢ +2161n<\/1+6x+y+36>
—216ln<\/1+6w+ 36)+144 (1+ 62 +y) —4321n<(1+6x+y)1/4

4(1 + 6z +y)**
+6>+4321n<(1+6x+y)1/4 >+( “;y) =z4c

Solved using Lie symmetry for first order ode
Time used: 0.756 (sec)

Writing the ode as
y'=(1+6z+y)"
Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Mo +w(ty — &) — W€y — wef —wyn =0 (A)
To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ = zaz +yaz + o (1E)
n = by + ybs + by (2E)
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Where the unknown coeflicients are

{ala az, as, b17 b2a b3}

Substituting equations (1E,2E) and w into (A) gives

by + (1462 +1)"/* (bs —ag) — \/1+ 6+ yas (5E)
_ 3(.’1)&2 + yas +a1) _ iL'bz +yb3 +b1 N
2(1+6z+y)**  4(1+6z+y)**

Putting the above in normal form gives

4(1 + 6z + y)‘r’/4 az — 4by(1 + 6z + 3/)3/4 + 30zas + xby — 24bsx + 4asy + 6yas — 3ybs + 6a; + 4as + by
41+ 6z +y)**

Setting the numerator to zero gives

—4(1 + 6z +y)** az + 4by(1 + 6z + y)*/* — 30zay — zb (6E)
+ 24bsx — 4asy — 6yaz + 3ybs — 6a; — 4as — by +4b3 =0

Simplifying the above gives

—4(1 46z 4+ y) ag + 4(1 + 6z + ) by — 4(1 + 62 +y)** as (6E)
+ 4b2(1 + 6x + y)3/4 - 6117(12 — CL'bQ — 6ya3 - yb3 - 60,1 — bl =0

Since the PDE has radicals, simplifying gives

4by(1+ 6z + )** — 24(1 + 6z + y)/* asz — 4(1 + 63 + )/* asy — 30zay — by
+ 24bsz — 4(1 4 6z + y)1/4 a3 — 4agy — 6yasz + 3ybs — 6a; — 4as — by +4b3 =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{20,146 +9)"",(1+62+)""}]

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{x = v,y =02, (1462 +y)" = vs, (1 + 6z +7)"* = v4}
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The above PDE (6E) now becomes

—24’03(13’01 — 4U3&3U2 - 30’010,2 — 4(1,2’02 - 6’1)2@3 - 4’1)3&3 (7E)
- ’l)1b2 + 4b2’U4 =+ 24b31)1 + 3’02b3 — 6a1 — 4(12 — bl + 4b3 =0

Collecting the above on the terms v; introduced, and these are
{vla V2, U3, U4}

Equation (7E) now becomes

—241)3&3’1)1 + (—30a2 - b2 + 24b3) v — 4’(}3&3’1}2 (8E)
+ (—4a2 — 6(13 =+ 3b3) Vg — 4’()3(13 + 4b2’U4 — 6&1 — 4@2 — b1 + 4b3 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—24@3 =0
—4(13 =0
4by =0

—30(12 - b2 + 24b3 =0
—4a9 — 6ag + 3bs =0
—6a1 — 4&2 — bl + 4b3 =0

Solving the above equations for the unknowns gives

a; = ay
a; =0
a3 =0
b; = —6a,
by =0
bs =0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives
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The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
§ n

The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _n
dr ¢
_=6
1
=—6
This is easily solved to give
y=—6x+c

Where now the coordinate R is taken as the constant of integration. Hence

R=6zx+y
And S is found from
dx
dS = —
§
_ds
1

Integrating gives
dx
S= [ —=
/7
=z

Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ S+ w(z,y)S, @)
dR R, +w(z,y)R,
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Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = (1+6z +y)"*

Evaluating all the partial derivatives gives

R, =6
R,=1
S, =1
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
dR (1+6z+1y)"/* +6

(24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as 1

dR (1+R)"*+6

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

/w=/ ﬂ4 dR
(1+R)"*+6

4(1+ R)**
3

S(R) = —1%ﬂ+R+¢Mu+Rﬂ“—%ungyfmuuﬁ>+Q
To complete the solution, we just need to transform the above back to z,y coordinates.
This results in

A(1 + 6z + y)*/*

= . —12\/T+ 62+ y+ 144(1 + 6z +9)"* — 8641n ((1+ 60 +)"* +6) + c5




CHAPTER 2. BOOK SOLVED PROBLEMS 445

The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical
.. ) ) : ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, S)
transformation ’
dy _ 1/4 as _ 1
i = (1+6z+y) dR — (1+R)/*+6
oo
R=6zx+y
S=z
3 VAV AV AY AN AV YA
7777777777
7777777777
2 7777777777
777777777
7777777777
o 7777777777
77777777
s 777777777
w0 o 7777777777
y VAV AV A A A A A |
ST 77777777
] 77T
- ST 77777777
77777777
777777777
-2 S 77777777
77777777
77777777
-3 JJ7 7777777
o 2 ; 7

X
Figure 2.83: Slope field plot
y = (14 6z +y)"*

Summary of solutions found

3/4

x = 4(1+6§+y) —12y/1+6z+y

+144(1+ 63+ y)"/* — 8641n ((1+ 62 +1)" +6) +0;
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Maple step by step solution

Let’s solve
Ly(z) = (1462 +y())"*
° Highest derivative means the order of the ODE is 1
=Y(@)
° Solve for the highest derivative
Ly(@) = (1+ 6z +y(z))*

Maple trace

/

"Methods for first order ODEs:

--- Trying classification methods ---

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful

<- homogeneous successful”

N\

Maple dsolve solution

Solving time : 0.030 (sec)
Leaf size : 109

‘ dsolve(diff (y(x),x) = (1+6xx+y(x))~(1/4),
‘ y(x) ,singsol=all)

z +2161n (—y — 6z + 1295) + 124/1 + 6z + y — 2161n <\/1+6x+y+36>

+2161n («/1+6x+ 36> — 144(1 + 6z + y)* + 4321n <6

4(1+ 6z +y)
3

3/4

+(1 -|-6x-|—y)1/4) — 4321n ((1 + 6z +y) —6) - =0
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Mathematica DSolve solution

Solving time : 0.325 (sec)
Leaf size : 79

'DSolve [{D[y[x],x]==(1+6xx+y[x])~(1/4),{}},
‘ y[x],x,IncludeSingularSolutions->True] ‘

Solve [1 (y(w) — 8(y(z) + 62 + 1)¥* + 72\ /y(x) + 62 + 1 — 864{/y(z) + 6z + 1

6

+ 51841og (:*/y(x) Y6z +1+ 6) + 62+ 1) - @ = c1,y(@)
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2.1.63 problem 63
Solved as first order homogeneous class Code . . . . . .. . .. 48]
Solved using Lie symmetry for first orderode . . . .. ... .. 449
Maple step by step solution . . . . . ... ... ... ... .. 455
Mapletrace . . . . . . . . . . ... 455
Maple dsolve solution . . . . . ... ... ... L. 456]
Mathematica DSolve solution . . . . . ... ... ... ..... 45061

Internal problem ID [8723]

Book : First order enumerated odes
Section : section 1

Problem number : 63

Date solved : Tuesday, December 17, 2024 at 12:58:33 PM

CAS classification : [[_homogeneous, ‘class C‘],

Solve

y = (a+bz+y)

Solved as first order homogeneous class C ode

Time used: 0.510 (sec)

Let

z=a+bx+y
Then

Z(x)=b+y
Therefore

y =2(z)—b

Hence the given ode can now be written as
Z(x) —b=z*

This is separable first order ode. Integrating

1
/dx—/z4+bdz

V2 <ln (M) + 2arctan <‘/§z

22—b1/424/24+Vb pl/4
r+c =

_dAlembert]

1) + 2 arctan (

S

b

2z
1/4

)

853/4

(1)
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Replacing z back by its value from (1) then the above gives the solution as

Summary of solutions found

a+bx 24 bt /4 (a+ba 2+vb 2 (a+bx 2 (a+bx
\/5 <111 (EaibeZ;Qtbl/‘lgaibxiz;giﬁ> + 2arctan (W + 1) + 2arctan (W - 1))
8b3/4

=T

+c

Solved using Lie symmetry for first order ode
Time used: 0.961 (sec)

Writing the ode as

y = (bx+a+y)*
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - é.x) - wzé.y —wz€ — Wyl = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

g = zas + yas +a (1E)
1 = xby + ybs + by (2E)

Where the unknown coeflicients are

{al, as, as, by, b2a b3}

Substituting equations (1E,2E) and w into (A) gives

by + (bz +a+y)* (bs — az) — (bz + a +y)® as (5E)
— 4(bz + a +y) b(zas + yas + ay) — 4(bx + a + y)® (zby + ybs + by) =0

Putting the above in normal form gives

Expression too large to display
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Setting the numerator to zero gives

Expression too large to display (6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z, v}
The following substitution is now made to be able to collect on all terms with {z,y}
in them
{z =v1,y = v}
The above PDE (6E) now becomes

Expression too large to display (TE)

Collecting the above on the terms v; introduced, and these are

{’Ul, ’U2}
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Equation (7E) now becomes

—56a b°azviv, — 168a%b°azvivy — 168a b azviva
— 280a%b*azvivy, — 420a*b*azvivs — 280a b*azvivi
— 560a3b3azv3v? — 560a’b>asv3vS — 280a b3asviv]
— 560a®b?azviv — 420a*b aszvivy — 168a b’azviv]
— 280a3ba3vlv2 — 168a2ba3’01’02 56aba3vlvg
+ ( 280a*b%a3 — 4b*a; — 16b3%a5 — 12b b2) 1)1212
+ (—420aba3 — 12b%a3 — 18b%ay — 6b°bs — 12bb,) viv3
+ (—168a’b’az — 12ab’az — 36a b’a,
— 12b%a; — 24abby — 12b2b1) v%vz
+ (—280a4ba3 — 12b%a3 — 8bay — 8bbs — 4b2) vlvg
+ (—168a’bag — 24a b’as — 24abay — 12abb; — 12b%a,
— 12aby — 12bb1) vlvg + (—56a6ba3 — 12a%b%as
— 24a’bay — 24ab’a; — 12a’b; — 24abb;) v1vy
— 28b2ag,va2 8ba3vlv2 8a b7a3v1 8b7a3vl112
— 28a%b%a30? — 28b%azv8v3 — 56a°b°azvd — 56b°azvivs
— 70b*azvivy — 56b%azvivy + by — 4a’ba;
(—70a4b4a3 5btas + b*bs — 4b3b2) vil + (—56a5b3a3
— 16ab3%ay + 4a b3b3 — 4b*a; — 12a b?by — 4b3b1) 'vf
+ (—28a°b%as — 18a°b%as + 6ab°bs — 12a b°a; — 12a°bb.
—12a b2b1) ’U% + (—8a7ba3 — 8a3bas + 4a®bbs — 12a%b%a,
—4a3by — 12a2bb1) v+ (—70a4a3 —4bas —ag — 3b3) vg
+ (—56a’asz — 12abas — 4aay — 8abs — 4ba; — 4b) v3
+ (—28a°as — 12a’bas — 6a°as
— 6a2b; — 12aba; — 12ab1) vg
( 8a’as — 4a3ba3 4a3ay — 12a%ba; — 12a2b1) Vg
— b¥azv} — 56aazvi — 28a*aszvs — 8aazvy
—a*as + a*bs — alag — 443 bl—agv2 =0

(8E)
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Setting each coefficients in (8E) to zero gives the following equations to solve

—a3 =0

—8aasz =0
—28a%a3 =0
—56a3a; =0
—8bas; =0
—28b%a3 =0
—56b%a5 = 0
—T70b%as =0
—56b°a3 = 0
—28b%a3 =0
—8b’as =0
—bBaz =0
—56abas =0
—168a b%as = 0
—280a b®as =0
—280a b*as =0
—168ab’as = 0
—56a b%as = 0
—8ab’az; =0
—168a%bag = 0

—420a2b%a3 = 0

—560a%b%a3 = 0

—420a%b%a; = 0

—168a%b%as = 0

—28a%t%a3 =0

—280a®bag = 0

—560ab%as = 0

—560a3b%a3 = 0

—280a3b*as = 0

—56a3b%as = 0

—280a*b®ag — 4b*as — 16b%ay — 12b%b, = 0
—70a%as; — 4bas — as — 3b3 =0

—T70a*b*as — 5btay + bbs — 4630, = 0

—8a" a3 — 4a3bas — 4a3as — 12a%ba; — 12a%b; = 0
—280a*bag — 12b%a3 — 8bay — 8bbg — 4by = 0
—420a*b%as — 12b%a3 — 18b%ay — 6b%bs — 12bby = 0
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Solving the above equations for the unknowns gives

a; = ay
a, =0
ag =
b; = —ba;y
by =0
bs =0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _

f=, =45 (1)

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _n
de &
_ b
1
=-b
This is easily solved to give
y=—-bxr+c

Where now the coordinate R is taken as the constant of integration. Hence

R=bzr+vy
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And S is found from

Integrating gives
dz
S=[| =
/7
=z

Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

as _ S+ w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(x,y) is the right
hand side of the original ode given by

w(z,y) = bz +a+7y)*

Evaluating all the partial derivatives gives

R,=b
R,=1
S, =1
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1

dR b+ (bz+a+y)*
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

ds 1
dR b+ (R+a)

(24)

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.
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Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

1
/dS_/R4+4R3a+6R2a2+4Ra3+a4+bdR

3 2 2 3
(_R:RootOf(_z4+4_23a+6_22a2+4a3_z+a4+b) _R'+s_Ra+s Ra*+a
4

n(R—_R) )

S(R) =

+ co

1
S(R) = / RiT iRt 6Ra T ARG 1 at rpiit e

This results in

Y 1
xz/ 1 3 5 d_a+c
(bzx+_a)" +4(bz+_a)’a+6(bzr+_a)a®+4(bzx+_a)a®+a*+b

Summary of solutions found

Y 1
x= d
/ (bx+_a)* +4(bz+_a)’a+6(bx+_a)’a®+4(bx+_a)ad+at+b

a+cy

Maple step by step solution

Let’s solve
y(@) = (a+bz + y(2))*

° Highest derivative means the order of the ODE is 1
wy()

° Solve for the highest derivative

wy(@) = (a+bz +y(z))*

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear
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trying homogeneous types:
trying homogeneous C
1st order, trying the canonical coordinates of the invariance group
-> Calling odsolve with the ODE™, diff(y(x), x) = -b, y(x)° *x*%* Sublevel 2 **:
Methods for first order ODEs:
-—- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful
<- 1st order, canonical coordinates successful
<- homogeneous successful”

Maple dsolve solution

Solving time : 0.040 (sec)
Leaf size : 49

‘ dsolve(diff (y(x),x) = (atbxx+y(x))~4, ‘
‘ y(x),singsol=all) ‘

z
— 1
= —b tOf | — d
Y Z + RootO ( x—i—/ _a*+4 aPa+6_a%a?+4 aat+a*t+b _a+cl>

Mathematica DSolve solution

Solving time : 0.413 (sec)
Leaf size : 163

DSolve[{D[y[x],x]==(a+bsx+y[x])~(4),{}}, |
y[x],x,IncludeSingularSolutions->True]

N J

2+/2 arctan (1 - W) — 2y/2arctan (W + 1) +v/2log ((a + bz + y(z))? —
8b?

Solve
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457
2.1.64 problem 64
Solved as first order homogeneous class Code . . . . . .. . .. 457
Solved using Lie symmetry for first orderode . . . .. ... .. 459]
Solved as first order ode of type dAlembert . . . .. ... ... 468
Maple step by step solution . . . . .. ... ... ... ..... 481l
Mapletrace . . . . . . . . . . . e 481l
Maple dsolve solution . . . . ... ... .. ... .. ...... 48]
Mathematica DSolve solution . . . . .. .. ... ... ..... AR
Internal problem ID [8724]
Book : First order enumerated odes
Section : section 1
Problem number : 64
Date solved : Tuesday, December 17, 2024 at 01:01:14 PM
CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]
Solve
y = (r+z+Ty)"?
Solved as first order homogeneous class C ode
Time used: 0.861 (sec)
Let
z=7m+x+ Ty (1)
Then
Z(x)=1+T7y
Therefore
Z(z) 1
/ f— — —
Y= T

Hence the given ode can now be written as

Z(z) 1_
7T
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This is separable first order ode. Integrating

1
[ 2= | e

(i ) (o 6"

R=RootOf (49_Z"—1) n R=RootOf (7_Z"+1)
343 49
In <\/E—_R)
Z R5
n __R=RootOf(7_Z"-1)  —
49

T+c =—

Replacing z back by its value from (1) then the above gives the solution as

34

1
1

[ NN

NN

N——— s s s s

1
1
|
1
1

—

y(x) 0 — 71 1

= 7 5 ; 7
X

Figure 2.84: Slope field plot
y=rm+z+ 7y)7/2

Summary of solutions found

( Z In (7r+ai-;ya—_R) > < Z In (@—_R) )

R=RootOf (49_2Z"-1) R=RootOf (7_Z"+1)
343 49
n(vrra+ry—_R)
Z R5
_ R=RootOf (7_Z"-1) —
49

=+
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Solved using Lie symmetry for first order ode
Time used: 2.738 (sec)

Writing the ode as

Y =(m+z+T7y)"?
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by
Nz + W(ﬂy - Ez) - w2€y - wx€ — Wy = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

£ =zas+yas + a1 (1E)
n = xbs +ybs + by (2E)

Where the unknown coefficients are

{al, as, as, by, by, b3}

Substituting equations (1E,2E) and w into (A) gives

by + (w4 2+ Ty)"/? (b — a) — (m + 2+ Ty) a3 (5E)
7(m +z + Ty)*? (zay + yas + ay)

2
9+ 4+ 7y)*? (zby + ybs + by) _0
5 -
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Putting the above in normal form gives

—a"a3 — 823543y7as + (7 + z + Ty) "/ by
Tr+a+7)" a0 49(r+3+7y)" b
2 2

—(7r-|—x+7y)7/2a2—7r7a3—

Ly (4o ) zay  T(r+z+ 7)) ya
_ 9(7r e -; 73/) o g(w = -; 7y) b5 - 77T6ma3 - 497T6ya3

— 217°z%a; — 10297° y a3 — 35mtz3ag — 120057r4y3a3 — 35mzta,

— 840357r3y4a3 2171' z5as — 352947772y5a3 — Tr z%a3 — 8235437 y6a3
— 492%yas — 10292°y%a3 — 12005z*y>as — 8403523y as — 35294722y as
— 823543z y%as — 7357 z2yas — 514571z y2as — 98032 yas

- 102907r3x2y2a3 4802073z y3as — 735wz tyas — 102907r2m3y2a3

— 72030m%z%yas — 25210572z yias — 2947 xPyas — 51457 zty2as

— 480207 23y3as — 2521057 z2y*as — 7058947z yPas — 294’ ryas = 0

Setting the numerator to zero gives

—2x"as— 1647086y7ag,—}-2(7r—|—x—|—7y)7/2 b3 —2(7r+a:—|—7y)7/2 ay—27" as —7(7r—|—x+7y)i€EL)1
—49(m+z+Ty)> 2 by +2by— T(m+3+Ty)* mas—T(r+z+7y)*? yaz —49(m +z+Ty)** zby — 49 (7 + 2+ Ty)’
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Since the PDE has radicals, simplifying gives

—2z"a5 — 1647086y as — 27" as + 2by
— 147T{L'\/myb3 — 271'3\/71'—1—3574—73;&2
+2m /T + x4+ Tybs — 92°\ /7 + x + Ty ay
490 /T T T F Tyby + 2037+ 2 T Tybs
— 686/ + 2+ Tyylas — 343/ + x + Ty yas
—1715\/7 + 2 + Ty y°bs — 7772\/ma1
— 497r2\/m by — 7z2\/7r—|—x7—|—7ya1
— 492 /7 + x + Ty b, — 343\ /7 + = + Tyy’a
— 2401+\/7 + z + Ty y°b, — 1827rx\/mya2
— l4mz\/m+x + Tyyas — 686ﬂx\/myb2
— 147%za; — 987%yas — 427°z%a; — 205875y a4
— 70m*23 a3 — 240107*y a3 — 70732 *as — 16807073y as
— 42122503 —705894m%y° a3 — 141 2%a3 — 16470867 ytas
— 98z%ya; — 2058z°y%a; — 240102y ay
— 168070x3y*as — 705894x2y°as — 1647086z y°as
—137%z\/T + x + Ty ay — 497z /T + x + Ty by
+ 67r2z\/mb3 — 4272\ /7 + x + Ty yas
— 7 \/m yag — T \/m ybs
— 207T.’1:2\/m(12 — 987rm2\/mb2
+ 6m 22\/T 4+ x + Ty bs — 2947/ + = + Ty y’a,
— 987m\/7 + x + Ty y?as — 3927/ + = + Ty y’bs
— 14022/ + = + Ty yay — T2°\/7 + = + Ty yas
— 68622/ +  + Ty yby — T2°\/7 + x + Ty ybs
— 637z\/7 + = + Ty y?as — 98z /7 + = + Ty yas
— 2401z\/7 + = + Ty y?by — 392z /7 + = + Ty y?bs

— lrz\/m+ 2+ Tya; — 98mx/m+ 1+ Ty by
—98m\/m+ x + Tyya; — 6867\/7 + x + Ty yby

— 98x+\/7 4+ x + Ty ya; — 686/ 7+ x + Ty yb;

— 14707 zyas — 102907z y*as — 19607m323yas

— 20580m3z%y% a3 — 9604073z y3as — 147072 yas

— 205807223y %as — 14406072x2y3as — 50421072z 3t as
— 5881 z°yas — 102907 z*y%as — 960407 z3y3as

— 5042107 z%y*as — 14117887z yPas — 588m°xyas = 0
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Looking at the above PDE shows the following are all the terms with {z,y} in them.

(o, Vv e ey}

The following substitution is now made to be able to collect on all terms with {z,y}

in them

{zzvl,yzv%\/w—l—x—i—?yzvg}

The above PDE (6E) now becomes

—27"ag — 147%va3 — 987%veas — 427r51)fa3
— 588m°v v0a3 — 20587 vias — T0m*vias — 14707 v vya3
— 102907 v, v2a3 — 240107 v3as — 7T0m3vias
— 196073 v3voa3 — 2058073 vivias — 9604073v v3as
- 168070w3v§a3 — 4271'21)?(13 - 147071'211111)2(13
— 20580m%v3v2a; — 144060m*v2vias — 5042107 v v5as
— 7058947%v3a3 — 14mvlas — 588mviusas — 102907vivias
— 96040mv3vias — 504210mvivias — 14117887wvv5a3
— 1647086mv5az — 2v] a3 — 98vSvya3 — 2058vivaas
— 24010v{vias — 168070v3v3as — 705894vivsas
— 1647086v;v5a3 — 1647086vias — 2m3vzay
+ 2m3u3bs — 13712010300 — 422050000 — TT2U3V2a3
— 497%v1v3by + 620 U3bs — TT2U3U9bs — 207rv%v3a2
— 182mv v3veas — 2947rv31)§a2 — 147 v3v0a3 — 987rvgv§a3
— 9877vang — 6867V V3U2bg + Gwva3b3 — 14mv1v309b3
— 3927rvgv§b3 — 9v§'v3a2 — 1401)%1)302@ — 637v1vgv§a2
— 686v3v§’a2 — 71)%1)3212(13 — 981)12131)%@3 — 343v3v§’a3
— 49v3v3by — 686V V3V2by — 24010, v3v3by + 203 U3bs
— 7va3v2b3 — 392v11)3v§b3 - 17 15v3v3b3 — Trvsaq
— 4971%v3by — 1470 v5a; — 98TU3Vea; — 98TV U3hy
— 6867vU3Uab; — 7fvaga1 — 98w v3v9a1 — 343'031)%&1
— 49v3v3b; — 686v,U3v9b; — 2401v3v3b; + 2by = 0

Collecting the above on the terms v; introduced, and these are

{Ul) V2, U3}

(7E)
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Equation (7E) now becomes

—2n7ag — 14707r4v%v2a3 — 102907r4v1v§a3
— 196073 v3v9a3 — 2058073 vivias — 9604073 v v3as
— 147070 vaas — 205801 vivias — 14406012 vivias
— 5042107%v,v5a3 — 588mvivsas — 102907vivias
— 96040mv3vias — 504210mvivias — 141178871vv5a3
— 5887m°v1v0a3 + (—9ag — 49by + 2b3) vivs
+ (—207ay — 987by + 6mbs — Tay — 49b;) vivs
+ (—137r2a2 — 497%by + 6723 — 147a, — 9871'61) V1U3
+ (—686ay — 343a3 — 1715b3) vivs
+ (—2947ay — 98mas — 3927wbs — 343a; — 2401b; ) vvs (8E)
+ (—427r2a2 — Trlasz — Tw?bs — 98ma, — 6867rb1) Va3
+ 2by + (—27r3a2 + 2713by — Tnay — 497r2b1) U3
— 21){&3 — 16470861);(13 — 147%01a3 — 987%v0as4
— 42m%vias — 20587 viaz — T0m*vias — 240107 v3as
— T0m3vias — 1680703 vyas — 42n°vias — 705894 v3as
— 14mv8az — 1647086mv5as — 98vSvya3 — 2058v5vias
— 24010viviaz — 168070v3v5a3 — 705894vivias
— 1647086v,v5a3 + (—140a, — Taz — 686by — 7bs) vivavs
+ (—637ay — 98a3 — 2401b; — 392b3) v1vovs + (—1827ay
— l4maz — 686mby — 147by — 98a; — 686b;) v1vav3 = 0
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Setting each coefficients in (8E) to zero gives the following equations to solve

—1647086a3 = 0

—705894a3 =0
—168070a3 =0
—24010a3 =0
—2058a3 =0
—98a3 =0
—2a3 =0

—16470867as = 0
—1411788maz =0
—504210ma3z =0

—96040maz = 0
—10290ma3z =0
—588masz =0
—14mas =0

—70589472%a3 = 0
—5042107%a3 = 0
—1440607%as = 0
—2058072%a3 = 0
—14707%a3 = 0
—421%a3 =0
—16807073as = 0
—9604073a3 = 0
—2058073as = 0
—196073a3 = 0
—70m3a3 =0
—240107%az = 0
—102907%as = 0

—14707*a3 = 0
—70m*a3 =0
—20587°az =0
—588m5a3 =0
—421°a3 =0
—987%a3 =0
—147%a3 =0

—686as — 343a3 — 171563 = 0
—9(12 - 49b2 + 2b3 =0
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Solving the above equations for the unknowns gives

a; = —T7b;
a; =0
a3 =0
by =0b,
by =0
bs=0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£=-7
n=1
The next step is to determine the canonical coordinates R, S. The canonical coordinates

map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _ dy _

F=, = (1)

The above comes from the requirements that <£ 2 4+ n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _m
dr ¢
1
I
1
T
This is easily solved to give
=2 +c
Y= 7 1

Where now the coordinate R is taken as the constant of integration. Hence

X
R—?er
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And S is found from

Integrating gives
dx
S= [ —
Ik
__2
7

Where the constant of integration is set to zero as we just need one solution. Now

that R,S are found, we need to setup the ode in these coordinates. This is done by
evaluating

as _ St w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = (1 +z +7y)"?

Evaluating all the partial derivatives gives

1
R, =
R,=1
1
Sp=—+
7
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
ds 1
i 772 (24)
dR 1+7(m+z+Ty)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

s 1
dR 14+7(x+7R)"?
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

/dS:/— 4R
1+7(r+T7R)

In(va+7R— R
2( 1) < B >>
_ R=RootOf(7_2Z"+1 —
S (R) = - ( 343 + ¢y

1
SWR) = /_1 +7(r+7R)"?

dR+Cg

This results in

—E—/y— ! d a+c
7 1+ 7(r+z+7 a7

[

\ s s s s
V
| VNN NN
e s s s s

o of 70T LT |
— ] 1
. — 7
2
g 3 5 5 7
X
Figure 2.85: Slope field plot
y=rm+z+ 7y)7/2
Summary of solutions found
x Y 1
i — d_a+c
7 / 1+7(n+z+7_a)"? ’
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Solved as first order ode of type dAlembert
Time used: 12.446 (sec)

Let p = ¢ the ode becomes
p=(r+z+7y)"?

Solving for y from the above results in

_pr T _

y="—r = (1)
cos (%) 4+ icos (3T 2p2/7 T

J- () i B s o
—cos (37) + 4 cos () p2/7 x

y=( (7) - (14)) _g_? (3)
—cos (%) +icos ()T n &

- om0 s ()P 5 o “
(—COS(%)—’L'COS(?—Z))ZPQH Tz

v= 7 "7y ©)
—cos (37) —icos (Z))’p?7 1 &

,- o) e ()5 s s o
cos (25) — i cos (37))? p2/7

y=( (7) - (14)) p _g_g (7)

This has the form
y=zf(p) +9(p) *)

Where f, g are functions of p = ¢/(z). Each of the above ode’s is dAlembert ode which
is now solved.

Solving ode 1A

Taking derivative of (*) w.r.t. x gives

dp
_ !/ !
dp

p—f =l +d) P @
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Comparing the form y = zf + g to (1A) shows that

Hence (2) becomes

The singular solution is found by setting fjl—ﬁ = 0 in the above which gives

1
2 =0
Solving the above for p results in
1
pL= 7

Substituting these in (1A) and keeping singular solution that verifies the ode gives

(—1)2/7 ™o

49 T 7

The general solution is found when 2 # 0. From eq. (2A). This results in

z) + 1) p(z)®"
o) = 49(p( )+27)p( ) 3

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can

p(z) 2
2 dr=

/ T Ao A
Singular solutions are found by solving

7(Tp+ 1) p*/"
2

for p(x). This is because we had to divide by this in the above step. This gives the

be written as

=0

following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
po) = —
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Substituing the above solution for p in (2A) gives

7 ) 2/7
RootOf (— f_ Wd’r +x+ Cl)

_ _r_Zz
V= 7 77
__rTr_z
V=TT
(G AR A
T 49 77
Solving ode 2A
Taking derivative of (*) w.r.t. z gives
/L AP
) onap
p—f=(f +9)% )
Comparing the form y = zf + g to (1A) shows that
1
f==7
_ p¥"(—cos (3) +isin(¥)) «
9= 7 7
Hence (2) becomes
1 2cos (¥)  2isin (%)
p+ = (- 20577 + 1057 P (z) (2A)

The singular solution is found by setting 3_5 = 0 in the above which gives

1
— = 0
P+ 7
Solving the above for p results in
1
P = 7

Substituting these in (1A) and keeping singular solution that verifies the ode gives

_TE)TT r e

y 49 777
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The general solution is found when 2 # 0. From eq. (2A). This results in

, p(z) + 1
p (CL’) = 2cos(3§')) 2Zsin(3“) (3)

—_ 7
49p(x)>/" ' 49p(z)®/"

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can

be written as
p(x) 2(_1)4/ 7
/ 7(7T + 1) 78/7
Singular solutions are found by solving
T (T 1)
2

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

dr =z + ¢

=0

p(z) =0
p(z) = —%

Substituing the above solution for p in (2A) gives

00tOf ( — —ZMdT+x+CQ 2 —cos (3%) +isin (3¢
R

_ T 7(7TT+1)75/7 i K .
y=—7 7 7
__rT_z
V=TT
)= T (—1)2/7 75/7(— cos (3) + isin (27)) o7
49 7
Solving ode 3A
Taking derivative of (*) w.r.t. z gives
dp
dp
/ /
— f = = 2
p—f=@f+g) (2)
Comparing the form y = zf + g to (1A) shows that
1
7
P (5) ~eos(5))
7 7
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Hence (2) becomes

- 1_ (_Zisin (%) _ 2cos (%)) (@) (24)

7 49p5T A9pP/T

The singular solution is found by setting j—ﬁ = 0 in the above which gives

1
- =0

No valid singular solutions found.

The general solution is found when 2 # 0. From eq. (2A). This results in

pon p(z) + 3
p (l’) - _ 2isin(§) _ 2cos($) (3)
49p(x)°/"  49p(x)>/"

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can

o) (1)
/ _7(7T+1)7'5/7d7-:x+03

Singular solutions are found by solving

be written as

(=1 (Tp+ 1) p*/"

2 =0

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
p(z) = —%

Substituing the above solution for p in (2A) gives

RootOf (— [ 2T ey C3> v (—isin (%) —cos (%))

z T T(Tr+1)75/7
7

y=—?+

Ny N8y

N
I
|
NI IN

(=1)%" 75/T(—isin (Z) — cos (
49

~I
SN—

_ o
y==7
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Solving ode 4A

Taking derivative of (*) w.r.t. z gives

dp
dp
! /
— f= = 2
p—f=(f+4) (2)
Comparing the form y = zf + g to (1A) shows that
1
f==3
y o, P (isin () + oos ()
7 7
Hence (2) becomes
1 2i sin (27“) 2 cos (27") ,
P+ == (— 19057 + 195577 P (z) (2A)
The singular solution is found by setting g—ﬁ = 0 in the above which gives
1
- =0

No valid singular solutions found.
The general solution is found when g—z # 0. From eq. (2A). This results in

p(z) + 3
p'(aj) = 2isin(2—") 27cos(2—") (3)
—_ 7 _|_ 7
49p(2)®" " 49p(x)®/"

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can

be written as @ 5/7
S )
) dr=
/ Tr g o T

Singular solutions are found by solving

(=1 (Tp+ 1) g7 _

5 =

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
1

p(z) = 7

0
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Substituing the above solution for p in (2A) gives

2/7
- RootOf (— f_Z—7(275__+1))5:57/7d7’ +z+ c4> (—isin (%) + cos (%))

_o_ T
O 7
__T_z
V=TT
_ o _m (S)TT(—isin () + cos (¥))
A 49
Solving ode 5A
Taking derivative of (*) w.r.t. x gives
dp
dp
/ /
— f = = 2
p—f=@f+g) 2)
Comparing the form y = zf + g to (1A) shows that
1
f==
__m pl(Esin () +cos (5))
7 7
Hence (2) becomes
1 24 sin (27”) 2 cos (27”) ,
p+ == ( 195577 + 20577 P (z) (2A)
The singular solution is found by setting fll—’m’ = 0 in the above which gives
1
=0
p+ 7

No valid singular solutions found.

The general solution is found when j—z # 0. From eq. (2A). This results in

, p(z) + %
p(.’E) - 2isin(2"()) 2Zos(2—") (3)

7 7
49p(z)>/" " 49p(z)>/"

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can

be written as
/p(w) 2(_1)2/7

T ) T Tt
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Singular solutions are found by solving

UG GRSV 2.
2

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
p(z) = —%

Substituing the above solution for p in (2A) gives

2/7
- RootOf <— I 7(7%1))7/5/#7 +z+ c5> (isin (%) + cos (&)

_ o T,
Y= 7
__rTr_z
Y=
_ oz (DT (isin (3F) +cos (%))
R 49
Solving ode 6A
Taking derivative of (*) w.r.t. x gives
dp
dp
/ /
— f= = 2
p—f=@f+g) (2)
Comparing the form y = zf 4+ g to (1A) shows that
__1
T
_ p¥(isin (F) —cos ()
7= 7 o7

Hence (2) becomes

p+1= (2isin (%) _ 2cos (%))p,(x) (24)

The singular solution is found by setting g—ﬁ = 0 in the above which gives

1
—=0
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Solving the above for p results in

The general solution is found when g—;’ # 0. From eq. (2A). This results in

o pE)+3
p (.’E) - 2isin(§) . 200s($) (3)
49p(x)®"  49p(2)°/"

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can
be written as
p(x) 2(_1)6/7
/ 7(7TT 4+ 1) 757

Singular solutions are found by solving

dT:$+CG

1) )
2

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
p(z) = —;

Substituing the above solution for p in (2A) gives

2/7
RootOf <— [ 7(27(;;1);:;7(17 +z+ Cﬁ) (isin (Z) —cos (%))

y=—7+ -

N

I

|
N RGN

(—1)2/7 75/7 (z sin (%
49

~—
|
Q
o
»n
—~
13
~—

_|_

Ny N8y

Yy=-

Solving ode 7A
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Taking derivative of (*) w.r.t. z gives

p=f+(af +9) D
p—f=@f+9) D @)

Comparing the form y = zf 4+ g to (1A) shows that

1
f==
,_Pl=eos (5) —isin(5))
7 7
Hence (2) becomes
1 2cos (37)  2isin (37) )
The singular solution is found by setting j—’; = 0 in the above which gives
1
Z=0
Solving the above for p results in
1
P = 7

The general solution is found when 2 # 0. From eq. (2A). This results in

, p(z) + %
p(l') = 2cos(3§r)) :

21 sin(37") (3)

49p()®"  49p(x)®/”

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can

p@)  g(1)37
/ T )Rl et

be written as
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Singular solutions are found by solving

1(=1)"" (Tp+ 1) p*/"

2 =0

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z)=0
p(z) = —;

Substituing the above solution for p in (2A) gives

RootOf (— [~ — 207 dr a4 ) (—cos (%) — isin (%))

_ .z T (T + 1787 T
y=-7+ 7 7
__rmT_ =z
y="777%
S DT oo () —isn ()
7 49 7
The solution
__T_z
y="7"7%

was found not to satisfy the ode or the IC. Hence it is removed. The solution

2/7
RootOf (— f—Z%dT +z+ c5> (¢sin (%) + cos (%))
7

Y=
was found not to satisfy the ode or the IC. Hence it is removed. The solution

2/7
RootOf (— f—Z—%dT +z+ c4> (—isin (%) + cos (%))
7

v=T7
was found not to satisfy the ode or the IC. Hence it is removed. The solution

z n (=D 75/7(—isin (%) 4 cos (%))
49
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was found not to satisfy the ode or the IC. Hence it is removed. The solution

yo & _m (DY (isin (%) +cos (7))

T 7 49

was found not to satisfy the ode or the IC. Hence it is removed. The solution

RootOf (— f_Z—MdT +z+ c3> " (—isin (%) —cos (%))

.z 7(7T+1)75/7 T
=gt 7 7
was found not to satisfy the ode or the IC. Hence it is removed. The solution
RootOf _Z  2(—1)37 d 27 3 s i (3T
o RO (<[ i) (o () i ()
Y= 7 7
was found not to satisfy the ode or the IC. Hence it is removed. The solution
RootOf _Z (-7 d 27 3 i (3w
. Root (—f T T+£L'+Cz> (—cos (%) +isin (37))
y=Tg T 7 w7

was found not to satisfy the ode or the IC. Hence it is removed. The solution

o7 27, -
; RootOf ( - 7(27(T+11))7.5/7 dr+z + C6> (isin (%) —cos(¥)) .
y=-—=+ 7 7

was found not to satisfy the ode or the IC. Hence it is removed. The solution

oz (—1)2/7 75/7(—isin (Z) — cos (%))
y=Tg T 49 -

1y

was found not to satisfy the ode or the IC. Hence it is removed.
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NN
[ NN

[N N

N——— s s s s s

= 7 5 ; 3
X

Figure 2.86: Slope field plot
y = (r+z+7y)"?

Summary of solutions found

(=1)*7 77 (isin (%) — cos (%))

T, _r
y=77 49 7
_ T (-=1)27 757 (—cos (3) —isin (32)) «
v=77 49 7
_ T (—1)¥7 75/T(—cos (32) +isin () =
y=77 49 7
B ( 7)5/7
YT 7T
y 2/7
_RootOf <—f Wd7'+x+cl) R
y= 7 77
(G R A
T 49 77
75/7(—1)1/7 s
T 49 7T 7
75/7(—1)%" x
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Maple step by step solution

Let’s solve
Ly(@) = (m+ 2+ Ty(z)"”

° Highest derivative means the order of the ODE is 1
=Y(@)

° Solve for the highest derivative

ty(@) = (m+z+Ty(2)”?

Maple trace

e N

"Methods for first order ODEs:

--- Trying classification methods ---

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group

-> Calling odsolve with the ODE™, diff(y(x), x) = -1/7, y(x)° *

Methods for first order ODEs:
-—— Trying classification methods ---
trying a quadrature

*

* Sublevel 2 >

trying 1st order linear

<- 1st order linear successful
<- 1st order, canonical coordinates successful
<- homogeneous successful”

Maple dsolve solution

Solving time : 0.061 (sec)
Leaf size : 33

e B

dsolve(diff (y(x),x) = (Pi+x+7*xy(x))~(7/2),
L y(x),singsol=all) J

T —Z 1
= —— 4+ RootOf [ —2z+ 7 / d_a|+c
Y 7 ( ( 1+7(r+17_a)" '
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Mathematica DSolve solution

Solving time : 30.453 (sec)
Leaf size : 43

p
' DSolve [{D[y[x],x]==(Pi+x+7*y[x]1)~(7/2),{}},
‘ y[x],x,IncludeSingularSolutions->True] ‘

Solve {— (Ty(z) +z+m) (HypergeometricZFl <g

1
77 Y

2 ~Ta+Ty(a) +7r)7/2) - 1)

= Ty(e) = 1,3(a)]



CHAPTER 2. BOOK SOLVED PROBLEMS

483

2.1.65 problem 65

Solved as first order homogeneous class Code . . . . . .. . ..

Solved using Lie symmetry for first order ode
Solved as first order ode of type dAlembert

Maple step by step solution . . . . . ..
Maple trace . . . . . ... ... ... ..
Maple dsolve solution . . ... ... ..
Mathematica DSolve solution . . . . . .

Internal problem ID [8725]

Book : First order enumerated odes
Section : section 1

Problem number : 65

Date solved : Tuesday, December 17, 2024 at 01:01:31 PM
CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]

Solve

Y = (a+ bz +cy)®

Solved as first order homogeneous class C ode
Time used: 1.395 (sec)
Let

z=a+bx+cy

Then
Z(x)=b+cy

Therefore
y/ — z’(m) —b
c

Hence the given ode can now be written as

/ —_—
7 (z) b:z6
c

483

490
502!
502
003
000)

1)
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This is separable first order ode. Integrating

1
/dx_/cz6+bdz

\/3(2)1/61n <z2+\/§(%>1/6z+ (2)1/3> (5)1/6arctan (()

rras 126 6b
V3 (5 m (2= vB (5 2+ (1))
- 12b
(1—6’)1/6 arctan (% — \/§> (2)1/6 arctan <ﬁ>
) o) 8
6b 3b

Replacing z back by its value from (1) then the above gives the solution as

Summary of solutions found

V3 (2 )1/61n((a+bx+cy) +v3(5)"" (a+bw+cy)+(l")1/3>

12b
( 2)1/6 arctan <2cy+2blz/—é-2a + \/—>
) )
6b
V3() i (@t be+ )~ VB (L) atba+ep) + (1))
B 12b
(g)l/ % arctan (—%yt%f/}f% — \/§> (2)1/6 arctan (“tbmf/éy)
n () + ©) =z+4+0q
6b 3b

Solved using Lie symmetry for first order ode

Time used: 1.539 (sec)

Writing the ode as
= (bz +cy+a)°
y =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Mo +w(ty — &) — W€y — wef —wyn =0 (A)
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To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

g = zas + yas +a (1E)
1 = xby + ybs + by (2E)

Where the unknown coefficients are
{ala az,as, b17 b2a b3}

Substituting equations (1E,2E) and w into (A) gives

by + (bz + cy + a)°® (bs — ag) — (bz + cy + a) as (5E)
— 6(bx + cy + a)’ b(zay + yas + a1) — 6(bz + cy + a)® c(wby + ybs + by) = 0

Putting the above in normal form gives

Expression too large to display

Setting the numerator to zero gives

Expression too large to display (6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{CL‘ =0,y = 02}
The above PDE (6E) now becomes

Expression too large to display (TE)

Collecting the above on the terms v; introduced, and these are

{vl’ v2}



CHAPTER 2. BOOK SOLVED PROBLEMS 486

Equation (7E) now becomes

Expression too large to display (8E)
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Setting each coefficients in (8E) to zero gives the following equations to solve

487
—b12a3 =0
—c?a3=0
—12ab'tas =0

—12ac'tas =0
—66a26*%a3 =0
—66a2c'%a3 =0
—220a%b%a5 = 0
—220a3c’as =0
—495a*b%a3 = 0
—495a*c®a; = 0
—792a%b"as = 0
—792a5¢"a3 = 0

—12bcttas =0
—66b%c'%a3 = 0
—220b63c%a5 = 0
—495b*cPaz =0
—792b5c"as = 0
—924b5¢8a3 =0
—792b"c’az = 0
—495b%ctas = 0
—2206%c2as = 0
—66b'°%a; =0

—12b'tcas =0

—132abcta3 =0
—660a b*c’az =0
—1980ab3ctaz =0
—3960a b*c’as =0
—5544a b°c®as = 0
—5544ab%c’az = 0
—3960ab’clas =0
—1980ab®c®as =0
—660a b°c’as =0
—132ab%caz; =0
—660a’bc’a3 =0
—2970a*b*c®az = 0
—7920a2b%c"az = 0
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Solving the above equations for the unknowns gives

_ch
ap=——°
a; =0
a3 =0
by = b
by =0
bs=0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr dy
—=—==d
e~y % (1)

The above comes from the requirements that <§ 2+ n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _n
de &
-3
b
¢
This is easily solved to give
bz
y=——+a
c

Where now the coordinate R is taken as the constant of integration. Hence

bx + cy
c

R =
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And S is found from

dz

ds = —

3

_dx

=

Integrating gives

dx
=17

__7

¢

Where the constant of integration is set to zero as we just need one solution. Now

that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

as _ St w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = (bz +cy + a)°

Evaluating all the partial derivatives gives

R, ="
C
R, =1
6o
C
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds b
-~ - 2A
dR c(+ (bz+cy+a)°) (24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

ds b
dR~  RSc¢™ + 6R5ac + 15R%a2c® + 20R3a3ct + 15R2a*c3 + 6R adc? + aSc + b
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

b
ds = [ —
/ S / Rb¢" + 6R%a b + 15R*a2c® + 20R3a3¢* + 15R2%a%c® + 6 Ra’c? + abc+ b

dR

b In (R—_
5 v 3
_R=Root0f(c7_Z€‘+6_Z5a06+15_Z4a205+20_Z3a3c4+15_Z2a4c3+6a502_Z+a60+b) —R 05+5—R ac4+10_R a’c
S(R) = — =
S(R) = / b dR +c
- R5¢7 + 6R%a b + 15R*a2c5 + 20R3a3ct + 15R2%a*c3 + 6 Ra’c? + abc + b 2

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

cy+bx

bx c b
_2 _ d
c / _a%c"+6_a%act +15 a*a’c® 4+ 20 adadct + 15 a2atc® +6_aa®c? +aSc+b —a+

Summary of solutions found

bx_/cytbz
o=
b

— d
_a%c¢"+6_adSact +15 a*a?c® +20 adadct + 15 a2a*c® +6_aa’c® +abec+ b —a
+ Co

Solved as first order ode of type dAlembert
Time used: 2.337 (sec)

Let p = v the ode becomes

p=(bz+cy+a)
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Solving for y from the above results in

1/6

bx p/°—a
_ bz 1
Yy T (1)
1, iv/3\,1/6 _
bx st )P a
y=-—— ( ) (2)
c c
1 V3 1/6 _
bx 2t )P a
y=——+< ) (3)
c c
br —pY%—a
y=-——+ (4)
c c
_1_ i3\ ,1/6 _
bx 2 2 | P a
y=——+( ) ()
c c
1_ i/3Y 1/6 _
bx 2 2 | P a
y=——+< ) (6)
c c
This has the form
y=2zf(p) +9(p) *)

Where f, g are functions of p = y/(x). Each of the above ode’s is dAlembert ode which
is now solved.

Solving ode 1A

Taking derivative of (*) w.r.t. z gives

d
p=1f+@f +9)

p—f=af +d) 2L @

Comparing the form y = zf + g to (1A) shows that

fo b
C

Hence (2) becomes



CHAPTER 2. BOOK SOLVED PROBLEMS 492

The singular solution is found by setting g—z = 0 in the above which gives

b
p+-=0
c
Solving the above for p results in
b
P=—
c

Substituting these in (1A) and keeping singular solution that verifies the ode gives
—bz+ (-2)"° —q
Y= c

The general solution is found when 2 # 0. From eq. (2A). This results in

(@) =6(p(o) + © ) o) c ®)

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can
be written as

p(z) 1 p
/ 6 (cT + b) T5/6 TEIYGO

Singular solutions are found by solving
6(pc+b)p*/% =0

for p(x). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
M@=—g

Substituing the above solution for p in (2A) gives

1/6
br ROOtOf (- f_Z de + x4+ Cl) —a
=4

y:

c c
br a

y=—>—-—-

c C

_b)\1/6 _
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Solving ode 2A

Taking derivative of (*) w.r.t. z gives

dp
_ !/ !
dp

p—f =l +d) P @

Comparing the form y = zf + g to (1A) shows that

b
f=—-

C
_ Zpl/ﬁ\/g +p1/6 _ 2a
9= 2c

Hence (2) becomes

b iv/3 1 ,
Pt = (12cp5/6 + 12p5/6c> p(z) (24)

The singular solution is found by setting % = 0 in the above which gives

dx

b
p+-=0

c

Solving the above for p results in

b
pr=—
c

Substituting these in (1A) and keeping singular solution that verifies the ode gives

(=) /3 — 2z + (=2)° — 24
2c

y:

The general solution is found when 2 # 0. From eq. (2A). This results in

MO ki )

12¢p(z)%/6 + 12p(z)%/ 8¢

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can
be written as

dr =z + ¢y

/W> 144V/3
12 (¢ + b) 75/6
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Singular solutions are found by solving
12(pc + b) p*/®
143
for p(x). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
p(z) = —g

Substituing the above solution for p in (2A) gives

1/6 1/6
by RootOf ( [ S 4o+ 02> v/3 + RootOf (— [—F S 4+ 02>
_|_

12(cr+b)75/6 12(cT+b)75/6
Yy=——
c 2c
bz
Yy=——
c
b i(=2)""V3+ (=9)"°
Yy=-——
c 2c
Solving ode 3A
Taking derivative of (*) w.r.t. z gives
dp
dp
/ /
— f = = 2
p—f=@f+g) (2)
Comparing the form y = zf + g to (1A) shows that
b
o
B ipV/6y/3 — pl/6 — 2q
N 2c
Hence (2) becomes
b V3 1 ,
- — 2A

The singular solution is found by setting 3° 4 — () in the above which gives

b
p+-=0
Cc
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Solving the above for p results in

b
C

p=—
Substituting these in (1A) and keeping singular solution that verifies the ode gives

i(=2)"° /3 —2bx — (=2)"° — 24
2c

y:

The general solution is found when 2 # 0. From eq. (2A). This results in

Py = — 2D F e )

12cp(z)®/6 o 12p(z)%/S¢

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can

p(x) iv3—1
dr =
/ 12 (cT + b) 75/6 T=Tte

Singular solutions are found by solving
12(pc + b) p°/® _
iv/3 — 1
for p(x). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

be written as

p(z) =0
p(z) = —g

Substituing the above solution for p in (2A) gives

1/6 .
by  ©RootOf ( J= el d7'+£17+C3> v/3 — RootOf (_ [~ i
+

12(cr+b)75/8 12(cT+b)T5/6
Yy=—-
c 2c

Solving ode 4A
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Taking derivative of (*) w.r.t. z gives

dp
dp
/ /
— f= e 2
p—f=@f+9) (2)
Comparing the form y = zf + g to (1A) shows that
b
f=-1
c
_pl/s _g
g =
c
Hence (2) becomes
b_ =)
h 2A
P 6p°/6c (24)
The singular solution is found by setting g—x = 0 in the above which gives
b
p+-=0
c
Solving the above for p results in
b
p1=—
c

Substituting these in (1A) and keeping singular solution that verifies the ode gives

—bz — (—1—’)1/6 —a

[

y:
Cc

The general solution is found when 2 # 0. From eq. (2A). This results in

(@) == (pla) + - ) o) ®)

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can
be written as

p(z) 1 g
/ _6(CT+b)T5/6 TETYG

Singular solutions are found by solving

—6(pc+b)p¥° =0



CHAPTER 2. BOOK SOLVED PROBLEMS

497

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
p(z) = —g

Substituing the above solution for p in (2A) gives

p ) 1/6
be — RootOf (— I — ST T+ C4> —a
y=——+
c c
br a
Yy=—>-—=-
c ¢
be  —(=2)Y° -
b (Y
c c
Solving ode 5A
Taking derivative of (*) w.r.t. z gives
dp
dp
— — 4 / -
p—f=@f+d)
Comparing the form y = zf + g to (1A) shows that
b
f=-
—ipt/6y/3 — pl/6 _2q
9= 2c

Hence (2) becomes

b V3 1 .
Pt c <_ 12cp5/6 12p5/60> P(z)

The singular solution is found by setting 3—5 = 0 in the above which gives

b
p+-=0
Cc

Solving the above for p results in

| S

D1

(2)
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Substituting these in (1A) and keeping singular solution that verifies the ode gives

_ =i Va2 - (<) 2
- 2c

The general solution is found when S—Z # 0. From eq. (2A). This results in

Py = — LD Te ®

_12cp(:m)5/6 o 12p(z)°/%c

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can
be written as

dT=.’E+C5

/W> 14+4V/3
12 (cT +b) 75/6
Singular solutions are found by solving
12(pc +b) p°/°
_ : =0
1+1iv/3
for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
p(z) = —g

Substituing the above solution for p in (2A) gives

. 7 i 1/6 VA i
- s —4 RootOf (— I —%Cb’+$+65> v/3 — RootOf (— I —%

dr+z+c

vy= c 2c

b i ) 1/6
I ),
c

Solving ode 6A
Taking derivative of (*) w.r.t. z gives

! / d

p=1f+@f +9)
N
p—f=(@f+d) (2)

dz
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Comparing the form y = zf + g to (1A) shows that

b
f==2
y_—wMW§+#“—2a

2c

p+§=( ALE— )ﬂ@) (o)

"~ 12cp5/6 + 12p5/6¢

Hence (2) becomes

The singular solution is found by setting g—m = 0 in the above which gives

b
p+-=0
C

Solving the above for p results in
b
pr=—
c

Substituting these in (1A) and keeping singular solution that verifies the ode gives

—i(=2)° /3 — 2bx + (—2)"° — 24
2c

The general solution is found when g—z # 0. From eq. (2A). This results in

P = — L e ®

o 12cp(:1:)5/6 + 12p(z)5/6(:

This ODE is now solved for p(z). No inversion is needed. Unable to integrate (or
intergal too complicated), and since no initial conditions are given, then the result can

be written as © /3
P iv3—1
_ dr =
/ 12 (e + b) 5/6 ToEEG
Singular solutions are found by solving
12(pc + b) p°/¢
— = -0
z\/§ -1
for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =0
b

p(z) = e
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Substituing the above solution for p in (2A) gives

" 12(cr+b)75/6 T 12(cr+b)75/6

. 1/6 .
by —iRootOf (— [~ Bl dr o+ 06> V3 + RootOf (— [~ i a tc
——+

vy= c 2c

The solution

br a

Yy=——7-—-
Cc Cc

was found not to satisfy the ode or the IC. Hence it is removed.

Summary of solutions found

b= (-4)"° —a

y= C
—bz+ (-2)°—a
y— ( CC)
~i(=2)"" VB~ 2ba — (-1)"" 20
y= 2
C
—i(=2)° V3 -2z + (-)V° — 24
vy= 2
C
(=) VB —2ba — ()" ~ 2
vy= 2
C
(=) B2z + (=) — 24
vy= 2
C
b b 1/6
g (=2)
C C
_b\1/6 _
S (=)
C C
Z 1 1/6
b$ —_ R,OOtOf <— f —WdT + xr + 04) —a
y=——+

c C
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1/6
br ROOtOf (- f_Z de +x + Cl> —a
+

c c
b i)Y VE - () 2
y= c 2c
_ b ==Y VB (-8 -2
y= c 2c
bx
Yy=——
c
; 1/6 , 1/6
—i RootOf (— f—Z—mé;/fﬁdT+x+66> v/3 4+ RootOf <— f—Z—m@/fﬁdT+x+06> —
+ 2c
bx
Yy=——
c
, 1/6 ) 1/6
—i RootOf <— f—Z—%dTﬁ—x—F%) v/3 — RootOf (— f—Z—%dT—I-aH—%) _
+ 2c
. 1/6 1/6
Lt A ()
c 2c
b (0B ()Y 2
y= c 2c
bx
Yy=——
c
. 1/6 , 1/6
i RootOf (— [ %d7+x+62> V'3 + RootOf (— [ %Cb’-l—:ﬂ-ﬁ-@) —2a
+ 2c
bx
Yy=——
c
. 1/6 ‘ 1/6
i RootOf (— f—Z ué/fﬁm +z+ 03) V3 — RootOf <— f—Z%dT +z+ 03> —2a
+

2c
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Maple step by step solution

Let’s solve

6
4y(z) = (a+ bz + cy(z))
° Highest derivative means the order of the ODE is 1
d
wy(z)
° Solve for the highest derivative
6

4y(z) = (a+ bz + cy(z))
Maple trace
“Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous C
1st order, trying the canonical coordinates of the invariance group

-> Calling odsolve with the ODE™, diff(y(x), x) = -b/c, y(x)° *%

Methods for first order ODEs:
-—— Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful
<- 1st order, canonical coordinates successful
<- homogeneous successful”

* Sublevel 2 -
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Maple dsolve solution

Solving time : 0.045 (sec)
Leaf size : 94

‘ dsolve(diff (y(x),x) = (a+b*x+cxy(x))~6, ‘
‘ y(x) ,singsol=all) ‘

Y

z 1
RootOf ((f & _0°16_0Pa 06+15_Cl,4a205+20_a3a304+15_a2a4c3+6_aa5t:2+a60+bd—a> c—z+ cl) c—bx

C

Mathematica DSolve solution

Solving time : 1.783 (sec)
Leaf size : 274

p
‘DSolve[{D[y[x],x]==(atbrx+cky[x])"6,{}}, |
‘ y[x],x,IncludeSingularSolutions->True] ‘

6 6 6
—4+v/barctan (M) + 2v/barctan (\/§ — 2\/E(a+b""+cy(m))) — 2v/barctan (M
Vb Vb Vb

Solve

- Ll(f) = ¢, y(x)
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2.1.66 problem 66

Solved as first order form Al ode
Solved as first order separableode . . .. ... ... ... ...

Solved as first order Exactode . . . . . ... ... ... .... 507l
Solved using Lie symmetry for first orderode . . ... ... .. 512l
Solved as first order ode of type ID 1 . . . . . . .. .. ... .. BIT
Solved as first order ode of type dAlembert . . ... ... ... H18]
Maple step by step solution . . . . . .. ... ..., B21]

Mapletrace . . . . . . . . . . . ... H21]
Maple dsolve solution
Mathematica DSolve solution

Internal problem ID [8726]

Book : First order enumerated odes
Section : section 1

Problem number : 66

Date solved : Tuesday, December 17, 2024 at 01:01:37 PM
CAS classification : [_separable]

Solve

yl — ez—i—y

Solved as first order form Al ode
Time used: 0.232 (sec)
The given ode has the general form
y' = B+ Cf(az + by + ¢) (1)
Comparing (1) to the ode given shows the parameters in the ODE have these values
B=0
C=1
a=1
b=1
c=0

This form of ode can be solved by change of variables u = ax + by + ¢ which makes the
ode separable.

v (z) =a+ by
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Or
,_u(z)—a
Y=
The ode becomes
/ —
C =B+ Cfw)

b
v =bB+bCf(u)+a
du

bBbCf (W) ta

Integrating gives

/ du s
bB+bCf(u)+a O

/“ dr ot
bB+bCf(r)+a

Replacing back u = ax + by + ¢ the above becomes

az+by+c dr )
/ bBB+iCf (M ta 14 @)

If initial conditions are given as y(zo) = yo, the above becomes

axo+byo+c dr
=x9+cC
/0 bB+bCf(t)+a

az+byo+c dr
Cl‘/o bB+bCf (1) +a

Substituting this into (2) gives

ax+by+c dr az+byo+c dr
/ =+ / — X (3)
bB+bCf(T)+a 0 bB+bCf(T)+a

Since no initial conditions are given, then using (2) and replacing the values of the

parameters into (2) gives the solution as
z+y 1

dr=x+c

/ 14e !

—1In (1 + e““'y) +1In (ez"'y) =z+c

Which simplifies to
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Solving for y gives

)+Cl

1
—1 + eztcl

R e e S

e e e A S N N N
e N NN /

e e N N N / /

eSO |

NN A
———— N
44////A77///////4// \/),,

P

e e

X

Figure 2.87: Slope field plot

yl — ex-{-y

Summary of solutions found

>+C1

1
—1 + ert+c

Solved as first order separable ode

Time used: 0.044 (sec)

The ode 3y’ = e**¥ is separable as it can be written as

y/ — ez—i—y

f(z)g(y)

Where
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Integrating gives

—e V=¢e"+¢
Solving for y gives

y=—In(—€"—¢)

s~ 7 7711111111111
AR RN
— 7777011111
2] -~ 7777011111111 1
A AR NN
— = 7777171111111
d— 777711t 1 11111
— -~ 77777111111
- AR AR EEE
w00 o YA ARRR R
——— O A EEEEER
7]
B S SRR A A A A
———e AR ERE
7 7 7111
27 -~ 77 7 7 11
-7 7 7 11
- 7771
3 - =77 77
4 2 0 2 4
X
Figure 2.88: Slope field plot
ylzez—{—y
Summary of solutions found
y=—In(—€"—¢)
Solved as first order Exact ode
Time used: 0.164 (sec)
To solve an ode of the form
dy
M(z,y) + N(z,y) 2 =0 (4)

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

< oa,y) =0
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Hence 96 0d
Y
— —_—— T B
Oor Oydx 0 (B)
Comparing (A,B) shows that
99 _
oxr
09
TN
Oy
But since % = % then for the above to be valid, we require that
oM _ 0N
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
;’: gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy = (e"*Y) dz
(—e"*¥)dz+dy =0 (2A)
Comparing (1A) and (2A) shows that
M(IL‘, y) = —e"tY
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz

Using result found above gives
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And
ON 0
o~ as\V
=0

Since %i; # 9N then the ODE is not exact. Since the ODE is not exact, we will try to

FrE
find an integrating factor to make it exact. Let

L] <8M 8N>

- N Oy ox
=1((=e"") - (0))
— _ez+y

Since A depends on y, it can not be used to obtain an integrating factor. We will now
try a second method to find an integrating factor. Let

po L(2 o)
M\ Oz Oy
_ _e—x—y((O) _ (_ex+y))
=—1
Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then
— ¢/ Bdy

— ef -1 dy

7

The result of integrating gives
p=e"?
= e_y

M and N are now multiplied by this integrating factor, giving new M and new N
which are called M and N so not to confuse them with the original M and N.

And
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So now a modified ODE is obtained from the original ODE which will be exact and
can be solved using the standard method. The modified ODE is

~dy
dz

(=) + () ¥ =0

The following equations are now set up to solve for the function ¢(z,y)

M+N-=>=0

0p —

g—x =M (1)
¢

3y N (2)

Integrating (1) w.r.t. z gives
idx = /de
%dx— /—e dx
¢ =—€"+ f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

9¢

S =0+ 1) @

But equation (2) says that 8¢ = e~ Y. Therefore equation (4) becomes
e’ =0+ f'(y) (5)

Solving equation (5) for f'(y) gives

Integrating the above w.r.t y gives

[rwav=[ (")

fly) ==+
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p=—-€"—e?+c
cp=—e"—e?

y=—In(—e"—¢)

U
B e s NN
e A S N N
e e O NN Y
A A T
e NN / / N\ 7, \
SO NN
NN NN \

BOOK SOLVED PROBLEMS
But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and

combining c¢; and cy constants into the constant c; gives the solution as

Where ¢; is constant of integration. Substituting result found above for f(y) into

CHAPTER 2.
equation (3) gives ¢
Solving for y gives

NN REEE
SN 11
NN BERR
NN RRN
// | AAA:
\ EEREREEEEREERREE
& < - = T B! 2

e e a a

Figure 2.89: Slope field plot
y/ — ez—i—y
y=—In(—e"—¢)

Summary of solutions found
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Solved using Lie symmetry for first order ode
Time used: 0.805 (sec)

Writing the ode as

y/ — ez—i—y
Y = w(z,y)
The condition of Lie symmetry is the linearized PDE given by
UE + W(ﬂy - fz) - w2€y - wx€ - Wyﬂ =0 (A)

To determine &,n then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ = zas + yas + (1E)
n = xbs +ybs + by (2E)
Where the unknown coefficients are
{a1, a3, a3,b1,b9,b3}
Substituting equations (1E,2E) and w into (A) gives

by + €T (b3 — ay) — e**¥az — e"1V(zay + yaz + ay) — Y (zby + ybs + b)) =0 (5E)

Putting the above in normal form gives

_e2x+2ya3 _ ex+yxa2 _ ex—i—yxbz _ ex+yya3 _ ex+yyb3
—e" Vg, —e*ay — e Vb, 4+ e*TVh3 + by =0

Setting the numerator to zero gives

—e? gy — e®Myay — e®MVaby — e“TVyas — " Vybs (6E)
— "y — e*ay — Vb + e Vbs + by =0

Simplifying the above gives

(6E)

ety

—e2 g, — e®Vpay — e Vahy — ¥ Vyag — ybs

—e"a, —e*ay — e Vb, + Vb3 + by = 0
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Looking at the above PDE shows the following are all the terms with {z,y} in them.

The following substitution is now made to be able to collect on all terms with {z,y}
in them
{2 =v1,y = vy, = v3,*H =0}

The above PDE (6E) now becomes

—U3V1G9 — V3V2a3 — ’U3’01b2 — ’U3’l)2b3 — V3Q1 — V3Q9 — V4A3 — ’Ugbl + ’l)3b3 + b2 =0 (7E)
Collecting the above on the terms v; introduced, and these are

{v1,v2, v3,v4}

Equation (7E) now becomes

(—ag — be) v1v3 + (—a3 — bs) vavz + (—a; — ag — by + b3) v3 —va3 + by =0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

by =0
—a3 =0
—ay — by =0
—az — b3 =0

—al—az—b1+bg=0

Solving the above equations for the unknowns gives

a1 = —b
a; =0
a3 =10
by =b,
by =0

bs =0



CHAPTER 2. BOOK SOLVED PROBLEMS 514

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

n=1
Shifting is now applied to make & = 0 in order to simplify the rest of the computation
n=n-w(y)¢
=1— (e"") (-1)
=1+ €%

£=0

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _ dy _

F=y =48 1)

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx

n
1
_/1+e”eydy

S =In(e’) —In(1+ e"eY)

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ _ Sx +W($,y)Sy
dR R, +w(z,y)R,

(2)
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Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = "

Evaluating all the partial derivatives gives

R,=1

R, =0

.
1+ e"ty
1

Sy: 1+ exty

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
as _
dR

We now need to express the RHS as function of R only. This is done by solving for z,y

in terms of R, S from the result obtained earlier and simplifying. This gives

a5 _
dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

0 (2A)

0

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).
S (R) = C2

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

y—In (1 +ez+y) = Co

Which gives

1
y:ln —— |+
_1_|_ew+62
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The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical

.. . . . ODE in canonical coordinates
Original ode in z,y coordinates coordinates

(R,5)

transformation

as __
Z=0

R=x=x

S=y—In(1+e"") - .

\
\
N
N

D N

D O NN

y(x) 01

A N S G
A N OO VNN
N G GNP SEEN

1

AR S GRS PN PN

R S NN
N VNN NN NN

D N
N N S S NN

X
Figure 2.90: Slope field plot
y/ — e:z:+y

Summary of solutions found

1
y=ln|—— |+
_1 + el‘+02
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Solved as first order ode of type ID 1

Time used: 0.106 (sec)

Writing the ode as

= et 1)

And using the substitution u = e™¥ then

The above shows that

Substituting this in (1) gives

The above simplifies to

Now ode (2) is solved for u(x).

Since the ode has the form u/(z) =

/du—/—e da

u/ — _yle—y

y = —u'(z)e?

_u(z)

f(z), then we only need to integrate f(z).

)=—€"+c

Substituting the solution found for u(z) in u = e~ gives

y:

—In (u(z))

=—In(—In(—€"+ 1))
=—In(—€"+¢)
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Figure 2.91: Slope field plot
yl — ex-{—y
Summary of solutions found
y=—In(—€"+c)
Solved as first order ode of type dAlembert
Time used: 0.109 (sec)
Let p = v the ode becomes
p=e""
Solving for y from the above results in
y=—z+1n(p) (1)
This has the form
y=zf(p) +9(p) (*)

Where f, g are functions of p = y/'(z). The above ode is dAlembert ode which is now
solved.

Taking derivative of (*) w.r.t. z gives

p=f+(af +9) P
d;
p—f=(@f+d) (2)



CHAPTER 2. BOOK SOLVED PROBLEMS 519

Comparing the form y = zf + g to (1A) shows that

f=-1
g=In(p)
Hence (2) becomes
/
p+1=20 (24)
p
The singular solution is found by setting 3_5 = 0 in the above which gives
p+1=0
Solving the above for p results in
p=-1

Substituting these in (1A) and keeping singular solution that verifies the ode gives

Yy=1im—x

The general solution is found when g—g # 0. From eq. (2A). This results in
p'(z) = (p(z) +1) p(x) 3)
This ODE is now solved for p(z). No inversion is needed. Integrating gives
1
/ mdp =dzr
—In(p+1)+n(p) =z+ac
Singular solutions are found by solving
(p+1)p=0

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

p(z) =-1
p(z) =0
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Solving for p(z) gives

ea:+cl

— 1 + ex+cl

Substituing the above solution for p in (2A) gives

8 —~
gt
S 5%
g+
N —
_

_
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=

l_l
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Figure 2.92: Slope field plot

y/ — ea:-l—y

Summary of solutions found

Yy=1imr—x
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Maple step by step solution

Let’s solve

% y(z) = e"tv(@

° Highest derivative means the order of the ODE is 1

=Y(@)

° Solve for the highest derivative
() = et

° Separate variables

%y(w) = et
ey(w> -

° Integrate both sides with respect to x

4 (z
Y9 4y = [ emdx + CI

ey(z)

° Evaluate integral
—St =€"+ Cl1

o Solve for y(x)
y(z) =In (- z5¢7)

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful’

Maple dsolve solution

Solving time : 0.006 (sec)
Leaf size : 13

e

dsolve(diff (y(x),x) = exp(x+y(x)),

L y(x) ,singsol=all)
1
=In(-—
Y n( cl—l—e””)
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Mathematica DSolve solution

Solving time : 0.822 (sec)
Leaf size : 18

'DSolve [{D[y[x],x]==Exp[x+y[x]],{}},
‘ y[x],x,IncludeSingularSolutions->True]

y(x) = —log (—€® —c1)
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2.1.67 problem 67
Solved as first order form Alode . . . . . . ... .. ... ... 523
Solved using Lie symmetry for first orderode . . . .. ... .. 525]
Solved as first order ode of type ID 1 . . . . . . ... ... ... 530
Solved as first order ode of type dAlembert . . .. .. ... .. 532l
Maple step by step solution . . . . . .. ... ... ... ..., 535
Maple trace . . . . . . . . .. H35)
Maple dsolve solution . . . .. ... ... ... ......... 535
Mathematica DSolve solution . . . . .. ... ... .......

Internal problem ID [8727]

Book : First order enumerated odes

Section : section 1

Problem number : 67

Date solved : Tuesday, December 17, 2024 at 01:01:39 PM
CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]

Solve

y =104 e* 1Y

Solved as first order form A1l ode
Time used: 0.241 (sec)

The given ode has the general form

y' = B+ Cf(az + by + ¢)

(1)

Comparing (1) to the ode given shows the parameters in the ODE have these values

B =10
Cc=1
a=1
b=1
c=0

This form of ode can be solved by change of variables u = ax + by + ¢ which makes the

ode separable.

v (z) =a+ by
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Or
,_u(z)—a
YT
The ode becomes
l —
== B+Cf()
v =bB+bCf(u)+a
du —dr
bB+bCf(u)+a
Integrating gives
/ du =r—+c
bB+bCf(u)+a !

/” dr Cotc
VB+bCf(r)+a !

Replacing back u = ax + by + ¢ the above becomes

azx+by+c dr 5
/ bB+bC’f(7')—|—a_w+c1 @)

If initial conditions are given as y(zo) = yo, the above becomes

azo+byo+c dr
=20+
/0 bB+bCf(r)+a 014

az+byo+c d’T
C1 = — X
! /0 bB+bCf(r)+a

Substituting this into (2) gives

az+by+c dr az+byo+c dr
/ =z+ / — Tp (3)
bB+bCf(T)+a 0 bB+bCf(T)+a

Since no initial conditions are given, then using (2) and replacing the values of the
parameters into (2) gives the solution as

z+y 1 d
/ 1+ T=Tr+C

Which simplifies to

In (11 +€*t¥) In(e*™V)
- 11 t—p TTta
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Solving for y gives

) + 1].01

11
—1 + elle+ller

y=10z +In (—

e

B T T

B e

B e S i

B I T

B

.

—~—~—s—s—s—~—~—~— [

Figure 2.93: Slope field plot
y =10+ e*tY

Summary of solutions found

> + 1101

11
—1 + ellx—}-llcl

y =10z +In (—

Solved using Lie symmetry for first order ode

Time used: 0.963 (sec)

Writing the ode as

y =10+ et
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by

0

Nz + W(ny - &) — W2fy — wz§ —wyn

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of

degree 1 to use as anstaz gives

(1E)
(2E)

ras + yas + a;
xby + ybz + by

£
U]
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Where the unknown coeflicients are

{ala a2, as, bla b2a b3}

Substituting equations (1E,2E) and w into (A) gives

by + (10 + &) (bs — az) — (10 + ") ag
— e”y(waQ + yas + al) - e”y(be + yb3 + bl) =0

Putting the above in normal form gives

_e2x+2ya3 _ ex+yxa2 _ ew+yxb2 x+yya3 x+yyb3 _ eac+ya1 _ ex+ya2
—20 e”+ya3 - ex+yb1 + e’”ybg — 10(12 - 100@3 + b2 + 10b3 =0

Setting the numerator to zero gives

_62z+2ya3 _ eac—f-yxa2 _ eac-i—yxbz m+yya3 m+yyb3 z-l—yal _ em-i—yaz
—20 e”+ya3 — e”ybl + e”ybg, - 10(12 — 100(13 + b2 + 10b3 =0

Simplifying the above gives

_6291;+2ya3 _ ex+yxa2 _ ez+yxb2 _ ew+yya3 _ ex+yyb3 _ eaz:+ya1 _ ex+ya2
—20 e”yag — e’”+yb1 + e””+yb3 — ].00,2 - 100(13 + b2 + 10b3 =0

(5E)

(6E)

(6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.

{.'L' y, e z+y 2w+2y}

The following substitution is now made to be able to collect on all terms with {z,y}

in them

{x =1,y = Vg, e$+y = Us, e2.’1:+2y = ’04}
The above PDE (6E) now becomes

—V3V1Q9 — V3V203 — ’U3’Ulb2 - 1)3’02b3 — VsQ1 — V3Ag — 20’030,3
— Vy4Q3 — ’U3b1 + ’U3b3 - 10(1,2 - 100(1,3 + b2 + 10b3 =0

(7E)
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Collecting the above on the terms v; introduced, and these are
{Ula V2, Vs, U4}

Equation (7E) now becomes

(—(1,2 — bg) V13 + (—a3 - b3) VU3 + (—(11 — a9 — 20(1,3 - bl + b3) V3 (SE)
— vga3 — 10ay — 100ag + be + 10b5 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—a3=0
—a2—b2=0
—a3—b3=0

—10ay — 100a3 + by + 10b3 = 0
—al—a2—20a3—b1+b3=0

Solving the above equations for the unknowns gives

a; = —b
a; =0
a3 =0
by =0b,
b, =0
bs =0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£=-1
n=1
Shifting is now applied to make & = 0 in order to simplify the rest of the computation
n=n-w(y)¢
=1—(10+€"") (-1)
=11+ ¢€%eY
§=0
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The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dr dy
&

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x

n

1
S N
/11+ewey y

_In(11 +e%e) 4 In (e¥)
11 11

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

S is found from

Which results in

S =

aS Sy +w(z,y)Sy @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) =10 + "

Evaluating all the partial derivatives gives

R, =1
R, =0
S, = e
121 + 11 e*ty
1
Sy

T 11 + evty
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds 10
JR-11 (2A)
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

ds _ 10
drR 11
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

/dS /—dR

10R
(R) = T +co
To complete the solution, we just need to transform the above back to x,y coordinates.
This results in
In (11 + e**¥ 10z
_nitem) v e,

11 11 11
Which gives

11

The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical
.. ) ) : ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, S)
transformation ’
dy __ T+ ds __ 10
—g =10 +e€ Y dR - 11
t
¢
T
t
¢
T
t
; R=x
1
I _ In(114e) LY ¥

11 11

-
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> —+ 1102

11
—1 + ellw+1102

Figure 2.94: Slope field plot
y =10+ e*tY

y =10z +In (—

Summary of solutions found

Solved as first order ode of type ID 1

Time used: 0.121 (sec)

Writing the ode as

1)

y =104 e*tY

And using the substitution © = e™¥ then

u = _y/e—y

The above shows that

y = —u(z)e

u'(x)

Substituting this in (1) gives




CHAPTER 2. BOOK SOLVED PROBLEMS

531

The above simplifies to

—u'(z) = € + 10u(z)

u'(z) + 10u(z) = —€”

Now ode (2) is solved for u(x).

In canonical form a linear first order is

u'(z) + q(z)u(r) = p(z)

Comparing the above to the given ode shows that

The integrating factor y is

The ode becomes

Integrating gives

Dividing throughout by the integrating factor e

uele — /_exelox dx

ellac

11

+c

10z gives the final solution

(ellx _ 1101) e—le
11

u(z) = —

(2)
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Substituting the solution found for u(z) in u = e™¥ gives

y = —In (u(z))

= —In (In(11) — In ((—e"* + 11¢1) 71%%))
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Figure 2.95: Slope field plot

y =10+ "tV

Summary of solutions found

y=1In(11) — In ((—e"* + 11¢;) e7'%%)

y’ the ode becomes

Solved as first order ode of type dAlembert

Time used: 0.155 (sec)

Let p

10 4 e*1¥

p:

Solving for y from the above results in

1)

—z +In(p — 10)

y:

This has the form

*)

zf(p) + g(p)

y:
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Where f, g are functions of p = y/'(z). The above ode is dAlembert ode which is now
solved.

Taking derivative of (*) w.r.t. z gives

dp
_ ! /
dp
—_ — 4 / —_
p—f=(af +9) 2 @
Comparing the form y = zf + g to (1A) shows that
f=-1
g=1In(p—10)
Hence (2) becomes
P'(z)
1= 2A
p+l=""1 (24)

The singular solution is found by setting g—x = 0 in the above which gives
p+1=0

Solving the above for p results in
p1=-—1

Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=—x+In(11) +ir

The general solution is found when 2 # 0. From eq. (2A). This results in

p'(z) = (p(z) +1) (p(z) — 10) (3)

This ODE is now solved for p(z). No inversion is needed. Integrating gives

1
/(p+1)(p—10>dp:d”’

In(p—10) In(p+1)
11 1

r+c
Singular solutions are found by solving

(p+1)(p—10)=0
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for p(z). This is because we had to divide by this in the above step. This gives the

following singular solution(s), which also have to satisfy the given ODE.

p(x)

=10

p(x)

Solving for p(z) gives

10 + ellx—}—llcl
_1 + ellz+1101

Substituing the above solution for p in (2A) gives

y=—x+In(11) +in

a

X

_1 _|_ella:+1lcl
Figure 2.96: Slope field plot

10 _|_ ellz—i—llcl

y=—z—|—ln(—

y =10 + e+v

Summary of solutions found

w

10 _|_ellw+11c1
—1 + ellx—i—llcl

y=—x+ln(—
y=—x+In(11) +in
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Maple step by step solution

Let’s solve
4y(z) = 10 + €™t
° Highest derivative means the order of the ODE is 1
()
° Solve for the highest derivative
4y(z) =10 + e™+¥(@)

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful”

Maple dsolve solution

Solving time : 0.072 (sec)
Leaf size : 26

‘dsolve(diff(y(x),x) = 10+exp(x+y(x)),
‘ y(x),singsol=all)

11z
y=—z+In(11) +1n (e—)

_ellw + c1
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Mathematica DSolve solution

Solving time : 3.188 (sec)
Leaf size : 42

'DSolve [{D[y[x],x]==10+Exp[x+y[x]],{}},
‘ y[x],x,IncludeSingularSolutions->True]

1161095+1101
y(.’l}) — lOg (__1 n 611(x+01)>

y(z) — log (—11e™®)
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2.1.68 problem 68
Solved as first order ode of type ID 1 . . . . . . .. .. .. ... 637
Maple step by step solution . . . . ... ... ... ... .... H39
Mapletrace . . . . . . . . . . . ... 539
Maple dsolve solution . . . .. .. ... ... ... ....... 540
Mathematica DSolve solution . . . . .. .. ... ... ..... H4T]
Internal problem ID [8728]
Book : First order enumerated odes
Section : section 1
Problem number : 68
Date solved : Tuesday, December 17, 2024 at 01:01:42 PM
CAS classification : [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘]]
Solve
y =10 4 22
Solved as first order ode of type ID 1
Time used: 0.491 (sec)
Writing the ode as
y =10e*"Y 4 22 (1)
And using the substitution © = e™¥ then
u/ — _yle—y
The above shows that
y =—u(z)e’
A C))
N U
Substituting this in (1) gives
W) 10
u u
The above simplifies to
—u'(z) = 10e” + z?u(x)
u'(z) + 2%u(z) = —10€” (2)
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Now ode (2) is solved for u(zx).

In canonical form a linear first order is

u'(z) + q(z)u(z) = p(z)

Comparing the above to the given ode shows that

q(z) = 2*
p(z) = —10€”
The integrating factor y is
p= efqdw
_ efx2dx
3
—e3
The ode becomes
d—(lw) = kp

Integrating gives
23 23
ues = /—IOe’”e3 dz
23
= /—IOeze3d:v + ¢

23
Dividing throughout by the integrating factor e gives the final solution

u(z) = &5 (/ _106%% dz + cl)

Substituting the solution found for u(z) in u = e gives

—In (u(z))

(o (o /<
m<( (/;mzw )m)e-z;)
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Figure 2.97: Slope field plot
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L

y(x)

y(z) = 10e™¥@) 4 g2

y(z)
Solve for the highest derivative

y(x)
Highest derivative means the order of the ODE is 1

d

Let’s solve
dx

d
dx
d

y=—1In ((-10 (/ez(m?s) dx) + cl) &
dx

Maple step by step solution
[ J

[ J
-—- Trying classification methods ---

Summary of solutions found
"Methods for first order ODEs:

trying a quadrature
trying 1st order linear
trying Bernoulli

trying separable
trying inverse linear

Maple trace
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trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

-—- Trying Lie symmetry methods, 1st order ——-

*, "=> Computing symmetries using: way = 3

4

, —> Computing symmetries using: way = 5

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), 0]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

<- symmetry pattern of the form [0, F(x)*G(y)] successful’

~

, —> Computing symmetries using: way

Maple dsolve solution

Solving time : 0.019 (sec)
Leaf size : 30

‘dsolve(diff(y(x),x) = 10*exp(x+y(x))+x~2,
‘ y(x) ,singsol=all)

Y= %3 —In (—cl — 10</e1(zz+3)dx>)
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Mathematica DSolve solution

Solving time : 0.413 (sec)
Leaf size : 115

p
' DSolve [{D[y[x],x]==10%Exp [x+y[x]11+x~2,{}},
‘ y[x],x,IncludeSingularSolutions->True] ‘

UCON | | 3 3
Solve [ / — e <1OeK[2] / —l—oe“s” ~KP R [1)dK 1] +es) dK[2]
1 1

T /1 113 1]3
+ / (l_oe’“sl—y<w>K[1]2+e’“£+K[”> dE(1] =c1,y(w>]
1
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2.1.69 problem 69
Solved as first order ode of type ID 1 . . . . . . .. .. .. ... H42]
Maple step by step solution . . . . ... .. .. ... ...... 644
Maple trace . . . . . . . . . . . e 644
Maple dsolve solution . . . .. .. ... ... ... ....... H45)
Mathematica DSolve solution . . . . . ... .. ... ... ... 406}
Internal problem ID [8729]
Book : First order enumerated odes
Section : section 1
Problem number : 69
Date solved : Tuesday, December 17, 2024 at 01:01:44 PM
CAS classification : [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘]]
Solve
y =z e +sin (x)
Solved as first order ode of type ID 1
Time used: 0.654 (sec)
Writing the ode as
Y = ze”tY 4 sin (z) (1)

And using the substitution © = e™¥ then

u/ — _yle—y
The above shows that
y =—u(z)e’
__u(z)
o
Substituting this in (1) gives
/ T
_v() =225 sin (z)
u

The above simplifies to

—u/(z) = z€” + sin (z) u(x)

v (z) + sin (z) u(z) = —z €”

2)
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Now ode (2) is solved for u(zx).
In canonical form a linear first order is

u'(z) + q(z)u(z) = p(z)
Comparing the above to the given ode shows that

q(z) = sin (z)

p(x) = —x€®
The integrating factor u is
p= efqda:
—e [ sin(z)dx
— e cos(z)
The ode becomes
d
@(Mu) = pp
d

3z ) = (1) (—ze)
i (u ~ cos(w)) — (e— cos(m)) (—117 ew)
dx
d(u e cos(z)) — (—IL' e~ Cos(z)) dz
Integrating gives
we” cos(z) _ /—JJ e%e~ cos(z) dr
= / —ze% @) dg + ¢,
Dividing throughout by the integrating factor e~ gives the final solution
U(.’L‘) — ecos(a:) (/ — eme—cos(m)dl, + Cl)
Substituting the solution found for u(z) in u = e gives

y = —In (u(z))

=—In (— In ((— /xex_“’s(x)dx + cl) eCOS(””))>
——In ((_ /xem—cos(w)dx + Cl) ecos(x))



CHAPTER 2. BOOK SOLVED PROBLEMS 544

Vol LT A A A B A ]

LI T A |

RN |

VYLV AN T |

VYNMANZ T ]

\‘ \\‘ \\‘ \ N 7 | | 4\ 1 4\

NNNNNS T T !

NNNNNST7 T T !

NNN NSNS 7111 !

NNN N~~~/ 111/ 1

ye) NNNN~—~/7 711111

NNNN~—~—7 71111/

= NNNN~—/77 7111/

17— NNNN—~— 7 ]
= ~NN N NN~ 7 /1111

S SNNNNNN—~— ]
27 = =NNNNN~—= 77 ]
S = SsNNNNN—~— 7]
ST SNNN NN~ ST
B S NN NN~ S S ]
4 ) 0 2 7

Figure 2.98: Slope field plot
Yy =z e +sin (z)

Summary of solutions found

y=— In <(_ /:L.ex—cos(a:)dm + cl) ecos(x)>

Maple step by step solution

Let’s solve
4y(z) = £V + sin (z)

° Highest derivative means the order of the ODE is 1
=y(x)

° Solve for the highest derivative

4y(z) = ze*¥® + sin (z)

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear
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trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

-—- Trying Lie symmetry methods, 1st order ——-

*, "=> Computing symmetries using: way = 3

4

, —> Computing symmetries using: way = 5

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), 0]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

<- symmetry pattern of the form [0, F(x)*G(y)] successful’

~

, —> Computing symmetries using: way

Maple dsolve solution

Solving time : 0.020 (sec)
Leaf size : 29

‘dsolve(diff(y(x),x) = xxexp(x+y(x))+sin(x),
‘ y(x) ,singsol=all)

y = —cos(z) —In (—01 — (/xew—cos(x)dx>>
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Mathematica DSolve solution

Solving time : 3.151 (sec)
Leaf size : 100

p
' DSolve [{D[y[x],x]==x*Exp[x+y[x]1+Sin[x],{}},
‘ y[x],x,IncludeSingularSolutions->True] ‘

Solve [ / (—eKTl=eos(KI) f[1] — = eosKI)=u(=) i (KT1])) dK 1] + /
1 1

1

—e~ cos(z)—K|[2] (ecos(z)+K[2] / e~ cos(K|[1])—K]|2] SlIl(K[l])dK[l] _ 1) dK[2] =q, y(x)]
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2.1.70 problem 70

Solved as first order ode of type ID 1 . . . . . . .. .. .. ...
Maple step by step solution . . . . ... ... ... ... .... 549
Mapletrace . . . . . . . . . . . ... H50
Maple dsolve solution . . . .. .. ... ... ... ....... H51]
Mathematica DSolve solution . . . . .. .. ... ... ..... o]

Internal problem ID [8730]

Book : First order enumerated odes

Section : section 1

Problem number : 70

Date solved : Tuesday, December 17, 2024 at 01:01:46 PM

CAS classification : [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘]]

Solve

y =512 4 gin (z)

Solved as first order ode of type ID 1
Time used: 0.685 (sec)
Writing the ode as
y' = 5> 2% 4 gin () (1)

And using the substitution u = e72% then

v = —20y'e 2%
The above shows that
. _u’(x) e20y
v 20
v'(z)
20u
Substituting this in (1) gives
u'(z)  5e
“o0u - o TR
The above simplifies to
_u(z)

x? :
0 = 5€” +sin (z) u(z)

W' (z) + 20sin (z) u(z) = —100 e (2)



CHAPTER 2. BOOK SOLVED PROBLEMS 548

Now ode (2) is solved for u(zx).

In canonical form a linear first order is

v'(z) + g(z)u(z) = p(z)
Comparing the above to the given ode shows that

q(z) = 20sin (z)
p(z) = =100

The integrating factor u is

L= efqdm
— ef 20 sin(z)dz
— e—20 cos(z)
The ode becomes
d
@(MU) = kp

d .
o) = () (~100¢”)
%(U e—2OCos(m)) — (e—2000s(z)> (_100 ez2>

d(u e—2OCos(m)) _ (_100 ew2e—2Ocos(z)> da
Integrating gives
ue—20(:os(m) — /_100 ere—20cos(w) dz
= / —100 " e~ 200s(@) g +¢

Dividing throughout by the integrating factor e 20<°5() gives the final solution

u(z) = g20cos(@) (/ —100 6% e~20¢08(@) g 4 61)
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Substituting the solution found for u(z) in u = e™2% gives

In (u(z))
Yy=-
20
1n(<—100 (f ear:2_20 C"S(z)dm) +01)e20 cos(z))
In(— 50
20
In ((_100 (f em2—20cos(x)dx) + Cl> e20cos(x))
20
N
2]
4
ey o (N ““\\\\*L/’? 7 ‘/ 711
T = NNNNN—~——~ 7 7
1 S~ NN\ N\ N—~m S ]
U= NN N NN S S N
S =N N N NN T S S S S O
N N T Sl g ) NN
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X

Figure 2.99: Slope field plot
y = 5e” 2% 4 sin ()

Summary of solutions found

In ((_100 (f ez2_2000s(z)dx) + Cl> e2OCos(z)>
20

Yy=-

Maple step by step solution

Let’s solve
4y(z) = 5 +209() 4 gin (z)

° Highest derivative means the order of the ODE is 1
=y(x)

° Solve for the highest derivative
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4y (z) = 5e”" T2 4 sin (z)

Maple trace

e

"Methods for first order ODEs:

-—- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

-—- Trying Lie symmetry methods, 1st order ——-

*, ~—> Computing symmetries using: way = 3
*, ~—> Computing symmetries using: way = 4
*, "=> Computing symmetries using: way = 5

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), O]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

<- symmetry pattern of the form [0, F(x)*G(y)] successful’
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Maple dsolve solution

Solving time : 0.023 (sec)
Leaf size : 33

‘ dsolve(diff (y(x),x) = b*xexp(x~2+20*y(x))+sin(x), ‘
‘ y(x) ,singsol=all) ‘

o) 1 (—e—5(J e 0o00))
20 20

y = —cos ()

Mathematica DSolve solution

Solving time : 7.542 (sec)
Leaf size : 140

p
‘ DSolve [{D[y[x],x]==5*Exp[x~2+20*y[x]]1+Sin[x],{}}, ‘
‘ y[x],x,IncludeSingularSolutions->True] ‘

o1 y(x)
Solve [/ — g~ 20cos(K[1])~20y(z) <sin(K[1]) + 56K[1]2+20y(z)> dK[1] + /
1100 1

_rioe—m cos(z)—20K 2] (100620 cos(z)+20K 2] /"’” (ée_zo cos(K[1])—20K]2] (sin(K[l])+5eK[1]2+20K[2]> _eK[1]2_20 o
1

— 1) dK[2] = cl,y(a:)]
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2.2 section 2 (system of first order odes)

2.2.1 problem 1
2.2.2 problem 2
2.2.3 problem 3
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2.2.1 problem 1
Maple step by step solution . . . . ... ... ... ... .... %%
Maple dsolve solution . . . .. ... ... ... ......... %%
Mathematica DSolve solution . . . . . ... ... ........ %%

Internal problem ID [8731]

Book : First order enumerated odes

Section : section 2 (system of first order odes)

Problem number : 1

Date solved : Thursday, December 12, 2024 at 09:42:36 AM
CAS classification : system_of_0DEs

4y —z=y+t
4y =22+3y+e

In canonical form a linear first order is

' +q(t)z = p(t)

Comparing the above to the given ode shows that

The integrating factor u is

The ode becomes

q(t) =-1
p(t)=3t—1

u=efth

< (ur) = () (3t — 1)

< (we)
d(:v e_t)

() (3t - 1)

((8t—1)e™) dt
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Integrating gives

ze_t=/(3t—1)e_tdt
=—Bt+2)et+_C

Dividing throughout by the integrating factor e~ gives the final solution

x=_Ce —3t—2
The system is

Z+y =z+y+t
4y =2c+3y+e

Since the left side is the same, this implies

r+y+t=22+3y+e

__z_¢_ ¢
Y="5 73273

Taking derivative of the above w.r.t. ¢ gives

Substituting (3,4) in (1) to eliminate y,y’ gives

~

3t

z_¢ .
2 2 2
=x+3t—-1

et
_§+ - _

1

2

x/

Which is now solved for z. Given now that we have the solution
x=_Ce —3t—2

Then substituting (6) into (3) gives

Cet et
—= 2t+1— —
2 Tt 2

<
I

1)
(2)

(4)

()

(6)

(7)



CHAPTER 2. BOOK SOLVED PROBLEMS 555

Maple step by step solution
Maple dsolve solution

Solving time : 0.044 (sec)
Leaf size : 30

‘dsolve([diff (x(t),t)+diff (y(t),t)-x(t) = y(t)+t, diff (x(t),t)+diff(y(t),t) = 2#x(t)+3:
| Aop([x(£), y(©)DI) |

z(t) = =3t — 2+ ci€’
cel

et
H=92%+4+1—"1 =
y(t) + 5 T3

Mathematica DSolve solution

Solving time : 0.026 (sec)
Leaf size : 37

} DSolve [{{D[x[t],t]+D[y[t],t]1-x[tl==y[t]+t,D[x[t],t]+D[y[t],t]==2*x[t]+3*y[t] +$xp (t1},{}},
‘ {x[t],y[t]},t,IncludeSingularSolutions->Truel ‘

z(t) = =3t + (1 + 2¢;)e’ — 2
y(t) > 2t — (1+c1)ef +1
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2.2.2 problem 2

Solution using Matrix exponential method . . . . . . . ... .. 550!
Solution using explicit Eigenvalue and Eigenvector method . . . [B5§]
Maple step by step solution . . . . . ... ... ... ... .. 64
Maple dsolve solution . . . .. .. ... ... ... ....... H64
Mathematica DSolve solution . . . . .. .. ... ... ..... H64

Internal problem ID [8732]

Book : First order enumerated odes

Section : section 2 (system of first order odes)

Problem number : 2

Date solved : Thursday, December 12, 2024 at 09:42:36 AM
CAS classification : system_of 0DEs

2r +y —z=y+t
T’ +y =2r+3y+e

Solution using Matrix exponential method

In this method, we will assume we have found the matrix exponential e4?

allready.
There are different methods to determine this but will not be shown here. This is a

system of linear ODE’s given as

t—et
—t+2¢

HEFEIHE

Since the system is nonhomogeneous, then the solution is given by

Z(t) = Zn(t) + T,(2)

Where Z,(t) is the homogeneous solution to #'(t) = AZ(t) and Z,(t) is a particular
solution to Z'(t) = AZ(t) + G(t). The particular solution will be found using variation
of parameters method applied to the fundamental matrix. For the above matrix A, the
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matrix exponential can be found to be

<1+\/§)e_(_2+‘/§)t e(2+\/§)t(\/§—1) (—e(2+\/§)t+e_(_2+‘/§)t)\/§
At _ 2 o 2 3
_e(2V3)t ~(-2+VE)t) g _ o (F2HvB)e  (24VE)t
B G ) L G0 s A el o)

Therefore the homogeneous solution is

fh(t) = eAtE'

(1+\/§)e‘(‘2+ﬁ)t e(2+\/§)t(\/§—l) (—e(2+\/§)t+e_(_2+‘/§)t>\/§ )

_ 2 - 2 3 C1 }
(_e(2+‘/§>t+e‘(‘2+‘/5)t)\/§ (_ﬁ+1>e—(—2+¢§)t e(2+‘/§)t(1+\/§> | C2
| - 2 2 + 2
( (1+v3)e (-2+va)e  (2+va)e (v3-1) ) (—e(2+‘/§)t+e_(_2+‘/§)t> V3er
2 - 2 c+ 3

= _o(2va)t, —(—2+vE)t Vier ~ —(2rva)e(2+va):

(e ) +<<«§+1>2< r >2<1+«§>>02

((3C1+202)\/§+3cl>e_(_2+\/§)t e(2+\/§)t(<01+2%>\/§_61>
6 o 2

<(_cl _02)\/3—"_02) e (_2+‘/§)t + ((01 +02)\/§+02> e(2+‘/§)t
2 2

The particular solution given by

o (cvar)e el (1v8) ) Vet (o219t om(20))
— 2 - 3
= JFe—dt (_e(z+ﬁ)t+e—(—2+¢§)t) ot (\/ge—(—2+\/§)t_\/§e(2+\/§)t+e_(_2+\/§)t+e(2+\/§)t>

2 2
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Hence
_ (Hﬁ)e_(_%ﬁ)t e(2+\/§)t(\/§_1) (—e(2+\/§)t+e_(—2+\/§)t)\/§ | e—4t<(_\/§+1)e_(—2
j‘p(t) = : B § X /
(_e(2+\/§)t+e—(—2+\/§)t>\/§ (_\/§+1)e_(_2+‘/§)t e(2+\/§)t<1+\/§> V3e 4 (—e(2+
i - 9 2 + 2 J
<1+\/§)e_(_2+\/g)t e(2+\/§)t<\/§_1> (_e(2+\/§)f+e‘(—2+‘/§)t)\/§ <(5t+19)\/§—9t—33)e_
— 2 B 2 3 °
(<) s (Ca)e (@) i (yyg) | | (rrcamnvBsen)e (0
- - 2 2 + 2 - 2
[ —3t—11
ol 2t+T7-¢

Hence the complete solution is
Z(t) = Tn(t) + Zp(t)

<(361+2C2)\/§+3cl>e_(_2+\/§)t + ((—301—2c2)\/§+3c1>e(2+\/§)t

- - . —3t—11
—c1—e2)V3+¢ e_(_2+\/§)t c1+c2)V3+e e(2+\/§)t +
(( 1—c2) +22> n (( 1+c2) 42-2) +2t+7—%

Solution using explicit Eigenvalue and Eigenvector method
This is a system of linear ODE’s given as

Z(t)=AZ(1) + G(t)

HEFE=IHE

Since the system is nonhomogeneous, then the solution is given by

t—et
—t+2¢

2(t) = Zn(t) + Zp(2)

Where Zj,(t) is the homogeneous solution to #'(t) = AZ(t) and Z,(t) is a particular
solution to Z'(t) = AZ(t) + G(t). The particular solution will be found using variation
of parameters method applied to the fundamental matrix.

The first step is find the homogeneous solution. We start by finding the eigenvalues of
A. This is done by solving the following equation for the eigenvalues A

det(A—A)=0
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Expanding gives

(R P
([ )

Which gives the characteristic equation

Therefore

M —4A+1=0
The roots of the above are the eigenvalues.

M=2+V3
Aa=2-+/3
This table summarises the above result
eigenvalue algebraic multiplicity =type of eigenvalue

2—-4/3 1 real eigenvalue
2++/3 1 real eigenvalue

Now the eigenvector for each eigenvalue are found.
Considering the eigenvalue \; = 2 — /3
We need to solve A7 = A7 or (A — AI)¥ = 0 which becomes

(13 2]-e-9 [ oD [e]=[0)
et M

Now forward elimination is applied to solve for the eigenvector . The augmented

matrix is
-3++v/3 =2 |0
3 3+v31|0
3R, -3++v3 -2

Ry = Ry —

0
-3+ /3 0 0 0]
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Therefore the system in Echelon form is

SN

0 0 () 0
The free variables are {ve} and the leading variables are {v;}. Let v = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free

variables gives equation {vl = _3it \/5}

[]-[ 7]

Since there is one free Variable, we have found one eigenvector associated with this

Hence the solution is

eigenvalue. The above can be written as

Let t = 1 the eigenvector becomes

C o 2

Ui | _ | 363
Lt 1
Which is normalized to ) )
S 2
V1| _ | Z34/3
Lt 1

Considering the eigenvalue Ay = 2 + /3

We need to solve A7 = A7 or (A — AI)¥ = 0 which becomes
-1 -2 10 vy 0
— (2 =
(15 5 )-Coa o )2 ][0
R I
3 3—v3 | Lv 0
Now forward elimination is applied to solve for the eigenvector #. The augmented

matrix is
-3—v3 =2 |0
3 3—+v310
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3]

-3—-+3 0 0
Therefore the system in Echelon form is
NN
0 0 V2 0

The free variables are {vs} and the leading variables are {v;}. Let vo = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free

2t
3+\/§}

[]-] 7

Since there is one free Variable, we have found one eigenvector associated with this

Ry =Ry — 35 = [_3_\/3 —2

variables gives equation {vl =—

Hence the solution is

eigenvalue. The above can be written as

Let t = 1 the eigenvector becomes

_ - r 2 T
Uil _ | T3+v3
|t ] 1
Which is normalized to ) )
- . 2
V1| _ | T3+v3
|t ] 1

The following table gives a summary of this result. It shows for each eigenvalue the
algebraic multiplicity m, and its geometric multiplicity k£ and the eigenvectors associated
with the eigenvalue. If m > k then the eigenvalue is defective which means the number
of normal linearly independent eigenvectors associated with this eigenvalue (called the
geometric multiplicity k) does not equal the algebraic multiplicity m, and we need to
determine an additional m — k generalized eigenvectors for this eigenvalue.
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multiplicity
eigenvalue algebraic m geometric k& defective? eigenvectors

S

2+/3 1 1 No +v3
- 1 -
o,

2-+/3 1 1 No -v3

1

Now that we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. The only problem we need to take care of
is if the eigenvalue is defective. Since eigenvalue 2 + v/3 is real and distinct then the
corresponding eigenvector solution is

#1(8) = #e (V3!

2
_ [ ~303 ] o (2TV3)t
1

Since eigenvalue 2 — /3 is real and distinct then the corresponding eigenvector solution
is

fz (t) = 1_).26<2_\/§>t

_ [ 27 ] (2-v3):

Therefore the homogeneous solution is
fh(t) = lel (t) + szz(t)

Which is written as

. _2e(2+\/§)t _2e(2_\/§>t
[ ] — ¢ 3+v3 +e 3-v3
Yy e<2+\/§>t e(?—\/§>t

Now that we found homogeneous solution above, we need to find a particular solution
Zp(t). We will use Variation of parameters. The fundamental matrix is

o= |7 &



CHAPTER 2. BOOK SOLVED PROBLEMS

563

Where Z; are the solution basis found above. Therefore the fundamental matrix is

2e(2+ﬁ)t 2e(2_ﬁ)t
D(t) = 33 33
e(2+\/§)t e(z—ﬁ)t

The particular solution is then given by

7,(t) = <1>/<1>—1é( ) d
But
\/ge_ (2+\/§) \/g (3-‘{‘\/5)6_ (2+\/§)t
\/ge(—2+f) o= 2+‘[)t ( 3+\f)
2 6
Hence
2e(2+\/§)t Ze(z—ﬁ)t T [ Ve~ (2+\/§)t V3 (3+\/§)e_ (2+x/§)t ) t
Z,(t) = T 3+v3 3-V3 / 2 6 t—e t
(2+v3)t (2-v3)t J3e(-2+V)t (21V3)t 3 (-s+v3) | | —t+2e
- - L 2 6
[ 2e(2+‘/§)t _2e(2_‘/§)t | [ V3e~ (LHF) +e <1+\/§> _ e_(2+\/§)tt |
_ 3+v3 3-v3 / 2 dt
V3 V3 fet(ﬁ-l) t(vV3-1)  o(-2+va)t
i (2+3)t (2 3>t_ __32 —|—e( )_ 2 t_
) i 5(((t+§)\/§+%+%)e_(2+‘/§)t+e‘t(1+‘/§) (—ﬁ—ﬁ—g))x/ﬁ
26(2+\/§)t 2e(2_\/§)t 2
_ 31vV3 3.3 6(1+v3) (2+v3)
(2+v3)e _(2-v3)t (((e+3)va-2-2)el 79 (57 (208.19) ) v3
3 T 6(v3-1) (—2+\/§)2
[ -3t-11
ol 2t+T7-¢
Now that we found particular solution, the final solution is
Z(t) = Zn(t) + Zp(t)
2+f)t 9% e(2—\/§)t
[ 2ae —Zas —3t — 11t ]
204+7-%5
2+f & e(2—\/§)t + 2
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Which becomes

(50 (L)l
[x] | - 2(3+«/§)3 N 1 ( 3+\/?;) a1
Y c1 e(2+\/§)t—|—cz e_<_2+\/§)t +2t—|—7—%

Maple step by step solution
Maple dsolve solution

Solving time : 0.070 (sec)
Leaf size : 94

‘dsolve([2+diff (x(t),t)+diff (y(t),t)-x(t) = y(t)+t, diff(x(t),t)+diff(y(t
L ,{op([x(t), y(t)D})

) st) = 2*X(t)'

z(t) = e(2+\/§>t02 +e <_2+\/§>tcl -3t-11
B e<2+\/§)t02\/§ e <_2+‘/§)tcl V3 3e (2+\/§)t02 3e (_2+‘/‘§>t01 et
y(t) = ——— + 5 - - 5 — G T2AHT

Mathematica DSolve solution

Solving time : 6.59 (sec)
Leaf size : 174

\{DSolve [{{2+#D[x[t],t]+D[y[t],t]1-x[t]==y[t]+t,D[x[t],t]+D[y[t],t]==2*x[t]+3*y [ti] +Exp[t]1},{}},
‘ {x[t],y[t]},t,IncludeSingularSolutions->True] ‘

z(t) — %e‘((\/gﬂ)t) <—66(\/?7—2)t(3t +11) + (_3 (\/5 _ 1) o — 2\/§c2> 2Vt
+3(1+v3) e + 2\/502)
0 () o))

+ 14)
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2.2.3 problem 3
Maple step by step solution . . . . ... ... ... ... .... 6T
Maple dsolve solution . . . .. ... ... ... ......... H6T
Mathematica DSolve solution . . . . . ... ... ........ HoT

Internal problem ID [8733]
Book : First order enumerated odes

Section : section 2 (system of first order odes)

Problem number : 3

Date solved : Thursday, December 12, 2024 at 09:42:37 AM
CAS classification : system_of_0DEs

+y —z=y+t+sin(t)+ cos(t)
r+y =2x+3y+e

In canonical form a linear first order is

' +q(t)z = p(t)

Comparing the above to the given ode shows that

q(t) = ~1
p(t) = 3t +4sin (t) + 2cos (t) — 1

The integrating factor u is

The ode becomes

b= o) adt

= e_t

d
a(#x) = up

%(uw‘) = (p) (3t + 4sin () + 2cos (¢) — 1)

d —t —t i
3 (@e7) = (€7) (3t + 4sin () +2cos (1) — 1)

d(ze™) = (3t +4sin(t) + 2cos (¢) — 1) e™") dt



CHAPTER 2. BOOK SOLVED PROBLEMS

566

Integrating gives
re ' = / (3t +4sin (t) +2cos (t) — 1) e " dt
=-3e't—2e " —3ecos(t) —e'sin(t) +_C
Dividing throughout by the integrating factor e~ gives the final solution
r=_Ce" —sin(t) — 3cos () — 3t — 2
The system is

+y =z+y+t+sin(t)+ cos(t)
r+y =2x+3y+e

Since the left side is the same, this implies

T+y+t+sin () + cos(t) =2z + 3y + €
_x e t sin(t) cos(t)
Y=t T

Taking derivative of the above w.r.t. ¢ gives

e 1 cos(t) sin(t)
2 2727 T2 T
Substituting (3,4) in (1) to eliminate y,y’ gives

cos(t) sin(t) = € 3t 3sin(t)  3cos(f)

AL S+2 4 +
2 2 2 2 2 2 2 2 2 2
' =1z + 3t+4sin (t) +2cos () — 1

Which is now solved for z. Given now that we have the solution
r=_Ce" —sin(t) — 3cos () — 3t — 2

Then substituting (6) into (3) gives

t t

—Ce+sm@y+mmﬂw+2n+r—%

y=-

1)
(2)

(4)

()

(6)

(7)
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Maple step by step solution
Maple dsolve solution

Solving time : 0.198 (sec)
Leaf size : 44

‘dsolve([diff(x(t),t)+diff(y(t),t)-x(t) = y(t)+t+sin(t)+cos(t), diff(x(t)
| Aop([x(£), y(©)DI) |

,E)+diff (y(t).

z(t) = —sin (t) — 3cos () + cie* — 3t — 2
t

. ci€’ e
y(t) = sin () +2cos (t) — T+2t+1_§

Mathematica DSolve solution

Solving time : 0.038 (sec)
Leaf size : 54

}DSolve[{{D[x[t],t]+D[y[t],t]—x[t]==y[t]+t+Sin[t]+Cos[t],D[x[t],t]+D[y[t],t]==¢*x[t]+3*y[t]+E
‘ {x[t],y[t]},t,IncludeSingularSolutions->Truel ‘

z(t) — —3t + e’ —sin(t) — 3cos(t) + 2c e’ — 2
y(t) = 2t — €' +sin(t) + 2cos(t) — cre* + 1
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2.3 section 3. First order odes solved using
Laplace method

23.1 problem 1 . . . . . .. 69
2.3.2 problem 2 . . . .. LYK
233 problem 3 . . . ... bYd(
234 problem 4 . . . ... e e H&0
235 problem 5 . . ... H&3]
23.6 problem 6 . . . . ... &Y
23.7 problem 7 . . . . .. HOTl
2.3.8 problem 8 . . . . ... e e
2.3.9 problem 9 . . . . .. e 601l
2.3.10 problem 10 . . . . . . .. e e 606]
2.3.11 problem 11 . . . . . . .. L 61Tl
2.3.12 problem 12 . . . . . .. 615
2.3.13 problem 13 . . . . . . . . .. e 620

2.3.14 problem 14 . . . . . . . e 624
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2.3.1 problem 1

Maple step by step solution . . . . ... ... ... ... .... Lyal
Maple trace . . . . . . . . . L LY#)
Maple dsolve solution . . . .. ... ... ... ......... LY#)
Mathematica DSolve solution . . . . . ... ... ........ YW

Internal problem ID [8734]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 1

Date solved : Tuesday, December 17, 2024 at 01:01:49 PM
CAS classification : [_linear]

Solve
With initial conditions

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

1) % (-1 p(s)

Where in the above F(s) is the laplace transform of f(t). Applying the above property
to each term of the ode gives

Collecting all the terms above, the ode in Laplace domain becomes

1
r_
=G

The above ode in Y(s) is now solved.
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Since the ode has the form Y’ = f(s), then we only need to integrate f(s).

1

22+Cl

Applying inverse Laplace transform on the above gives.

y= 3 + b 1

Substituting initial conditions y(0) = 5 and 3'(0) = 5 into the above solution Gives

5= 015(0)

Solving for the constant c¢; from the above equation gives

5
5(0)

C =

Substituting the above back into the solution (1) gives

56(t)

(0)

N |

y:

0.59

y() 07

Figure 2. 100 Solution plot
55(t)
y=3+%0
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Maple step by step solution

Let’s solve
[ty' +y =t,y(0) = 5]
° Highest derivative means the order of the ODE is 1

/

Yy

° Isolate the derivative
y=1-1%

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
y+i=1

° The ODE is linear; multiply by an integrating factor u(t)
pt) (v +4) = ult)

o Assume the lhs of the ODE is the total derivative £ (ypu(t))
pt) (v + %) = y'ult) +yu'(t)

e  Isolate p/(t)

p(t) =10
t

° Solve to find the integrating factor
u(t) =t

o Integrate both sides with respect to ¢
J (& yp))) dt = [ u(t)dt + C1

° Evaluate the integral on the lhs
yu(t) = [ p(t) dt + C1
° Solve for y
_ Ju@di+C1
Y=""u0
o Substitute u(t) =t
__ Jtdi+C1
= =
° Evaluate the integrals on the rhs
_ b+t
¢
° Simplify
y = t2+22t01

° Solution does not satisfy initial condition
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful"

Maple dsolve solution

Solving time : 0.033 (sec)
Leaf size : 16

-

dsolve([t*xdiff (y(t),t)+y(t) = t,
| op([y(0) = 511,
‘ y(t) ,method=laplace)

Mathematica DSolve solution

Solving time : 0.0 (sec)
Leaf size : 0

e

DSolve [{t*D[y[t],t]l+y[t]==t,{y[0]==5}},
‘ y[t],t,IncludeSingularSolutions->True]

Not solved
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2.3.2 problem 2

Maple step by step solution . . . . ... ... ... ... .... 545
Maple trace . . . . . . . . . L D76
Maple dsolve solution . . . .. ... ... ... ......... D76
Mathematica DSolve solution . . . . . ... ... ........ 576

Internal problem ID [8735]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 2

Date solved : Tuesday, December 17, 2024 at 01:01:49 PM
CAS classification : [_separable]

Solve
Yy —ty=0
With initial conditions

y(0)=0

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

1) S (1) ()

Where in the above F(s) is the laplace transform of f(¢). Applying the above property
to each term of the ode gives

v d
—t —Y
y = Y(s)
y 5 sY(s) = y(0)
Collecting all the terms above, the ode in Laplace domain becomes
sY —y(0)+Y' =0
Replacing y(0) = 0 in the above results in

sY+Y' =0
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The above ode in Y(s) is now solved.

In canonical form a linear first order is
Y’ +q(s)Y = p(s)

Comparing the above to the given ode shows that

q(s) = s

p(s)=0
The integrating factor u is

b= ef sds

Therefore the solution is
Y =ce /5%

Expanding and simplifying Y (s) found above gives

Applying inverse Laplace transform on the above gives.

y=c L1 (e_é, s, t> (1)

Substituting initial conditions y(0) = 0 and y'(0) = 0 into the above solution Gives
2
0=cL™! <e_7, s,t)

Solving for the constant c¢; from the above equation gives
C1 = 0
Substituting the above back into the solution (1) gives

y=0
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0.5

yp oo y(®

0.5

-8 -6 -4 -2 0 2 4 6 8 10
t t

(a) Solution plot (b) Slope field plot
y=0 y —ty=0

Maple step by step solution

Let’s solve

[y —yt =0,y(0) = 0]
° Highest derivative means the order of the ODE is 1

/

Y

° Solve for the highest derivative
y =yt

° Separate variables
—

Y
. Integrate both sides with respect to ¢

JLdt = [ tdt+ C1

° Evaluate integral
In(y) = % + C1
° Solve for y
y = oo+t
o Use initial condition y(0) =0
0=e"
° Solve for _ C'1
c1 =)

° Solution does not satisfy initial condition
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.032 (sec)
Leaf size : 5

-

dsolve([diff (y(t),t)-y(t)*t = 0,
| op([y(0) = 011,
‘ y(t) ,method=laplace)

Mathematica DSolve solution

Solving time : 0.001 (sec)
Leaf size : 6

'DSolve [{D[y[t],t]-t*y[t]==0,y[0]==0},
y[t],t,IncludeSingularSolutions->True]

N

y(t) =0
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2.3.3 problem 3

Maple step by step solution . . . . ... ... ... ... .... Y4
Maple trace . . . . . . . . . L 79
Maple dsolve solution . . . .. ... ... ... ......... 579
Mathematica DSolve solution . . . . . ... ... ........ 579

Internal problem ID [8736]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 3

Date solved : Tuesday, December 17, 2024 at 01:01:50 PM
CAS classification : [_separable]

Solve
ty +y=0
With initial conditions
y(0)=0

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

n d"

" f(8) > (~1)" - F(s)

Where in the above F(s) is the laplace transform of f(t). Applying the above property
to each term of the ode gives

y 5 Y(s)
d

ty 5 —Y(s)—s( =Y

V5 =¥ - s 470))

Collecting all the terms above, the ode in Laplace domain becomes
—-sY'=0

The above ode in Y(s) is now solved.

Since the ode has the form Y’ = f(s), then we only need to integrate f(s).

/dY=/0d$+01
Y

=Cl
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Applying inverse Laplace transform on the above gives.
y = c16(t) (1)
Substituting initial conditions y(0) = 0 and y'(0) = 0 into the above solution Gives
0 = c16(0)
Solving for the constant c¢; from the above equation gives
=0
Substituting the above back into the solution (1) gives

y=0

y(t) o y(t)

-0.51

(a) Solution plot (b) Slope field plot
y=0 ty +y=0

Maple step by step solution

Let’s solve
[ty' +y =0,y(0) = 0]
° Highest derivative means the order of the ODE is 1

/

Yy

° Separate variables
y _ _1
Yy t

° Integrate both sides with respect to ¢
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[Ydt= [ —¢dt+ C1

° Evaluate integral
In(y) =—1n(¢) + C1
° Solve for y
eC’I
=5
° Solution does not satisfy initial condition

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.020 (sec)
Leaf size : 5

dsolve ([txdiff (y(t),t)+y(t) = O,
op([y(0) = 01)],
y(t) ,method=laplace)

—————

Mathematica DSolve solution

Solving time : 0.001 (sec)
Leaf size : 6

DSolve [{t*D[y[t],t]+y[t]==0,y[0]==0},
y[t],t,IncludeSingularSolutions->True]

y(t) =0
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2.3.4 problem 4

Maple step by step solution . . . . ... ... ... ... .... HRT]
Mapletrace . . . . . . . . . . ... HRZ
Maple dsolve solution . . . .. ... ... ... ......... H&2
Mathematica DSolve solution . . . . . ... ... ........ H&2

Internal problem ID [8737]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 4

Date solved : Tuesday, December 17, 2024 at 01:01:51 PM
CAS classification : [_separable]

Solve

ty +y=0
With initial conditions

y(0) =yo

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

n d"

" f(8) > (~1)" - F(s)

Where in the above F(s) is the laplace transform of f(t). Applying the above property
to each term of the ode gives

y 5 Y(s)
W 5 -v()-s( 1Y)

Collecting all the terms above, the ode in Laplace domain becomes

—sY' =0

The above ode in Y(s) is now solved.

Since the ode has the form Y’ = f(s), then we only need to integrate f(s).

/dY=/0d$+01
Y

=Cl
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Applying inverse Laplace transform on the above gives.

y=c16(t) 1)

Substituting initial conditions y(0) = yo and y'(0) = y, into the above solution Gives
Yo = ¢16(0)

Solving for the constant c¢; from the above equation gives

Yo
5(0)

C =

Substituting the above back into the solution (1) gives

y= Yo (t)
4 (0)
< I S S S A B B T
s 7 7 7 7 7 0LV
o777 7 7 7017 VN
PN g A A A A A B I AN
77 7 7 7T NN\
77 7 7 VNN
=777 7 1V N\ -
— =777 7 \ N\ : —
A TN -
yo o S :
NN —
Ny S
N NN TS S
\‘ \/ A’ /7 / J 7 7
NV 17
2] NV
\ V177777777
R A R A A A G G
-3 \VvVtr 177777777
0 2 4

t
Figure 2.103: Slope field plot
ty +y=0

Maple step by step solution

Let’s solve

[ty +y = 0,y(0) = yo]
° Highest derivative means the order of the ODE is 1

/

Y
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° Separate variables
y _ _1
y ot

° Integrate both sides with respect to ¢
5 T 1
JYdt= [ —idt+ C1

. Evaluate integral
In(y) = —In(¢) + C1
° Solve for y
eCI
Tt
° Solution does not satisfy initial condition

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.020 (sec)
Leaf size : 12

‘dsolve([t*diff (y(t),t)+y(t) = 0,
| op([y(0) = y__0D)1,
‘ y(t) ,method=laplace)

Mathematica DSolve solution

Solving time : 0.0 (sec)
Leaf size : 0

'DSolve [{t*D[y[t],t]+y[t]==0,y[0]==y0},
‘ y[t],t,IncludeSingularSolutions->True]

Not solved
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2.3.5 problem 5

Maple step by step solution . . . . ... ... ... ... .... HR6)
Maple trace . . . . . . . . . L H&6)
Maple dsolve solution . . . .. ... ... ... ......... H&T
Mathematica DSolve solution . . . . . ... ... ........ H&T

Internal problem ID [8738]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 5

Date solved : Tuesday, December 17, 2024 at 01:01:52 PM
CAS classification : [_separable]

Solve

ty +y=0
With initial conditions

y(zo) = o0

Since initial condition is not at zero, then change of variable is used to transform the
ode so that initial condition is at zero.

T=1—129
Solve
(T+z0)y +y=0
With initial conditions
y(0) = 9o

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

" fr) L (-1 p(s)

Where in the above F'(s) is the laplace transform of f(7). Applying the above property
to each term of the ode gives

y(r) 5 Y (s)

(r-tan) (400)) 5 ~¥(6) = 5( 1Y) ) +2ls¥ (5) - y(0)
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Collecting all the terms above, the ode in Laplace domain becomes

—8Y' + zo(sY —y(0)) =0
Replacing y(0) = yo in the above results in
—sY' 4+ zo(sY —yp) =0

The above ode in Y(s) is now solved.

In canonical form a linear first order is
Y’ +q(s)Y = p(s)

Comparing the above to the given ode shows that

q(s) = —o
T
p(s) = —OTyO
The integrating factor y is
p= efqu
— ef —xods
_ e—mos
The ode becomes
d
Loy =
45 WY) = pp
d ZoYo
(Y = () (-222)
d v —wos\ _ (a—z0s) [ T0Y0
ds (Ye ) (e ) < s
—x08
d(Y e—wos) _ <_$0y0;3 > ds

Integrating gives

_ ZoYoe *0°
Ye TS — /——ds
S

= zoYo Ei; (zos) + c1
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Dividing throughout by the integrating factor e*°® gives the final solution

Y = e””os(xoyo E11 (.’E()S) + Cl)

Applying inverse Laplace transform on the above gives.

y=

ZoYo
T+ X

+ clﬁ_l(exos, 8,7T)

(1)

Substituting initial conditions y(0) = yo and y'(0) = yo into the above solution Gives

Yo = Clﬁ_l(ewosa S, T) + Yo

Solving for the constant c¢; from the above equation gives

0120

Substituting the above back into the solution (1) gives

_ ZoYo
T+ g

Changing back the solution from 7 to ¢ using

the solution becomes

y®) 0]

24

T = t—l’o
ZoYo
y(t) = ——
t
7 7 77 L VvV N NN
J 7 AT TR R
J 7 /A A VR N WA
77 77T 0V N N NN
77 77 V% N NN
s 77V N N N NN
— 77 VN NN NN
— = NN N NN~
S / / \ \ ~ - —_—
- /"/\\x*
—~ N\ S -
- NN\ S -
- NV TS —
I N T T T T T A A
~SSNNNNNNN VT S s s
N~~~ N\~\N\\\N V1 V7 /S
NSNNNNNNN N VTV S s s
~NNNNNNN\NN NV S m s
NNNNNNNN N V1Y S
NNNNNNNNN VYT S ST
) 2 0 2 4

Figure 2.104: Slope field plot

H(2y(1)) +y(t) = 0
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Maple step by step solution

Let’s solve

[ty +y = 0,y(z0) = yo]
° Highest derivative means the order of the ODE is 1

/

Yy

° Separate variables
y _ _1
Yy t

. Integrate both sides with respect to ¢
[Ydt= [ —¢dt+ C1

. Evaluate integral
In(y) = —In(¢) + C1
° Solve for y
_ eCI
Tt
e  Use initial condition y(zo) = yo
eC
Yo = w—oj

) Solve for _ C1
C1 = In(zoyo)

. Substitute __C1 = In (zoyo) into general solution and simplify
— Zod%
y==
° Solution to the IVP
— Zod
y==

Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”
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Maple dsolve solution

Solving time : 0.028 (sec)
Leaf size : 10

dsolve([t*xdiff (y(t),t)+y(t) = 0,
op(ly(x__0) = y__01)],
y(t) ,method=laplace)

Mathematica DSolve solution

Solving time : 1.702 (sec)
Leaf size : 11

DSolve [{t*D[y[t],t]+y[t]==0,y[x0]==y0},

y[t],t,IncludeSingularSolutions->True]

y(t) —

x0y0
t
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2.3.6 problem 6

Maple step by step solution . . . . ... ... ... ... .... HRJ
Maple trace . . . . . . . . . L 590
Maple dsolve solution . . . .. ... ... ... ......... 590
Mathematica DSolve solution . . . . . ... ... ........ 590

Internal problem ID [8739]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 6

Date solved : Tuesday, December 17, 2024 at 01:01:52 PM
CAS classification : [_separable]

Solve
ty +y=0
Since no initial condition is explicitly given, then let
y(0) = cx

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

n d"

" f(8) > (~1)" - F(s)

Where in the above F(s) is the laplace transform of f(t). Applying the above property
to each term of the ode gives

y 5 Y(s)

W 5 -v()-s( 1Y)

Collecting all the terms above, the ode in Laplace domain becomes
—-sY'=0

The above ode in Y(s) is now solved.

Since the ode has the form Y’ = f(s), then we only need to integrate f(s).

/dY=/0d$+02
Y

=02
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Applying inverse Laplace transform on the above gives.

y = c20(t)

1)

Substituting initial conditions y(0) = ¢; and y'(0) = ¢; into the above solution Gives

Ci = 02(5(0)

Solving for the constant c, from the above equation gives

(4]
C) = ——

4 (0)

Substituting the above back into the solution (1) gives

y(®)

Maple step by step solution
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Figure 2.105: Slope field plot

Let’s solve
ty +y=0
Highest derivative means the order of the ODE is 1

ty +y=0
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° Separate variables
y _ _1
y ot

° Integrate both sides with respect to ¢
5 T 1
JYdt= [ —idt+ C1

. Evaluate integral
In(y) = —In(¢) + C1
° Solve for y
eCI

Tt

Maple trace

/

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.027 (sec)
Leaf size : 8

e

dsolve(t*diff (y(t),t)+y(t) = 0,
L y(t) ,method=laplace)

y = c1d(t)

Mathematica DSolve solution

Solving time : 0.02 (sec)
Leaf size : 16

‘ DSolve[{t*D[y[t],t]+y[t]==0,{}},
‘ y[t],t,IncludeSingularSolutions->True]
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2.3.7 problem 7

Maple step by step solution . . . . ... ... ... ... .... H94
Maple trace . . . . . . . . . L H94l
Maple dsolve solution . . . .. ... ... ... ......... 595
Mathematica DSolve solution . . . . . ... ... ........ 595

Internal problem ID [8740]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 7

Date solved : Tuesday, December 17, 2024 at 01:01:53 PM
CAS classification : [_separable]

Solve
ty +y=0
With initial conditions
y(1) =5

Since initial condition is not at zero, then change of variable is used to transform the
ode so that initial condition is at zero.

T=1t—1
Solve
(T+1)y +y=0
With initial conditions
y(0) =5

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

" fr) L (-1 p(s)

Where in the above F'(s) is the laplace transform of f(7). Applying the above property
to each term of the ode gives

y(r) LY (s)
EA

41 (00) £ Y -5( 1Y) +5Y() - 300)
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Collecting all the terms above, the ode in Laplace domain becomes
—sY'+sY —y(0)=0
Replacing y(0) = 5 in the above results in
—sY'+sY —-5=0

The above ode in Y(s) is now solved.

In canonical form a linear first order is
Y +q(s)Y = p(s)

Comparing the above to the given ode shows that

q(s)=-1
5
p(s) = s
The integrating factor u is
p= efqu
— ef(_l)ds
= e_s
The ode becomes
d
2wy =
45 WY) = mp

Integrating gives
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Dividing throughout by the integrating factor e™* gives the final solution
Y = 68(5 E11 (8) + Cl)

Applying inverse Laplace transform on the above gives.

(1)

Substituting initial conditions y(0) = 5 and y'(0) = 5 into the above solution Gives

5=c L7 (e*,s,T)+5
Solving for the constant c¢; from the above equation gives
C1 = 0

Substituting the above back into the solution (1) gives

Changing back the solution from 7 to ¢ using
T=t-—1
the solution becomes

y(t) = %

v o] Ty o

(a) Solution plot (b) Slope field plot
y(t) =2 t(Fy(t) +y(t) =0
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Maple step by step solution

Let’s solve
[ty +y = 0,y(1) = 5]
° Highest derivative means the order of the ODE is 1

/

Y

° Separate variables
y _ _1
Yy t

. Integrate both sides with respect to ¢
i T 1
JYLdt= [ —3dt+ C1

° Evaluate integral
In(y) = —In(¢t) + C1
° Solve for y

eC1

¢
o Use initial condition y(1) =5
5=e%!
° Solve for _ C1
C1 =In(5)
o Substitute _ C1 = In (5) into general solution and simplify
y=>2
. Solution to the IVP

y=2

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~
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Maple dsolve solution

Solving time : 0.046 (sec)
Leaf size : 9

‘dsolve([t*diff(y(t),t)+y(t) =0,
| op([y(1) = 511,
‘ y(t) ,method=laplace)

| Ot

Mathematica DSolve solution

Solving time : 0.019 (sec)
Leaf size : 10

‘ DSolve [{t*D[y[t],t]+y[t]==0,y[1]==5},
‘ y[t],t,IncludeSingularSolutions->True]

| Ot

y(t) —
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2.3.8 problem 8

Maple step by step solution . . . . ... ... ... ... .... HO8
Maple trace . . . . . . . . . L 600
Maple dsolve solution . . . .. ... ... ... ......... 600
Mathematica DSolve solution . . . . . ... ... ........ 600

Internal problem ID [8741]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 8

Date solved : Tuesday, December 17, 2024 at 01:01:54 PM
CAS classification : [_linear]

Solve
ty +y = sin (¢)
With initial conditions
y(1) =0

Since initial condition is not at zero, then change of variable is used to transform the
ode so that initial condition is at zero.

T=t-1
Solve
(1+1)y +y=sin(r+1)
With initial conditions
y(0)=0
We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

ey £ n d"
7 fr) L (<1 F(s)
Where in the above F'(s) is the laplace transform of f(7). Applying the above property
to each term of the ode gives

y(r) 5 Y (s)

(r+1) (%y(T)) 2 ¥ (s)- s(%Y(s)) +5Y(s) — y(0)

) 2 sin (1) s+ cos (1)
1) —
sin (7 + 1) 211
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Collecting all the terms above, the ode in Laplace domain becomes

sin (1) s 4+ cos (1)
—sY' +sY — =
sY'+s y(0) 211
Replacing y(0) = 0 in the above results in
LY+ sY = sin (1) 28 + cos (1)
s*+1

The above ode in Y(s) is now solved.
In canonical form a linear first order is
Y +q(s)Y = p(s)

Comparing the above to the given ode shows that

q(s) = -1
—sin (1) s —cos(1
sy = D)5 = o5 ()
(s24+1)s
The integrating factor u is
p= efqu
= ef(_l)ds
= e—S

The ode becomes

d
—_— Y =
P (LY) = up

d _ —sin (1) s — cos (1)
LMY= (u)( EFnP >

4oy - o) (TR

s (s24+1)s
_oy _ [ (—=sin(1)s—cos(l))e?
d(Ye™) = ( D) ) ds

Integrating gives

Ve — / (—sin (1) s —cos (1)) e~ ds
(s241)s
e'Eij (s+14) e "Ei (s —1)

= —cos (1) ( 5 + 5 —Ej (3)) + sin (1) (

ie' Eij (s + 1)

ie " Eiy (s — 1)

2

2

)
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Dividing throughout by the integrating factor e™* gives the final solution

_ (=2cos (1) Eis (s) + Eii (s +1) + Ei1 (s —4) — 2c1) €°
2

Y =

Applying inverse Laplace transform on the above gives.

_ cos(1)
T+l

cos (T + 1)

+01£_1(e3,3,7') —

(1)
Substituting initial conditions y(0) = 0 and 3'(0) = 0 into the above solution Gives

cos (1)
2

0=cL7'(e’s,7) +

Solving for the constant c¢; from the above equation gives

_ cos(1)
2L (e, 8,7T)

C1 =
Substituting the above back into the solution (1) gives

_cos(l) cos(l) cos(r+1)
CoT+1 2 T+2

Changing back the solution from 7 to ¢ using
T=1t—1

the solution becomes

:cos(l) cos (1)  cos(t)

t 2 t+1

y(t)

The solution was found not to satisfy the ode or the IC. Hence it is removed.

Maple step by step solution

Let’s solve

[ty' +y =sin(t),y(1) = 0]
° Highest derivative means the order of the ODE is 1

/

Yy
° Isolate the derivative
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sin(t)

y = —Y 4 2@

° Group fcermstwith y on the lhs of the ODE and the rest on the rhs of the ODE
y+ 4=

° The ODE is linear; multiply by an integrating factor w(t)
p(t) (v + %) = =050

o Assume the Ihs of the ODE is the total derivative £ (ypu(t))
pt) (v +%) = y'ut) +yu'(t)

) Isolate p'(t)
p(t) =20

° Solve to find the integrating factor
u(t) =t

° Integrate both sides with respect to ¢
[ ((yu(t)) dt = [#020q 4 1

° Evaluate the integral on the lhs
yp(t) = [ Mdt+ C1

° Solve for y
. [ u(t) sin(t) dt+C1
0]
o Substitute u(t) =t
y = fsin(tldt—}-C]
° Evaluate the integrals on the rhs
y = —cos(;t)—i—C’]

o Use initial condition y(1) =0
0= —cos(1)+ C1
) Solve for _C1

C1 =cos (1)
o Substitute _ C1 = cos (1) into general solution and simplify
__ —cos(t)+cos(1)

t
° Solution to the IVP

y= _COS(t)t+COS(1)
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Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful”

Maple dsolve solution

Solving time : 0.237 (sec)
Leaf size : maple_leaf size

-

dsolve([t*diff(y(t),t)+y(t) = sin(t),
| op([y(1) = o],
‘ y(t) ,method=laplace)

No solution found

Mathematica DSolve solution

Solving time : 0.09 (sec)
Leaf size : 16

'DSolve[{t*D[y[t],t]+y[t]==Sin[t],y[1]1==0},

‘ y[t],t,IncludeSingularSolutions->True]

cos(1) — cos(t)

y(t) =

t
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2.3.9 problem 9

Maple step by step solution . . . . ... ... ... ... .... 604
Maple trace . . . . . . . . . L 605]
Maple dsolve solution . . . .. ... ... ... ......... 605
Mathematica DSolve solution . . . . . ... ... ........ 605

Internal problem ID [8742]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 9

Date solved : Tuesday, December 17, 2024 at 01:01:54 PM
CAS classification : [_linear]

Solve
ty +y=t
With initial conditions
y(1)=0

Since initial condition is not at zero, then change of variable is used to transform the
ode so that initial condition is at zero.

T=t-1
Solve
(T+1)y' +y=7+1
With initial conditions
y(0) =0
We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

ndn

(1) S (1) F(s)

Where in the above F'(s) is the laplace transform of f(7). Applying the above property
to each term of the ode gives




CHAPTER 2. BOOK SOLVED PROBLEMS 602

Collecting all the terms above, the ode in Laplace domain becomes

1
Y+ 5Y —y(0) = —°
s
Replacing y(0) = 0 in the above results in
1
—sY'+sY = —z s
s

The above ode in Y(s) is now solved.
In canonical form a linear first order is
Y +q(s)Y = p(s)

Comparing the above to the given ode shows that

q(s) = —1
—s—1
p(s)=—3
The integrating factor u is
b= 6fqu
— ef(_l)ds
= e_s
The ode becomes
Ly =
45 WY) = mp
d s—1
Loy =
L= (=5
d _ _ —s—1
— (Y s\ __ s
dven =) (=)
—s (_8 — 1) e’
d(Ye™®) = ( 3 ds

Integrating gives

22 25 2
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Dividing throughout by the integrating factor e™* gives the final solution

_ 2c1e°s®> —Eij(s)e*s® +s+1

Y
252

Applying inverse Laplace transform on the above gives.

1
2+ 272

—_
3

y=ciL7(e%,s,7) —
Substituting initial conditions y(0) = 0 and 3'(0) = 0 into the above solution Gives

0=ciL7(e*s,7)

Solving for the constant c; from the above equation gives
C = 0
Substituting the above back into the solution (1) gives

1 1 +T
YT T ar+1) T 2

Changing back the solution from 7 to ¢ using

1)

T=t—-1
the solution becomes

1t

y(t) = -5, +5
] / 1 -
e ) ~
y(t) 0q / / - v ol i, /:
' / Z7
/’/ -1 /i /7
™ : 77
77
77
oy 77
-1 l: 1 t 2

(a) Solution plot (b) Slope field plot

y(t) = -5 +3 t(Gy(t) +y(t) =t
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Maple step by step solution

Let’s solve
[ty +y =t,y(1) = 0]
° Highest derivative means the order of the ODE is 1

/

Yy

° Isolate the derivative
y=1-1%

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
y+i=1

° The ODE is linear; multiply by an integrating factor u(t)
pt) (v +4) = ult)

o Assume the lhs of the ODE is the total derivative £ (ypu(t))
pt) (v + %) = y'ult) +yu'(t)

e  Isolate p/(t)

p(t) =10
t

° Solve to find the integrating factor
u(t) =t

o Integrate both sides with respect to ¢
J (& yp))) dt = [ u(t)dt + C1

° Evaluate the integral on the lhs
yult) = [ u(t) dt + C1
° Solve for y
_ Ju@di+C1
Y=""u0
o Substitute u(t) =t
__ Jtdi+C1
= =
° Evaluate the integrals on the rhs
_ b+t
¢
° Simplify
y = t2+22t01
o Use initial condition y(1) =0
0=0C1+}

) Solve for _ C1
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o1 =1
° Substitute _ C1 = —% into general solution and simplify
|
Y= "%

° Solution to the IVP

|
-2t

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful"

Maple dsolve solution

Solving time : 0.058 (sec)
Leaf size : 13

‘dsolve([t*diff (y(t),t)+y(t) = t,
| op([y(1) = 011,
y(t) ,method=laplace)

Mathematica DSolve solution

Solving time : 0.022 (sec)
Leaf size : 17

‘DSolve[{t*D[y[t],t]+y[t]==t,y[1]==o},
‘ y[t],t,IncludeSingularSolutions->True]

t?—1
2t

y(t) —
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2.3.10 problem 10

Maple step by step solution . . . . ... ... ... ... .... 609
Maple trace . . . . . . . . . L 610
Maple dsolve solution . . . .. ... ... ... ......... 610
Mathematica DSolve solution . . . . . ... ... ........ 610

Internal problem ID [8743]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 10

Date solved : Tuesday, December 17, 2024 at 01:01:55 PM
CAS classification : [_linear]

Solve
ty +y=t
With initial conditions
y(1) =1

Since initial condition is not at zero, then change of variable is used to transform the
ode so that initial condition is at zero.

T=1t—-1
Solve
(T+1)y +y=71+1
With initial conditions
y(0) =1

We will now apply Laplace transform to each term in the ode. Since this is time varying,

the following Laplace transform property will be used
npiy Z nd"
T f(r) = (1) F(s)
Where in the above F'(s) is the laplace transform of f(7). Applying the above property
to each term of the ode gives
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Collecting all the terms above, the ode in Laplace domain becomes

1
—sY' +5Y —y(0) = —°
s
Replacing y(0) = 1 in the above results in
1
—sY'+sY —1= -{;s
s

The above ode in Y(s) is now solved.
In canonical form a linear first order is
Y’ +q(s)Y = p(s)

Comparing the above to the given ode shows that

q(s) = -1
s2—s—1
p(s) = =
The integrating factor u is
b= efqu
= e_s
The ode becomes
Loy =
3 (1Y) = pp

Integrating gives
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Dividing throughout by the integrating factor e™* gives the final solution

_ 2c1€°s* + Eij (s)e*s* + s+ 1
B 252

Y

Applying inverse Laplace transform on the above gives.

1 1 7
— —1/,.s - - ° 1
y=cLl (e,s,T)-l—27__'_2+2-|-2 (1)

Substituting initial conditions y(0) = 1 and 3'(0) = 1 into the above solution Gives
1=cL7M(ef,5,7)+1

Solving for the constant c¢; from the above equation gives
C1 = 0
Substituting the above back into the solution (1) gives

1 1 T

Y=g5t 51273

Changing back the solution from 7 to ¢ using
T=t-1

the solution becomes

yo o y(®)

-1 0 1

(a) Solution plot (b) Slope field plot
y(t) =3 +3 t(Fy() +y(t) =t
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Maple step by step solution

Let’s solve
[ty +y=t,y(1) =1]
° Highest derivative means the order of the ODE is 1

/

Yy

° Isolate the derivative
y=1-1%

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
y+i=1

° The ODE is linear; multiply by an integrating factor u(t)
pt) (v +4) = ult)

o Assume the lhs of the ODE is the total derivative £ (ypu(t))
pt) (v + %) = y'ult) +yu'(t)

e  Isolate p/(t)

p(t) =10
t

° Solve to find the integrating factor
u(t) =t

o Integrate both sides with respect to ¢
J (& yp))) dt = [ u(t)dt + C1

° Evaluate the integral on the lhs
yult) = [ u(t) dt + C1
° Solve for y
_ Ju@di+C1
Y=""u0
o Substitute u(t) =t
__ Jtdi+C1
= =
° Evaluate the integrals on the rhs
_ b+t
¢
° Simplify
y = t2+22t01
o Use initial condition y(1) =1
1=C1+1

) Solve for _ C1
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c1=1
° Substitute _ C1 = % into general solution and simplify

_ 1
Y

° Solution to the IVP

_ 241
- 2t

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful"

Maple dsolve solution

Solving time : 0.053 (sec)
Leaf size : 13

‘dsolve([t*diff (y(t),t)+y(t) = t,
| op([y(1) = 1],
‘ y(t) ,method=laplace)

Mathematica DSolve solution

Solving time : 0.022 (sec)
Leaf size : 17

‘DSolve[{t*D[y[t],t]+y[t]==t,y[1]==1},
‘ y[t],t,IncludeSingularSolutions->True]

?+1
2

y(t) —
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2.3.11 problem 11

Maple step by step solution . . . . ... ... ... ... .... 613
Maple trace . . . . . . . . . L 613
Maple dsolve solution . . . .. ... ... ... ......... 614
Mathematica DSolve solution . . . . . ... ... ........ 614

Internal problem ID [8744]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 11

Date solved : Tuesday, December 17, 2024 at 01:01:56 PM
CAS classification : [_separable]

Solve
Y +t2y =0
With initial conditions
y(0)=0

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

1) S (1) ()

Where in the above F(s) is the laplace transform of f(¢). Applying the above property
to each term of the ode gives

2, 2, &

—Y
ty_>d82 (8)
y % sY (s) — y(0)

Collecting all the terms above, the ode in Laplace domain becomes

sY —y(0)+Y" =0
Replacing y(0) = 0 in the above results in

sY+Y"=0
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The above ode in Y(s) is now solved.
This is Airy ODE. It has the general form
aY" +bY' + csY = F(s)

Where in this case

a=1
b=0
c=1
F=0

Therefore the solution to the homogeneous Airy ODE becomes

Y = ¢; AiryAi(—s) + ¢ AiryBi (—s)

Will add steps showing solving for IC soon.
Applying inverse Laplace transform on the above gives.

y = L7 (AiryAi (—s), 5,t) + oL (AiryBi (—s), 5, 1) (1)
Substituting initial conditions y(0) = 0 and y'(0) = 0 into the above solution Gives

0 = ;L7 (AiryAi (—s), 5,t) + oL (AiryBi (—s), 5, t)

Solving for the constant c¢; from the above equation gives
co L7 (AiryBi (—s), s,t)
L1 (AiryAi(—s),s,t)

Substituting the above back into the solution (1) gives

Cc1 =

y=0

0.5

yo o v

—0.59

10

(a) Solution plot (b) Slope field plot
y=0 Yy +t2y=0
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Maple step by step solution

Let’s solve
[y’ + yt* = 0,y(0) = 0]
° Highest derivative means the order of the ODE is 1

/

Yy

° Solve for the highest derivative
y = —yt?

° Separate variables
¥ _ —12

° Integrate both sides with respect to ¢
Y g [ 42
JYdt = [ —t*dt+ C1

° Evaluate integral
In(y) = —% + C1
° Solve for y
y = e FH01
o Use initial condition y(0) =0
0=e%
) Solve for _ C1
¢1 =)
° Solution does not satisfy initial condition

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful’
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Maple dsolve solution

Solving time : 0.071 (sec)
Leaf size : 40

‘dsolve([diff(y(t),t)+y(t)*t“2 =0, ‘
| op([y(0) = 01)], |
‘ y(t) ,method=laplace) ‘

_ co L7 (AiryBi (—_s1),_s1,0) L7 (AiryAi (—_s1),_s1,t)
B L1 (AiryAi(—_s1),_s1,0)
+ e L7 (AiryBi (—_s1),_sl1,t)

Mathematica DSolve solution

Solving time : 0.001 (sec)
Leaf size : 6

e

DSolve [{D[y[t],t]+t~2%y[t]1==0,y[0]1==0}, |
‘ y[t],t,IncludeSingularSolutions->True] ‘

y(t) =0
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2.3.12 problem 12

Maple step by step solution . . . . ... ... ... ... .... 617
Maple trace . . . . . . . . . L 619
Maple dsolve solution . . . .. ... ... ... ......... 619
Mathematica DSolve solution . . . . . ... ... ........ 619

Internal problem ID [8745]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 12

Date solved : Tuesday, December 17, 2024 at 01:01:57 PM
CAS classification : [_linear]

Solve
(at+1)y +y=t
With initial conditions
y(1) =0

Since initial condition is not at zero, then change of variable is used to transform the
ode so that initial condition is at zero.

T=1t—-1
Solve
(a(r+1)+1)y+y=7+1
With initial conditions
y(0)=0

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

" fr) L (-1 F(s)

Where in the above F'(s) is the laplace transform of f(7). Applying the above property
to each term of the ode gives

y(r) LY (s)

(ar+a+1) (%y(ﬂ) 2, (Y(s) +s (%Y@))) + a(sY () — y(0)) + Y (s) — y(0)

v 1+s
=
52
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Collecting all the terms above, the ode in Laplace domain becomes

1+
—a(Y +sY') +a(sY —y(0)) +sY —y(0)+Y = 2 i
Replacing y(0) = 0 in the above results in

1+s
52

—a(Y +sY')+asY +sY +Y =

The above ode in Y(s) is now solved.

In canonical form a linear first order is
Y’ +q(s)Y = p(s)
Comparing the above to the given ode shows that

_ (s—Da+1l+s

q(s) = -
-s—1
p(s) 5a
The integrating factor u is
p= efqu
_ ef_ (s—l)aas+l+sds
a—1 _ s(a+1)
fry s a e a
The ode becomes
d
&(MY) = kp
d
ds

) =) (5.
)

d a=1 _ s(at1) a=1 _ s(at1)
—<YS a @ a > = (s a @ a

afy sFe ) = ((—s - 1) s“ale—““:”) .




CHAPTER 2. BOOK SOLVED PROBLEMS 617

Integrating gives

1 _ s(atl)

as1 _s(at) ( 1)s"

a—1 _s(a+1) —8 — S a e a

Ysaoe o = 3 ds
s3a

s(a+1)
T a

_9pa=-1
s2+ae

= ot +c

s(a+1)

Dividing throughout by the integrating factor sfie . gives the final solution

1+c¢ saTH(a +1) e
Y —
s2(a+1)

Applying inverse Laplace transform on the above gives.
y=——+c L} <es+§s_1+%, s, 7') (1)
a

Substituting initial conditions y(0) = 0 and 3'(0) = 0 into the above solution Gives
0=c Lt (e”%s_”%, s, 7')

Solving for the constant c¢; from the above equation gives
C1 = 0

Substituting the above back into the solution (1) gives

Changing back the solution from 7 to ¢ using
T=1t—1

the solution becomes

Maple step by step solution

Let’s solve
[(at+ 1)y +y =t,y(1) =0
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° Highest derivative means the order of the ODE is 1

/

Y
° Solve for the highest derivative
—y+t
Y =

° Collect w.r.t. y and simplify

y, = _atZ-Jl-l + a,ti-l
° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE

_ ot
Y+ aa= ana
° The ODE is linear; multiply by an integrating factor u(t)

p(t) (y + at—i—l) = %
o Assume the lhs of the ODE is the total derivative 4 (ypu(t))
pt) (¢ + 1) = y'ut) +yu'(t)
o Isolate p'(t)
W) = i
° Solve to find the integrating factor

u(t) = (at +1)°
° Integrate both sides with respect to ¢

J (G yp(®)) dt = [ 531dt + C1
° Evaluate the integral on the lhs

yu(t) = [ 294t 4 ¢1

at+1
° Solve for y
_ [ afdror
Y¥="uo

1
a

) Substitute u(t) = (at + 1)

1
J Ut iy o1

y= (at+1)a
° Evaluate the integrals on the rhs
1
)= (t—1)éit1+1)al+01
(at+1)a
° Simplify
_ t—14(at+1)" 3 C1(at1)
y= a+1

o Use initial condition y(1) =0
0=(a+1)" C1
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) Solve for _ C1
C1=0
° Substitute _ C1 = 0 into general solution and simplify

_ t—-1
y= a+1

° Solution to the IVP

_ t-1
y= a+1

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.079 (sec)
Leaf size : 13

‘dsolve([(axt+1)*diff (y(t),t)+y(t) = t,
| op([y(1) = 011,
‘ y(t) ,method=laplace)

t—1
a—+1

Mathematica DSolve solution

Solving time : 0.897 (sec)
Leaf size : 14

DSolve[{(1+a*t)*D[y[t],t]+y[t]==t,y[1]==0},
‘ y[t],t,IncludeSingularSolutions->True]

t—1
t -
y()_)a-l—l
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2.3.13 problem 13

Maple step by step solution . . . . ... ... ... ... .... 622
Maple trace . . . . . . . . . L 623
Maple dsolve solution . . . .. ... ... ... ......... 623
Mathematica DSolve solution . . . . . ... ... ........ 623

Internal problem ID [8746]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 13

Date solved : Tuesday, December 17, 2024 at 01:01:57 PM
CAS classification : [_separable]

Solve
Y+ (at+bt)y=0
With initial conditions
y(0)=0

We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

1) S (1) ()

Where in the above F(s) is the laplace transform of f(¢). Applying the above property
to each term of the ode gives

& d d
—a|l =Y -bl =Y
(at +bt)y — a(ds (s)) b(ds (s))
y 5 Y(5)s —y(0)
Collecting all the terms above, the ode in Laplace domain becomes
Ys—y(0)—aY' —bY' =0
Replacing y(0) = 0 in the above results in

Ys—aY' —bY' =0
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The above ode in Y(s) is now solved.

In canonical form a linear first order is
Y’ +q(s)Y = p(s)

Comparing the above to the given ode shows that

The integrating factor u is

The ode becomes

Integrating gives
s2
Ye_2a+2b = /Ods —|— C1
= Cl
S2
Dividing throughout by the integrating factor e 2++2¢ gives the final solution
s2
Y =c e
Applying inverse Laplace transform on the above gives.
52
y=cL7" <e2a+2b,s, t) (1)

Substituting initial conditions y(0) = 0 and 3'(0) = 0 into the above solution Gives

52
0=c L™ <e2a+2b,s, t)
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Solving for the constant c¢; from the above equation gives
C = 0
Substituting the above back into the solution (1) gives

y=0

0.5

y(®) 0

Figure 2.110: Solution plot
y=0

Maple step by step solution

Let’s solve
[y’ + (at +bt)y = 0,(0) = 0]
° Highest derivative means the order of the ODE is 1

/

Yy

° Solve for the highest derivative
Yy =—(at+bt)y

° Separate variables
Y — _at—bt

Y
° Integrate both sides with respect to ¢

JLdt = [ (—at —bt)dt + CI
. Evaluate integral

In(y) = —%TH’)—I- C1
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° Solve for y
y = e~ 3t’a—5t°b+C1
e  Use initial condition y(0) =0
0=e"
) Solve for _C1
C1 =)
° Solution does not satisfy initial condition

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

Maple dsolve solution

Solving time : 0.032 (sec)
Leaf size : 5

‘dsolve([diff (y(t),t)+(a*t+bxt)*y(t) = 0,
| op([y(0) = 011,
‘ y(t) ,method=laplace)

Mathematica DSolve solution

Solving time : 0.001 (sec)
Leaf size : 6

‘ DSolve [{D[y[t],t]+(a*t+b*t)*y[t]==0,y[0]==0},
L y[t],t,IncludeSingularSolutions->True]

y(t) =0
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2.3.14 problem 14

Maple step by step solution . . . . ... ... ... ... .... 627
Maple trace . . . . . . . . . L 627
Maple dsolve solution . . . .. ... ... ... ......... 628
Mathematica DSolve solution . . . . . ... ... ........ 628

Internal problem ID [8747]

Book : First order enumerated odes

Section : section 3. First order odes solved using Laplace method
Problem number : 14

Date solved : Tuesday, December 17, 2024 at 01:01:58 PM
CAS classification : [_separable]

Solve
Y+ (at+bt)y=0
With initial conditions
y(=3)=0

Since initial condition is not at zero, then change of variable is used to transform the
ode so that initial condition is at zero.

T=1t+3
Solve
Yy +(a(r—=3)+b(r—3)y=0
With initial conditions
y(0)=0
We will now apply Laplace transform to each term in the ode. Since this is time varying,
the following Laplace transform property will be used

n d"

T f(r) S (1) F(s)

Where in the above F'(s) is the laplace transform of f(7). Applying the above property
to each term of the ode gives

(a7 + br — 30— 3b) y(r) 5 —a(diiY(s)) _ b(%Y(s)) _ 3aY(s) — 3bY(s)
d

—y(1) S Y(5)s —y(0)
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Collecting all the terms above, the ode in Laplace domain becomes

Ys—y(0) —aY' —bY' —3aY —3bY =0
Replacing y(0) = 0 in the above results in
Ys—aY' —bY' —3aY —3bY =0

The above ode in Y(s) is now solved.

In canonical form a linear first order is
Y +q(s)Y = p(s)

Comparing the above to the given ode shows that

(s) = _—3a—3b+s
1 a+b
p(s) =0
The integrating factor u is
p= efqu
_of
s(6a+6b—s)
= e 2a+2b
The ode becomes
d
di (y o ”) -0
s

Integrating gives

s(6a+6b—s)
Y e 2a+2b = 0 dS —|— Cq
= Cl

s(6a+6b—s)
Dividing throughout by the integrating factor e Gatas gives the final solution

_ s(6a+6b—s)
Y=ce 2a+2b
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Applying inverse Laplace transform on the above gives.

_ _ s(6a+6b—s)
y=c L 1<e 2a+25 ,3,7') (1)

Substituting initial conditions y(0) = 0 and 3'(0) = 0 into the above solution Gives

0=c L} (e_S(ﬁg:fgb_S) , S, 7')
Solving for the constant c¢; from the above equation gives
C = 0
Substituting the above back into the solution (1) gives
y=0
Changing back the solution from 7 to ¢ using
T=t+3

the solution becomes

y(t) =0

0.59

y(®) 0

Figure 2.111: Solution plot
y(t) =0
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Maple step by step solution

Let’s solve
[y + (at + bt) y = 0,(—3) = (]
° Highest derivative means the order of the ODE is 1

/

Y

° Solve for the highest derivative
Yy =—(at+0bt)y

° Separate variables
Y — _at—bt

Y
° Integrate both sides with respect to ¢

JLdt = [ (—at —bt)dt + CI

° Evaluate integral
_ _ t*(at+b)
In(y) = ——5— + C1
° Solve for y

y = e~ 3t’a—5t°b+C1

o Use initial condition y(—3) =0
0=e 35— %2+C1

) Solve for _C1
C1 =)

° Solution does not satisfy initial condition

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~
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Maple dsolve solution

Solving time : 0.032 (sec)
Leaf size : 5

‘dsolve([diff (y(t) ,t)+(axt+b*t)*xy(t) = O,
| op(Ly(-3) = 011,
‘ y(t) ,method=laplace)

Mathematica DSolve solution

Solving time : 0.001 (sec)
Leaf size : 6

p
| DSolve [{D[y[t],t]+(axt+bxt)*y[t]==0,y[-3]1==0},
‘ y[t],t,IncludeSingularSolutions->True]

y(t) =0
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