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1.2.1 Main solver (section 3-1 in Murphy)

INPUT y'= £0 + f1 y + £2 y~2 where f2 /= 0

RICCATI_SOLVER := proc(ode)
IF all £0,f1,f2 are constants OR f0=0 then
-- this is either quadrature or Bernoulli.
SOL:= solve as Bernoulli or quadrature
ELSE
IF £1=0 THEN -- linear term is missing
IF fO=c x"m AND f2=b (where b,m,c are constants) THEN

-- ode now is y' = c xm + b y°2 , This is the studied by Riccati
-- called REDUCED riccati ode
SOL:= reduced_riccati_solver(ode) -- Section 3-2 in Murphy book.

END IF
ELIF ode has form x y' =c xn+ ay - b y 2 THEN

-- here, c,n,a,b are CONSTANTS

SOL:= CALL riccati_solver_3_3(ode) -- section 3-3 in Murphy book
END IF

IF still not solved from above THEN

-- try to transform the ode y'=f0 + f1 y + £2 y~2

-- to form u'=F(x)+u”2 by removing the linear term

SOL:= riccati_solver_3_1_3(ode) -- Section 3-1-3 in Murphy book.
END IF

IF still not solved from above THEN
-- try special solutions. Murphy section 3-1-2
SOL:= riccati_solver_3_1_2(ode)

END IF

IF still NOT solved then
SOL:= riccati_solver_3_1_1(ode) -- section 3-1-1 in Murphy

END IF
END IF
return SOL
END PROC;

1.2.2 First special case. The reduced Riccati solver (section 3-2 in Murphy book)

‘/

-- solves y' = c xm + b y"2. Section 3-2 in Morphy book.
reduced_riccati_solver:=proc
-- see my other notes below. two cases. n=-2 and n/= -2




1.2.3 Second special case. (section 3-3 in Murphy book)

-- handle ode form x y' =cxn+ay-by2-- section 3-3
-- where c,n,a,b are CONSTANTS

riccati_solver_3_3 :=proc(ode)
IF n = 2 a THEN
LET y=x"a u
ode becomes u'=x"(a-1) ( ¢ - b u™2) separable.
SOL:= riccati_special_i(a,b,c,n,y,x)

ELIF (n-2a)/(2n) = k, where k positive integer THEN
-- example xy' =2x4-6y-5y2
-- n=4, a=-6, hence (n-2a)=4+12=16 and 16/(8) = k = 2.
IF odd(k) THEN
SOL:= riccati_special_i(n/2,c,b,n,y,x)
ELSE
SOL:= riccati_special_i(n/2,b,c,n,y,x)
END IF

FOR i from k-1 to 1 by -1 DO
IF odd(i) THEN

SOL:= (a+i n)/c + x"n/SOL
ELSE

SOL:= (a+i n)/b + x"n/SOL
END IF

END DO

SOL:= y = a/b + x"n/SOL
ELIF (n+2 a)= 2 n k, where k is positive integer.
-- example x y' =3 x4 +6y+ 3y 2
IF odd(k) THEN
SOL:= riccati_special_i(n/2,c,b,n,y,x)
ELSE
SOL:= riccati_special_i(n/2,b,c,n,y,x)
END IF

FOR i from k-1 to 1 by -1 DO
IF odd(i) THEN
SOL:= (i n-a)/c + x"n/SOL
ELSE
SOL:= (i n-a)/b + x"n/SOL
END IF
END DO

SOL:= y = x"n/SOL
END IF

return SOL
END PROC:

N\




1.2.4 Transform to v = F(z) + u?. remove linear term. section 3-1-3 in Murphy

riccati_solver_3_1_3 :=proc(ode)
-- transform y' = fO + f1 y + £2 y™2 to u'=F(x)+u”2 by removing linear term
-- to transform to either 3-2 (reduced, y'=c x™m + b y~2)
-—or 3-3 form (x y' =cxmn+ay->by2

-- this is (a) in section 3-1-3
Let y=u exp(phi), phi=INT(f1,x). ode becomes u'=F(x)+G(x) u~2 -- (i)
where F=fO exp(-phi), G=f2 exp(phi)

IF F(x) is propertional to G(x) THEN
ode u'=F(x)+G(x) u”2 is separable
-- example u' = 3 x + 6 x u”2, becomes u' = x( 3 + 6 u"2)
ELSE
IF G is constant THEN
IF F(x) = ¢ x"m THEN
-- this is reduced riccati. Solved.
ELIF F(x) is polynomial of x with more than one term (say x+x~2) THEN
IF degree of F(x) is odd (say u'=x+x"3 + b u™2) THEN
NO SOLUTION exist
ELSE degree of F(x) is even (say u'=x+x"2 + b u~2) THEN
SOLUTION can exist. see Murphy page 17

END IF
ELSE
-- transform to second order and try
END IF
ELSE
-- transform to second order and try
END IF
END IF

IF still not solved THEN
Let y=u-v, where v=f1/(2*f2). ode becomes u'=F(x)+G(x) u™2 -- (ii)
where F=fO0+v'-f1°2/(4 £2), G=f2

Try same as above.
END IF

IF still not solved THEN
Let y=u(z) exp(phi), phi(x)=INT(f1,x), z=-INT(h exp(phi),x) --(iii)
ode becomes u'(z)=F(z)-u~2(z), with F(z)=-f_0 exp(-2 phi)

Try same as above.
END IF

-- this is (b) in section 3-1-3
IF still Not solved THEN -- look at relations between coefficients.
-- case i
Try to find a,b with |a|+|b|>0 s.t. (a2 f0+ a b f1 + b~2 £2)
IF a/=0 then yl=b/a is particular solution of Riccati THEN
SOL:= riccati_solver_3_1_1() using this yl1 to find general solution.
ELIF f0+f1+f2=0 THEN
a=1,b=1 and y1=1.77
SOL:= riccati_solver_3_1_1() using this y1 to find general solution.

]
o




-- But this does not seem correct. Example
-—y' =x -1/2 y -1/2 y~2. But y1=1 does not satisfy this ode??
END IF

-- case ii -- need to make example
IF £0= A"2 f2 exp(2 INT(f1,x)) THEN
IF f0 £2>0 THEN
SOL := SQRT(£0/f2) tanh( INT( SQRT(£f0 £2),x) + constant )
ELSE
SOL := SQRT(-f0/f2) tan( INT( SQRT(-fO f2),x) + constant )
END IF
END IF

try case iii
-- to do
END IF
END PROC

1.2.5 Special solutions. section 3-1-2 in Murphy

-- tries special cases
-- input y' = f0 + f1 y + £2 y~2

riccati_solver_3_1_2 :=proc(ode)

-- Let y=f0/f1, this converts the ode to
-——u' =F+Gu+u2
-- where F=£f0/f2, G=f1+f2'/f2

IF G=0 THEN -- (a) case in Murphy, page 17
u' =F +u"2
IF F(x) = ¢ x"m THEN
-- this is reduced riccati. Solved.
ELIF F(x) is polynomial of x with more than one term (say x+x~2) THEN
IF degree of F(x) is odd (say u'=x+x"3 + b u~2) THEN
NO SOLUTION exist -- (a.i)
ELSE degree of F(x) is even (say u'=x+x"2 + b u~2) THEN
SOLUTION can exist. see Murphy page 17 -- (a.ii, page 17)
END IF
END IF
ELSE -- case where G /=0 (b case in Murphy, page 17)
let = w - G/2 and u' =F + G u + u™2 becomes
-——w' =H+ w2
-- where 4 H+ G2=4F + 2G'
Let Q = G2 -4F -2G'

IF Q polynomial of odd degree THEN -- (b.i)
NO solution.
ELIF Q polynomial of even degree THEN

Try as on page 18, Murphy in the hope to find solution. -- (b.ii)
ELIF Q is constant THEN
see page 18, part i -- (c.i case, page 17)
see page 18, part ii -- (c.ii case, page 17)
END IF




END IF

IF still not solved THEN
IF ode has form phi(x) y' = f0 + f1 y + £f2 y~2 THEN
IF all coefficients f_i are polynomials in x THEN -- case (d. page 17)
Let particular solution be y1=R(x).
-- let y=u+yl, the ode becomes
-- phi(x) y' = F u + £2 u™2, where F=f1 + 2 f2 R
-- see rest case d.
END IF
END IF
END IF

-- case (e). See page 19
-- to finish

1.2.6 Helper function. Used by Second special case

#solves x y' =c xn+ay-Dby 2 THEN
riccati_special_i :=proc (a,b,c,n,y,x)

-- note sign difference from book, typo in book.
IF bc>0

SOL:= y = SQRT(c/b) x~a tanh(C + SQRT(bc) x~2/a)
ELIF bc<O THEN

SOL:= y = SQRT(-c/b) x"a tan(C + SQRT(-bc) x~2/a)
END IF

RETURN (SOL)
end proc

1.2.7 General solver. Converts to second order. Used if all above fail

--solves y' = f0 + f1 y + £2 y~2
--called when all other methods above failed
general_riccati_solver :=proc (ode)

-- convert to second order ode using transformation and see if can solve that.
IF can not solve the second order ode then
STOP.
ELSE -- reverse transformation to obtain solution in y(x)
RETURN (sol)
END IF
END PROC
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1.3.1 Examples for section 3-2 (Special case, Reduced Riccati ode) y' = az™ + by?

Local contents
1.3.1.1 Reduced Riccatiwithn=-2. .. ... ... ... ... ... ... ...... i
1.3.1.2 Reduced Riccati withn # —2. . . . . . .. .. ... ... ... O

This is special case of the general Riccati ode ¥’ = co(z) + c1(x) y + c2(z) y? where now co(z) = az™ and
c2(x) = b where a,b,n are constants. The reduced Riccati ode do not have y term in it. Only z and y? in
the RHS of the ode.

1.3.1.1 Reduced Riccati with n = —2

Local contents

1.3.1.1.1  Algorithm . . . . . . . . . . 1
1.3.1.1.2 Exampley = —272+2y%. . . .. ... ... 8]

1.3.1.1.1 Algorithm For the special case of n = —2 the solution can be written directly as given by
[E.gworld ode0106| as

A $2b>‘
Y=7_"7""3 (1)
i T
Where in the above ) is a root of bA%2 + A +a = 0.
There is another way to solve the above with n = —2. This can be solved using the substitution
1
= 2
y= (2)
Hence y' = —Z—; and the ode becomes
!
1
—U—Z =az %+ b—
2
—u' = (JLU—2 +b
2
;o u
w=—a_g - b

Which is first order Homogeneous ode type (see earlier section). But using (1) is much simpler method as
solution can be written directly. The following example shows that using (1) and (2) give same solution.


https://eqworld.ipmnet.ru/en/solutions/ode/ode0106.pdf

1.3.1.1.2 Example ¢/ = —272 + 2y

y/ — —.’17_2 + 2y2
Comparing this to ¥’ = az™ + by? shows that a = —1,b = 2,n = —2. We will first solve this using (1). The
quadratic equation is

A2+ A+a=0

222 4+X-1=0

The roots are 3, —1. Let us pick first A = —1. Hence the solution using (1) is

by :E2b)\
R TS S
2bA+1 1
-1 x4
- .7 "2z __4
x —ar1Z +c
-1 x4
r  Zr3+4q
1+ 3¢z
2z — 3ztc;
1+ cox3
2z — zicy
Let us now try A = % The solution becomes
A x2b)\
Y= 27 e o,
26X +1 1
1 z2
20 Fmal+toc
1 z2
= —
2x 2% +c1
3¢y —4a?
44 + 6c17

Both these solution verified OK. Now we will solve the same using the transformation y = %.This results in
the ode ¥’ = az™ + by? becoming

We see that this transformation made the ode a homogeneous type which can be easily solved now. This only
works for n = —2. Solving this ode gives

-z (2 + C1:L'3)

v= —14ciz3

Hence

Which is the same as first solution above.



1.3.1.2 Reduced Riccati with n # —2

Local contents

1.3.1.2.1  Algorithm . . . . . . . .. . e O
1.3.1.2.2 Example ¢/ =z 4 +9y% . . . ... @)
1.3.1.23 Exampley =3 4+9% . . . .. ... 10

1.3.1.2.1 Algorithm For n # —2 there is direct solution to the reduced Riccati given by [Eqworld
and [Dr Dobrushkin web page| as

¢ BesselJ (i ) + ¢o BesselY (i %\/@3:’“) ab>0
%

1\/_
w=+1 k (2)
c1 Bessell (5, +v/—abz®) + cp BesselK (5, vV —abz¥) ab<0
_ 1w
vy= bw
n
k=14 —
+ 2
If n satisfies constraint that n
2n+4

Is an integer, then the solution y(z) will come out using algebraic, exponential and logarithmic functions
(including circular functions, such as sin and cosine). If however, n does not satisfy the above constraint, then
(2) can still be used but the solution will come out using Bessel function (also called cylindrical functions).

Hence (2) can be used for any n to solve the special or reduced Riccati ode.

The constraint that

3n.r4 is an integer, can also be given by saying that n = = 2k where k = +1,+£2,-
When n satisfies this, then as mentioned above Eq (2) gives the solution in algebraic, exponential and
logarithmic functions. For all other values, Liouville proved no solution exist in terms of elementary functions.

These n values come out to be n = {--- , =29 ... -8 =4 4 8 _12... 20} We notice that the limit
on both ends goes to n = —2 which is the first special case above. Below are two examples to illustrate this.
First example will use n that meets this constraint, and the second example will use n that does not meet
the constraint.

1.3.1.2.2 Example 3y =z~* + 32
y/ — $—4 4 y2

Comparing this to y’ = ax™ + by? shows that a = 1,b = 1,n = —4. We see that n satisfies that gmea =1
which is integer. Hence we expect that applying (2) will give solution in elementary functions. Since ab > 0
then applying

w = v/zc, Bessel] (

—4
k=1+?=1_2=_1

1
\/_bx > + co BesselY < \/%xk>

2k’ k 2k’ k

Hence 1 .
w = v/zc; Bessel] ( ,—x~ ) + co BesselY <—2, —x_1>
Hence
w/
V="


https://eqworld.ipmnet.ru/en/solutions/ode/ode0106.pdf
https://eqworld.ipmnet.ru/en/solutions/ode/ode0106.pdf
https://www.cfm.brown.edu/people/dobrush/am33/Mathematica/ch2/riccati.html

Simplifying the above gives

1 1
y=s(tan|{——=+c | -2
z z

Y = a° + o
Comparing this to ¥’ = az™ + by? shows that a = 1,b = 1,n = 3. We see that n do not satisfy that
n _ _3

e = 5d = % being an integer. Hence we expect that applying (2) will give solution in cylindrical
functions and not elementary functions. Since ab > 0 then applying

1
w = +/zc; BesselJ ( \/_bx ) + co BesselY < \/%xk>

1.3.1.2.3 Example ¢/ = 23 + 32

2k’ k 2k’ k
3 5
k=14°=2
+ 2 2
Hence
w = +/zc;, BesselJ 1 2 + cyBesselY | = 2 z3
VA 557 2 5 57
Hence
w/
y=—-——
w

Simplifying the above gives

z2 (—61 BesselJ (?4 % %) BesselY (74 %mg))
y =
3  2x

c1 BesselJ (% % ) + BesselY(
We see that the solution is in terms of cylindrical functions. Because n did not satisfy that 5% is integer.

But the main point is that (2) can still be used to solve the special Riccati ode.

1.3.2 Conversion of Riccati to second order ode (section 3-1-1 e)

Solved using transformation y = }T’Z which generates second order ode in u. This is solved for w (if possible)
then y is found.

1.3.2.1 Example 1

1
y=—z+ ¢ (1)

Comparing to 3y = fo + fiy + f2y? form shows that fo=—x,f1 =0, fy = 2. We will use the method of
converting to second order ode. Let y = f7“ = x— Using this substitution results in

fou” — (fo+ fife) v + f2 fou=

(1) () o

1 1 1
—u'+ Su' - ~u=0
z T T

v’ +u —zu=0
This is Bessel ode the solution is
u = ¢1 Bessell (0, z) + c2 BesselK (0, z)

But y = x%, hence
(cl Bessell (1, z) — ¢z BesselK (1, z))
c1 Bessell (0, z) + c2 BesselK (0, z)

10



1.3.3 Another special case. y’ = cz" + ay — by?. (section 3-3)

Local contents

1.3.3.1 Case whenn =2a (section 3-3a(i)) . .. ..... ... ... .. ....... imi|
1.3.3.2 Case when % = k with k positive integer. (section 3-3 a(ii)) . ... ... 1o
1.3.3.3 Case when % = k with k positive integer. (section 3-3 a(iii)) . . . . . . . 18
1.3.3.4 Case of conversion to reduced riccati. section 3-3 (b) . . . . . ... ... ... 200

This is used when the input is zy’ = cx™ + ay + by? with c, n, a, b are all constants. There are 4 sub cases to
solving this. The first three if there is some special relation between a,n and if there is none found, then we
convert this to reduced riccati and try again.

1.3.3.1 Case when n = 2a (section 3-3 a(i))
1.3.3.1.1 Example zy’ = cz* + 2y — by? Given
zy' = cx™ + ay — by?
Where n = 2a as in this example. In this case let y = z%u. Then y’ = az® 'u 4+ 2%’ and the ode becomes

z(az* 'u+ z%) = cx®® + a(zu) — b(z**u?)
azu+ 2t = cx®* + a(zu) — b(z?*u?)
M = cz®® — az®u + az®u — b(z**u?)
{I?a+1’l,l,/ — cx2a _ bx2a,u2

2a—a—1 __ b 2a—a—1, 2

u =cz x U

u/ — Cma—l _ bma—1u2
=z (c — bu?) (1)

We see that (1) is separable. Solving (1) gives

u = %tanh (W) \/E

But y = z%u, hence u = yz~%. Therefore

yr~® = %tanh (\/E(C&aa Rk )> Vb

= VAL taah (*/c_b(cfﬂ >)

Is the final solution for zy = cz™ + ay — by? when n = 2a. The above can be simplified more if we know the
specific numerical values of b, c. Note that in method, we have to know the values of a,n always in order to
decide.

1.3.3.2 Case when ("573‘1) = k with k positive integer. (section 3-3 a(ii))

Local contents

1.3.3.2.1 Examplezy’ =2x* —6y—5y% . . . . .. ... ... 12
1.3.32.2 Example zy/ =2z* — 10y —5y% . . . . . . . ... ... 14
1.3.3.2.3 Example zy/ =2x* — 18y +5y% . . . .. ... ... ... ... ... 16]

11



1.3.3.2.1 Example zy’ = 22* — 6y — 5y> Comparing to

zy = cz" + ay — by?

Shows that n = 4,a = —6, hence ("gja) = (4_2é_6)) = 18 = 2. Hence % = k = 2 a positive integer.
Therefore
k=2

A positive integer. Notice that the values of b, ¢ do not matter for this solution method, but they have to be
constants.
/

zy' = 2z — 6y — 5y?

The solution is finite continued fraction

_a T
Y b 1
a+n z"
Y1 =
c Y2
a+2n z"
Y2 = + —
b Ys
a+3n z"
Ys = —
c Ya
a+4n "
Ya = —
b Ys

a+(k-1)n z"
Yk—1 = A +yk

Where A = ¢ when index i on y; is odd and A = b when index i on y; is even. In this example, we found
that k = 2. Therefore we have (we stop at k —1 =1)

n

_ a+11:
Y b n
a+n z"
Y1 = +— (1)
c Y2

Now, we just need to find ys = yi to finish. To find y, we use either

zyh = bx™ + (a + nk) y — cy? (A)
Or

ayy = ca” + (a + nk)yz — bys (B)

ODE (A) is used when k is odd and ode (B) is used when k is even. Since k = 2 is even, then we use (B).
Hence the ode to solve for ys is

zyh = cz™ + (a + nk) yo — by?
But n =4,a = —6,b =5,c = 2, then the above becomes
xyh = 2z* 4+ (—6 4 8) yo — 5y2
=2z + 2y, — 5y§

Notice that this has form
zyh = CzV + Ay, — By?

(used upper case letters now, so not to confuse with lower case letters used for the original ode).

12



Now we see that N =4, A = 2,C = 2, B =5 which means N = 2A. But this is case (i). This always happens
with case (ii) that we end up having to solve one ode using case (i) to finish. If we do not end up with case(i)
ode, then we have made a mistake

But we know how to solve case (i) which we did above. This gives us y,. We plug this into (1) and now we
have the solution for y.

Now we solve (B) as we did in part (i). Let yo = z“u. Then ode (B) becomes (as was shown in case (i)
example)
v =247 (C - Bu?) (3)

We see that (3) is separable. Solving (3) gives

u = %tanh <\/C’_B(C’1A+a:A)> VCB

A

But y» = z4u, hence u = yoz~4. Therefore

VCB(C1A + z4
yzx_Azjlgtanh< ( ;1 te )>\/CB

A (x/C_B(C’lA+wA)>

z
Yo = \/CB§ tanh A

Plugging in values for N =4, A =2,B =5,C = 2 gives

\/E(201 + IZ) >
2

. \/§ 9 \/ECEQ
= %x tanh( 2 +C’2> (4)

A
Y2 = \/1_0% tanh (

Now we go back to (1) and find y

_a
Y b wn
a+n z"
n = —
c Y2
Hence "
y= a + x
I a+n |, =™
b e
Substituting all parameters into the above and using y2 from (4) gives, using n =4,a = —6,b=5,c =2
Y= —6 N z*
T 5 | —6+4 x4
2 + %:ﬁ tanh(‘/r%wz—i-cz)
_ 6 z*
T S—
\/itanh(‘/r%ﬂ-i—Cg)
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1.3.3.2.2 Example zy’ = 22* — 10y — 59> Comparing to

zy' = cz™ + ay — by?

Shows that ¢ = 2,n = 4,a = —10,b = 5. Hence (nz_fa) = (4_2(8_10)) = % = 3. Therefore k = 3 which is
positive integer.

The solution is finite continued fraction

yo
b Y1
a+n "
= —
c Y2
a+2n "
Y2 = —
b Ys
a+3n z"
Ys = —
c Ya
a+4n "
Ys = —
b Ys

_a+(k-1)n 2"
Yk—1 = A +yk

Where A = ¢ when index ¢ on y; is odd and A = b when index ¢ on y; is even. In this example, we found
that k = 3. Therefore we have (we stop at k — 1 = 2)

n

_ a+ac
Y b Y1
at+n z"
Y1 = —
c Y2
a+2n ™
2 b Ys )

Now, we just need to find y3 = y to finish. To find y3 we use either

zyh = bz + (a + nk) y3 — cy3 (A)
Or

zys = cx”™ + (a + nk) y3 — by3 (B)

ODE (A) is used when k is odd and ode (B) is used when k is even. Since k = 3 is even, then we use (A).
Hence the ode to solve for y; is

zys = bz"™ + (a + nk) y3 — cy?
But in this problem, ¢ = 2,n = 4,a = —10,b = 5, then the above becomes
zy; = 5z + (=10 + 12) y3 — 2y3
=5z% 4 2y3 — 2y§

Notice that this has form
zys = CzV + Ays — By?

(used upper case letters now, so not to confuse with lower case letters used for the original ode).
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Now we see that N =4, A = 2,C = 5, B =2 which means N = 2A. But this is case (i). This always happens
with case (ii) that we end up having to solve one ode using case (i) to finish. If we do not end up with case(i)
ode, then we have made a mistake

But we know how to solve case (i) which we did above. This gives us y3. We plug this into (1) and now we
have the solution for y.

Now we solve (B) as we did in part (i). Let y3 = z“u. Then ode (B) becomes (as was shown in case (i)

example)
v =247 (C - Bu?) (3)

We see that (3) is separable. Solving (3) gives

u = %tanh <\/C’_B(C’1A+a:A)> VCB

A

But y3 = z4u, hence u = ysz 4. Therefore

VCB(C1 A+ z4
ygx_Azjlgtanh< ( ;1 ik )>\/CB

A (x/C_B(C’lA+wA)>

z
Y3 = \/CB§ tanh A

Plugging in values for N =4, A =2,C = 5,B = 2 gives

2 10(2C; + 22
ys = VI0Z. tanh <V<)
2 2
2 /10 2
= \/10% tanh < 2x +Cy (4)
Now we go back to (1) and find y
_e. =
V= b
a+n z"
Y1 = —
c Y2
a+2n z"
= + = 1
Y2 5 " 1)
Hence n
a x
y=ytam =
c afin ot
Substituting all parameters into the above and using y» from (4) gives, using ¢ =2,n =4,a = -10,b=5
Y= -10 N z*
5 _1g+4 + —10+8 « z4
5 \/ﬁ% tanh(\/rTOﬂ-m'z)
4
x
=2+ —
-3+ S 727

vio tanh<7‘/1gz2 +02>

15



1.3.3.2.3 Example zy’ = 22* — 18y + 59> Comparing to

zy' = cz™ + ay — by?

Shows that ¢ = 2,n = 4,a = —18,b = —5. Hence (nz_fa) = (4_2(8_18)) = 4 = 5. Therefore k = 5 which is
positive integer.

The solution is finite continued fraction

yo
b Y1

a+n "
= —
c Y2

a+2n "

Y2 = —

b Ys

a+3n z"

Ys = —

c Ya

a+4n "

Ys = —

b Ys

a+(k-1)n z

k—1l = ———————— + N

Yr—1 A "

Where A = ¢ when index ¢ on y; is odd and A = b when index ¢ on y; is even. In this example, we found

that k = 5. Therefore we have (we stop at k — 1 = 4)

a z"

=+
Y b Y1
at+n z"
Y1 = —
c Y2
a+2n ™
Y2 = —
b Ys
a+3n "
Ys = —
c Ya
a+4n x"
= + = 1
Ya 5 ” (1)

Now, we just need to find y5 = yj, to finish. To find y5 we use either

zyt = bz"™ + (a + nk) ys — cy? (A)
Or

zyt = cz™ + (a + nk) ys — by? (B)

ODE (A) is used when % is odd and ode (B) is used when k is even. Since k = 5 is odd, then we use (A).
Hence the ode to solve for y5 is
zys = ba" + (a +nk) ys — cy;

But in this problem, ¢ = 2,n = 4,a = —18,b = —5, then the above becomes

xyl = =5zt 4+ (—18 4 20) y5 — 2y/2
= —5z* 4 2y5 — 2y§

16



Notice that this has form
zys = Cz™ + Ays — By3

(used upper case letters now, so not to confuse with lower case letters used for the original ode).

Now we see that N = 4,A = 2,C = —5, B = 2 which means N = 2A. But this is case (i). This always
happens with case (ii) that we end up having to solve one ode using case (i) to finish. If we do not end up

with case(i) ode, then we have made a mistake

But we know how to solve case (i) which we did above. This gives us y,. We plug this into (1) and now we

have the solution for y.

Now we solve (B) as we did in part (i). Let y» = z“u. Then ode (B) becomes (as was shown in case (i)

example)
u' =247 (C - Bu?)

We see that (3) is separable. Solving (3) gives

:1tanh(\/C_B(C1A+xA)> JGB

B A

But y5 = z4u, hence u = ysz~4. Therefore

VCB(C1A + z4
y5a:_A:1tanh< ( LA+ )>\/CB

B A
A (\/C'_B(01A+x‘4)>

x
Ys = \/CB§ tanh 1

Plugging in values for N =4, A =2,C = -5, B = 2 gives
2 Vv—10(2C; + 2?
y5=\/—10$tanh< (201 +2 )>

2 2
v—10 (\/—IOac2
2

2
2 I~ tan

+cz)
v/ 1 iv/1022
! 5 03:2 tanh <z\/?a: + C’2>

But tanh (iz) = i tan (z), hence the above becomes
+ cz>

)

e
b

?/5=

Now we go back to (1) and find y

a T
Yy=-rt —
b Y1
at+n z"
Y1 = —
c Y2
a+2n z"
Y2 b —
Ys
a+3n "
Ys —
c Ya
a+4n x"
Ya —
b Ys

3)

(4)

1)



Hence n
a T

b % + a«i;)2n +ﬁ
+W
Substituting all parameters into the above and using y, from (4) gives, using ¢ =2,n =4,a = —18,b= -5
—18 n z?
Y= — 1
=5 lg+4 + —18+8 | - z%
=5 —18+12 | z4
2 —18+16+ =4
-5 _TNIZ tan(\/TTOI?+02>
Or
18 N z*
y=—= 1
5 -7 z
+ o C24904

—3+

to

b ()

1.3.3.3 Case when (";75'1) = k with k positive integer. (section 3-3 a(iii))
1.3.3.3.1 Example zy’ = 22* + 6y — 5y®> Comparing to
xy = cx" + ay — by?

Shows that n = 4,c = 2,a = 6,b = 5. Hence % = @ = % = 2 a positive integer. Therefore k = 2.
This is similar to case (ii) above, where here also the solution is finite continued fraction, but now —a is
used in place of @ as in case (ii) and first term y is different that in case (ii). But everything else is the same.

Hence the solution now becomes

xn
y=—
n
n—a x"
Y1 = + —
c Y2
y 2n—a z"
2 = —
b Ys
3n—a "
3 = —
Y c Ya
dn—a z"
Ysg = —
b Ys
(k—l)n—a+x"
Yh—1=——H—— + —
A Yk

Where A = ¢ when index ¢ on y; is odd and A = b when index ¢ on y; is even. In this example, we found
that k = 2. Therefore we have (we stop at £k —1 =1)

n

T
Y 1
n—a "
Y1 = + — (1)
c Y2

Now, we just need to find ys = yi to finish. To find y, we use either

ayp = bz" + (nk — a) yo — cy3 (A)

18



Or
zyy = cx™ + (nk — a) yo — by2 (B)

ODE (A) is used when k is odd and ode (B) is used when & is even. Since k = 2 is even, then we use (B).
Hence the ode to solve for ys is
zyy = ca” + (nk —a) y2 — byj

But in this problem, n = 4,c = 2,a = 6,b = 5, hence the above becomes
I o4 2
zyy = 22" + (8 — 6) y2 — By,
=2z% + 2y, — 5y§ (B1)
Notice that this has form
zyy = CxN + Ay, — By?
(used upper case letters now, so not to confuse with lower case letters used for the original ode).

Now we see that N =4,A =2,C =2, B =5 which means N = 2A. Then we use case (i) to solve (B1). Let
yo = zu. Then ode (B1)
v =247 (C - Bu?) (3)

We see that (3) is separable. Solving (3) gives

Vrad=] A
u= ;tanh< CB(C;A—{—x )) vVCB

But y» = z4u, hence u = yoz~4. Therefore

VCB(CL1A + z4
yQQI_A:;taIlh( ( 114 te )>\/CB

\/C_B(clAmA))

A
y2=\/CBa;3tanh< 1
Plugging in values for N =4, A =2,C = 2,B =5 gives

2 10(2 2
Y2 :m%tanh <\/_O( Gtz )>

2
2 2
_ \/1_0% tanh <‘/?x + 02> (4)
Now we go back to (1) and find y

x'n
Yy=—
Y1

n—a "

Y1 = —

c Yo

Substituting all parameters into the above and using y, from (4) gives, using n =4,c¢=2,a =6,b =5,

4

y:

4-6 + zt
27 V10% tanh (022 10, )

4

1+ 5z2
V10 tanh (Y1022 +.C; )
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1.3.3.4 Case of conversion to reduced riccati. section 3-3 (b)

If none of the above three cases apply, then we convert it to reduced Riccati.

1.3.3.4.1 Example zy’ = 225 + 6y — 5y> Comparing to
zy = ca" + ay — by? (1)

Shows that ¢ = 2,n = 5,a = 6,b = 5. Checking case (i), where condition is n = 2a. We see this does not apply.
Check case (ii) where condition is % = k with k positive integer. We see that % = % =L
which is not positive integer. Finally checking case (iii) where condition is % being positive integer. But
(n+2a) — (5+12) _ 17
2n 10 10
Riccati using

which is not positive integer. Since all three cases failed, we convert the ode to reduced

y = zu(2)

z=z

1
Or z = z«. Hence

d
Y (z) = 2'u+ gt

dz

a 1

_ U _
=az®* 'u+ z—az®

dz

1 a—1 du 1 a—1
:a(za) u—i—z—a(za)
dz
a—1 U a—1
=az ¢« u+z—az @

dz

1+a—1 du

a —

dz

a—1 ata—1 d’u,
=az « u+az ¢ —

dz
2a—1 d
z

a—1
=az « u+az

a—1
=az * ut+az d
The original ode zy’ = cz™ + ay — by? now becomes

a—1 2a71du 1 n 2 2
az e utaz @ T :c(za) + azu — bz*u

Q=

z

2a—1 ldu n
azu+taz & Ta— =cza + azu — bz%u?
dz
2a—1+1 du n
az” & — =cza — bz%u?
dz
du
az’>— =cza — b2%u?
dz
du n_
a— = cza % — bu?
dz
du ¢ n_ b
— = Zgam? g (2)
dz a a

Which is reduced Riccati form

yl — A mN 4 By2
Where here A= 2, N =2 -2, B= —g which can be solved as shown in the section of reduced Riccati ode
above. Using ¢ = 2,n = 5,a = 6,b = 5 ode (2) becomes

dz 67 6
_l -z 5.
3 6
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Hence A = %, B = —% and N = —%. Since N is not the special case —2. we use Reduced Riccati for the case
where N # —2, which gives

11 1 l k
w:\/E{ c1 BesselJ <2k , s VABz )—i—czBesselY( 5k ABz) AB >0

3

c1 Bessell (57, +v/—ABzF) + ¢, BesselK (5, +v/—ABzF) AB <0 ®)
s
" Buw
N
k=145

Since AB = —1—58 < 0 then the solution is

1
w = v/zc1 Bessell <2k T —Asz> + ¢ BesselK ( —Asz)
Butk=1+ _T% = % and the above becomes

1 1
w = 1/zc1 Bessell (5, = i 152) + c2 BesselK <5
2E 5
+

12
12 /5 5 5
- 18 2) ¢ BesselK (

)

O:\Cﬂ

= v/zc; Bessell (

(=]

Hence

Carrying out the simplification above gives

1 2v/10 (BesselI (%

‘ﬁ %> ¢1 — BesselK (% 0,15 )

u(z) =

U‘Nk 01

% — Bessell (1 2‘ﬁz 12) v/10¢; + /10 BesselK ( %) + 10z12 12 (BesselK ( 5 %) + Bessell (

Now that we found wu, then y for the original ode is found, since
y = zu(z)

This completes the solution. We need to also change all z in the solution to x using z = z® after applying
the above. This results in

5 210 (BesselI (% %> c1 — BesselK (l %>)
v == Bessell (% %) v/10c1 + /10 BesselK (% \ﬁ %) + 10z (BesselK (% { %) + Bessell (
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1.3.4 Examples for section 3-1-3 (Removal of linear term and exploring relations between

coeflicients)

Local contents

1.34.1
1.3.4.2
1.3.4.3
1.3.44
1.3.4.5
1.3.4.6

Examples for section 3-1-3 (a) Removal of linear term, subcase (i) . .. . ..
Examples for section 3-1-3 (a) Removal of linear term, subcase (i) . . . . . . 23
Examples for section 3-1-3 (a) Removal of linear term, subcase (iii) . . . . . 24]

Examples for section 3-1-3 (b) Relations between the coefficients, subcase (i)
Examples for section 3-1-3 (b) Relations between the coefficients, subcase (ii) [26]
Examples for section 3-1-3 (b) Relations between the coefficients, subcase (iii)

This section is used If none of the above algorithms worked in solving ¥’ = fo + fiy + f2y%. They broken
into part (a) and part(b) with 3 subcases under each part. Part (a) is for removal of linear term (this is f1y
term) and part (b) is for exploring some relations between fo, f1, f2 that can lead to solutions.

1.3.4.1 Examples for section 3-1-3 (a) Removal of linear term, subcase (i)

1.3.4.1.1 Algorithm Given ¢ = fy + fiy + foy? let y = u(z) e where ¢ = [ fidz and the ode becomes

u' = F(z) + G(z) u?

Where F(z) = foe™®,G(x) = foe?. There is one special subcase here to consider. If F(z) turns out to be
proportional to G(z) then the ode is separable. So this check should be done after completing the above. See
second example below of one such example.

1.3.4.1.2 Example y' = 2 + 3y + 7y?> Comparing to y' = fo + fiy + foy? shows that

Let

fo=z
fi=3
fa=T7

y = u(z)e?

¢=/ﬁm

Therefore ¢ = [ 3dz = 3z and we have

Therefore

The input ode becomes

y/ — 3e3£u+ e3wu/

v =z +3y+7y°
3e37u + e¥*u' = z + 3(e37u) + 7(e3””u)2
e’ =z + 7e%u?

u' = ze 3" + T3 u? (1)

We see that the transformed u ode will always have the general form

u' = F(z) + G(z) u?
= foe ?® + fae®u?
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Where

F(zx) = foe™®
G(z) = fae?
Hence the linear term f; is removed. Now we will try to solve (1). It is not one of the special cases we have

solved before. We can either try to find a particular solution, or if we can’t, then convert it to second order
ode and solve it that way.

1.3.4.1.3 Example y' = 52e3® + 3y + 10ze3*y? Comparing to y’ = fo + f1y + f2y? shows that

fo = 5xe3®

fi=3

fo = 10ze™3®
Let

y = u(z) e’

6= [ fds

u' = F(z) + G(z) u?

Therefore ¢ = [ 3dz = 3z and we have

Where
F(z) = foe=? = 5ze’%e 3% = 5z
G(z) = foe? = 10ze3%e3% = 102

Hence

o = 5z + 10zu?

Since F'(z) is proportional to G(z), then this is separable ode which is easily solved. Once u is known, then
y is found since y = u(z) e?.

1.3.4.2 Examples for section 3-1-3 (a) Removal of linear term, subcase (ii)

1.3.4.2.1 Example y' =z + 3y + 7y?> Comparing to y' = fo + f1y + foy? shows that

fo=z
fi=3
fo=7

Let

y = u(z) —v(z)



Then y = u — 2 and y = u’. The ode becomes

Y =+ 3y + Ty’

3 3\2
r_ _ _
u—w+3<u 14)+7(u 14>

9 9 6
=x+3u—+7<u2+—u>

14 142 14
=x+3u—1%+7u2+(71)4(29) _g
=I—%+7u2+%
= (x—;8> + Tu? (1)

We see that the linear term is removed. In the above fo =z — %, fi=0,fa=T.

Now we will try to solve (1). It is not one of the special cases we have solved before. We can either try to
find a particular solution, or if we can’t, then convert it to second order ode and solve it that way.

1.3.4.3 Examples for section 3-1-3 (a) Removal of linear term, subcase (iii)

1.3.4.3.1 Example ¢/ =z + 3y + 7y> Comparing to 3’ = fo + f1y + foy? shows that

fo==z
fi=3
fo=T7
Let
y =u(z)e?

6= [ fda
Z=— vedx
[

Hence ¢ = [ 3dz = 3z. Applying this transformation results in new ode in u(z) as

v (2) = F(2) — u?(2)

Where
fo(z)e 2
F(z) = -10¥)¢
(2) e
But z = — [ foe?dz = — [ 7e3dz = —Le3*. Hence —32 = €3 or In (—32) =3z or

m—lln _3z
3 7
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Therefore

The new ode in u becomes . 3
o (=22 2 1
Y n‘( 7 > Y (1)

We see that the linear term is removed. In the above fy = 2;772 In (—3—;) ,J1=0, fo =—1.

Now we will try to solve (1). It is not one of the special cases we have solved before. We can either try to
find a particular solution, or if we can’t, then convert it to second order ode and solve it that way.

1.3.4.4 Examples for section 3-1-3 (b) Relations between the coefficients, subcase (i)

Local contents

13441 Algorithm . . . . . ... ... 25
1.3.44.2 Exampley =z —2xy+xy? . .. . . ... [26]
1.3.443 Exampley =xz+xy—2zy% . . . .. ... 26]

1.3.4.4.1 Algorithm Given y' = fy + fiy + fay?, we look for a, b constants not both a, b zero such that
a’fo+abfi +b°f2 =0

If we can find such a, b, then there are three cases to consider.

1. a # 0. In this case a particular solution is y; = g Hence now we can solve the Riccati ode since a
particular solution is known.

2. a =1,b =1, then this means fy + fi1 + fo = 0 where now a particular solution is y; = 1, and now we
can solve the Riccati ode since a particular solution is known

3. case a = 0 and b # 0 can not show up, since this implies fo = 0 and hence the ode is not Riccati to
start with.
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1.3.4.4.2 Example y' = 2 — 22y + zy?> Comparing to ¢’ = fo + f1y + foy? shows that

fo=z
fi=-2z
f2=$

Hence

a’fo+abfi +b°f2 =0
a’z — 2zab+ b2z =0
a?—2ab+b* =0

A solution is @ = 1,b = 1. This is case 2. Hence a particular solution is
y=1

Now that we know a particular solution, finding the general solution to the Riccati ode is easy. See the section
below on how this is done.

1.3.4.4.3 Example v/ = 2 + zy — 2zy?> Comparing to ¢’ = fo + f1y + foy? shows that

fo==
fi=z
f2 = 2z
Hence
a’fo +abfy + b2 fo =0
a’z + zab — 2%z =0
a?+ab—2v2=0
A solution is a = 2,b = —1. Since a # 0 then a particular solution is
b
1= —
a
_ 1
2

Now that we know a particular solution, finding the general solution to the Riccati ode is easy. See the section
below on how this is done.

1.3.4.5 Examples for section 3-1-3 (b) Relations between the coeflicients, subcase (ii)

1.3.4.5.1 Algorithm This is covered in section 3-1-3 (a) Removal of linear term, subcase (i), where the

linear term is removed giving
u' = F(x) + G(z) u?

And it turns out that F'(x) is proportional to G(x) making it separable. See example above.

1.3.4.6 Examples for section 3-1-3 (b) Relations between the coefficients, subcase (iii)
1.3.4.6.1 Algorithm Assuming particular solution of ¢/ = fo + fiy + foy? is y1 where

2foy1 = X(z) — f1 (1)
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Where X (x) satisfies

fo= Fay? — Xy + 41 ()
Murphy book suggests to try
X=0
x=-1
f2

X = fi—2Vfof2

For each such case of X, we end up with y; from (1), which now we check if it satisfies (2) or not. If it does,
then y; can be used to solve the Riccati ode

1.3.5 Examples for section 3-1-1. One known particular solution is given

Local contents

1.3.5.1 Algorithm . . . . . . . . . . e e 27
1352 Exampley =2°+ (2 —22%)y+a%2. . .. .. ... L 28]
1.35.3 Exampley’ =3a—a?z2 +y% . . . . . . ... 29
1.3.5.4 Exampley =az" 14+az"y+v%. . . ... 30
1.3.5.5 Example zy’ = —ab?z" ™™ + my+az™y? . . . . ... 30

1.3.5.1 Algorithm

Given y' = fo + fiy + f2y?, and also given one known particular solution ;. This is easy case. See section
(3-1-2) on how to try to find a particular solution if one is not given. Once one particular solution is known
(either given or by using 3-1-2) then finding the solution is done as follows. Let

y=y1 +u()
The ode becomes Bernoulli as shown below

Assuming we are given a particular solution y; to the general Riccati ode ¥’ = fo(z) + fi(z)y + f2(z) y>.
Then we can either let y =y; +uvor y =y; + %

Using y = ;1 + u method, then the the Riccati ode y' = fo + fiy + foy? becomes a Bernoulli ode.

(1 +u) = fo+ filys +u) + fo(ys +u)°
yi+u' = fo+ fiyr + fiu+ fo (5 + v’ + 2y1u)
.7/1 +u' = fo+ fiyn + friu+ fzy% + f2u2 + 2foy1u

—_—
v +u' = fo+ fiys + foyi +fru+ fou’ + 2fayiu
u' = fiu+ fou® + 2foy1u
=u(fi + 2fotn) + fou?

Which is Bernoulli ode. Solving this for u then y = y; +u. Another possibility is to assume that y = y; + ﬁ
which results in Linear ode instead of Bernoulli which is a little simpler to solve. A direct formula to obtain
the general solution if particular solution y; is known is given on page 105 of the handbook of exact solutions
of ordinary differential equation as

1
C1 — f@fgdil)
& = o) 2fovrtfrds (1)

y=p+9%
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If the input ode was g(z)y’ = fo + fiy + f2y? instead, then (1) is modified to be

1
c1— f@%dﬁl)

2fovitfi g,
g

y=1y1+®

& =¢l

(2)

Examples below show how to use these formulas. The above formula can be derived from using y = y; + ﬁ

and using an integrating factor to solve for u.

1.3.5.2 Example y' =z° + (1 —22*) y + 23y?

Comparing to y' = fo + f1y + foy? shows that

fo=a°
1

=(=—22*

(1)
fa= z?
We see that y; = z is a solution. Hence let y = y; + % The ode becomes

ul _ E — —1133

z

Which is linear. Solving using integrating factor gives

_i,_ =
u_a: ! 5

Hence

cy — x°
z(z® —c3 — 5)
% — ¢y

Using the direct formula (1) given earlier, we can write

1
C1 — f@fgdw
-
c1 — [ @z3dx

y=y1+®
=z+®

Where
P = ef 2fay1+frdx

_ 2zt 4 (L —22%)dz
=€ x
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Hence (B) becomes

. z
y_w+cl—fa:4dz
=z+ ° e
C1 — 5
_ 5
T 5¢; — b
_ z(5¢; — 2°) + bz
- 5¢1 — xd
z(5¢c1 — z° +5)
- 5¢; — x®
. x(cz—a:5+5)
o O
_ z(z® — ¢y — 5)
o 5 — ¢y

Which is the same solution in (A). The direct formula might be easier to use.

1.3.5.3 Example y’ = 3a — a%z? + 3>

Comparing to ¥’ = fo + f1y + f2y? shows that

fo = 3a — a®2?

fi=0
fa=1
A particular solution is y; = ax — % . Using the direct formula (1) given earlier
y="h C1 — f@fzd(E
=ar——+ _®
B z ¢ — [Pdx

Where
= ef 2fay1+frdx
= ef2(a‘w_%)dw

az?—2Inz

=e
eaz2
Hence (B) becomes
1 eaw2
2
y=ar— -+ ——"—5—
T C1 —f 22 dx
1 " ese’
=ar — —

2
x axT
x? (cl — [ & dm)
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1.3.5.4 Example y’ = az"" ! + az"y + 3>

Comparing to ¥’ = fo + f1y + f2y? shows that

fo=az""!
fi =az"
fa=1
A particular solution is y; = —% . Using the direct formula (1) given earlier
y=h C1 — f@fzdﬁ

1 L0

=4+ — B
x + c1 — [ @dz (B)

Where
& = o 2f2v1t+frdz
_ ef—%-i—az”dm

— ea%—Q Inz
1 n+1
= 760' T
T

Hence (B) becomes

mn-}—l
1 Z—lzea nFl
y=——+— =
+1
e — [S—r—dx
n+1
1 % nF1

azn+1
+1
x2 <cl—fe - dx)

1.3.5.5 Example zy’ = —ab?2"?™ + my + az"y?

Comparing to gy’ = fo + f1y + foy? shows that

fO — _ab2xn+2m
fi=m

fa = az™

g=x

A particular solution is y; = bz™ . Using the direct formula (1) given earlier
o
a— [ @%da:

2fevatfi g,
9

y=1y1+®

d=cl 2)

Then

& — ef 2(az™) (bz™)+m de

x

2abz™tT™
=gMe ntm

30



Hence the solution is

1
y=y1+®
— [®l2da
1— [ 2L
2abzt™
e n+m
=bz™ +
2abzntm (az™)
c1— [xme” ntm dz
2abz"t™
x'"’e n+m
=bz™ + —
1 2abx
c1—a [zmtn—le” nim dx
2abgntm
m xMe anz—i-m
= bz + 2abznt+™m
e nfm
€1 a ( 2ab )
2abznt™
v 2bze” nFm
= bx + 2abzntm
2bc; — e ntm
be™ + 2bx™A
= bx —_
2b01 - A
Where 4
b. n m
A = ¢ 5Fm

1.3.6 Examples for section 3-1-2. Trying to find a particular solution
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1.3.6.1 Algorithm

Given ¢ = fo + fiy + f2y?, this section shows how to attempt to find a particular solution. This is probably
the most important part, since if we can find a particular solution, then the Riccati ode is solved. But there
is no algorithm which works all the time to find a particular solution, since if there is, then Riccati can now
be solved in all cases. But it is not.

The main algorithm shown by Murphy and Kamke books starts by assuming that y = % and transforms
to new ode in w which is
v = F(z) + G(z) u + u?

Where

F = fof

_ .
G=ht7

Only if F, G are polynomials in z, then more progress can be made as shown in the flow chart. There are
two main subcases. When G = 0 and when G # 0. Examples below go over each subcase. If F,G are not

31



polynomials then no progress can be made. Guessing a particular solution can be tried but guessing is not
an algorithm. Note that even if fy, f1, fo are polynomials, this does not necessarily implies that F, G will be

polynomials.

1.3.6.2 Example when G is zero y' =5 —z — 2y — z%?

Comparing to y' = fo + f1y + fov?

f0—5—.’L'
2

fi=-2
T

f2=—2?

Hence

F = fofo=(5—2) (-2

= —5x? + 3
4 2 -2z 2 2
f2 z -z Tz =z

=0

The new ode is (after substituting y = ) becomes

v = F(z) + G(z) u + u?
= (-52% + z°) +u?

Now we look at the degree of F(x). Since degree is odd, then no polynomial solution exist for the above

Riccati ode in u.

1.3.6.3 Example when G is zero y' =3 + 22 — %y —x%y?

Comparing to ¢’ = fo + fiy + fov?

fo=3+2?
2

fi=-2

f2:—$2

Hence

F = fofs = (3+2%) (—2?)

= 322 —2*
o2 -2 2 2
G = —_ = —— —_— = —
flJrf2 pot M o
=0
The new ode is (after substituting y = ) becomes

v = F(z) + G(z) u + u?
= (-3z% — (E4) + u?
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Now we look at the degree of F(z). Since degree is even, then polynomial solution might exist for the above
ode. Now we expand /—F (z) in series and stop at the constant term. The degree of F(z) is 4. Hence 2n = 4
and n = 2.

V—F (z) = /322 + 2

X(x):a2x2+a1z+ao+;1+ 2

?_F...

To find X (z), we use method of undetermined coefficients. Let
(az.’L‘2 ‘a1z + ao)2 =322+ 24
(a2z® + (a1z + ag))2 = 3z% + z*
a2z + (412 + ao)? + 2a22% (a1 + ag) = 3z% + z*
a2x4 + (af:v2 + a% + 2a0a1x) + 2a1a02> + 2a0a2x2 =3z% + 24
z*(a2) + 2°(2a1a2) + 2°(af + 2a0a2) + z(2a0a1) + af = 3z° + z*
Hence a; = 1,2a1a2 =0 or a; = 0 and a% + 2agas = 3 or 2ag = 3 or ag = % Hence

X(w):x2+g

Now we test if £X (z) satisfies (1). It does not. Hence no polynomial solution.

1.3.6.4 Example when G not zero y =1+ 22 — 2zy + 3>

Comparing to ¥ = fo + f1y + fo1?

fo=1+2?
fl = -2z
fo=1
Hence
F=fofe
=14z
f3
G=fi+ =
fi 7,
= -2z

Since F,G are polynomials, and G # 0 then let y = % which gives
u' = F(z) + G(z) u + u? (1)
= (1—|—x2) — 2zu + u?
Since G # 0 then let

=w+z (2)
When G # 0, book says to calculate ) given by
Q=G?—4F - 2G'
= (—2z)% — 4(1 + z?) — 2(-2)
=0
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There are 3 cases, either ) is polynomial of even or odd degree, or @ is constant as in this case.

Substituting (2) into (1) gives
,w/ — ,w2
We see this is now separable. And we can solve it. This gives
1

Cl — X%

w =

Hence

And since y = 4 then

1
Cl—:l)+x

1
B 2+ cox—1

T+ c2

y:

1.3.6.5 Example when G not zero y = —2 — 42 — 4zy — ¢?

Comparing to y' = fo + f1y + fov?

fo=—2— 4z?
f1 = —4x
fa=-1
Hence
F=fof
=24 4g?
f3
G=fi+ ==
fi 7,
= —4x

[

Since F, G are polynomials, and G # 0 then let y = + which gives
u' = F(z) + G(z) u + u?
=4z? + 2 — 4zu + u?
Since G # 0 then let

_ G
u—w—a
_ —4x
_w—T
=w+2x

When G # 0, book says to calculate @ given by
Q=G?*—-4F - 2G¢
= (—4x)® — 4(2 + 42?) — 2(—4)
=0
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There are 3 cases, either ) is polynomial of even or odd degree, or @ is constant as in this case.

Substituting (2) into (1) gives
,w/ — ,w2
We see this is now separable. And we can solve it. This gives
1

Ci — %

w =
Hence

u=w++ 2

1
= + 2z
Ci — X%

And since y = % then

1

g + 2z
-1

142z — 222

r —C

y:

1.3.6.6 Example when G not zero y’' = %(1 + \/5) T+ (\/5 + a:) Y+ y?

Comparing to ¥ = fo + f1y + fo1?

1
fo=5(1+V5)e
fi= (\/3 + ac)
fa=1
Since f; = 1 already, we can calculate @) directly now
Q=f —4fo—2f]
2 1
= (V5+2) —4(2(1+\/5)x) —2
=z -2z +3
Since the degree is even, then now we expand /@ and keep rational integer part and call that X
z? — 2z +3 = (a+bzx)?
= a? + b%z? 4 2abz

Comparing terms, then b = 1 and 2ab = —2. Hence a = —1. Therefore

V=X

=xr—1

Since X is not constant, then there are two possible particular polynomial solutions of 3’ = fo + fiy + foy>.
These are

(fixX)

(\/g-l-ari(w—l))

Yy=-

N = N =
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These are
(\/5 + 2z — 1)
(\/5 + 1)

Y=

Y2 = —

N = N =

Testing each shows that y; satsifies the ode but not the second one. Hence we will use y; particular solution
in order now to find general solution to the given ode.

Using the direct formula given earlier then the solution is

1
C1 — f@fgdﬁ
® = ef 2fay1+frdx (2)

y=y1+ @

Then
el 2(-3(VB+20-1) ) +(V5+a ) da

Hence the solution is
y=h C1 — f@fzd[t
1
= —~(V5+2z— 1) S —
2(\/_+ x e e E
690—%902

=—%(x/5+2x—1)+

me? /2erf( Lo L2
C1 — (f 2 f2( ))

Hence
£E2

1 2e7" 3
y= —5(\/5+2m_ 1) + co — /Tedv2erf (@x— 72)

1.3.6.7 Example when G not zero 3y’ = —z + % + (I2 —T— %) Y+ y?

Comparing to y' = fo + f1y + fov?

33
fo——$+ﬁ
1
fi= <w2—x—2>
fa=1

Since f; = 1 already, we can calculate @) directly now

Q= fi —4fo—2f]
2
= (mQ—x—;) —4(—1‘-}-21;2) —2(2z-1)

=z*—22°+2-6
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Since the degree is even, then now we expand /@ and keep rational integer part and call that X

z* - 223 +z— 6= (ax2+bx+c)2
= a?z* + (bz + ©)® + 2az® (bz + ¢)
= a’z* + (b’z% + ¢® + 2bex) + 2aba® + 2acz?
= a’z* + 2%(2ab) + 2% (b* + 2ac) + z(2bc) + ¢

Comparing terms, then a =1,2ab=—2or b= —1. And 2bc =1 or c = —%. Hence

V=X

=ar’+br+c

1
— 2 e
=z —x 5

Since X is not constant, then there are two possible particular polynomial solutions of ¢’ = fo + fiy + fov?.
These are

These are

Testing each shows that neither satisfies the ode. Hence this approach did not work in this example.

1.3.6.8 Example when G,F not polynomials y’ = % — %y —y?
Comparing to ¥ = fo + f1y + fo1?
7
fo=~
7
fi=—
T
fa=-1
Hence
7
F=/fofo=—=
T
!
7
G=fi+ é =—--
f2 T

G, F are not polynomials. Hence can not use this section method. This however can be solved by transforming
to second order ode.
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