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1 Kovacic Algorithm for solving second order ode

Local contents
1.1 Introduction . . . . . . . . . . . . e 3]
1.2 Examples how to determine which case the ode belongs into . . . . . .. .. [

1.1 Introduction

Detailed description of Kovacic algorithm for solving second order linear ode with rational
coefficients is given with many solved examples showing how the algorithm works step by
step.

The algorithm is first described based on Kovacic original 1985 paper (1) and later described
in separate section based on modified Saunders/Smith algorithm in papers (2,3). The same
ode examples are solved using both algorithms to show the difference.

Given the ode

y'(z) + ay'() + by(z) = 0 1)
a,b e C(x)

It is transformed to the following ode by eliminating the first derivative
2'=rz reC(z) (2)

This is done using what is known as the Liouville transformation given by

y = ye%fadz (3)
Where r in (2) is given by
_ 1 2 1 !
r=0 +2a b (4)

It is equation (2) (called the DE from now on) which is solved using the Kovacic algorithm
and not Eq. (1). The solution to (1) can be obtained using (3) once y is found. Kovacic
algorithm finds a Liouvillian solution to (2) if one exists. There are 4 cases

1. DE has solution z = e/ “%* where w € C(z).

2. DE has solution z = e/ “% where w is polynomial over C(z) of degree 2 and case (1)
does not hold.

3. Solutions of DE are algebraic over C(z) and case 1,2 do not hold.
4. DE has no Liouvillian solution.

Before describing how the algorithm works, there are necessary (but not sufficient) conditions
that should be checked to determine which case of the above the ode satisfies.

The following are the necessary conditions for each case. To check each case, let 7 = $ where
ged (s,t) = 1. This means there is no common factor between s,t. The order of r at oo is

defined as deg (t) — deg (s).

For an example, if 7 = Z; then O(c0) =2 — 0 =2. And if r = £F then O(c0) =2 —-1=1.
The poles of r and the order of each pole needs to be determined.

The poles of r are the zeros of t. For example if ¢t = (1 — z)* () then there is one pole is at
x =1 of order 2 and one pole at x = 0 of order 1.

Knowing these two pieces of information is all what is needed to determine the necessary
conditions for each case. The necessary conditions for each case are the following



Case | Allowed pole order for r Allowed value for O(oc0)

1 {0,1,2,4,6,8,---} {-,-6,—4,-2,0,2,3,4,5,6,---}
2 Need to have at least one pole that | no condition

is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1,2}.{1, 3},{2} {31,483, 4101, 2,55.
3 {1,2} {2,3,4,5,6,7,---}

Table 1: Necessary conditions for each Kovacic case

1. Case 1. Every pole of r must have even order or its order is 1. And O(o0) is even or
greater than 2. For an example, given r = (z2 + 3), this has a pole of order zero (since
no poles), therefore O(oco0) = 0 — 2 = —2 which is even. Hence it satisfies case 1. (pole
order zero, is even, since zero is even number).

2. Case 2. r has at least one pole of order 2 or the order is odd and greater than 2. There
are no conditions related to O(oo) for this case.

3. 7 has only poles of order 1 or 2. And O(o0) must be at least 2.

If the conditions are not satisfied then there is no need to try that specific case as there
will be no solution. However if the conditions are satisfied, this does not necessarily mean a
solution exists for that case. This is what necessary but not sufficient conditions means.

The following table summarizes the above conditions and the possible L list (to be described
later) for each case.

Some observations: In case one no odd order pole is allowed except for order 1. And for case
3, only poles of order 1,2 are allowed. If O(c0) = 0, which means s and ¢ have same degree,
then only possibility is case one or case two. Case 3 is not possible. For case one, if O(c0) is

negative, then it has to be even. For example if r = ﬁ then now O(c0) =2 —6 = —4.
But if r = ﬁ then O(00) = 2 — 5 = —3 and hence this can not be case 1.

The following are examples to help understand these conditions. Notice that if a pole is of
order 2 and O(00) is say 2, then all three cases are met.

1.2 Examples how to determine which case the ode belongs into

1.2.1 Example 1

4% — 8% +122* + 42® + T2? — 20z + 4

B 4zt

There is one pole at £ = 0 of order 4. And O(c0) = 4 — 6 = —2. Conditions for case 1 are
met. Since it has a pole of even order. Also O(o0) is even. Case 2 are not satisfied, since
there is no pole of order 2 and no odd pole of order greater than 2 exist. Case 3 is also not
met, since the pole is order 4 and case 3 will only work if pole is order 1 or 2. Hence L = [1]

r



1.2.2 Example 2
r=cx

There is one pole of order zero (an even pole). So case 1 or 3 qualify. But O(co) =0—-1=—1
which is odd. But case 1 and 3 require O(o0) be even. Hence case 1,2,3 all fail. This is case 4
where there is no Liouvillian solution. This is known already, because this is the known Airy

ode 3" = zy. Its solution are the Airy special functions. These are not Liouvillian solutions.
Hence L = ||

1.2.3 Example 3

1 3

z 16z2
_ 162 — 3

1622

There is pole at z = 0 of order 2. And O(o0) =2 —1 = 1. Case 1 is not satisfied, since O(o0)
is not greater than 2. Also case 3 can not hold, since case 3 requires O(oc0) be at least order 2

and here it is 1. Only possibility left is case 2. There is one pole of order 2. Since case 2 have
no conditions on O(00) to satisfy, then case 2 has been met. So this is case 2 only. L = [2]

1.2.4 Example 4

3 2 3
T162  9(z—1)7  16z(z—1)
—32z? + 27z — 27
14422 (z — 1)

There is pole at £ = 0 of order 2, and pole at x =1 of order 2. And O(c0) =4 — 2 = 2.we
see that O(00) is satisfied for case 1 and case 3. Recall that case 2 has no O(co) conditions.
The pole order is satisfied for case 1 (must have even order or order 1), also the pole order
is satisfied for case 2 (have at least one pole of order 2), and pole order is satisfied for case
3 (can only have poles of order 1 or 2). So all three cases are satisfied. Remember that just
because the necessary conditions are met, this does not mean a Liouvillian solution exists.
Hence L = [1,2,4,6,12].

1.2.5 Example 5

—5z + 27
r= ——
36 (z — 1)
O(o0) =2 —1=1. And r has pole at z = 1 of order 2. We see that O(o0) is not satisfied
for case 1 and case 3 (case 1 requires even or greater than 2 for O(oco0) and case 3 requires
O(00) = 2.). So our only hope is case 2. Case 2 has no O(c0) conditions. But it needs to
have at least one pole of order 2 or a pole which is odd order and greater than 2. This is
satisfied here, since pole is order 2. Hence only case 2 is possible. Hence L = [2]. I do not
understand why paper says all three cases are possible for this. This seems to be an error in
the paper (1).



1.2.6 Example 6

r= (x2 + 3)
There is zero order pole. (even order). O(co) = 0 — 2 = —2. Hence only case 1 is possible.
L =]
1.2.7 Example 7
1
r= ;

One pole at z = 0 of order 2. And O(o0) = 2—0 = 2. Case 1 is satisfied. Also case 2 since pole
is even order. Also case 3 is satisfied. Hence all three cases are satisfied. L = [1,2,4,6,12]

1.2.8 Example 8

4% — 15

492
We see that O(0o) = 0. From the table this means only case 1 and 2 are possible. (since case
2 has no conditions on O(00) and only case 1 allows zero order for O(c0)). We see there is a

pole at x = 0 of order 2. This is allowed by both case 1 and case 2. Hence case 1,2 are possible
and L = [1,2]

r =

2 Examples of ODE’s for each case

The following table gives an example ode for each case of the above. Recall there are 4
cases. Case 1 (n =1), and case 2 (n = 2) and case 3 (n = 4,6,12) and case 4 which means
no Liouvillian solution exist. Recall also that if ode belong to case 1,2 or 3, this does not
imply that Liouvillian solution exists. For example, below z%y” — 2zy’ + (z2 4+ 2z + 2)y = 0
satisfies conditions for case 1, however, we can find out that no Liouvillian solution exists.

case number ODE

One L = [1] 22y + 4y + (22 +2)y =0

Two L = [2] 2zy" —y' +2y =0

One and Two L = [1,2] 4%y’ +4z(1—2)y + (2 —9)y =0
One L = [1] 22y — 2zy' + (22 + 22+ 2)y =0
One and Two and Three L = [1,2,4,6,12] | ¥’ — (4—3102)1; =0

Case 4, (i.e. No Liouvillian solution exist) |y’ —zy =0

3 Algorithm implementation based on original
Kovacic 1985 paper

The following describes the algorithm for each case separately. The easiest one is for case 1,
and the hardest is for case 3. Many examples will also be given at the end of the algorithm
describing to show how it works.



3.1 Case one algorithm

3.1.1 Step1
This description is based on KOVACIC 1985 paper and not based on the Saunders paper.

We are given y” = ry. It is assumed that the necessary conditions for case 1 have been met
as given in the table above and r = 3 where ged (s,t) = 1 (in Maple this is done using the
normal() command). The first step is to find the poles of r and the order of each pole. If
there are no poles, then let the set of poles I will be empty.

1

If a pole x = c is of order 1 which means there is a factor =) in the partial fractions

decomposition of r, then let

[Vr].=0
alf =1
a, =1
If the pole c is of order 2, which means there is a factor ﬁ in the partial fractions
decomposition of r, then let
[vr],=0
1 1
Oz: = 5 + 5 Vv 1 + 4b
1 1
L ==-——=V1+4b
a, 27 2 +
Where b is the coefficient of ﬁ in the partial fraction decomposition of r. For example,
if r = ﬁ, then x = 2 is a pole of order 2 and b = 3. The coefficients are found using

undetermined coefficients method. (Examples below show how).

If the pole is of order 4 or 6 or 8 and so on, then it is a little bit more complicated. We write
2v = order. For example, if the pole was order 4, then v = 2 and if the pole was order 6, then
v = 3 and so on. Notice that for case 1, which we are discussing here, if pole is of order larger

than 2, then only poles of order 4,6,8, - -- are allowed. This is from the necessary condition.
1
(@—c)’

In this case, we add all terms involving for 2 <7 < v in the Laurent series expansion

of 4/r (not r) as follows

V=Y ot )

i=2
as as Qy
(x — 0)2 (x — c)3 (x —¢)*

For an example if the pole was of order 6, then v = 3. Therefore we need to add all terms in
the Laurent series expansion of /r from v = 3 down to 2. As follows

[\/;]cz Z (xizc)z

B 2_'_(x—c)?’

(z—c)

Lets look at an example of the above before going to the next step. Assume

425 — 8% + 122* + 423 + 72?2 — 20z + 4
44

r =

There is only one pole at x = 0 of order 4. Hence v = 2. We need to find the Laurent
series of 4/r expanding around the specific pole ¢ of order 2v. In Maple this is done using

series(y/r, T = ¢).
TR — — -~ — — — T — 7T+ (2)



Hence

- 2 3
Comparing the above to Eq. 2 shows that the coefficient is as is (written now as just a to
make it match the paper and use it in the following equation later on)

a=1

So the term a is the coeflicient of G In the Laurent series expansion of 1/r around z = c.
In implementation of the algorithm the method of undetermined coefficients is used instead
of actually finding Laurent series for 1/r at z = c.

Now that we found [/r]_for poles > 2, we need to find its o, also. In this case
af = —( +v) and o = Y (—; + v). Where a is the one we just found above. But what is b

here? b is the coefficient of the term m in r minus the coefficient of m in [\/ﬂc

which we found above in (2). For an example, using the above r its Laurent series expansion

dz=0i
around x is ; 1 7 5 1
rex”—2r+34 — +———3+—4
x3
Then since @ = 1 from earlier and since v = 2 here (since pole of order 4) then we look above

for the coefficient of the term (x_g),,ﬂ = (x_lo)g in 7 itself. We see this is —5. Now we need

to subtract from this value the coefficient of =
But since [y/r]_ =

_(})DH =G 0)3 from [/r] _ series from Eq (3).

;)2 then there is no term Which means

(z—0 (= 0)3

b=—-5-0

Therefore for this example

_ 1/ b 4o = 1/5 A 7
%=\ "a"") T 21 ~ 2
We are now done with finding everything we need related to poles. The above needs to be
done for each pole c in 7.

We see that for each pole, we need to calculate 3 items. They are [\/7_"] . af ay.

Now we switch attention to the O(co) order. This is much easier. This is the order of r = ¢
at infinity which is found from deg (¢) — deg (s). There are also three cases to consider.

If O(00) > 2 then we write

V7]

g1 8+8
Il
_ o o

e
o
If O(00) = 2 then [{/r] = 0. Now we calculate b for this case. This is given by the leading
coefficient of s divided by the leading coefficient of ¢ when ged (s,t) = 1. In this case

[Vr] =0
1 1
a;=§+§v1+4b
1 1
o =——=v1+4+4b
(a7 27 2 +



Where here b is the coefficient of %2 in the Laurent series expansion of r at co. But we do
not need to find Laurent series expansion of r at co to find b here. It can be found using

b= ll’;‘;jc{c((g where 7 = £ and ged (s,t) = 1. And lcoef f is the leading coefficient. For example,

. _ 145z
ifr= 53

using the command series(r,z = co) then we will get 2 +

then b = % If we took the Laurent series of r at oo which in Maple can be done
%m% which also give b = %

And finally, if O(co0) < 0, then O(co) has to be negative and even number (conditions for
case 1). Let the order of r at co be —2v < 0. Then now [\/F]OO is the sum of all terms z* for

0 < ¢ < v in the Laurent series expansion of /7 at oo.
VA, =ast 4 etk

And b is the coefficient of z°~! in 7 minus the coefficient of 2! in ([/7] 00)2. Then

1/b
+ 22—
= 3(-0)
oz_—1 —é—v
2\ a

This completes step 1 of the algorithm. We have found [\/ﬂc for each pole and associated
o, o and also found [/r]_ and its associated o}, az,. So, what will we do with these? In
step 2 these are used to find all possible values of what is called d. For each non negative d,
we will find a candidate w. And use this candidate w to find P(z) by solving P” 4+ 2wP’ +
(W' +w?—71)P = 0 (linear algebra problem). If we are able to find a P(z) for any one
candidate w then we stop and we have found the solution y = p(z) e/ “% to the y” = ry.
Examples below will show how all this works.

3.1.2 Step 2

Recall that from step 1 we have found [/T] . and its associated o7, o (this is done for each
pole of 7) and we have found [{/7] ., and its associated o, a7, From these we now found a
possible d values and trying each d > 0. The value of d is found using the following for each
combination of s(c) where s(c) is + or —

— AT +
d—aoo—g o
(&

We keep only the non negative values of d. It is important to note that we have to find an
integer positive value for d to continue. If no such value is found from the above, then we
stop here as this means no Liouvillian solution exist using case 1. Then we go to case two or
case three if it is available.

If we do find d > 0, then we now find corresponding candidate w, using

+

wi=Y" ((i) [Vr] + = ) + (&) V.

c

3.1.3 Step 3

In this step we first attempt to find a polynomial p(z) of degree d, for w found in step 2.
This is done by solving
p'+2wp + (W 4w —7)p=0

For example, if d = 2, then we let p(z) = z?>+az+b and if w happened to be say w% - % +x—1,
then by substituting these in the above, we can solve for a, b (if a solution exist). Then the
solution to 3" = ry is y = p(x) e/ “%. If the degree d = 1 then we guess p(z) = z + a and try
to solve for a. If the degree d = 0, then we let p(z) = 1, a constant. In the special case of

p(x) = 1, there is no coefficients a; to solve for. So we would just need to verify that
WHw-r=0

9



In this case.

This completes the full algorithm for case 1. We will now go over many examples for case 1,

showing how to implement this algorithm for each example.

The hardest part of the kovacic algorithm is just finding all the [\/ﬂ o af, [\/ﬂ - ok

these are found, the rest of the algorithm is much more direct.

3.1.4 Case one algorithm diagram

The following diagram summarized the above for case one.

Once

Case One Algorithm

Step 1
2 =rz [vr] . =0

X (set of poles) +
poles of r F ag =1
a, =1

Where b is the coefficient

[e]
pole ¢; of order 1 of in the partial
[\/ﬂ — / fractions expansion of r.
c2
o 1 1
pole ¢; of order 2 =3 + 5\/ 4b
11
Hole ¢ — — —V1+4b
! ’ T2 2 This is the sum of terms ()i (),

o
of order > 4 (must be
even order). Let v be half
the order value.

m the Laurent series (‘X[)dllsl()ll of
V7 (not 7) at the pole c3. The
sum of terms is for 2 <i <w

,,:2 ‘7"% b is the coefficient of the term W
ot — 1 i 1o in 7 (found from the partial fraction de-
“ 2 \ a, composition of ) minus the coefficient of
1 b same term but in [/7],.
o, = 2\ +v
‘\> Thls a is the coefficient of
T=ar in the above Lau-
Order of 7 at oo rent smn
(VA =0
oo
Order is > 2 al =0
ay, =1
[\/,_} =0 This b is the coefficient of ,, in the Lau-
o0 ,
. 3 ries expa fratoo Ifr=32%
Order is 2 1 rent series expansion o i
al, = 3 + = \/1 +4b — ™ where ged(s,t) = 1 then b can be more
1 leoeff(s) 1.
_ 1 easily found using b = Teooff (1) where lcoeff
Yoo =575 L+4b means the leading coefficient.
This is the sum of terms z' for
0 < i < v in the Laurent series
Za’l / for /7 (not r) at oo
Order is —2v < 0 i=0
‘Ylli"ll must be even at = /b This b is the coefficient of z~! in r = £
since case 1. *  2\a (Which is found using long division) mmus
_ 1 ( b ) the coefficient of same term but in ([ﬂx
ag=s(—-v
2

a
\ This a is the coefficient of a, in
the above Laurent series sum.

Step 2

For each family s = (s(¢))cerus where s(c) is + or — let
d=a5>® — Zu':(")
cer’
If family found which produced d an integer and positive then find

©
w=2( [f]+a( >+s(00)[\/ﬂx

cel’

Step 3

Find polynomial p(x) of degree d which satisfies p” + 2wp’ + (w’ + w? — r)p = 0. Then the solution
to 2" = rz is given by
[ wds

z = pe
P case-l.ipe Nasser M. Abbasi 2/1/2022

Figure 1: Case 1 Kovacic algorithm

10




3.2 worked examples for case one

3.2.1 Example 1

Let
y  A4x8 — 8z + 122* + 423 + T2® — 20z + 4
T
Therefore
s
r=-
t
4x —82° +122* + 423 + 722 — 20z + 4
424
1 7 5 1
=z —2z+3+ +———+— (1)

3zt

Step 1 In this we find all [\/ﬂc and associated o for each pole. There is only one pole at
z = 0 of order 4. Hence 2v = 4. And v = 2. This is step (C3) now in the paper (1).

We need now to find Laurent series of 1/r expanded around z = ¢ = 0. This is given by
(using series command on the computer)

1 1 41 44
1 51 9 41 AL, @)

[\/7—"]0: (m—0)2 (3)
Is only term from 2. Comparing the above to @ _0)2 shows that
a=1 (4)
Hence
VTl = xi (5)
-0
o = %(—2%) (6)

Where v = 2 and a = 1. We still need to find b. But b is the coefficient of the term W

in r minus the coefficient of W in [\/ﬂ which we just found above. Looking at r from
Eq (1) we see that the term (m_o)vﬂ = 0)3 has coefficient —5. And looking at Eq (3) we

see that there is no term ﬁ in it. Hence

b=-5-0
=5 7)

Now we found a, b, then (5,6) becomes (since v = 2)
1 -3
+ = —(— 2 = —

9)

N~

1
T = — 2) =
a; 2(5+)

We are done with all the poles.

Now we consider O(oo) which is deg (t) — deg (s) = 4 — 6 = —2. Since this is even order and
negative then —2v = —2 or
v=1

11



We need the Laurent series of /7 around oo. Using the computer this is

Now we only want the terms z° where 0 < ¢ < v. This implies the above is reduced to
[Vil=o-1
The a is the coefficient of ¥ = x which is
a=1

Now we need to find o associated with [\/ﬂoo For this we need to first find b. Recall
from above that b is the coefficient of zv~! or z° in 7 minus the coefficient of z*~! = z°
in ([\/ﬂoof Since v = 1 then we want the coefficient of z° in r and subtract from it the

coefficient of 20 in ([\/F}OO)Z But

(V) =@ —1)°

=z’+1-2z

Hence the coefficient of z° in ([y/T] C>o)2 is 1. To find the coefficient of z° in r long division
is done

s
r==-
t
_ 428 — 82% + 122* + 42® + Tz% — 20z + 4
- 44
R
=@t g

Where (@) is the quotient and R is the remainder. This gives

423 + Tx?2 — 20 + 4
42

For the case of v # 0 then the coefficient is read from () above. Which is 3. Hence

= (m2—2x+3)+

b=3-1
=2

For the other case of v = 0 then the coefficient of z~! in 7 is found using % which will

give 1 in this case. (More examples below).

Now that we found a, b, then from the above section describing the algorithm, we see in this

case that
1/b 1/2 1
+_ (9 _~(Z_ _ =
am"2(a ”) 2(1 1) 2

_ 1/ b 102 1) = 3
2T\ T Y T2\17 ) T 2
This completes step 1 of the solution. We have found [{/7] . and its associated af and found

[V/T] -, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Since we have a pole at zero, and we have one O(00), each with =+ signs, then we set
up this table to make it easier to work with. This implements

Therefore we obtain 4 possible d values.

12



pole ¢ | a. value | O(oc0) value | d d value
=0 |of =3 |al =1 af, —(f)=3-(3F 2
=0 o} =F lag==2 |ag—-(hH)=-3-(3) |0
7=0 o, =1 |at=1 ah—(e)=3-() |-3
z=0]a;=3 |ag==5 |ax—(ag)==35-(3) |5

We see from the above that we took each pole in this problem (there is only one pole here
at £ = 0) and its associated o with each aE and generated all possible d values from all
the combinations. Hence we obtain 4 possible d values in this case. If we had 2 poles, then
we would have 8 possible d values. Hence the maximum possible d values we can get is 2P+
where p is number of poles. Now we remove all negative d values. Hence the trial d values
remaining is

d = {0,2}

Now for each d value, we generate w using

r—cC

W= (Zs(c) Ve )+s(oo) V]

To apply the above, we update the table above, now using only d = 0,d = 2 values, but also
add columns for [/7] o [V/T] -, to make the computation easier. Here is the new table

w value
pole ¢ | ac value | s(c) [ﬁ]c O(o0) value | s(o0) [ﬁ}w d value (Z s(0) [V, + O‘C)—l—s(oo) V7]
c c r—cC o0
=3
e=0 | at=32| + 5 am=-3 - | z-1 0 (+(;12)+ﬁ>+(—)(x—1):;12—%—w+1
;3
e=0 | af =32 | + % at =1 + | z-1 2 <+($2)+f_0>+(+)(z—1)=x—%+ﬁ—1

The above are the two candidate w values. For each w we need to find polynomial P by
solving

(8)
If we are able to find P, then we stop and the ode y” = ry is solved. If we try all candidate
w and can not find P then this case is not successful and we go to the next case.

P"4+2wP' + (' +w’—71) P =0

2 —z+1

step 3 Now for each candidate w we solve the above Eq (8). Starting with w = %2 — 5

associated with d = 0 in the table, then (8) becomes

3

3 3
2 z41) P 2
T 2z o+ ) +<(2x2

2 6 _ .5 4 3 2 _
1) _<4sc 825 + 12¢% 4 423 + Tz 20x+4>>P:0
44
§>p:
T

Since this the case for d = 0, then P has zero degree, Hence P is constant. Therefore the
above simplifies to

2 4
P”+<——3—2z+2)P’+<——
2z x2

x2

Which means

Which is not possible for all x. Hence d = 0 do not generate valid P polynomial. We now try
the case of d = 2. Since d = 2, it means the polynomial d is of degree two. Let

P=zxz’>+az+b

3

Substituting this in (8) using w =z — 2 + % — 1. This gives

P"+2<a:—

3 1 3
I N = - _
2m+z2 ) +<(2z2

3 1 2 4z — 825 + 12z + 423 + 722 — 20z + 4
1 . P=0
+ >+<x 2m+m2 ) ( 4z4 )

1 4
P”+2(x—%+x—2—1)P’+(;—4)P:o

13



Using P = z? + az + b the above becomes
3 1 4 9
2+2(z——+—=-1)@2z+a)+|(=-—4) (z®+azr+b) =0
xr x
b 4
2a—4b—3% 42 447 —2ax+-—4=0
x x x x

1 1
(2a—4b—4)+5(—£§1a+4b+4) +—(2a) —2az =0

z?
Therefore
20 —4b—4=0
3
—19 +4b+4=0
20 =0
20 =0
hence a = 0 from last equation. Using first or second equation gives b = —1. Therefore a
solution is found. Hence
p(z) =z" -1

Therefore the solution to y” = ry is

y = p(m) efwdx
— (1172 _ 1) efw—%-l-w%—l dx

_ (m2 _ 1) e—%—%lnw—i—é—x

= (- 1) pPeitT e
The second solution can be found by reduction of order.

3.2.2 Example 2
Let

Therefore

(1)

Step 1 In this we find all [\/ﬂ . and associated a for each pole. There is one pole at z = 0
of order 2. In this case, from the description of the algorithm earlier, we write

[ﬁ]czo
1 1
a;"=§—|—§v1+4b
1 1
= —_VI+4b
@ =5 Vit

Where b is the coeflicient of (m—10)2 in the partial fraction decomposition of r which is z% -1
Hence b = 2. Therefore

[Vr],=0
1 1 1 3
=441 =_4-=2
o, 2-|-2 + 8 2—!—2
_ 1 1 1 3
G =g gvits=5-5=-1



We are done with all the poles. Now we consider O(oo) which is deg (t) —deg(s) =2—-2 = 0.
This falls in the case —2v < 0. Hence
v=20

We need the Laurent series of 1/r around co. Using the computer this is 7 — ;—2 — 2%42 +---.
Hence we need the coefficient of z° in this series (0 because that is value of v).

V], = ia?

Recall that [/r]__ is the sum of terms of 27 for 0 < j < v or for j = 0 since v = 0. Looking
at the series above, we see that
a=1

Which is the coefficient of the term z°. Now we need to find o associated with [/T] - For
this we need to first find b which is the coefficient of zv~1 = % in 7 minus the coefficient of

2>~'=1in ([\/1_"}00)2 But .
(VA == -1

Hence the coefficient of z7* in ([/7] 00)2 is 0. To find the coefficient of z~! in 7 long division
is done

For the other case of v = 0 then the coefficient of 27! is found by looking up the coefficient
in R of z to the degree of of ¢ then subtracting one and dividing result by lcoef f(t). But
degree of t is 2. Therefore we want the coefficient of 22! or z in R which is zero. Hence
b=0-0=0.

Now that we found a, b, then from the above section describing the algorithm, we see in this
case that

1/0b 1
+ (2 _ ) =2(0-0) =
a°°_2(a v) 2(O 0)=0

_ 1 b 1

This completes step 1 of the solution. We have found [{/7] . and its associated af and found
[V/T] -, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Since we have a pole at zero, and we have one O(00), each with + signs, then we set
up this table to make it easier to work with. This implements

Therefore we obtain 4 possible d values.

pole ¢ | a, value | O(o0) value | d d value
z=0|af=2 |af =0 al, —(af)=0—-(2) | -2
z=0|alf=2 |ay =0 ay—(af)=0—-(2) | -2
z=0|a, =-1|al =0 al, —(a;)=0—-(-1) | 1
z=0|a, =-1|a,=0 ay—(a;)=0—-(-1) |1

—
ot




We see from the above that we took each pole in this problem (there is only one pole here
at z = 0) and its associated o with each aE and generated all possible d values from all
the combinations. Hence we obtain 4 possible d values in this case. If we had 2 poles, then
we would have 8 possible d values. Hence the maximum possible d values we can get is 2P+
where p is number of poles. Now we remove all negative d values. Hence the trial d values
remaining is
d={1}

There is one d value to try. We can pick any one of the two values of d generated since there
are both d = 1. Both will give same solution. We generate w using

w:<2}@hﬁh+‘%)+deWLa

r—cC

To apply the above, we update the table above, now using only the first d = 1 value in the
above table. (selecting the second d = 1 row, will not change the final solution). but we also
add columns for [/7] o [V/T] ., to make the computation easier. Here is the new table

w value

pole ¢ | ac value | s(c) [ﬁ]c O(o0) value | s(o0) [ﬁ]oo d value (Zc s() [VF], + 2 ) + 5(00) [V7]

=0 | ag=-1] - 0 ad =0 + i 1 (—(0)+ __10)+(+)(i)=_71+i

x

The above gives one candidate w value to try. For this w we need to find polynomial P by
solving

P"+2wP' + (W +w?—r) P =0 (8)
If we are able to find P, then we stop and the ode y” = ry is solved. If we try all candidate
w and can not find P then this case is not successful and we go to the next case.

step 3 Now for each candidate w we solve the above Eq (8). Starting with w = _71 + 1
associated with first d = 1 in the table, then (8) becomes

-1 -1 | 2 2
P"+2(—+i>P’+<(—+i> +(—+i> —<—2—1)>P=0
xr X i i
P”+2<_—1+1)P'+(_—2Z)P:0
A xr

This needs to be solved for P. Since degree of p(x) is d = 1. Let p = = + a. The above

becomes
-1 —2i
2(—+7L> + (—2) (x+a)=0
T T

2 2
e i -2y
X X
2 9
—2_%ia_,
X X

Which means

a=1
Hence we found the polynomial
p(x)=x+1
Therefore the solution to y” = ry is
y = pe J wdz

= (z4i)el T
—(z—l—z)ge

T+1

(cosz + isinx)

The second solution can be found by reduction of order. The full general solution to 3" =

(z—1)yis
C1 . C2 .
y(z) = —=(x cosx —sinz) + —(cosz + xsinx)
T T

16



3.2.3 Example 3
Let

Therefore

— 1)

Step 1 In this step we find all [\/7_"] . and associated a for each pole. There are no poles. In
this case af = 0 (paper was not explicit in saying this, but from example 3 in paper this can
be inferred). Hence the value of d is decided by o only in this case.

Now we consider O(oco) which is deg (¢) —deg (s) = 0—2 = —2. This falls in the case —2v < 0.
Hence 2v = —2 or
v=1

We need the Laurent series of 1/r around oco. Using the computer this is

Hence we need the coefficient of z' in this series (1 because that is value of v). Recall that
[\/77]00 is the sum of terms of 27 for 0 < 7 < v or for j = 0,1 since v = 1. Looking at the
series above, we see that

a=1

Which is the coefficient of the term z. There is no term z°. Hence

Vil =

Now we need to find o associated with [\/ﬂoo For this we need to first find b. Recall

from above that b is the coefficient of z¥~! or z° in r minus the coefficient of z*~! = z° in

([vr] 00)2. But ([y/7] 00)2 = z2. Hence the coefficient of z° is zero. To find the coefficient of

2° in r long division is done

R
=Q+ T
Where (@ is the quotient and R is the remainder. This gives

0
7"=CL‘2+3+I

For the case of v # 0 then the coefficient is read from @) above. Which is 3. Hence

b=3-0

Now that we found a, b, then from the above section describing the algorithm, we see in this
case that

a;=%(g—v) —-B-1)=1
aw:%<—2—v) = (-3-1)= -2

This completes step 1 of the solution. We have found [/7] . and its associated at (these are
zero, in this example, since there are no poles) and found [\/ﬂ -, and its associated aZ. Now
we go to step 2 which is to find the d’s.

17



step 2 We set up this table to make it easier to work with. This implements

Therefore we obtain 2 possible d values.

pole ¢ o, values (all zero) | O(oco) value | d d value
z=N/A|a. =0 al =1 al =1 |1
z=N/A|a.=0 o, = —2 a,=-2| -2

Picking the positive d integers, this gives

d={1}

There is one d value to try. We can pick any one of the two values of d generated since there
are both d = 1. Both will give same solution. We generate w using

w= (Zs(c) e )+s(oo) V7]

r—cC

To apply the above, we update the table above, now using only the first d = 1 value in the
above table. (selecting the first d = 1 row). but we also add columns for [\/ﬂc, [\/ﬂoo to
make the computation easier. Here is the new table

w value

pole ¢ | ac value | s(c) | [v7] o | O(o0) value | s(o0) [v7] o | @ value (Zc s(c) [\ﬁ]c + m"_%) + s(c0) [V/T] 00

z=0 | ac=0 + 0 al =1 + z 1 (+0)+0)+(+) (=) ==

The above gives one candidate w value to try. For this w we need to find polynomial P by

solving
P"+2wP' + (' +w”—71) P =0 (8)
If we are able to find P, then we stop and the ode y” = ry is solved. If we try all candidate

w and can not find P then this case is not successful and we go to the next case.

step 3 Now for each candidate w (there is only one in this example) we solve the above Eq
(8). Starting with w = x associated with first d = 1 in the table, then (8) becomes
P"+2(z) P+ ((z)' + (z)> — (2 +3)) P =0
P'+2zP' + (142> —2>-3)P=0
P"+2zP' —2P =0

This needs to be solved for P. Since degree of p(z) is d = 1. Let p = z + a. The above
becomes

2c —2(x+a)=0

20 —2x—2a=0

2a =0
Which means
a=0
Hence we found the polynomial
p(z) =2
Therefore the solution to y” = ry is
y = pe J wdz
= ze [z d=z
22
=xez

The second solution can be found by reduction of order. The full general solution to y” =
(z? +3)y is
12 3:2 —xz

18



3.2.4 Example 4

Let
© .2
Y Ey

Therefore
s
r=—
t
2

=2 (1)

Step 1 In this we find all [\/ﬂ . and associated a for each pole. There is one pole at z = 0
of order 2. In this case, from the description of the algorithm earlier, we write

[Vr],=0
1 1
+— -4 S/1+4b
a, 2+2 +
1 1
- — - _ /144
@ =g Vit

Where b is the coefficient of ﬁ in the partial fraction decomposition of r which is x%

Hence b = 2. Therefore

lvr],=0
1 1 1 3
+_Z 421 =_1+2=9
o 2—!—2 +38 2+2
_ 1 1 1 3

We are done with all the poles. Now we consider O(oo) which is deg (t) —deg(s) =2—0= 2.
Since O(o00) = 2 then from the algorithm above

[Vl =0

Now we calculate b for this case. This is given by the leading coefficient of s divided by the
leading coefficient of ¢ when ged (s,t) = 1. In this case r = x% , hence b = % = 2. Therefore

[\/F}OO:O
L1 1 —— 1 1
aoo:§+§ 1+4b=§+§\/1+8=2
1 1 1 1
S = —ZV/1+4b=—-y/1+8=-1
o 5 5 +4b 575 + 8

This completes step 1 of the solution. We have found [{/7] . and its associated af and found
[V/T] -, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Since we have a pole at zero, and we have one O(00), each with + signs, then we set
up this table to make it easier to work with. This implements

NS +
d=oa — g a,

1
=1

Therefore we obtain 4 possible d values.

pole ¢ | a, value | O(oco) value | d d value
z=0|at=2 |af =2 al —(af)=2-(2) 0
z=0|at=2 |ay=-1 ay,—(af)=-1-(2) | -3
z=0|a, =-1|al =2 af, —(a)=2—-(-1) |3
z=0|a, =-1|ay=-1 ay—(a)==-1—-(-1) |0

Hence the trial d values which are not negative are
d =0, 3}

19



For d = 0, since it shows in two rows, we take the first row. Now we generate w for each d
using

r—cC

W= (ZS(C) (V7] +—= )+s(oo) (V7]

To apply the above, we update the table above, but we also add columns for [\/ﬂ o [\/ﬂ -
to make the computation easier. Here is the new table

w value
pole ¢ | ac value | s(c) | [/r], | O(co) value | s(co) | [v/7]_, | dvalue (Zc s(0) [\ﬁ]c + ;fc) + 5(c0) [ﬁ]oo
e=0 | af=2 | + 0 ak =2 + 0 0 (+O+ %) + () ©) =2
e=0|az=-1] - | o ol =2 + 0 3 O+ %)+ 0=
The above gives two candidate w = 3—20, _71} value to try. For this w we need to find polynomial
P by solving
P"+2wP' + (W' +w?—r) P =0 (8)

If we are able to find P, then we stop and the ode y” = ry is solved. If we try all candidate
w and can not find P then this case is not successful and we go to the next case.

step 3 Now for each candidate w we solve the above Eq (8). Starting with w = 2 associated
with first d = 0 in the table, then (8) becomes

ol (3 () - (2) -

P”+%P’=O

This needs to be solved for P. Since degree of p(x) is d = 0. Let p = a. The above becomes
0=0

No unique solution. Hence d = 0 did not work. Now we try the second w = _71 associated
with d = 3. Substituting in 8 gives

o222 -(2)

— 1 1 2
P”+—P’+(—2+—2——2>P=0
r T T x
PII EPI:
x

Since d = 3, let
p(z) =2° +az’ + bz +c

Then P" — %P’ = (0 becomes

2(3x2+2az+b)=0

T

(6x + 2a)
—2a — 29 =0
x
Hence a = 0,b = 0 is solution. c is arbitrary. Taking ¢ = 0 then

p(z) ==°

Therefore the solution to y” = ry is

-1
:$3€f dzx
_x3 —Inz
=x2



The second solution can be found by reduction of order. The full general solution to y” = xz—Qy
is

1
y(x) = 015 + cox?

3.2.5 Example 5

Let
b 32a% —2Tx 427
Y= 14424 — 28823 + 144727
Therefore
S
r=-
t
_ 3222 — 27z + 27 1)
"~ 144z* — 288x3 + 14422
_3 8 1 81 .2 1 )
~ 16z 16(x—1) 1622 9(z—1)°

The necessary conditions for case 1 are met.

Step 1 In this we find all [\/ﬂ . and associated a for each pole. There is one pole at z = 0
of order 2 and one pole at x = 1 of order 2. For the pole at x = 0 since order is 2 then

[\/F}c:OZO
1 1
(1{2_:0=§+§V1+4b
1 1
0y =5~ 5V1+4b

Where b is the coefficient of w in the partial fraction decomposition of r given in Eq (2)

which is %. Hence b = 1%. Therefore

[\/;]c=020
1 1 3 1 1
+ _ -4t 2 )=z -
aly=5+3 1+4(16) 4\/7+2
_ 1 1 3 1 1
Yo =575 1+4(E)‘§_Zﬁ
And for the pole at x = 1 which is order 2,
[\/F:|c=1:()
1 1
01:21:§+§V1+4b
1 1
o, §—§v1+4b

Where b is the coefficient of ﬁ in the partial fraction decomposition of r given in Eq (2)

which is %. Hence b = %. Therefore the above becomes

[V7] e=1=0

_ 1 1 2 1 1
a0=1_§_§ 1+4(§>_§_6 17

We are done with all the poles. Now we consider O(oo) which is deg (t) —deg(s) =4—2 = 2.
Since O(00) = 2 then from the algorithm above

Vil =0
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Now we calculate b for this case. This is given by the leading coefficient of s divided by the

leading coe?,fzﬁcienzt of ¢ when ged (s,t) = 1. In this case r = ; 442%225;;?1-314& from Eq (1) ,
hence b = 77 = 5. Therefore
Vil =0
1 1 1 1 2 1 1
P = SVl144b =+ o [14+4 (2 ) = V1T + =
ol =5+ Vit 5o\ 1t (9) 6\/_+2
1 1 1 1 2 1 1
= V1t db=>— 1442 ) =2 - VT
Yo =5 TVt =TT <9) 276

This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found
[v/7] . and its associated aZ. Now we go to step 2 which is to find the d's.

step 2 Since we have a pole at £ = ¢; = 0 and pole at = c; = 1, and we have one O(00),
each with + signs. The following now implements

By trying all possible combinations. There are 8 possible d values. This gives

-t et - ()< (1) - (i) <
dQZa;—(ajl-l-a;z):(é\/1_7+%)—(;1\/?+%)—(%—é 17)=%\/ﬁ—}1 7—%
et vty = (W74 3) - (3 17) - () - -
et v = (W4 ) (1 1e7) - (3 ) =L -
dmcioond)= (3 0) - (W0 3) - (o) - -3
amcimtoio) - () - (17ed) - (- ) -
et - (3 100) - (1 8) - () - -
dgzago—(ozc_l+ozc_2)=(%—éﬁ)—(%—iﬁ)—(%—éﬁ)2}1 7—%

None of the d found are integer. Hence case 1 did not work we need to try case 2 and if that
also fail, try case 3. We will find all three cases fail on this ode..

3.2.6 Example 6

Let

Therefore

The necessary conditions for case 1 are met since zero order pole and O(oo) = 0.

Step 1 In this we find all [\/ﬂ . and associated a for each pole. There are no poles. In this
case [\/7_"]6 =0 and af = 0. Since O(00) = 0, we are in case 2v < 0. Hence v = 0. Then now
[V/T] o, 1s the sum of all terms z' for 0 < ¢ < v in the Laurent series expansion of /7 at co.

Vrle=1
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v—1 _ .—1

Hence a = 1. And b is the coefficient of z¥~! = z~! in r minus the coefficient of z x

in ([\/ﬂoo)z Hence b = 0. Then

This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found
[v/7] . and its associated aZ. Now we go to step 2 which is to find the d's.

step 2 Since we have a pole at zero and pole at z = 1, and we have one O(0), each with +
signs, then we set up this table to make it easier to work with. This implements

— At +
d=oa — E a,

=1

Therefore we obtain 2 possible d values.

pole ¢ | a. value | O(o0) value | d d value
z=NA|a. =0 |af =0 al =010
z=NA|a.=0 |a =0 al =010

Hence the trial d values which are not negative integers are

d = {0}

For d = 0, since it shows in two rows, we take the first row. Now we generate w for each d
using

W= (ZS(C) (V7] + == )+s(oo) (V7]

r—cC

To apply the above, we update the table above, but we also add columns for [/7]_, [/]
to make the computation easier. Here is the new table

[e.9]

w value

(S [V, + 22) +s(0) [v7]

pole ¢ ac value | s(c) O(o00) value | s(o0) d value

[vrl. V7l

z=NA | a.=0 + 0 al =0 + 0 0 HO) +0)+(+H D) =1

The above gives candidate w = 1 value to try. For this w we need to find polynomial P by
solving

P"+2wP' + (W +w?—r) P =0 (8)

If we are able to find P, then we stop and the ode y” = ry is solved.

step 3 Now for each candidate w we solve the above Eq (8). Starting with w = 1 associated
with d = 0 in the table. Let p(z) = 1 since degree is zero, then (8) becomes

P +2(1) P+ ((1)+ (1) - (1) P=0
0+1-1)=0
0=0

Hence p(x) =1 is valid solution. Therefore the solution to y” =y is

y:p(w) efwda:
— efl dz

=€

The second solution can be found by reduction of order. The full general solution to ¢y’ =y
is
y(z) = c1e® + cpe™®
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3.2.7 Example 7

Let
(2®—2z)y"+ (2—2*)y + (22— 2)y =0

Normalizing so that coefficient of y” is one gives

2-2°) , (-2

1/ —
v (% — 2x)y (22 — 2m)y N
y' +ay(z) +by =0 (1)
Hence

-
(22— 27)
b (2z — 2)
(22 - 2z)

It is first transformed to the following ode by eliminating the first derivative
Z'=rz (2)
Using what is known as the Liouville transformation given by
y=z ez Jadz (3)

Where it can be found that r in (2) is given by

1 1
T=Za2+§a’—b

1/ 2-2)\* 1d[((2-2)\ (22-2)
_4<(x2—2x)> +2dav<(:1c2—2x)> (22 — 2x)
(z* — 823 + 24x% — 24z + 12)

= 4
422 (x — 2)2 )

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is
s (z* — 8z + 24x% — 24x + 12)2 5)

422 (z — 2)°

Therefore

S
r=—

t
_ (a* — 82 + 242 — 242 + 12)
432 (z — 2)°

The necessary conditions for case 1 are met.

Step 1 In this we find all [\/ﬂ . and associated a for each pole. There is one pole at z = 0
of order 2 and one pole at x = 2 of order 2. For the pole at x = 0 since order is 2 then

[\/ﬂczozo
R T J—
C(c=0:§+§ 1+4b
1 1
Oéc_:0=§—§ 1+4b

Where b is the coefficient of —L— in the partial fraction decomposition of 7 which is

@=0)°
o' —82% +240® 24z +12 1 31 1 1 3 1 31
2 =4 iz 4 t1 sty 2 (6)
422 (z — 2) 4 4z 4(z-2) 4(z-2)° 4z
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Hence b = 3. Therefore

I:\/F:| c=2 = O
1 1
F o=+ -V1+4b
a._o 9 + 9 +
1 1
ac_:2 = 5 — §V1+4b
Where b is the coefficient of ﬁ in the partial fraction decomposition of r given in Eq (6).
Hence b = 2. Therefore the above becomes
[\/;} =2 0
1 1 3 3
F o=+ [1+4( =) =2
P2 =yttt <4) 2
_ 1 1 3 1
“2=37 3 ”4(1) =73

We are done with all the poles. Now we consider O(oo) which is deg (t) —deg(s) =4—4 = 0.
Since O(00) = 0, we are in case 2v < 0. Hence v = 0. Then now [/r]|__ is the sum of all
terms z° for 0 < 4 < v in the Laurent series expansion of /7 at oo which is

1 1 2 11

V=gt mtmt @)
We want only terms for 0 < ¢ < v but
v=20
Therefore only the constant term. Hence
1
Vrle=35 (8)

Which means

As it is the the term that matches [/r] = az’ + ---. Hence ([\/7_"}00)2 = 1 and the
coefficient of % is zero. To find the coefficient of % in 7 long division is done

S
r=-
t
_ xt — 8x% + 2412 — 241 + 12
- 44 — 1623 + 1622
R
=Q+ 474 — 1623 + 1622

Where @ is the quotient and R is the remainder. This gives

1 —4x% + 2022 — 242 + 12
r==-
4 4z* — 1623 + 1622

lcoef f(R)
leoeff(t) °

Since v = 0 then the coefficient of !

from above. Hence b = —1 — 0 = —1. Therefore

1/0b 1/-1
+ _ - 2 _ — | = _ —
a°°_2(a v) 2(% ()) 1
_ 1 b 1 -1

in r is found using This gives —1 as seen



This completes step 1 of the solution. We have found [{/7] . and its associated af and found

[Vl

and its associated o . Now we go to step 2 which is to find the d's.

step 2 Since we have a pole at x = ¢; = 0 and pole at x = ¢, = 1, and we have one O(0),
each with + signs. The following now implements

2
E +
i=1

By trying all possible combinations. There are 8 possible d values. This gives

m=1—(q+q9—1—(—

3

OQ

|
NS

2)
d=1-(a} +a;) = (g—_>=
d3=1-(a, +a}f) = (% g):
di=1- (o5 +a7) = (% 3:
ds=-1- (af +ag) =-1- (343 ) =4
de=—1—<a:+a;>=—1—(§-g)=_2
=1 (a5 +ag) = -1- (=5 +3) =2
ds= -1 (a5 +ag) =-1- (=3 =3 ) =0

Need to complete the solution next.

3.2.8 Example 8

Let
(+1)y" +2zy —2y =0
Normalizing so that coefficient of y” is one gives
2z
(x2+1) z2+1)
' +ay(z) +by=0

/

Y

y' + y=0

Hence
2x
(x2+1)
2
(@ +1)

It is first transformed to the following ode by eliminating the first derivative

2 =rz

Using what is known as the Liouville transformation given by

adz

y = Ze%l f
Where it can be found that r in (2) is given by
1 1

T=Za2+§a'—b

-i(@h) rale) - (e

222+ 3
(z2 +1)°

26

1)

(2)

3)

(4)



Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

2 2
S = a;——'_iz (5)
(x2+1)

Therefore
s
r=—
222+ 3
(x2 + 1)
_ 222 +3
ot 422241

(54)

The necessary conditions for case 1 are met.

Step 1 In this we find all [/7] . and associated a for each pole. There is one pole at £ = —i
of order 2 and one pole at x = ¢ of order 2. For the pole at x = —i since order is 2 then

[\/F}clzo
1 1
a;’1=§+§v1+4b
_ 1 1
(161:5—5 1+4b

Where b is the coefficient of ﬁ in the partial fraction decomposition of r which is (in
Maple this can be found using fullparfrac.

222+ 3 1 1 1 1 5 1 5 1

WZ_Z(x_i)2_Z(x+i)2_Z(x—i)+Zx+i (6)

Hence b = —}. Therefore

11 1\ 1
fe sy 14d( =2 ) =2
% =gttt <4) 2

11 1\ 1
= 14d( =2 =2
% =5 o\t (4) 2

V7], =0
1 1
Oz;’;=§+§V1+4b
1 1
o, =5— Vit

Where b is the coefficient of (z—li)2 in the partial fraction decomposition of r given in Eq (6).

Hence b = —i. Therefore the above becomes

1 1 1 1
=273 1+4(‘z) =3
We are done with all the poles. Now we consider O(oo) which is deg (t) —deg(s) =4—2 = 2.
Since O(00) = 2, then [/7] w = 0. Now b is the coefficient of % in r minus coefficient of %



in [\/ﬂzo which is zero. the coefficient of % in r is found from llz‘;?;ﬁg which from Eq (5A)
above is % =2.Hence b=2-0=2.

1 1 1 1
a;=§+§v1+4b=§+§v1+8:2
_ 1 1 1 1

This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found
[V/T] -, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Since we have a pole at x = —i and pole at x = +i each of order 2, and we have one
O(0), each with + signs. The following now implements

By trying all possible combinations. There are 8 possible d values. This gives

1 1

_ 1 1
d2=z_(a;+%)=z—(§+§)=1
_ 1 1
dh=2- (o +af) =2 (5+3) =1
_ _ 1 1
d4=2_(a01+acz)=2_(§+§)=1
d5=—1—(a++a+)=—1—(1—|—1>=—2
“ 2 2 2
_ 1 1
d6:—1—(0‘:1+%)=—1—(§+§>=—2
_ 1 1
ey - (1)
_ _ 1 1
d8=—1—(a01—|—a02)=—1— (54—5) = -2

Need to complete the solution next.

3.2.9 Example 9

Let
1-2)y"+zy' —y=0

Normalizing so that coefficient of y” is one gives

" z r_ 1 _
Vra—oY T a=a? =0
y' +ay'(z)+by=0 (1)
Hence
o= X
C(1-2)
1

(1-xz)
It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
Using what is known as the Liouville transformation given by

y=ze2 Jod® 3)

28



Where it can be found that r in (2) is given by

1 !
r—Za+§a—b

- i((lf@y*%%(ufw)) B (‘(1:@)
_ 2 —4r +6
4(x —1)°

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

,,=x2—4x+6

z 5
4(x—1)° ©)
Therefore
s
r=—
t
2’ —4x+6
4(z —1)°
2 —4x +6
- =Y A
422 — 8x + 4 (54)

The necessary conditions for case 1 are met.

Step 1 In this we find all [\/ﬂc and associated aF for each pole. There is one pole at z = 1
of order 2. Hence

[\/F}Clzo
1 1
a:’1=§+§v1+4b
_ 1 1
Oécl=§—§ 1+4b

Where b is the coefficient of ﬁ; in the partial fraction decomposition of r which is (in
Maple this can be found using fullparfrac).

z? —4x +6

1 3 1 1
4(z—1)° 4

Ti@o1?  27-1 ®)

Hence b = 2. Therefore

11 3\ 3
fos o 142} =2
% =gttt <4> 2

1 1 3 1
= 1+4(2)=-=
% =3 g\t Tt (4) 2

We are done with all the poles. Now we consider O(oco) which is deg (t) —deg(s) =2—2=0.
Since O(o0) = 0, we are in case 2v < 0. Hence

v=20

Then now [\/ﬂ o 18 the sum of all terms z* for 0 < ¢ < v in the Laurent series expansion of

/T at oo which is

1 1 1 11
= - - — pa— —_— Y 7
[\/;]Oo 2 2x+x3 +4a:4 + (7)

We want only terms for 0 < ¢ < v but v = 0. Therefore only the constant term. Hence
1
Vrle =35 8)

29



Which means

a =

N+

As it is the term that matches [\/7_”]00 =azx"+---. Now we need to find b. This will be
the coefficient of 2v~' = 1 in r — ([\/F}OO)Q But ([\/ﬂoo)2 = 1. So coefficient of < is zero in
([vr] 00)2. To find the coefficient of £ in r long division is done

s
r=-
t
2’ —4x+46
422 -8z +4
R
=Q+ 472 — 8z +4
Where (@) is the quotient and R is the remainder. This gives
. 1 n —2x+5
4 422 —8x+4
Hence the coefficient of 1 is llcc O;J}’;((I;) = =2 = —3. Therefore b= —1 — 0 = —1. Hence

1/b 1/—-1 1
+ (2 = | =2 _ S
(e =2y )=
_ 1/ b 1/ —3 1
=5(-a-v)=2(-7-0) -2

This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found
[V/T] o, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Now d is found using
1

— At +
d=oa — E o

=1

By trying all possible combinations. There are 4 possible d values. This gives

di=al— (af) ==~ 5 = 2
1 1

d2:a;_(ac_1):_§_ (—5) =

d3=a,—(af)=2—-2=-1

N N

[
/DN w

I
N =
N———

|

—

di=a, — (a

)
SN—
|

- T—c
Hence
o 1
= (0 o1 )=
w ( +x_cl)+( s
e
x—1 2
111
2 —1 2
If this w fails to find p(z), then we will try the entry d = 0. Which will give
_ 111
2x—1 2

Will finish the solution later.

30



3.2.10 Example 10

Let
y' — 2’y — 3wy =0 (1)
Y +ay(z) +by=0
Hence
a=—1°
b= -3z

It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
Using what is known as the Liouville transformation given by
Y= ze? Jodz (3)

Where it can be found that r in (2) is given by

1 1
rzé—la?-l—ﬁa'—b

1, ,2 1d,
= 1(=2°) + 5 (=2") — (-3q)

1
= Zm4 + 2z 4)

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is
" 1 4
2’ = <1x + 233) z (5)
Therefore
r =

zt + 2z

= ®

The necessary conditions for case 1 are met.

Step 1 In this we find all [\/ﬂc and associated o for each pole. There are no poles. Hence
set I' of poles is empty. Now we consider O(oo) which is deg (t) — deg (s) =0—4 = —4. We
are in case 2v < 0. Hence —2v = —4 or

v=2

Then now [\/ﬂ - is the sum of all terms z° for 0 < ¢ < v in the Laurent series expansion of

/T at oo which is
z_2 2 4 16
2

teTmtE T ")

VA=

We want only terms for 0 < 7 < v but v = 2. Therefore need to sum terms x
the above we see that

0 z!, 2. From

8
[

[Vr] =% +0z' +0z°

2| 8, o

Which means

N~



As that is the term which matches [/7]

. =ax’+---. Now we need to find b. This will be
the coefficient of z°~! = z in r minus coefficient of z in([y/T] 00)2. But

Hence the coefficient is zero here. Now we find coefficient of z in r. But r = ix“ + 2z hence
the coefficient of z is 2. Therefore

b=2-0

Hence

This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found
[V/T] o, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Now d is found using

0

d= ozoio — Z acii
i=1
By trying all possible combinations. There are 4 possible d values. This gives
di
da

« 1

=-3

gl 8+

(67

Using d = 1 entry above now we find w using

s(c)

w= (Z s(c) [\/F]c + 50_ c) + s(00) [\/F]OO

Hence, since there are no poles, only last term above survives giving

x?  x?
w=s(e) [Vr] =+ T =%
Will finish the solution next.

3.2.11 Example 11

Let
' 2 !
y' =y +2y=0 (1)
Y +ay'(x) +by=0

Hence

2

a=—-z
5

It is first transformed to the following ode by eliminating the first derivative

2 =rz

2)

Using what is known as the Liouville transformation given by

y=ze2 Jod® 3)
32



Where it can be found that r in (2) is given by

_]' 2 /
r—4a +2a b
1/ 2\% 1d/ 2
—z(‘5x> +§@<“$)‘<2)
x2 — 55
— 4
o (4)

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

= ( 2—555) . (5)

Therefore

8 <+l ®»

255
25

The necessary conditions for case 1 are met.

Step 1 In this we find all [\/ﬂc and associated o for each pole. There are no poles. Hence
set T" of poles is empty. Now we consider O(oo) which is deg (t) — deg(s) =0—2 = —2. We
are in case 2v < 0. Hence —2v = —2 or

v=1

Then now [\/ﬂ - is the sum of all terms z* for 0 < ¢ < v in the Laurent series expansion of
\/T at co which is

Vrlw=5-%55" " (7)

We want only terms for 0 < i < v but v = 1. Therefore need to sum terms z°, z!. From the
above we see that

Which means

As it is the the term that matches [{/7] - = az. Now we need to find b. This will be the

coefficient of z¥~! = 2° in r minus the coefficient of z° in ([\/17}00)2 But

T2

. . . . . 2
Hence the coefficient of z° is zero. Now we find coefficient of z° in r. Since r = ”2”—5 — % then
11

coefficient of 2° is 52 = —&. Hence b= —1 — 0 = —3*. Therefore

1/b 1/-4
t=c(-—-v])=2-1)=-6
“=3la) =7 )

_ 1/ b 1/ -5
w=s(mamv) a7 =

This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found
[\/ﬂ o, and its associated a . Now we go to step 2 which is to find the d's.

step 2 Now d is found using



By trying all possible combinations. There are 2 possible d values since no poles.

dy
da

(0%

g1l 8+

= —6
=5

(67

Using d = 5 entry above now we find w using

r—c

ai(c)
w= (Z s(c) [Vr], + ) + 5(00) [Vr]

Hence, since there are no poles, only last term above survives giving

T T
w=s(00) Vi, = () =3

Will finish the solution next.
3.2.12 Example 12
Let

2

-1
y//_'_xm y’+w2y=0 (1)
Y +ay(z) +by=0
Hence
2 —1
a =
T
b=z

It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
Using what is known as the Liouville transformation given by
y =2z o2 Jade (3)

Where it can be found that r in (2) is given by

1 1
r=Za2+§a’—b

(@1 1d (@1
4 T 2dzx T
3(zt—1
:_g (4)

42

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

g 3@=1) (5)

Therefore

The necessary conditions for case 1 are met.

Step 1 In this we find all [\/ﬂ . and associated a for each pole. There is one pole at z = 0
of order 2. Hence

34



V7], =0
1 1
a;_§+§\/1+4b
1 1

Where b is the coefficient of ﬁ in the partial fraction decomposition of r which is (in

Maple this can be found using fullparfrac).

—3(x* —
3(z* — 1) :—§x2+:?;

1
42 4 2

X

(6)

Hence b = %. Therefore

Now we consider O(oo) which is deg () —deg (s) = 2—4 = —2. We are in case 2v < 0. Hence
—2v=—-2o0r
v=1

Then now [/7] . is the sum of all terms z* for 0 <4 < v in the Laurent series expansion of

/T at oo which is
iv3 iv3 1
V=32t ()

We want only terms for 0 < i < v but v = 1. Therefore need to sum terms z° z!. From the

S22
o2
As it is the the term that matches [{/7] w = az. Now we need to find b. This will be the

coefficient of z¥~! = z° in 7 minus the coefficient of z° in ([\/ﬂoo)2 But

above we see that
Vr] .

Which means

a

W
8=

Hence the coefficient is zero here. Now we find coefficient of z° in r. Since r = —%xz +
then coefficient of z° is zero also. Hence b = 0 — 0 = 0. Therefore

This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found
[V/T] o, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Now d is found using



By trying all possible combinations. There are 4 possible d values. This gives

&= ol = (of) =—5 — 5 =1
d=ai—(0g) =3 - (=) =0
da= 0= (o) =5 = 5 = 2
di=az~ (05) =3 - (=) =0

Using first d = 0 entry above now we find w using

ai(c)

r—c

) +s(00) [V]

Hence

w=(-1)(0) + m_—%O +(+) (@m) = _—; + ﬁx

Notice that if have taken the last d = 0 entry, we will get

In practice, we will try the second one if the first fails. Will finish the solution next.

3.2.13 Example 13

Let
1-2)y"+zy —y=0
y' +ay'(z) +by =0
Hence
o T
T 1-z
1
b=—
11—z

It is first transformed to the following ode by eliminating the first derivative

2 =rz

Using what is known as the Liouville transformation given by

y:ze%lfadx

Where it can be found that r in (2) is given by

1 1
r=1a2+§a'—b

1/ z \* 1d/(/ =z 1
zzl(l—x) +§@(1—m>_<_l—m>
1’ —4x+6
C 4(z—1)°

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

,,_z2—4x—|—6z
4(x — 1)

36

(1)

2)

3)

(4)



Therefore

The necessary conditions for case 1 are met.

Step 1 In this we find all [\/ﬂc and associated o for each pole. There is one pole at z = 1
of order 2. Hence

[\/F}clzo
1 1
a;’1=§+§v1+4b
_ 1 1
(101:5—5 1+4b

Where b is the coefficient of ﬁ in the partial fraction decomposition of r which is

P—4o+6_1 3 1 1
4(z—-17 4 4@x-17° 2z-1

(6)

Hence b = 2. Therefore

Q
|

1 1 3 1
“=37 3 1+4(21) =73
Now we consider O(oo) which is deg (t) — deg (s) = 2 — 2 = 0. We are in case 2v < 0. Hence

—2v=0o0r
v=20

Then now [\/ﬂ - is the sum of all terms z° for 0 < ¢ < v in the Laurent series expansion of

\/T at oo which is

[\/;]oozl_iJrlJr... (7)

2 2z z3
But we want only terms for 0 < ¢ < v but v = 0. Therefore need to sum terms z°. Which is
the constant term

V7], = (8)

Which means

Now we need to find b. Which is given by the coefficient of % in r minus coeflicient of % in
([vT7] 00)2. But ([\/77}00)2 = 1 Hence the coefficient is zero here. To find the coefficient of X
in r long division is done (here paper is not clear at all what it means by coefficient of z?~1
in r as that depends on the form of r and how it is represented). This method of using long
division to find the coefficient works to obtain the correct result. But it is still not clear what

the paper actually means by this.

s
r=-
t
2’ —4x46
412 -8z +4
R
_Q+4x2—8w+4



Where @ is the quotient and R is the remainder. This gives

1 —2r+5
r=-4+-——_-
4 42 —-8xr+ 4
For the case of v = 0 then the coefficient of 7 is llcc ‘;eel}l;(g)) = 2 = —3. Notice that if we

2

just expanded r it will give ey (w_wl)z + 2(xi 7 and we see there is no coefficient of < in
this representation. So we would have obtain wrong value of b if we just used what the paper
said. Now b = —; — 0 = —3. Therefore

1/b 1/3 1
+ (2 =_(2_ = _
(e =al] )=
_ 1/ b 1/ 3 1
==3(-a)=3(-}-0) =

This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found
[V/T] o, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Now d is found using
1

d=ai — Z %
i=1
By trying all possible combinations. There are 4 possible d values. This gives
di =al, — (o) =

1
2
tr=at = o) = 3= (=3) -2

d3=a;o—(az)=—%—(g)=—2
1
2

Using first d = 1 entry from above we find w using

w:<§:4@hﬁh+x_c>+dw)hﬂm

[

Hence

o= (00+;25)+ 0 (3) =305 +3

And if use the last entry d = 0 then

(e ) v () -

In practice, we will try the second one if the first fails. Will finish the solution next.

3.2.14 Example 14

Let
3y'+ay —4y=0 (1)
y" + ay'(xz) + by =0
Hence
a = g
3
4
b= —=
3



It is first transformed to the following ode by eliminating the first derivative
Z'=rz (2)
Using what is known as the Liouville transformation given by
y=ze2 J ot (3)

Where it can be found that r in (2) is given by

r=40 + 2% ~ b
l/z\2 1d /x 4
=:1) 3z () - (‘5)
z2 3
-2 1 ° 4
36 1 2 )
Hence the DE we will solve using Kovacic algorithm is Eq (2) which is
z? 4+ 54
" _
e TR (5)
Therefore
s
r=-
t
_z®+54
36

The necessary conditions for case 1 are met.

Step 1 In this we find all [\/ﬂc and associated o for each pole. There are no poles. Hence
I’ is empty.

Now we consider O(oco) which is deg (t) —deg (s) = 0—2 = —2. We are in case 2v < 0. Hence
—2v=—-2o0r
v=1

Then now [\/ﬂ - is the sum of all terms z° for 0 < ¢ < v in the Laurent series expansion of

\/T at oo which is

[¢ﬂw=§+g%+~- (7)

But we want only terms for 0 < ¢ < v but v = 1. Therefore need to sum terms z

Therefore .
Vrle=7% (8)

0 1
, X

Which means

Now we need to find b. Which is given by the coefficient of zV~! = z° or the constant term
in r minus coefficient of z° in ([\/F}OO)Q But ([y/T] 00)2 = Z°. Hence the coefficient of z° is

. . . 2 . .
zero here. Now we find coefficient of z° in r. Since r = &+ % then the coefficient of 20 is

54 _ 3 —3_n=3
%6 = 2 Hence b = 5 —0=73. Therefore

_ 1/ b 1/ 3
This completes step 1 of the solution. We have found [\/ﬂ . and its associated af and found

[V/T] o, and its associated aZ . Now we go to step 2 which is to find the d's.

step 2 Now d is found using



By trying all possible combinations. There are 2 possible d values (since no poles). This gives

=4
=-5

S

)
Il
Q

Hence

3.2.15 Example 15

Let
(A4—2*)y" +zy +2y=0
Y +ay'(z) +by=0
Hence
e @
C (4-2?)
2
P
(4 —2?)

It is first transformed to the following ode by eliminating the first derivative

2 =rz

Using what is known as the Liouville transformation given by

yzze%lfadz

Where it can be found that r in (2) is given by

_12 1/
r—4a+2a b

-iats) “1m(ass) - ()

1122 — 24
4 (z2 — 4)?

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

S 1122 — 24 »
4 (22 — 4)
Therefore
s
r=—
t
. 1122 — 24 B 1122 — 24

T 4(z2—4) 4ot — 3222 + 64

The necessary conditions for case 1 are met.

1)

(2)

(3)

(4)

(5)

(54)

Step 1 In this we find all [\/ﬂ . and associated a for each pole. There are two poles at 32

each of order 2. For pole at x =2 =¢;

40



[vr], =0
1 1
Otjl_§+§v1+4b
1 1

Where b is the coefficient of ﬁ in the partial fraction decomposition of r which is

1122 —24 5 1 +5 1 17 1 +17 1 (©)
4(z2—4)° 16z +2)?° 16(x—2)?> 32(x+2) 32(x-2)

Hence b = . Therefore

Now we consider O(co) which is deg (t) — deg (s) = 4 — 2 = 2. Therefore v = 1. In this case

[Vr] =0 (7)
And 11
The coefficient of z°~! = 0 is zero in [\/F]io To find coefficient of z° in r = i(lfj__gé and
since v = 0 then using b = % gives %. Hence b = lzl -0= 111. Therefore
1 1 11 1
t oy Jipa( =) ==
o, =5+ /1+ (4) 5 +V3
1 1 11 1
1442 ) =2
%o =5 g\t (4) 5~ V3

This completes step 1 of the solution. We have found [1/7] . and its associated af and found
[\/ﬂ o, and its associated at . Now we go to step 2 which is to find the d's.

step 2 Now d is found using
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By trying all possible combinations. There are 8 possible d values. These are

1
d1=a;—(a;+a;)=§+\/§—(g+z>=x/§—2

1 5 1 1
d2=a;—<az+a;>=§”§‘(z—z):f‘i
1 1 5 1
d3=aio—<a;+a;)=§+*/§‘(‘z+z>=f‘§
+ 1 1 1
d4=0‘oo—(ac1+%):§+‘/§_ 4 4 =v3+1
_ PN | 5 5
ds =g — (o +ag) =5 —V3— (747 ) =-V3-2
1 5 1 1
dﬁ:“@‘@*%):é‘ﬁ‘(rz):‘f‘ﬁ
1 1 5 1
dr =ag —(ag +af) =5 - 3‘(‘1+z)=—f—5
1 1 1
dy = o, — (o, +ag,) =5 — 3‘(‘1‘1): ~ V3

There are no d > 0 integers. This means case 1 does not apply. We need to try case 2 now.

3.3 Case two Kovacic algorithm

The following diagram shows the algorithm for case two.
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Step 1

2 =rz

\&losiﬂ-

of order v > 2

Case Two Algorithm

[ (set of poles)

Where b is the coefficient

of % in the partial

z—c)?
fractions expansion of 7.

B, ={2,2+2VI+4b,2 — 21+ 4b}

(keep only integer values)

[0}
pole ¢; of order 1

[e]
pole ¢y of order 2

E. = {v}

Order is > 2 E. ={0,2,4}

Order of r at co S This b is the coefficient of T% in
the Laurent series expansion of r

Order is 2 Eoo ={2,2+2V1+4b,2 — 2/1 + 4b} at oo. If r = £ where ged(s, t) =

(keep only integer values) 1 then b can be more easily found

using b = izzzg((:)) where lcoeff

Step 2

Step 3

means the leading coefficient.

L Orderisv<?2 Ey = {v}

For each family (e.)ceruse with e. € E, let
1
d= 3 €oo — z e
cel
If family found which produced d an integer and positive then find

1 e
=32 7

cel

Find polynomial p(z) of degree d which satisfies
P +30p" + (30> + 30" —dr) p' + (0" +300' + 0> —4r6 —2r') p=0

Let

/
o=0+2
p

The find solution w for the equation
1 1
2 VAT B N
w qﬁm—(zd) +59 r> 0

If solution can be found then
o= Jwds
Is the solution to z” = rz

case_2.ipe Nasser M. Abbasi 2/17/2022

Figure 2: Case 2 Kovacic algorithm

3.4 Case 3 Kovacic algorithm

The following diagram shows the algorithm for case 3.
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Case 3 Algorithm
Step 1

2 =rz

\xolcso‘f . I (set of poles)

o
pole ¢; of order 1

E. = {12}

Where b is the coefficient

of —L in the partial

G—o?
/ fractions expansion of r.

E.={6+25/1+4blk=0,+1,+2,...,+2} NZ

o
pole ¢ of order 2
(keep only integer values)

This b is the coefficient of 25 in

22
___—» the Laurent series expansion of r
. S o o —

Order of r at o0 E, = {6+ 126/ T ¥ 4blk = 0,+1,+2,...,£2} NZ at co. If r = ¢ where ged(s, t)
n 1 then b can be more easily found
(keep only integer values) using b = fii‘:rﬁf)) where lcoeff

means the leading coefficient.

Step 2

For each family (e.)ceruse with e. € E, let
1

d= 5 (ex - Zc()

cel

If family found which produced d an integer and positive then find

n €c
0=—
IQZI—C

cel

Step 3 Let polynomial p(z) of degree d with coefficients a;. . The following set of equations are set up in
order to determine the coefficients a; of the above polynomial

Pn = —P
pic1=—p,—0pi—(n—1)(G+Drpiz1  i=nmn—1,...,0
‘Where n above is either 4,6 or 12.
The coefficients a; are solved for from
p-1=0
By using method of undetermined coefficients. Now generate equation for w using the equation

n

Zo(nliii)!‘”izo

7=

If solution w can be found then

L Jwds

Is the solution to 2z = rz

case_3.ipe Nasser M. Abbasi 2/17/2022

Figure 3: Case 3 Kovacic algorithm

4 Algorithm implementation based on modified
Saunders and Smith algorithm

4.1 introduction

As with original Kovacic algorithm, an input ode

y'(z) + ayf/ (z) + by(z) = 0
a,b e C(z)
It is first transformed to the following ode by eliminating the first derivative
2'=rz reC(z)
Using what is known as the Liouville transformation given by
ade

y:ze%lf
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Where it can be found that r in (2) is given by

1, 1,
== —a — 4
r=_a + 50 b (4)
It is Eq. (2) (called DE from now on) which is solved and not Eq. (1). There are three steps
for Saunders version. Case 1 and case 2 are handled in same way. In showing the steps, both
Saunders paper (2) and Carolyn J. Smith paper (3) were used. Smith paper is more detailed
and has some corrections to Saunders algorithm also.

There are 4 steps to the algorithm. Step 0 determines which case r belongs to (case 1 or 2
or 3 or non of these). Step 1 determines the fixed €fized, Ofizes and also e;, 6;. Where ¢ can
be 0 and higher depending. (see below). Step 2 uses the €fizeq, Ofizea and all the e;, 6; found
in step 1 to determine the trial d, ©. Here © is used instead of # as in Smith paper so not
confuse it with the 6; found in step 1. If trial number d can be found which is integer and
positive then step 3 is now called. It is in step 3 where the minimal polynomial p(z) is found
using the d and ©. If such p(z) can be found then w is solved for and the solution for the ode
2" = rz is now z = e/ “%_ If no solution p(z) can be found, then the next trials d, © tried
in order to find p(z). This continues until all trials are tried or if solution is found. Below
shows more details on each step. The trials d, © are found by iterating over all possible set
of values called s. These sets of values are generated depending on case number and m value,
where m is the number of terms in the square free factorization of ¢ = ¢,¢3t3- - - t™. How this
is all done is given below in examples.

4.1.1 Step O

This step is similar to Kovacic algorithm. In it we determine necessary conditions for each
case but it is done is more direct way in this version. Given 3" = ry, we write d = $ then
now we do square free factorization on ¢t which gives

t=ttots- - -t

For example, if t = 22, then t; = 1,¢, = 2. And if t = 3 — 23 then ¢; = —1,¢, = 2 — 3. And
O(o0) = deg (t) — deg (s). Then now we determine which case we are in by finding necessary
conditions, This is done slightly different from the original Kovacic. So at the end of this
step we know if L = [1] (case 1) or L = [1,2] (case 1 and case 2), or L = [2] (case 2 only) or
L =[4,6,12] (case 3 only) and so on.

The necessary conditions are based on the square free factorization on t = t,t3t3- - - t™ and is
summarized in Carolyn J. Smith paper (3) as (these are all the same necessary conditions
as from original Kovacic paper) but expressed in terms of the square free factorization of
t = t1t3- - -t where r = 2.
1. L = [1] (meaning case 1) if ¢; = 1 for all odd 7 > 3 (i.e. no odd order poles allowed other
than 1) and O(o0) is even only. (i.e. allowed O(c0) are --- ,—6,—4,—2,0,2,4,6,---.

2. L = [2] (meaning case 2) if ¢ # 1 or t; # 1 for any odd ¢ > 3. (i.e. only pole of order 2
is allowed, and then poles of order 3,5,7,--- are allowed.

3. L =[4,6,12] (meaning case 3), if t; = 1 for all ¢ > 2 and O(oc0) > 2. (i.e. poles of order
1,2 is only allowed).
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4.1.2 Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts €fized, 0 fizea are calculated using

1, .
€ fized = Z(mln (O(0),2) — deg (t) — 3deg (t1)) (5)
1/t t)
Hfimed = _( +3— ) (6)
4 t
For an example, lets say that r = 12222, Hence t = 162? = ¢1t3 where t; = 16,t, = z. And

O(c0) = 2 — 1 = 1. Therefore deg (t) = 2,deg (t1) = 0 and ¢’ = £16z* = 32z and | = 0.
The above becomes

€ fized = i(min (1,2) — 2 —3(0))

1
= 1(1 -2)
. 1
T4
efwced 411(362; (0)>
1
T2

part (b)

Here the values e;, 0; are found for ¢ = 1---k,; where ks is the number of roots of ¢;. In
other words, the number of poles of r that are of order 2. These will be the zeros of ¢5 in

the above square free factorization of . Label these poles ¢y, ¢, -, ck,. For each ¢; then
1 + 4b where b is the coefficient of )2 in the partial fraction expansion of r and
9 = 2. 2. Then t = t1t2 and t; = 1,t, = x. Hence the zeros of t,

are ¢; = 0. There is only one zero. Hence ks = 1 and we only have one iteration to do. Hence

b=1,e1=+/1+4(1)=+v5and §, = 5 =5,
Part (c)

This part applied only to case 1. It generates additional values of e;, 6; in addition to what
was generated in part (b). This is done for poles of r of order 4,6,8,--- , M if any exist.
These are the roots of t4, g, - - - ,trr. These poles are labeled ck,+1, Ckyt2,- -+ , k. The labeling
starts from ko since for the pole of order 2 in part b we used ¢y, ca, - - - , ¢k, for its zeros. Now
we iterate for ¢ from ky 4+ 1 to k. For each pole we find its e; and 6;. These are found similar
to original Kovacic paper. Examples below will illustrate better how this is done.

Note that if there are no poles of order 4,6, - - - then k = k; = M. The value M is used below
to generate s sequences in step 2. What this means is that for case 1, if there are no poles
of order 4,6,---, then M is just the number of poles of r of order 2. For cases other than
case 1, M is always number of poles of r of order 2. The checking on poles of order 4,6, - - -
is only done for case 1.

Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6y = 0. But if O(co0) = 2 then 6y =0
and ey = /1 + 4b where b is the coefficient of m% in the Laurent series expansion of r at oco.
This is the same as was done in original Kovacic algorithm. If O(c0) is none of the above
two cases, then case 1 is handled on its own and examples below show how this is done.
Otherwise for all other cases ey = 0,eq = 0.

The above complete step 1, which is to generates the candidate e’s and €’'s. In step 2, these
are used to generate trials d and ¢ and find from them P(x) polynomial if possible.
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4.1.3 Step 2

In this step, we now have all the e;, 6; values found above in addition to efiz, 0. Now we

generate trial d using
M

d = (n) (efiz) + So€o — Z 8i€; (7)
i=1
Where n is the case number. For case 1, it will be n = 1. For case 2 it will be n = 2. For case
3 it will be 4 and 6 and 12. If d > 0 then we go and find a trial ©. We need to have both
d, © to go to the next step. O is found using

0= () (Bs) + > ®

What is s in the above? These are sets of all combinations generated based on case number
n and m values which will be described below. So the above trial d and © are generated for
each such set s. Each set s has values {sq, 51, - - 8, } in it. So s; above means the i element
is the current set s. There will be (n + 1)™"" such different s sets. For example, case 1, means
n =1 and if m = 2, which means ¢ = t,¢2 then there will be 23 = 8 sets of s to try. For each
such set, we generate d, ©. If one set s gives a d which is an integer and positive, then © is
generated and then step 3 is called to calculate w. If step 3 is successful then we stop since
a solution is found. Hence step 3 takes as input the trial d and © and is called repeatedly
from step 2 until either solution y = e/“% is found or until all sets s are used. This is done
for each case number n which can be 1,2,4,6 or 12. Starting from case 1 to case 3 (recall
that case 3 has n = 4,6,12 in it). Of course if any one case manages to find a solution, then
the algorithm stops.

Before going to step 3 description, We will show how the sets s are generated. This depends
on value of n and M. Recall that M is number of poles of r of order 2 for case 1 if there
are no higher order poles. For example, for n = 1 and say M = 2 then 8 different sets s
are generated. Based on all different permutations of {+%,+%,--- ,+£%}. There are M + 1
entries, because entries are indexed from 0 to M. Hence for M = 0 (which will happen if
where are no poles), then there are (n + 1) entries. For example for n = 1 this means two

entries given by {+1} which s = {1} and s = {—1} to try

+

A=

NN

For n = 1,M = 2 then there are (1+1)° = 8 entries. We have all combinations of
{£1,43,+5}. This results in the following matrix

111
P i
R
it

A= |72 2 T2
IS S R |
i1 i
RERE
RN

+3 +3 +3]

But if » = 1 and M = 1 then there are (14 1)* = 4 entries. All combinations of{+1, +1}
and the matrix is

_1 1
P
A= |72 T2
+1 1
Pod
+3 +3

Each row in the above matrix S is one set s to try. To be more clear, in the equation
© = (n) (efiz) + Efio s;e; the s; in the equation means the " entry in that specific s set
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we are using at the moment, which happens to be one row of the matrix A. For example,
if we are trying the second row in A, then sy = —%, s$1 = —%, So = —I—%. For the case n =1
and M = 3, then {+1 +1 +1 41} Thereis (2)* = 16 different sets s (or 16 rows in the

matrix A). The matrix A is

-1 _1 _1 _ 17
2 2 2 2
-1 _1 _1 1
2 2 2 2
-1 _1 1 _1
2 2 2 2
-1 _1 1 1
2 2 2 2
-1 1 _1 _1
2 2 2 2
-1 1 _1 1
2 2 2 2
-1 1 1 _1
2 2 2 2
-1 1 1 1
— 2 2 2 2
A= i1 _1 _1
2 2 2 2
i _1 _1 1
2 2 2 2
i _1 1 _1
2 2 2 2
1 _1 1 1
2 2 2 2
1 1 _1 _1
2 2 2 2
1 1 _1 1
2 2 2 2
1 1 1 _1
2 2 2 2
1 1 1 1
L 2 2 2 2

If it was case 2 which means n = 2, then if M = 2, then we have all different permutations
of 1,—1,0 in each entry. This gives 3% = 27 different sets to try

[—1 —1 —1]
-1 -1 0
-1 -1 +1
-1 0 -1
A=1_1 0 o
-1 0 +1
+1 +1 +1

And if n = 2, M = 3 then this gives 3* = 81 different sets s

1 -1 -1 -1
1 -1 -1 0
1 -1 -1 41
1 -1 0 -1
A=1_1 21 0 o
1 -1 0 41
41 +1 41 +1]

And if n = 4, M = 2 then this gives 53 = 125 different sets s

—2 -2 -2
—2 -2 -2
—2 -2 -2
A= |-2 —2 =2
—2 -2 -2
+2 42 +2]
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And if n = 4, M = 3 then this gives 5* = 625 different sets s

+2

+2

+2

-2
-1
0
+1
+2

+2

And if n = 6, M = 2 then this gives 73 = 343 different sets s

-3 -3 -3
—2 -2 -2
-2 -2 -1
-2 -2 —0
-2 -2 +1
—2 -2 42
—2 -2 +3
|+3 +3 +3]

And if n = 6, M = 3 then this gives 7* = 2401 different sets s

[ +3

+3

+3

+3]

And if n = 12, M = 2 then this gives 133 = 2197 different sets s

~12 —12 —12]
~12 -12 -11
~12 -12 -10
—12 —12 +12
+12 412 +12)

And if n = 12, M = 3 then this gives 13* = 28561 different sets s

And so on.

—-12
—12
—12

—12

| +12

—-12
—-12
—12

—12

+12
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4.1.4 step 3

The input to this step is the integer d and © found from Eq (7,8) as described in step 2 and
also r which comes from 2" = rz.

This step is broken into these parts. First we find the p_;(z) polynomial. If we are to solve
for its coefficients, then next we build the minimal polynomial from the p;(x) polynomials
constructed during finding p_;(z). The minimal polynomial py,,(x) will be a function of w.
Next we solve for w from pp,(x) = 0. If this is successful, then we have found w and the first
solution to the ode z” = rz is e/ “% . Below shows how this is done.

We start by forming a polynomial
p(z) = 2%+ ag_127 7+ +ag

Notice that ¢ has coefficient 1. The goal is to solve for the a; coefficient. Now depending on
case number n, we do the following. If case n = 1 then

p1=—p 9)
Do = —P/1 — Op;
p-1=—py— Opo— (1) (1) rps

And it is p_; = 0 which is solved for the coefficients a;. For the case n = 2 we find p as follows
P2 = —p (10)
1= —py — Opy
po=—p; — Op1 — (1) (2) Ty

p-1=—py—Opo— (2) (1) ;1

And it is p_; = 0 which is solved for the coefficients a;. For the case n = 4 we find p as follows

DPas=—p (11)
ps = —py — Opy
p2 = —p; —Ops — (1) (4) rps

And it is p_; = 0 which is solved for the coefficients a;. For the case n = 6 we find p as follows

D6 = —p (12)
ps = —ps — Ops
ps = —ps — Op; — (1) (6) Tpe
p3 = —py — Opy — (2) (5) rps
p2 = —p3 — Ops — (3) (4) p4
p1=—p, — Opy — (4) (3)rps
(5) (2)rp
(6) (1) rp

And it is p_; = 0 which is solved for the coefficients a;. For the case n = 12 we find p as
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follows

P12 =—p (13)
b= _p/12 — Op12
Pio = —p11 — Op11 —
P = —p/m — Opyo —
Ps = —Po — Opy — (3)
pr=—ps — Ops — (4) (9) TPy
pe = —p7; — Opr — (5) (8) rps
ps = —pg — Ops — (6)
)
)
)

(
(9)
(8)
¢ (7)rp7
ps=—p5—Ops — (7) (6) Tps
p3 = —py — Opy — (8) (5) rps
P2 = —p3 —Op3 — (9) (4) T4
p1 = —p; — Opy — (10) (3) 7p3
po=—p; — Op1 — (11) (2) rp2
p_1=—py — Opo — (12) (1) rpy

If we are able to solve for all the a; by solving

p_1(x) =0

Then we now have determined p(z). This is used to find w as follows. For the case n =1

w=L+0
p
For the case n = 2 w is found by solving
/ 2
2 _ ¥
w ¢w+2+2 r=20

Where ¢ = & + ©.
Where py, p1, pe are from Eq (10) above. For the case n = 4 then
1 1 1

Pmin = 2P0 + 3P + 5ipaw” + pac” + paw”
Where py, p1, ps2, p3, p4 are from Eq (11) above. For the case n = 6 then
Pmin = 1P0 + 5P + P + 3P + o Paw + Psw” + pew

Where py, p1, P2, P3, P4, Ps, Ps are from Eq (12) above. For the case n = 12 then

o= = Pt Prwt e PatP b Pt paw s - b = 1T+ Pt pot+ mprow O prw!
Pmln—12!p0 11!1’1 10!102 9!103 8!104 7!175 6!1)6 5!1)7 4!178 3!1)9 2!1010 P11 y

Where p; for i = 0---12 are from Eq (13) above. In each case, we now solve for
pmin(x) =0

For w. If this is successful, then now we have to verify the solution satisfies the Riccati ODE.
w must satisfy in all case the following equation

o Hw=r

If it does, then we have solved the 2’ = 7z ode z = e/ “% and also the original y”+ay’'+by = 0
ode. This completes the Kovacic algorithm. Examples are given below showing how to
implement the above to solve number of ode’s.
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4.2 Worked examples

4.2.1 Example 1 case one

Solve
(1-2)y" — 22y +6y =0

Normalizing so that coefficient of u” is one gives (assuming z # 1)

T 6
' _ 2 ! —
N (= L e L
Y +ay'(z) +by=0
Hence
o —2x
C (1-a?)
6
b=
(1—2?)

It is first transformed to the following ode by eliminating the first derivative

2 =rz

Using what is known as the Liouville transformation given by

y = ze%l J adz
Where it can be found that r in (2) is given by
_ 1 2 1 /
r=40 + 5% b
1 -2 2+1d —2z 6
4\ (1—22) 2dz \ (1 —2?) (1 —z2)
_ 6% — 7
(2 — 1)’
Hence the DE we will solve using Kovacic algorithm is Eq (2) which is
"_ 62> — 72z
(22 =1)

1)

(2)

3)

(4)

(5)

Step 0 We need to find which case it is. 7 = $. The free square factorization of ¢ is t = tyt2.

Hence
m=2

(6)

And t; = 1,t, = (#2 — 1). Now O(oc0) = deg (t) — deg (s) = 4 — 2 = 2. The poles of r are

x =1,—1 each of order 2. Looking at the cases table giving up, reproduced here

case | allowed pole order for r = { | allowed O(co) order L
1 | {0,1,2,4,6,8, -} (- ,—8,—6,-4,-2,0,2,3,4,5,6,7,- -} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 | {1,2} (2,3,4,5,6,7,-} (4,6, 12]

Shows that all cases are possible. Hence L = {1,2,4,6,12}. So n = 1,n = 2,n = 4,n =

6,n = 12 will be tried until one is successful.
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts €fized, 0 fizea are calculated using

1, .
€fized = Z(mm (O(00),2) — deg (t) — 3deg (1))
1/¢ t
0 ized = 7| 7 T 3_1)
fived 4<t t
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Using O(00) = 2,¢ = (z2 — 1)*,¢; = 1 the above gives

€fizea = 3(min (2,2) — 4 = 3(0))

_lo_y
1
~ T3
2
B rine = £<(932_1))+3(0)
wea = | sy
A
21

part (b)

Here the values e;, 6; are found for ¢ = 1- - - ky where k, is the number of roots of ¢5. In other
words, the number of poles of r that are of order 2. These will be the zeros of ¢ in the
above square free factorization of ¢. From above we found that ¢, = 22 — 1. Label these poles
C1,C2,* "+ ,Ck,. The zeros of ¢ty are {1,—1} therefore c1 =1,co = —1 and ky = 2. For each ¢;
then e; = +/1 + 4b where b is the coefficient of —=— in the partial fraction expansion of r
which is

)

6%2—7 _ (07} ﬁj
(22— 1) (Z (w—ci)2> * (Zx—dj>

- (et i) (fe i)

Therefore for ¢; = 1, looking at the above, we see that the coefficient of _41. Hence

(z —1)2
b= _T and e; =v1+4+4b=,/1-— 4}1 = (. For ¢ = —1 looking at the above, we see that the

is _Tl. Hence b = _Tl and ey = v/1+4b= w/1—4%1 = 0. Therefore

. 1
coefficient of @)

61:()

6220

-1

Now, 6; = = 1 this gives 6; = _*; = 0 since e; = 0. And 0, =

this gives 02 xﬁfl = ( since e; = 0. Hence

6, =0

Part (c)

This part applied only to case 1. It is used to generate e;, 6; for poles of r order 4,6,8,--- , M
if any exist. Since non exist here. This is skipped. This means

M=2

since 2 is the number of poles of order 2.
Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6, = 0. But if O(c0) = 2 then 6y =0
and ey = v/1 + 4b where b is the coefficient of x% in the Laurent series expansion of r at oo.
Since in this example O(0c0) = 2 then

60=V1+4b
6o=0
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Now we need to find b. The Laurent series expansion of r at oo is x% + w% + fﬁ + ... Hence
b = 6. Therefore

€y =

|
"§

DOl =

T+

N~

=

Now we have found all e;, 8;. They are

e = {5,0,0}
6 = {0,0,0}

The above are arranged such that ej is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
e’s and #'s. In step 2, these are used to generate trials d and 6 and find from them P(z)
polynomial if possible.

Step 2

In this step, we now have all the e;, 6; values found above in addition to ef;z, 0. Now we

generate trial d using
M

d = (n) (efiz) + So€o — Z 8;€; (7)

i=1
Where n is the case number. For case 1, it will be n = 1. For case 2 it will be n = 2. For case
3 it will be 4 and 6 and 12. If d > 0 then we go and find a trial ©. We need to have both
d, © to go to the next step. © is found using

0 = (n) (Byiz) + Z s:0; (8)

We need to first generate s sets. For n = 1 and since M = 2 in this example (number of poles
of order 2), then these these are given by

_1 _1 _1

T
EREIE
RN

A= |72 T2 T2
+1 1 _1

T
IR,

i g

+3 +3 +3

We go over each row one at a time. Trying the first row s = {3}, 5!, 5t} which means

So = 5,81 = 5,5 = —3. Hence the first trial d is (using Eq (7)) and recalling that

_ 1 _ T
€fiz = —%5,0fized = 2 then

M

d = (n) (efiz) + So€o — Z Si€;

=1

= (1) (—%) + (_71) (5) — (s1€1 + s2€9)

o)) (oo

= -3
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Since this is negative, then we skip this set s. Now we try the second row of A which is

<, 5, L}, Then above now gives

S=12,2772

M

d = (n) (efiz) + Soeo — Z 8:€;

i=1

= (1) (—%) + (_71) (5) — (161 + s2€9)

o)+ (F)o-(For o)

Since this is negative, then we skip this set s. Now we try the third row of A which is

_ -1l 41 -1 :
s= {3, L, =1}, Then above now gives

M
d=(n) (efiz) + S0€0 — > _ si€;

i=1

) + (%1) (5) = (s1€1 + s2€2)

(-4)+ ()0 (o to)

ince this is negative, then we skip this set s. Now we try the row 4 of A which is s =
-1 41
2772

[l
—
[S=Y
N—r
/T\
N[ =

S
{5t, £, £}, Then above now gives

M

d = (n) (efiz) + So€o — Z S;€;

=1

=(1) (—%) - (%1) (5) — (s1€1 + s2€2)

— (1) (—%) + (_71) (5) - <+71(0) + %(0)>

Since this is negative, then we skip this set s. Now we try the row 5 of A which is s =

{#1,=L, 21}, Then above now gives
M
d = (n) (efiz) + so€0 — Z Si€;
i=1

~0(-3)+ (%) O~ Gier+52e)

-03)+ (3)0- (o 10)
=42

Since d > 0, then we can use it. Now using Eq (8) gives

O = (n) (B5iz) + Z si0;

T
= (1) (1:2 — 1) + (8090 + 51601 + 8292)

x +1 1 1
—ma4+(3%‘§ﬁ‘#9

But all 6; = 0. Therefore -

2 -1

O =
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Now that we have good trial d and ©, then step 3 is called to generate w if possible.

Step 3
The input to this step is the integer d = 2 and © = 7”5 found from step 2 and also r = ﬁ
which comes from z” = rz. This step is broken into these parts. First we find the p_;(z)

polynomial. If we are to solve for its coefficients, then next we build the minimal polynomial
from the p;(z) polynomials constructed during finding p_;(z). The minimal polynomial
Pmin(z) Will be a function of w. Next we solve for w from py;,(x) = 0. If this is successful,
then we have found w and the first solution to the ode 2’ = rz is z = e/ “% . Below shows
how this is done.

We start by forming a polynomial

p(z) = 2%+ ag13¥ 4+ -+ ag
=22 + a17 + ag

The goal is to solve for the a; coefficient. Now depending on case number n, we do the
following. Since we are in case n = 1 then

b1=—p

= —[L‘2 — a1 — Qg

Do = —pl1 — Op;

z
= —(—1‘2 — a1 — ao), — <.’L‘2——1> (—x2 — a1r — a())
(zag — a1 — 2z + 22%a; + 3z°)
N 2 -1

p_1=—py— Opo— (1) (1) rps

_ ([ (wap — a1 — 2z + 22%a; + 32°) ' B T (wag — a1 — 2z + 27%a; +32°)\ 62 -7
B z2—1 22 —1 z2—1 (

_ (2may +3ap +1)

B x?—1

Now we try to solve for a; using p_;(xz) = 0. This gives 2za; + 3ag + 1 = 0 which gives

a1 = 0,a0 = —%. Hence this implies

p(z) = 2° + a1 + ag
1

=.’L'2——

3

Since this is case n = 1 then

Before using this, we will verify it is correct. For case 1 the above should satisfy
WwAw=r
Let us see if this is the case or not.
d 922 — 7 922 -7 \* 622-7
—\z———F—— |+ |z = 5
dr\ 3z*—4z2+1 34 — 422+ 1 (2 — 1)

622 -7 622 —7

@17 (@-17
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Verified. Since solution w is found and verified, then first solution to the ode is

z:efwd:c

@(922-7)

frnd ef 3:54—4:52-&-111z

4.2.2 Example 2 case one

Solve
z(z—1)%y" -2y =0

Normalizing so that coefficient of u” is one gives (assuming z # 1 and z # 0)

2
"
. —
Y x(x—l)zy
y' +ay'(z) +by=0

Hence

z(z—1)°
It is first transformed to the following ode by eliminating the first derivative

2 =rz

Using what is known as the Liouville transformation given by

y=z 6_71 J adz
Where it can be found that r in (2) is given by

1 1
r=1a2+§a'—b
_ 2

T z(r—1)°
Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

" _ 2 2
z(x—1)
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Step 0 We need to find which case it is. 7 = 3. The free square factorization of ¢ is ¢t = tyt2.
Hence

m=2 (6)
And

t1=.’13

t2=.’L'—1

Now O(o0) = deg (t) — deg (s) = 3 — 0 = 3. The poles of r are z = 0 of order 1 and z =1 of
order 2. Looking at the cases table giving up, reproduced here

case | allowed pole order for r = { | allowed O(co) order L
1 | {0,1,2,4,6,8,--} (- ,—8,—6,-4,-2,0,2,3,4,5,6,7,- -} | [1]
2 {2,3,5,7,9,---} no condition (2]
3 [ {L,2} {2,3,4,5,6,7,- } [4,6,12]

Shows that all cases are possible. Hence L = {1,2,4,6,12}. So n = 1,n = 2,n = 4,n =
6,n = 12 will be tried until one is successful. Starting with n = 1.

Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, Ofizeq are calculated using

epizea = 5 (min (0(00),2) — deg (£) — 3 deg (1)

1/t t!
Gize =7 \7 3_1
fived 4<t+ t1>

Using O(o0) = 3,t = z(x — 1)2 ,t1 = x the above gives

€ ived = }l(min (3,2) — 3 — 3(1))
1
= 12-3-3)
-1

@mﬂ=i<£%%;f%§2+3<%>>
1

32 —4r+1 3>

= (=4
4( av(av—l)2 z
_i3x—2

S 2rz—1

part (b)

Here the values e;, 6; are found for 7 = 1- - - ks where k5 is the number of roots of ¢5. In other
words, the number of poles of r that are of order 2. These will be the zeros of ¢, in the
above square free factorization of ¢. From above we found that ¢, = x — 1. Label these poles
C1,C2," " ,Ck,. The zeros of ty are {1} therefore ¢; = 1 and ks = 1 since one zero. Hence

M=1

For each c; then e; = /1 + 4b where b is the coefficient of ﬁf in the partial fraction
expansion of r which is

I
™
N
I |2
9 ~.
e
N—
_|_
™
]
RS
&
N——




Therefore for ¢; = 1, looking at the above, we see that the coefficient of (; is 2. Hence

z—1)2
b=2and e; =1+ 4b=+/1+8 = 3. Hence

61:3

Now, 6; = 2. For ¢; = 1 this gives 6; =

) @ = <2_ Hence
r—c; -1

T

0, =

Part (c)

This part applied only to case 1. It is used to generate e;, 6; for poles of r order 4,6,8,--- , M
if any exist. Since non exist here. This is skipped. Hence M stays 1.
Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6, = 0. But if O(c0) = 2 then 6y =0
and ey = v/1 + 4b where b is the coefficient of x% in the Laurent series expansion of r at oo.
Since in this example O(0c0) = 3 then

€y =

6o

Il
o

Now we have found all e;, §;. They are

e=1{1,3}

3
o={o. 2}

The above are arranged such that eg is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
e’s and #'s. In step 2, these are used to generate trials d and € and find from them P(x)
polynomial if possible.

Step 2

In this step, we now have all the e;, 6; values found above in addition to efiz, 0. Now we
generate trial d using
M
d = (n) (efiz) + So€o — Z 8;€; (7)
i=1
Where n is the case number. For case 1, it will be n = 1. For case 2 it will be n = 2. For case

3 it will be 4 and 6 and 12. If d > 0, then we go and find a trial ©. We need to have both
d, © to go to the next step. O is found using

© = (n) (05iz) + Z sib; (8)

We need to first generate s sets. For n = 1 and since M = 1 in this example, then these these
are given by

1 _1
P
A= |72 T2
[
i1
2 T3
We go over each row one at a time. Trying the first row s = {‘71, _71 which means sy =

St 81 = 5. Hence the first trial d is (using Eq (7)) and recalling that efi, = —1,0izea =
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1 3z—2
T then

Since d > 0, then we can use it. Now using Eq (8) gives

O = (n) (B5iz) + Z si0;

— ) (i?"” - 2) + (50 + 516)

2¢ x — 1
13x—2 -1 1
= — —6y— =0
2¢ x —1 +(2 072 1)
13x—-2 1 1 3
o1 2V 2r1
Therefore
o—__ Lt
z(x—1)
Now that we have good trial d and ©, then step 3 is called to generate w if possible.
Step 3
The input to this step is the integer d = 0 and © = —ﬁ found from step 2 and also
r = —2—, which comes from 2" = rz. This step is broken into these parts. First we find

z(z—1)?
the p_;(x) polynomial. If we are to solve for its coefficients, then next we build the minimal

polynomial from the p;(z) polynomials constructed during finding p_;(z). The minimal
polynomial puin(z) will be a function of w. Next we solve for w from puin(z) = 0. If this
is successful, then we have found w and the first solution to the ode 2" = rz is z = e/ ¥4,
Below shows how this is done.

We start by forming a polynomial

p(x) = 2%+ ag 177+ +ag

=1
Since this is case n = 1 then
p/
w=—+6

b

B 1

B z(zx—1)

B -1
z(x—1)

Before using this, we will verify it is correct. For case 1 the above should satisfy
WwAw=r

Let us see if this is the case or not.
d < 1 ) < 1 >2 2
- - + — f— 5
de\ z(z—1) z(z—1) z(z—1)

%(ix_—];fr <_x(x1— 1))2 - x(x2_1)2




Verified. Since solution w is found and verified, then first solution to the ode is

z = ef_ﬁdw
— elnz—ln(z—l)
oz
T z—1
Hence first solution to given ODE is
y= ze%l J adz
T 1
— —3 [ 0dz
T — 16
=z
T z—1
4.2.3 Example 3 case one
Solve
y// _ .’E2yl _ a:2y =0 (1)
y" 4+ ay'(xz) + by =0
Hence
— g2
b= —2>

It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
Using what is known as the Liouville transformation given by
y=zez Jadw (3)

Where it can be found that r in (2) is given by

1 1
r=-a’+-d —b

4 2
= 1904 —z+a?
4
zt + 42?2 — 4x
=z = 4
’ @
Hence the DE we will solve using Kovacic algorithm is Eq (2) which is
Z”: (51744‘4:2—4.’)3) 2 (5)

Step 0 We need to find which case it is. r = 3 where

s=x*+422 — 4z

t=14
The free square factorization of ¢ is ¢t = [[]]. Hence
m =0 (6)
Since m is number of elements in the free square factorization. in this special case we set
t1=1
to=1

Now

O(00) = deg () — deg (s)
=0—4
=4

There are no poles. Looking at the cases table giving up, reproduced here
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case | allowed pole order for r = { | allowed O(oco) order L
1 {0,1,2,4,6,8,---} {-,-8,-6,-4,-2,0,2,3,4,56,7,---} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 {1,2} {2,3,4,5,6,7,---} [4,6,12]

Shows that only case 1 meets the necessary conditions. Hence L = [1]. So n = 1.
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, Ofizeq are calculated using
1, .
€ fized = Z(mln (O(0),2) — deg (t) — 3deg (t1))
1/¢ t
0 ized — S| 3_1
fiwed = 4 < ;T t1>
Using O(o0) = —4,t = 4,t; = 4 the above gives

€fized = —(min (—4,2) — 0 — 3(0))

part (b)

Here the values e;, 0; are found for ¢ = 1---k,; where ks is the number of roots of ¢;. In
other words, the number of poles of r that are of order 2. These will be the zeros of ¢5 in
the above square free factorization of ¢t. From above we found that £, = 1. Label these poles
c1,Ca," - ,Ck,. The zeros of ty are {}. There are no zeros since constant. Therefore ky = 0
since one zero. Hence

M=0

No e;, 0; are generated. i.e. e = {},0 = {} so far.
Part (c)

This part applied only to case 1. It is used to generate e;, 8; for poles of r order 4,6,8,--- , M
if any exist. Since non exist here. This is skipped. Hence M stays 0.

Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6y = 0. But if O(0c0) = 2 then 6y =0
and ey = v/1 + 4b where b is the coefficient of # in the Laurent series expansion of r at oo.

Since in this example O(co) = —4 then none of these cases apply. We fall into the case that
handles n = 1 only which is the current case which results in eg = —2,6, = 2 + x2. Hence
e={-2}
6= {2+

The above are arranged such that eg is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
¢’s and #'s. In step 2, these are used to generate trials d and € and find from them P(x)
polynomial if possible.

Step 2
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In this step, we now have all the e;, 6; values found above in addition to ey;;, 0iz. Since n =1
and M = 0 then we have (n + I)MJrl = 2! = 2 sets s to try. These are given by

_1
A= 2
-l
Now we generate trial d using
M
d = (n) (efiz) + Soeo — Z s;€;
=1
Since M = 0 then the above becomes
d= (n) (efi:c) + Sp€o (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

O = (n) (04:) + Z s:0; (8)

Since M = 0. Hence the first trial d is (using Eq (7)) and recalling that ef;; = —1,0fipea = 0
then

n) (efis) + (%1) (—2)

(
M) (=D +1
0

d =

Since d > 0, then we can use it. Using Eq (8) gives

© = (n) (0fiz) + sobo
=0

1

1
=—1—§$2

Now that we have good trial d and ©, then step 3 is called to generate w if possible.

Step 3
The input to this step is the integer d = 0 and ©® = —1 — %a? found from step 2 and
also r = W which comes from z” = rz. This step is broken into these parts. First

we find the p_;(z) polynomial. If we are to solve for its coefficients, then next we build
the minimal polynomial from the p;(z) polynomials constructed during finding p_;(x). The
minimal polynomial pp,(x) will be a function of w. Next we solve for w from py;(z) = 0. If
this is successful, then we have found w and the first solution to the ode y” = ry is e/ %
Below shows how this is done.

We start by forming a polynomial

p(x) = 2%+ ag 12+ +ag

=1
Since this is case n = 1 then
w= r +06
b
=-1- %a:2

Before using this, we will verify it is correct. For case 1 the above should satisfy
WwAw=r
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Let us see if this is the case or not.

d 1, 1,\>  [o*+42% -4z
) () (s

1 Y4422 -4
_x+_x4+x2+1=m—x
4 4
x4+4x2—4x+1_:c4+4x2—4x
4 4 4

It did not verify. This means this solution can not be used. If we try the next row in A we
will find it gives negative d. This means there is no Liouvillian solution. This is an example
where even if we find d > 0 we still can end up not finding a solution.

4.2.4 Example 4 case one
Solve
(2 +1)y" + 72*y + 92y = 0 (1)
y' +ay(z) +by=0

Hence
o Ta?
(> +1)
_ 9z
C (@ +1)

It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
Using what is known as the Liouville transformation given by
y=rzez ok 3)

Where it can be found that r in (2) is given by
1 1

r= ZaQ + éa' —b

) )

- i(<7+ 1)) *3 (_(7;3(1 522)) ) (xsgi 1)

S v

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

g _a@+8)
4(z3 4+1)°

Step 0 We need to find which case it is. r = { where

s=—z(z° +8)
t= 4(:53 + 1)2
The free square factorization of ¢ is t = [1, 2% + 1]. Hence
m=2 (6)

Since m is number of elements in the free square factorization. in this special case we set

t1 =1
t2=l'3—+—1
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Now

O(o0) = deg (t) — deg (s)
=6—4
=2

There are three poles each of order 2. Looking at the cases table giving up, reproduced here

case | allowed pole order for r = { | allowed O(oco) order L
1 {0,1,2,4,6,8,---} {-,-8,-6,-4,-2,0,2,3,4,5,6,7,---} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 {1,2} {2,3,4,5,6,7,---} [4,6,12]

Shows that all three cases are possible. Hence L = [1,2,4,6,12].
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, Ofizea are calculated using

Cpizea = 3 (min (O(cc) ,2) — deg (¢) — 3deg (1)

1/t t
0 wxed — S| T 3_1
fiwed 4<t+t)

Using O(c0) = 2,¢ = 4(z® + 1), ¢, = 1 the above gives

1
€ fized = Z(min (2,2) — 6 —3(0))
1
=-(2—
126
=-1
o= L[ (168 + 1) +3(0)
fized — 4 4 (.’133 + 1)2
_3 o
S 22341

part (b)

Here the values e;, 6; are found for 7 = 1- - - ky where k, is the number of roots of ¢5. In other
words, the number of poles of r that are of order 2.

z(z® + 8)
T 4@ 1)
These will be the zeros of ¢, in the above square free factorization of t. From above we found
that
to=23+1
Label these zeros of t; as c¢j,co,:--,ck,- The zeros of t, are {—1, (—1)% , —(—1)%} =
{—1, % — %Z\/g, % + %Z\/g} Therefore ky = 3. Hence

M=3

Now we iterate over each zero c; times finding e; and 6; from each. These are found to be
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(following formula in paper) to be

7
b=
e é
T3
7
by= 5
e é
273
7
by = 3¢
oo — X
°7 3
And
4
O = ——
'T 3@ +1)
o — 8
* T 3(iv3+22—1)
b -8
ST 3 (V322 +1)
Part (c)

This part applied only to case 1. It is used to generate e;, 8; for poles of r order 4,6,8,--- , M
if any exist. Since non exist here. This is skipped. Hence M stays 3.

Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6, = 0. But if O(co0) = 2 then 6y =0
and ey = /1 + 4b where b is the coefficient of z% in the Laurent series expansion of r at
oo. Since in this example O(oo) = 2 then this case applies. b = ;ZZZ’;%; where lcoef f gives
the leading coefficient. Since s = —z(z% + 8) = —z* — 8z then lcoef f(s) = —1. And since

t = 4(z3 + 1)® = 42° + 823 + 4 then lcoef f(t) = 4. Therefore b = =+ and therefore

60=\/1+4b
=0

Hence now we have

- fotd)

oo 4 8 —8
'3(z+1)"3(ivV3+20—1)"3(iv3—2x+1)

The above are arranged such that ej is the first entry. Same for 4. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
€’s and #'s. In step 2, these are used to generate trials d and 6 and find from them P(z)
polynomial if possible.

Y Y

LW W~
LW W~
W

Step 2
In this step, we now have all the e;, 8; values found above in addition to ef;z, 0¢;s.

Starting with n = 1. And since we have M = 3 then there are (n + )M = 24 — 16 sets s
to try. The first set s is

_—n—n—n—n_—l—l—l—l
*T1 2222 [ 122" 2" 2
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Now we generate trial d using
M
d = (n) (efiz) + Soeo — Z s;€;
i=1
Since M = 3 then the above becomes
d = (n) (efiz) + So€o — S1€1 — S2€2 — S3€3 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

M
6 = (n) (B5ic) + Y _ 56 (8)
=0
Hence the first trial d is (using Eq (7)) and recalling that efi, = —1,0izeq = ng—il gives
-1 -1 4 1 4 1 4
=00+ (F)0- () (5)- () () - () (5

=1
Since d > 0, then we can use it. Using Eq (8) gives (using M = 3)

© = (n) (Oiz) + s0bo + 161 + 202 + 5363
-0 (35)+(3) 0+ () Ga50) () (szms) * () (s

_(g 2 )_ 2 4 N 4
S \223+1 3(z+1) 3(v3+2z—-1) 3(ivV3—-2z+1)

27>
(z+1) (iv3+2x—1) (ivV/3—2z+1)
273 + 2

Now that we have good trial d and ©, then step 3 is called to generate w if possible.
Step 3

2

The input to this step is the integer d = 1 and © = ;3% found from step 2 and also
3
r= —Z((;S:f)l which comes from z” = rz. This step is broken into these parts. First we find

the p_1(z) polynomial. If we are to solve for its coefficients, then next we build the minimal
polynomial from the p;(z) polynomials constructed during finding p_;(z). The minimal
polynomial pp,(x) will be a function of w. Next we solve for w from py;,(z) = 0. If this is
successful, then we have found w and the first solution to the ode y” = ry is e/ “% . Below
shows how this is done.

We start by forming a polynomial

p(z) = 2%+ ag_ 127+ +ap

=z
Since this is case n = 1 then
/
w==+6
b
1 x?
Tz  2z34+2
_ x3+2
2 (a3 +1)

Before using this, we will verify it is correct. For case 1 the above should satisfy
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=7

Let us see if this is the case or not.

i( 3 + 2 )+( 3+ 2 )2_
dx \ 2z (23 + 1) 2z (x3 4+ 1)

(z° + 623 +2) (28 +2)°

222 (z3 +1)°  4z2 (23 +1)°

z(z3 + 8)

4@ +1)7

_ z(2® +8)
4(z3+1)°

L z(x® + 8)

4 (23 +1)°

_ z(x® + 8)

4(x3+1)°

Verified. Since solution w is found and verified, then first solution to the ode is

z:efwda:

f :1:3+2

—e 2z(z3+1) dx

Va3 + 1
Hence first solution to given ODE is

y=Z€_Tlfadz

= e
V3 +1

T 1

Vad +1 (a3 + 1)
T

@+

[N

4.2.5 Example 5 case one
Solve Bessel ode (from Kovacic original paper)

4(m? —2?) -1

7

— -0
Yy A2 Y

y' +ay +by=0

Hence

1)

It is first transformed to the following ode by eliminating the first derivative

2 =rz

Using what is known as the Liouville transformation given

y=Z€_71fadm

Where it can be found that r in (2) is given by

_12 1/
7'—4a +2a b
4(m? — 2?) -1

422

by

(3)

(4)

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

4(m? —2%) -1
o Hm 4;) ;
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Step 0 We need to find which case it is. r = $ where

s=4(m2—x2)—1

t = 4z?
The free square factorization of ¢ is ¢t = [1, z|. Hence
m =2 (6)

Since m is number of elements in the free square factorization. in this case we set

t1=1

tz =T
Now

O(oc0) = deg (t) — deg (s)
—2_29
=0

There is one pole at x = 0 of order 2. Looking at the cases table giving up, reproduced here

case | allowed pole order for r = { | allowed O(oco) order L
1 | {0,1,2,4,6,8,--} (- ,—8,-6,-4,-2,0,2,3,4,5,6,7,- -} | [1]
2 {2,3,5,7,9,---} no condition 2]
3 {12} {2,3,4,5,6,7,---} [4,6,12]

Shows that only case 1,2 are possible. L = [1,2].

Step 1

This step has 4 parts (a,b,c,d).

M Here the fixed parts efized, Ofizeq are calculated using

€ ined = }l(min (0(00) ,2) — deg (£) — 3deg ()

1/t t
0 ized — S| 1
fized 4<t + 3t1)
Using O(o0) = 0,t = 42, t; = 1 the above gives

1
€ fived = Z(min (0,2) —2 — 3(0))
1

=-(0—2
10-2)
__1
2
1[4 (42?)
Ofized = Z (d Ax? + 3(0)
_ 1
T2

part (b)

Here the values e;, 6; are found for 7 = 1- - - ky where k, is the number of roots of ¢5. In other
words, the number of poles of r that are of order 2.

4x2
These will be the zeros of 5 in the above square free factorization of ¢. From above we found
that
t2 =X
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Label these zeros of t; as ¢1,¢a, -+, ck,. The zeros of ty are {0}. Therefore k; = 1. Hence
M=1

Now we iterate over each zero c; times finding e; and 6; from each. These are found to be

(following formula in paper) to be

1

1)1:’1’7’112—1—l

el=\/1+4b=\/1+4(m2—i)=2m m >0

Where b, is the coefficient of ﬁ in the partial fractions decomposition of r which is
r=-14(m?—-;)%. And
e 2m
9, = —+ =7
x—c x

Part (c)

This part applied only to case 1. It is used to generate e;, 8; for poles of r order 4,6,8,--- , M
if any exist. Since non exist here. This is skipped. Hence M stays 1.

Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6y = 0. But if O(co0) = 2 then 6y =0
and ey = /1 + 4b where b is the coefficient of z% in the Laurent series expansion of r at
oo. Since O(o0) = 0 here then none of these cases applies. For case 1 (n = 1) following the
method in the paper we find

€y = 0
00 = 2Z
Hence now we have
e ={0,2m}

o= {2, 21
x

The above are arranged such that ej is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
€’s and #'s. In step 2, these are used to generate trials d and 6 and find from them P(z)
polynomial if possible.

Step 2
In this step, we now have all the e;, 6; values found above in addition to efiz, 0.

Starting with n = 1. And since we have M = 1 then there are (n + 1) = 22 = 4 sets s to

try. The first set s is
—-n —n -1 -1
S = —_— —— = —_—y
27 2 27 2

Now we generate trial d using

M
d = (n) (efiz) + Soeo — Z s;€;
i=1
Since M =1 then the above becomes
d = (n) (efiz) + soeo — s1€1 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

© = (n) (05iz) + Z 8i0; (8)
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Hence the first trial d is (using Eq (7)) and recalling that esi; = —3, 0figea = 5= gives

d=(1) <—%) + (_71) (0) - (_71) (2m)
1

= m — —

2
We now have to assume something about m to be to continue otherwise we will not be able
to decide if d is integer and d > 0. If we assume that m is half of all positive odd integers
(%, g, %, -+-) then d > 0. We can also assume that m is half of all negative odd integers and
the other s set will match. So under the assumption that m is half of all positive odd integers
the above d can be used for the next step. To continue, we assume m takes some specific

value to simplify the steps. Let m = % from now on. Hence d = 1. Therefore e, § become

e ={0,3}
- o)

= (n) (0fiz) + sobo + 5161

Using Eq (8) gives (using M = 1)

1 -1 3
=1 (= 9 ) (2
() (3) e+ (F) ()
iz +1)
= ——(iz
x
Now that we have good trial d and ©, then step 3 is called to generate w if possible.
Step 3
The input to this step is the integer d = 1 and © = —%(zz + 1) found from step 2 and
also r = % which comes from z” = rz. This step is broken into these parts. First

we find the p_;(z) polynomial. If we are to solve for its coefficients, then next we build
the minimal polynomial from the p;(z) polynomials constructed during finding p_;(x). The
minimal polynomial py,,(x) will be a function of w. Next we solve for w from py,(z) = 0. If
this is successful, then we have found w and the first solution to the ode y” = ry is e/ @
Below shows how this is done.

We start by forming a polynomial
p(z) = 2%+ ag 127+ +ap
=T+ ap

The goal is to solve for the ag coefficient. Now depending on case number n, we do the
following. Since we are in case n = 1 then

b1=—Dp

= —T —Q

Do = —PI1 — Op;

o= (L) e

_1- <_%(m 4 1)) (=2 — ao)

= —% (iz® + iaoz + ao)

p_1=—py— Opo— (1) (1) rp

- (_l(i:ﬁ +iaoz + ao))/ — (—%(m + 1)) (_i(m + gz + ao)) A ;;22) -1

T

2.
= —E(zao -1)
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Now we try to solve for a; using p_;(z) = 0. This gives ayg = —i. Hence this implies

p(x)=x—1

Since this is case n = 1 then

/
w="1e
p
-3 1
_E=) lai
T—i
—i(iz — 22+ 1)
(x4
(iz® + 1)
3+

Before using this, we will verify it is correct. For case 1 the above should satisfy
WwHw=r

Let us see if this is the case or not.

d (—z’(ix—z2+ 1)) . (—i(iw—x2+1)>2 _ 4((3)" - 2*) -1

dz (—z+1)x (—x+1i)x 42
(—2iz® + 322 +1)  (iz® +z—i)® —i(:ﬁ _9)
22 (z2 4 1) 22 (z — i) x?
L o L o
—;(m — 2) = —ﬁ(m — 2)
Verified. Hence w = —zgiz;zjl—l) = — (?33;1) will give the solution to the ode y" — %y =

0 when m = g Since solution w is found and verified, then first solution to the ode is

y = efwdm
(i1;3+1)
S e
1 —ix .
=—e " (x—1
Lo —i)
Hence first solution to given ODE is
y= 26_71 [ adz
— le—ix(x _ Z) e—%fodz
x
1 .
=—e "(x—1
(e i)

One difficulty in implementation of Kovacic algorithm using an ode with a parameter m like
in this Bessel ode example, is that it makes it hard to decide if d > 0 or not. So in practice,
it is better to use this algorithm for specific values of any parameters that can be involved.

4.2.6 Example 6 case one

Solve
. A4rS — 825 + 122 + 423 + T2? — 202 + 4
y' = Y (1)
44

Hence

a=0

b 425 — 8% + 122 + 423 + Tx% — 20z + 4

T 44

It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
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Using what is known as the Liouville transformation given by
y=ze2 J o (3)

Where it can be found that r in (2) is given by

_12 1/
r—4a+2a b

428 — 82% + 122* + 42® + Tz%2 — 20z + 4
= i (4)

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

o 4z5 — 82° + 122* + 423 + Tx? — 202 + 42

5
i (5)
Step 0 We need to find which case it is. r = $ where
s = 4z° — 82° + 122* + 42% + 72® — 20z + 4
t = 4z*
The free square factorization of ¢ is ¢t = [1, 1, 1, x]. Hence
m=4 (6)
Since m is number of elements in the free square factorization. in this case we set
t1 =1
ta=1
Now
O(00) = deg (t) — deg (s)
=4-6
= -2
There is one pole at x = 0 of order 4. Looking at the cases table
case | allowed pole order for r = { | allowed O(co) order L
1 {0,1,2,4,6,8,---} {--,-8,-6,—4,-2,0,2,3,4,5,6,7,---} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 {1,2} {2,3,4,5,6,7,---} [4,6,12]

Shows that only case 1 is possible. L = [1].
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts €fized, 0 fizea are calculated using

Cpizca = 3 (min (O(0c) ,2) — deg (1) — 3deg (1)

1/¢ t
Hixe =2\ 7 3_1
fiwed 4<t+ t1>

Using O(o0) = 0,t = 4z*,¢; = 1 the above gives

€ ived = }l(min (=2,2) — 4 — 3(0))

1
—1(-2-9)
_ 3

2
1L (4z%)

efimed = Z <d47 + 3(0)
1
X
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part (b)

Here the values e;, 6; are found for 7 = 1- - - ky where £, is the number of roots of ¢5. In other
words, the number of poles of r that are of order 2. Since ¢ = 1 then there are poles. Hence
ko =0 and

M=0

Part (c)

This part applied only to case 1. It is used to generate e;, 8; for poles of r order 4,6,8,--- , M

if any exist. Here we have pole z = 0 of order 4. Following the paper (need to document),

we find e; = —5,6; = % — 5. We start from index 1 since ks = 0 from part (b). Now k; = 1.

z2 T
Note that for case 1, we use k;. Hence

M=1

And now not M = 0 (for case 1 only). For other cases, we use kq for M.
Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6y = 0. But if O(c0) = 2 then 6y =0
and ey = v/1 4 4b where b is the coeflicient of x% in the Laurent series expansion of r at
00. Since O(o0) = 0 here then none of these cases applies. For case 1 (n = 1) following the
method in the paper we find (need to document)

€y = 2

00 =242
Hence now we have

e={2,-5}

2
T T

The above are arranged such that eg is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
e’s and #'s. In step 2, these are used to generate trials d and € and find from them P(x)
polynomial if possible.

Step 2
In this step, we now have all the e;, 6; values found above in addition to ef;s, 0.

Starting with n = 1. And since we have M = k; = 1 then there are (n + 1) = 22 = 4 sets

s to try. The first set s is
-n —n -1 -1
S = — = —_—y
27 2 27 2
Now we generate trial d using

M

d = (n) (efiz) + So€o — Z si€;
i=1
Since M =1 then the above becomes
d = (n) (efiz) + So€o — s1€1 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using
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Hence the first trial d is (using Eq (7)) and recalling that ef; = —3, 0ipeq = = gives

-0(3)+(F) - (3o
=5

Since this is not > 0, we go to next set s {£!, 1} and try again

-0()+(F)o-(2)es
=2
This works. Using Eq (8) gives (using M = 1)
© = (n) (0fiz) + sobo + 5161
o) (F)crse () (33
(=22 + 222 + 3z — 2)
2x2

Now that we have good trial d and ©, then step 3 is called to generate P(z) if possible.
Step 3

The input to this step is the integer d =2and @ =z — 1 — % + L found from step 2 and

z2
6__ Q.m0 4 3 2_ . .
also r = 2=z tl2r 4o 47020044 which comes from z” = rz. Since degree d = 2, then let

p(x) = ° + az + b. Therefore we need to now find P(z) that solves

P" +20P"
2+20(2z + a) + (6’ + ©7

/ 2 6 _ Qb 4 3 2 _
2+2<x—1—i+;>(2x+a)+<(x—1—3+1)+(x—1—3+1) _ 4a® — 820 + 122* + 42 + 72 — 20z A

4z4

Which simplifies to
1
- (2ax3 — 42 — 2ax? — 2a + 4bx? + 3ax — 4bx + 4:r2) =0
x
4 1 b
—2az 4+~ +2a+ 2 —4b—3a= +4- —4=0
x x x x
Hence by comparing coefficients

1(2a)-|—(2a—4b—4)=0

1
-2 —(4—3a+4b)+ —
#(~20) + (4~ 3a-+4b) + -

Therefore a = 0. And 4 — 3a + 4b = 0 gives b = —1. Same if we used 2a — 4b — 4 = 0, So
consistent equations. Therefore
P(z)=2"-1

And the solution is
z = P(z)el ®%
_ (ac2 _ 1) efx—l—%Jr;lzdx
= (:v2 - 1) x_%e_%Jr%_””
Hence first solution to given ODE is

3 _1,22 -1
—7+%—w67 J adz



4.2.7 Example 7 case two

Solve
=23, (1)
Y +ay'(z) +by=0
Hence
a=0
p— 1023

1622
It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
Using what is known as the Liouville transformation given by
Y=z e2 Jadz (3)

Where it can be found that r in (2) is given by

__ 1 2 1 !
r=40 + 5% b
16z — 3
— 9 4
1622 )
Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

162 — 3
2 = TR z (5)

Step 0 We need to find which case it is. r = $ where

s=16x — 3
t = 162>

The free square factorization of ¢ is ¢t = [1, z|. Hence
m =2 (6)

Since m is number of elements in the free square factorization. in this special case we set

t1=1

t2 =T
Now

O(o0) = deg (t) — deg (s)
=21
=1

There is pole x = 0 of order 2. Looking at the cases table, reproduced here

case | allowed pole order for r = { | allowed O(oco) order L
1 {0,1,2,4,6,8,---} {-,-8,-6,-4,-2,0,2,3,4,56,7,---} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 {1,2} {2,3,4,5,6,7,---} [4,6,12]
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Shows that only case 2 is possible (due to O(c0) = 1 which is not allowed other than for case
2). Hence L = [2].

Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, Ofizea are calculated using
1, .
€ fized = Z(mln (O(00),2) — deg (t) — 3deg (1))
1/t t
0 wxed — S| T 3_1
fiwed 4(t+ u)
Using O(c0) = 1,t = 1622,t; = 1 the above gives

de=immNL%—2—3®D

1
=-(1-2
11-2)
_ 1
4
1 4(162%)
Ofiwed=z( 1622 3(0)
_ 1
T2z

part (b)

Here the values e;, 6; are found for 7 = 1- - - ky where k, is the number of roots of ¢5. In other
words, the number of poles of r that are of order 2.

- 16z — 3
T 1622

These will be the zeros of ¢, in the above square free factorization of ¢. From above we found
that

t2 =X
Label these zeros of t5 as ¢1,ca, -+, ck,. The zeros of to are {0}. Therefore ky = 1. Hence
M=1

Now we iterate over each zero ¢; times finding e; and 6; from each. These are found to be
(following formula in paper) to be

o 1
172
And 1
91 == g
Part (c)

This part applied only to case 1. It is used to generate e;, 8; for poles of r order 4,6,8,--- , M
if any exist. Since only case 2 exist in this example. This is skipped. Hence M stays 1.

Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6, = 0. But if O(co0) = 2 then 6y =0
and ey = v/1 + 4b where b is the coefficient of m% in the Laurent series expansion of r at oco.
None of these apply, and this is not case 1. Hence

€y =
6o=0
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Hence now we have
1
e = {0, 5}
1
0=10—
tozf
The above are arranged such that ej is the first entry. Same for 4. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate

€’s and #'s. In step 2, these are used to generate trials d and 0 and find from them P(z)
polynomial if possible.

Step 2
In this step, we now have all the e;, 8; values found above in addition to ef;z, 0.

Starting with n = 2. Since case 2 only applies here. And since we have M = 1 then there
are (n + 1)MJrl = 32 = 9 sets s to try. The first set s is

5= {_7”_7”} — {-1,-1}

Now we generate trial d using
M
d = (n) (efiz) + Soeo — Z s;€;
i=1
Since M =1 then the above becomes
d = (n) (efiz) + So€o — s1€1 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

Hence the first trial d is (using Eq (7)) and recalling that esi; = —3, 0figea = 5 gives

Since d > 0, then we can use it. Using Eq (8) gives (using M = 1)

O = () (05ia) + 5080 + 5161
- (5 )+ O+ (5)

Now that we have good trial d and ©, then step 3 is called to generate P(z) if possible.
Step 3

The input to this step is the integer d = 0 and © = 5= found from step 2 and also r = 1823

which comes from 2" = rz. We need now to find P(z) of degree d = 0 which is a constant
such that

P" +30P" + (30 +30' —4r) P'+ (6" + 300"+ ©° —4r©@ — 2r') P =0
Since P = 1 then above simplifies to
(0" +306'+6° —4r0 —2r') =0
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We know © and r. If this verifies, then we can use P = 1. Substituting the above becomes
1\" 1/1\ [1)° 16z —3\ [ 1 16z — 3’
il (= S} g (222 () —o 222 ) =
<<2x) +32x<2x) * <2x) ( 1622 ) (23:) ( 1622 ) 0
BULY gL d (1) (1) (l6z=38) (1) ,d ww—
dz? \ 2z 2z dx \ 2z 2z 1622 2z dz 1622
0=

0
Verified. Hence
P(z)=1
Let
P/
0+ —
¢$=0+45
1
2z
Now we solve for w from
1 1
2 S k) —
w ¢w+(2¢ +2¢ r) 0
o Lo (11 ’+1 1 162 —3) _
2 2\ 2z 2\ 2z 162 )
W - + L1
2z 1622 =
The solution w = -~ :I: \} We pick either solution. Hence the solution is
s—e J wdz
f 4z+\1fdw
= :L-%eQ\/E
Hence first solution to given ODE is
Y=z 6_71 J adz
= x%e2\/5
4.2.8 Example 8 case two
Solve
1
" o_
y =39 (1)
y" + ay'(z) + by =0
Hence
a=20
1
b - —E
It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
Using what is known as the Liouville transformation given by
y=zez Jod (3)
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Where it can be found that r in (2) is given by

1 1
rzzaz—l-éa'—b
1

=3 (4)
Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

1
2= =z (5)

3

Step 0 We need to find which case it is. r = $ where

s=1

t=23

The free square factorization of ¢ is ¢ = [1, 1, z]. Hence
m=3 (6)

Since m is number of elements in the free square factorization. in this special case we set

t1=1
to=1

Now

O(00) = deg (t) — deg (s)
=3-0
=3

There is pole z = 0 of order 3. Looking at the cases table, reproduced here

case | allowed pole order for r = { | allowed O(oco) order L
1 |{0,1,2,4,6,8, -} (- ,-8,-6,-4,-2,0,2,3,4,5,6,7,- -} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 | {L,2} {2,3,4,5,6,7,--} [4,6,12]

Shows that only case 2 is possible (since odd pole is only allowed in case 2). Hence L = [2].
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, Ofizeq are calculated using

€ ived = }l(min (0(00) ,2) — deg (£) — 3deg (1))

1/t t
Hime =2\ 7 3_1
fized 4(t+ tl)

Using O(oo) = 1,t = z3,t; = 1 the above gives

€ ived = %(min (3,2) — 3 — 3(0))

1
=-(2—
12-9)
_ 1
4
1L (z®)
efized == Z (d IL'3 + 3(0)
_3
T A4z
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part (b)

Here the values e;, 6; are found for 7 = 1- - - ky where £, is the number of roots of ¢5. In other
words, the number of poles of r that are of order 2. There are no poles of order 2. Hence
ke = 0.

Part (c)

This part applied only to case 1. It is used to generate e;, ; for poles of r order 4,6,8, --- if
any exist. Since only case 2 exist in this example. This is skipped. Hence ks stays 0.

Part(d)
Now we need to find ey, 6y. If O(c0) > 2 then ey = 1,6y = 0. Hence
€y =
0o =0
Hence now we have
e={1}
6 = {0}

The above are arranged such that ej is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
¢’s and #'s. In step 2, these are used to generate trials d and 6 and find from them P(x)
polynomial if possible.

Step 2
In this step, we now have all the e;, 6; values found above in addition to ey;z, 0.

Starting with n = 2. Since case 2 only applies here. And since we have ks = 0 then there
are (n+ 1)™™ = 3 sets s to try. The first set s is

{3}

Now we generate trial d using

ko
d = (n) (efiz) + Soeo — Z si€;
i=1
Since ky = 0 then the above becomes
d = (n) (efiz) + So€o (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

© = (n) (05iz) + Z 8:0; (8)

Hence the first trial d is (using Eq (7)) and recalling that es, = —3, 0fivea = o gives

=@ (-}) +D0
3
=
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Since negative then we can not use it. Now we try the last set s = {+1}. Then Eq(7) gives

d= 2)(—i>-+(+1)a)
1
2

Since not an integer, then we can not use it. We are run out of sets s to try. Therefore there

is no Liouvillian solution.

4.2.9 Example 9 case two

Solve
22%y" —xy + (1 —2z2)y =0
1 1-2z
y/l gy/_|_(2x2 )y=0 x#o
Y +ay(z) +by=0
Hence
S
2z
_(1-2)
b= 22

It is first transformed to the following ode by eliminating the first derivative
2 =rz
Using what is known as the Liouville transformation given by
y=2z o7 Jade

Where it can be found that r in (2) is given by

r= leaz + §a' —b
1/ 1\* 1d/ 1 (1—2z)
~1 (‘g) 3 (‘g> T
_ 16z -3
1622
Hence the DE we will solve using Kovacic algorithm is Eq (2) which is
o 16z — 3

1622~
Step 0 We need to find which case it is. r = § where

s=16x — 3
t = 1622

The free square factorization of ¢ is ¢t = [1, z]. Hence

m =2

Since m is number of elements in the free square factorization. in this special case we set

t1:1

t2 =T
Now

O(o0) = deg (t) — deg (s)
=2-1
=1

There is pole = 0 of order 2. Looking at the cases table, reproduced here
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case | allowed pole order for r = { | allowed O(oco) order L
1 {0,1,2,4,6,8,---} {-,-8,-6,-4,-2,0,2,3,4,56,7,---} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 {1,2} {2,3,4,5,6,7,---} [4,6,12]

Shows that only case 2 is possible (O(o0) = 1 is only possible for case 2). Hence L = [2].
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, Ofizeq are calculated using
1, .
€ fized = Z(mln (O(0),2) — deg (t) — 3deg (t1))
1/¢ t
0 ized — S| 3_1
fiwed 4(t+ n)
Using O(c0) = 1,t = 1622,t; = 1 the above gives

qmd=immmLm—2—3m»

1
=-(1-2
11-2)
__1
4
1 L(162%)
ofized = Z ( 1622 3(0)
_1
Y

part (b)

Here the values e;, 0; are found for 7 = 1- - - k3 where k5 is the number of roots of ¢, = z. In
other words, the number of poles of r that are of order 2. There is one pole of order 2. Hence

ko = 1. the coefficient of ﬁ; in the partial fractions of r = 1ng_23 = % — %ﬁ;. Therefore
b=—2.Hence ey =v1+4b=,/1+4(—<) =1 and 6, = -%; = o-. Hence
1
e=1< -
2
1
0=4q—
&

Part (c)

This part applied only to case 1. It is used to generate e;, ; for poles of r order 4,6,8,--- if
any exist. Since only case 2 exist in this example. This is skipped. Hence ks stays 0.

Part(d)

Now we need to find eg, fy. Since this is not case 1 and since it is not O(oc0) > 2 and not
O(00) = 2, then

Hence now we have



The above are arranged such that ej is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
€’s and #'s. In step 2, these are used to generate trials d and 6 and find from them P(z)
polynomial if possible.

Step 2
In this step, we now have all the e;, 8; values found above in addition to efiz, 0.

Starting with n = 2. Since case 2 only applies here. And since we have k; = 1 then there
are (n + 1)'€2+1 = 32 = 9 sets s to try. The first set s is

5= {_7”_7"} — {-1,-1}

Now we generate trial d using

ko
d = (n) (efiz) + Soeo — Z S;€;
i=1
Since k; = 1 then the above becomes

d = (n) (efiz) + oo — S1€1 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

Hence the first trial d is (using Eq (7)) and recalling that esi; = —%, 0figea = 5 gives

6= (2) <2—) + 896y + 8161
~@ (5 )+ DO+ D5
1
=

Since this is case 2 (n = 2) then we need to first find P(z). The degree is d = 0. Hence
constant. Say P = 1. But we need to verify this is valid. Setting up the equation

P" +30P"+ (30 +30' —4r) P'+ (0" + 360"+ 6% —4r©@ — 2r') P =0
Which simplifies to (since P = 1)

0"+300'+03—4r©@ -2 =0

Using © = -, r = 16223 the above reduces to

2z 1622
0=0
Hence P(x) = 1 can be used. Now let
Pl
=0+ F
_ L
2



We now need to solve for w from (notice that original Kovacic paper has + and not — after
first term in the following equation. The + is from Smith paper. It seems to have been a
typo in original paper as this version gives the correct solution).

11
2_ Yy _2_ —
w ¢w+(2¢+2¢ r) 0
1 1 1
2__ -
W Y T 8 T T6a2

Solving (and picking first root) gives

162 —3) =0

1
w=5(1+4\/5)

Before using this, we verify it satisfies w’ + w? =7

d (1 1 > 16z —3
—(—(1+14 —(1+4 = —
dx (4x( * ﬁ)) * (4&5( * \/5)) 1622
1 16z — 3
16 —3) = ———
1622167 =3) = 50
Verified OK. Hence solution is
y = ef wdz
= zie2\/§
Hence first solution to given ODE is
Y = ze_Tl J adz
= \/562‘/”E
Second solution y, can now be find by reduction of order.
4.2.10 Example 10 case two
Solve
(£ +2)y"+3zy' —y=0 (1)
3z 1
" ! —
VrteryY T @ig?
y'+ay(z) +by=0
Hence
3z
(22 +2)
___
- (22+2)

It is first transformed to the following ode by eliminating the first derivative
2 =rz (2)
Using what is known as the Liouville transformation given by
y=ze2 J o (3)

Where it can be found that r in (2) is given by
1 1

— g1 g —
r=49 +2a b
1/ 3 2+1i 32\, 1
4\ (22 +2) 2dz \ (22 +2) (2 +2)
T2 + 20
- T (4)
4 (22 +2)



Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

2
2
S = 73:—+02 p (5)
4 (22 +2)
Step 0 We need to find which case it is. r = 3 where
s=Tz"+20
t = 4(2? +2)° = 16 + 1622 + 42"
The free square factorization of ¢ is t = [1, (z? + 2)]. Hence
m=2 (6)
Since m is number of elements in the free square factorization. in this special case we set
tl = 1
ty = (2> +2)
Now
O(00) = deg (t) — deg (s)
=4-2
=2
There is pole £ = +i/2 of order 2. Looking at the cases table, reproduced here
case | allowed pole order for r = { | allowed O(co) order L
1 {0,1,2,4,6,8,---} {--,-8,-6,—4,-2,0,2,3,4,5,6,7,---} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 | {1,2} {2,3,4,5,6,7,-- } [4,6,12]

Shows that all cases are possible. Hence L = [1,2,4,6,12].
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, 0 fizea are calculated using

€ ived = }l(min (0(00) ,2) — deg (£) — 3deg (1))

1/t t
eixe =\ 7 3_1
fied 4<t+ tl)

Using O(c0) = 2,¢ = 4(z® + 2)*, ¢, = 1 the above gives

1
€fized = Z(min (2,2) —4 —3(0))
1
=—-(2—-4
12— 9
__1
2
efixed 2 + 3(0)
4 4(z?+2)
.
242

part (b)

Here the values e;, 6; are found for ¢ = 1- - - ky where ks is the number of roots of t, = (z? + 2).
In other words, the number of poles of r that are of order 2. There are two poles of order 2.
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Hence k; = 2. These poles at z = +iv/2. The coefficient of —— where ¢; is first pole is

(z—c1)”

b = —%. Hencee; =+v1+4b=4/1+4 (—%) = % and 6; = wflcl = 2(35—11\/5) . The coefficient

of —1— where ¢, is second pole is by = —1%. Hence e = v/1+4b=,/1+4 (—13—6) = % and

(z—c2)
11
2’2

Oy = €L = L Hence
1 1
2(x—i\/§)72(x+i\/§)

2=z 2(a+iv2)

e

6

Part (c)

This part applied only to case 1. It is used to generate e;, 6; for poles of r order 4,6, 8 if any
exist. Since only order 2 pole exist, then this is skipped. Hence ko stays 2.

Part(d)

Now we need to find eg, 6. Since this is case O(c0) = 2, then ey = v/1 + 4b where b = ;222%8

where Icoef f(s) is leading coefficient of s = 7x? + 20 which is 7 and lcoef f(t) is leading
coefficient of ¢t = 16 + 16z% + 4z* which is 4. Hence b = I. Therefore

e(,:mz,/lﬂ(g):m

6o=0

11
={2v2, 2, =
e {f,2,2}

1 1
0:{0’2(31:—@'\/5)’2@4-2\/5)}

The above are arranged such that ej is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
€’s and #'s. In step 2, these are used to generate trials d and 6 and find from them P(z)

Hence now we have

polynomial if possible.
Step 2
In this step, we now have all the e;, 6; values found above in addition to efiz, 0.

Starting with n = 1. And since we have ky = 2 then there are (n + 1)**! = 23 = 8 sets s to

try. The first set s is
_f-n —n —n| -1 -1 -1
Tl2' 22 (122" 2

Now we generate trial d using

ko
d = (n) (efiz) + so€o — Z Si€;
i=1
Since ko = 2 then the above becomes
d = (n) (efiz) + So€o — S1€1 — S2€2 (7)

If d > 0 then we go and find a trial ©. We need to have both d,© to go to the next step. ©
is found using

O = (n) (04:) + Z 0 (8)
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Hence the first trial d is (using Eq (7)) and recalling that ey, = —%, Ofized = ;75 Bives

~0(3)(3)e9-E)0-G)6

Since not an integer, we try next set s = {_?1, _Tl, ‘%1} and now Eq (7) gives
1

-0 () (2)e9-()6)- ()0

L 1 Z11 Tf we continue this way we will find

Since not an integer, we try next set s = {‘7, 55
that all sets s will fail to generate a d > 0. Hence case one did not work. Now we go to case
2 (n=2).

ko+1 — 3

Starting with n = 2. And since we have ky = 2 then there are (n + 1) 3 sets s to try.

The first set s is
-n —n —n
s { 2 ) 2 ) 2 } { ) ) }

Now we generate trial d using

k2
d = (n) (efiz) + So€o — Z s;€;
i=1
Since ky = 2 then the above becomes
d = (n) (efiz) + So€o — S1€1 — S2€2 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

Hence the first trial d is (using Eq (7)) and recalling that ey, = —%, Ofized = 75 Bives

0= (-3) + 0 @) -0 (3) -0 (})
= —2V2

Since not an integer, we try next set s = {—1,—1,+1}. If we continue this way we will find
that set s = {0, —1, —1} works.

o(2) s - () -a(l)
=0

We can use this d. From Eq (8)

2z

T 1 1
=(2) <x2 n 2) (0) (0) — (-1) (m) - (-1 (m)

oz
2242

Since this is case 2 (n = 2) then we need to first find P(z). The degree is d = 0. Hence
constant. Say P = 1. But we need to verify this is valid. Setting up the equation

1
e = (2) (—) + 8090 + 8191 + 8262

P" +30P" + (30*+30' —4r) P' + (0" + 3060’ + 0% —4r® — 2r') P =0
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Which simplifies to (since P = 1)

0" +300"+03—4r0@ -2 =0

: _ =z _ Tx?420
Using © = 2 =7 (@212)? the above reduces to

0=0
Hence P(z) = 1 can be used. Now let

Pl
6=0+5

oz
242

We now need to solve for w from (notice that original Kovacic paper has + and not — after
first term in the following equation. The + is from Smith paper. It seems to have been a
typo in original paper as this version gives the correct solution).

w2—¢w+(%¢'+%¢2—r) =0

o (%) 4w 1/ z '+1 T 2_ 7% 4+ 20 —0
2 + 2 2\ 22+ 2 2\ 22+ 2 4(z2+2)?%)
4w’z — dwad + (16w? — 7) 22 — 8aw + 16w? — 16

4(x2+2)°
4w’z* — dwz® + (16w? — 7) 2° — 83w + 16w* — 16 =0

0

Solving for w (and picking first root) gives

Cd_au+2\/2m2—i-4
o 2(22+2)

Before using this, we verify it satisfies w’ + w? =r

2
d (z+2v22% +4 r+2v222+4) T2 +20
dx 2(z2+2) 2(z2+2) C 4(z242)°
722420 72?420
dz* + 1622 + 16 4(z2 + 2)2

Verified OK. Hence solution is

2= efwdx
z4+2v/22244 dr
—e 2(=*+2)

_ (1‘2 + 2)% 6\/§arcsinh<§z)
Hence first solution to given ODE is

—1
Y =ze [ adz

ﬁarcsinh(%m) 6_% I (zgiQ) dz

= (2 + 2)% e
e\/ﬁ arcsinh < % w)

(22 +2)

Second solution y, can now be find by reduction of order.
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4.2.11

Solve

Hence

It is first transformed to the following ode by eliminating the first derivative

Example 11 case one

(2 +z+1)y —2(-22>—4z+ 1)y +y=0

s z(—2r2—4z+1) ,
2@tz +1) y x2(x2+z—|—1)y=
Y +ay'(z) +by =0

0

z(—22% — 41 + 1)
z? (22 + 2 +1)
_ 1
22 (2+z+1)

a = —

2 =rz

Using what is known as the Liouville transformation given by

yZZG_Tlfadz

Where it can be found that r in (2) is given by

1 1
r=-a’+-ad —b

4 2

_ 1(_95(—21,-2 —4w+1))2+%%(_x(—2x2 —4z+1)) -

4 2?2 (22+z+1)

1022 — 8x — 1

2 (22 +z+1)

T 402 (22 4z + 1)

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

s 1022 -8z —1 ,
422 (22 4+ z + 1)

Step 0 We need to find which case it is. r = $ where

s=102> — 8z —1
t=4x2(:v2+x+1)2
= (:c3—|-m2+x)2

The free square factorization of ¢ is ¢t = [1, 2% + 22 + z]. Hence

m =2

z2+z+1)

1)

(2)

(3)

()

(6)

Since m is number of elements in the free square factorization. in this special case we set

Now

There are poles of order 2. Looking at the cases table, reproduced here
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case | allowed pole order for r = { | allowed O(oco) order L
1 {0,1,2,4,6,8,---} {-,-8,-6,-4,-2,0,2,3,4,56,7,---} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 {1,2} {2,3,4,5,6,7,---} [4,6,12]

Shows that all cases are possible. Hence L = [1,2,4,6,12].
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, Ofizeq are calculated using

epizea = 5 (min (0(00),2) — deg (1) — 3 deg (1)

1/t t)
Giwe == 3
fiwed 4(t+ tl)

Using O(00) = 2,¢ = (23 + 22 + z)°, ¢, = 1 the above gives

€ ived = }l(mm (6,2) — 6 — 3(0))
1
= 1(2 —6)
— 1

1 dz((:c + 2 +x)>
eize = =
fized = (23 4 22 + x)°

+3(0)

13242041
22342241z

part (b)

Here the values e;, §; are found for ¢ = 1- - - ky where k, is the number of roots of ty = z34+2%+2.
In other words, the number of poles of r that are of order 2. There are three poles of order 2.
Hence ks = 3. These poles at z = {0 —1 + 12'\/_ } The coefficient of —15 where c; is first

pole is by = —% Henceel Vv1+4 _w/1+4 — —0and91

= (. The coefficient

of (x—cQ)Z where ¢, is second pole is by = (9’1‘::;) Hence ey = \/1 +4b = ‘f(v fiio}{
and 6, = 2 = 3 (_;f‘/jgv) zfjgi?_ ) The coefficient of )2 where c3 is the third pole is
_ —9zf+2 /T L Ah — V3V2-30iv3 es  _ 2v/3v/2—30iv/3
= 3(1+iv3)" Hence eg = vI+4b = 3(14ivE) Sand 6y = ;5 = 3(1+iv3) <i~/5+2x+1>. Hence
f\/2+301 V3V/2 — 30iv/3
0 3(-1+1iv3) ’ 3(1+Z\/_)
a—Jo —2v/3v/2 + 30i/3 2v/3v/2 — 30iv/3

"3(-1414v3) (ivV3—22-1)"3(1+iv3) (ivV3+2z +1)

Part (c)

This part applied only to case 1. It is used to generate e;, 6; for poles of r order 4, 6, 8 if any
exist. Since only order 2 pole exist, then this is skipped. Hence ks stays 3.

Part(d)

Now we need to find e, §p. Since this is case O(00) =4 > 2 and since there are no poles or

order 4,6,8,--- then we do not need to handle case n = 1. Instead we use
€y =
0o=0
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Hence now we have

o {1 o V3V/2+ 3013 \/3\/2—301'\/3}
T3 (-1+iv3) T 3(1+14v3)

o {0 . —2v3v/2 + 30iv/3 2v/3v/2 — 30iv/3 }
T3 (-1414v3) (iV3-22-1)"3(1+iVv3) (iV3+ 2z +1)

The above are arranged such that ej is the first entry. Same for 4. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
¢’s and #'s. In step 2, these are used to generate trials d and 6 and find from them P(z)
polynomial if possible.

Step 2
In this step, we now have all the e;, 6; values found above in addition to efiz, 0¢;s.

Starting with n = 1. And since we have ky = 3 then there are (n + 1)szrl =2 =16 sets s
to try. The first set s is

_—n—n—n—n_—l—l—l—l
*T1 2222 ([ 122" 2" 2

Now we generate trial d using

k2
d = (n) (efiz) + So€o — Z s;€;
i=1
Since k; = 3 then the above becomes
d = (n) (efiz) + So€o — S1€1 — S2€2 — S3€3 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

k2
6 = (n) () + . 5i6 )
=0
Hence the first trial d is (using Eq (7)) and recalling that efi; = —1,0fizeqd = % %ijffi gives
i=wEy+(F)en-(F)o-(F) V3V2+30V3) _ () V3v/2— 30iv/3
2 2 2 3(—1+iv3) 2 3(1+iv3)
7. 3
=—§iV3-3
-1 -1 41

Since not an integer, we try next set s = {‘71, 555 5
find that set s = {1, 3!, 5!, £1} works and generates

}. If we continue this process we will

o= ()er-(F)0-(3) (T -0 (5557)

=0
We can use this d. From Eq (8)
© = (n) (0iz) + S0bo + 5101 + 5202 + 5303
-0(5757) (3) 0+ (3) 0+ (3) i) 6

_ 1222 -2z +1
T2z 24 z+1

Now that we have good trial d and ©, then step 3 is called to generate P(z) if possible.
Step 3
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The input to this step is the integer d = 0 and © =

1022 —8z—1
422 (z2+z+1)

1 2x%2-2z+1
2z x2+4+x+1

r = —o—2=, Since degree d = 0, then let p(z) = 1. A constant. We need to verify

P"+20P' + (6/+©*—r)P=0
0+60°—r=0

Substituting gives

1022 — 8x — 1

dr\2z 22 +z+1

Verified. The solution is
z = P(z)el ®%

2
1 2z°—2x41
— ef 2% 224w+l dz

= (x2 +z+ 1)i \/Ee_%‘/gaman(

Hence first solution to given ODE is

-1
Y =ze? J adz

= (" +z+ 1)i \/Ee_%‘/gaman(

xe—% 3arctan

V4 zx+4

< (2w+31)\/§ >

d (122 -2x+1 1222 -2z +1\2
- + -
2r 224+zx+1

(21+31)\/§>

Second solution y, can now be find by reduction of order.

4.2.12 Example 12 case one
Let

(2z+

—1 1
eTf <z>(z>++1)

3

1)\/??)

(r»—2z)y"+ (2—-2*)y + (22— 2)y =0

Normalizing so that coefficient of y” is one gives

(2_1:2) /

(2z-2)

yl/ +

(x%2 — 2x)y

(x% — 2z) Y

=0

y" +ay'(xz) + by =0

Hence

a=

b=

(2 —a?)
(22 — 2x)
_ (-2)
(2% — 2x)

_4z2(x2+:c—|—1)2 -

0=0

>m

It is first transformed to the following ode by eliminating the first derivative

z

7

=rz

Using what is known as the Liouville transformation given by

y:ze%lf

Where it can be found that r in (2) is given by

1 1
r=Za2+§a'—b

() i

_at — 8’ + 242? — 242 + 12

adz

(2-a?)

(2z —2)

(

x? — 2x)

422 (z — 2)°
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Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

, ot —8z%+ 24x% — 247 + 12
2= 2

422 (z — 2)° ©)

Step 0 We need to find which case it is. r = $ where

s =x* — 8z + 2422 — 24z + 12
t = 4z%(x — 2)°

The square free factorization of ¢ is ¢t = [1, z(xz — 2)]. Hence
m =2 (6)

Since m is number of elements in the free square factorization. in this case we set

t1=1
to = z(z — 2)

Now

O(0c0) = deg (t) — deg (s)
=44
=0

There is one pole at £ = 0 of order 2 and one pole at z = 2 also of order 2. Looking at the
cases table

case | allowed pole order for r = { | allowed O(co) order L
1 | {0,1,2,4,6,8, -} (- ,—8,-6,-4,-2,0,2,3,4,5,6,7,- -} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 | {1,2} {2,3,4,5,6,7, -} [4,6,12]

Shows that only case 1,2 are possible. L = [1,2].
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts €fized, 0 fizeq are calculated using
1, .
€ fized = Z(mln (O(00),2) — deg (t) — 3deg (1))
1/t t
0 ized — S| 1
fived = 4 < 7 + 3t1)
Using O(o0) = 0,t = 4z*,¢; = 1 the above gives

€ fized = i(min (0,2) —4 — 3(0))

1
= Z(O —4)
=1
1 %(4x2(ag — 2)2)
efiwed = Z ( A2 (Z‘ _ 2)2 + 3(0))
_ z? — 3z +2
z(z—2)°
oz —1
Cz(z—2)

part (b)
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Here the values e;, 0; are found for ¢ = 1- - - ky where k, is the number of roots of t; = z(z — 2).
In other words, the number of poles of r that are of order 2. There are two poles. Hence
ko = 2. These poles c; Where i =1,2 at x = {0,2}. For each ¢; then e; = m where b
is the coefficient of )2 in the partial fraction expansion of r and 6; = . The partial
fraction expansion of r is

ot — 8’ + 242? — 24z + 12

472 (z — 2)°
_1.31_1 1 3 1 31
4 4z 4(z-2) 4(z-2)7° 42°
The coefficient of )2 where ¢; = 0 is first pole is b; = from looking at the above. Hence

=+1+4b= 1 +4(3)=2and 6, = = 2 The coefficient of )2 where ¢y = 2 is

second pole is by = %. Hence e; = v1+4+4b=,/1 +4 Z =2and 6, = E = E' Therefore

the lists e, 0 are

e={2,2}
9={§’z32}

This part applied only to case 1. It is used to generate e;, 8; for poles of r order 4,6,8,--- ,k
if any exist. There are none. This step is skipped.

Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6y = 0. But if O(c0) = 2 then 6y =0
and ey = v/1 + 4b where b is the coefficient of x% in the Laurent series expansion of r at oo.
Since O(o0) = 0 here then none of these cases applies. For case 1 (n = 1) we first find [r]_
the sum of terms z* for ¢ = —%,--- 0 where v is the O(co) which is zero here. Hence

Part (c)

v=20

The following is sum of terms from the Laurent series expansion of 1/r at £ = oo which is

[\/7_"}00:1—14‘34'24"“

2 z ¥ ¢

We want only terms for 0 < i < v but v = 0. Therefore only the constant term. Hence

b=-1
Hence
b
€= —= -2
a
bo=2[vr]_ =1
Hence now we have
e={-2,2,2}




The above are arranged such that ej is the first entry. Same for 6. This to keep the same
notation as in the paper. The above complete step 1, which is to generates the candidate
€’s and #'s. In step 2, these are used to generate trials d and 6 and find from them P(z)
polynomial if possible.

Step 2
In this step, we now have all the e;, 8; values found above in addition to efiz, 0.

Starting with n = 1. And since we have ky = 2 then there are (n + 1)**! = 23 = 8 sets s to

try. The first set s is
s=d—m-n-nl_J-1-1-1
27272 127272

Now we generate trial d using

ko
d = (n) (efiz) + s0€0 — Z 8i€;
i=1
Since ko = 2 then the above becomes
d = (n) (efiz) + Soeo — s1€1 — 5262 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

x2—3x+2
z(z—2)?

Hence the first trial d is (using Eq (7)) and recalling that efi; = —1,8fizeq = gives

i-0E+(F) - (F)o-(F)e
=2

This will work. Let us find all of the d so to compare with the solution to same ode using
original kovacic algorithm given earlier to see if we get same d's. We try next set s =

-0+ - (F)o-(F)e
=2
Trying next set s = {54, 3, £}
i-0E+(F) - (F)o-(5)e
=0

Trying next set s = {"‘Tl, _71, _Tl
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Trying next set s = {£}, 51, £}

Trying the next set s = {41, £, 1}

Y

|

OK, we have all d values. We now try the ones which are d > 0 and these are d — 0,d = 2.
Trying d = 2 first which used the set s = {3}, 5, 5L} gives {1, 2, -2

6= (n) (Gfm) + 8090 + 8191 + 82191

= (1) (%) + (_71) (1) + (_71) (%) * (%) (xiQ)
122-2

2 x—2

Now that we have good trial d and ©, then step 3 is called to generate P(z) if possible.
Step 3

_1a?-2
2 z—2

which comes from 2’ = rz. Since degree d = 2, then let

The input to this step is the integer d = 0 and © =
2482342422 247+12
472 (z—2)?
p(z) = 22 + a1 + a,. Solving for p(z) from

found from step 2 and
also r =

P"+20P' + (6 +©*—r)P=0
gives p(z) = z? as solution. Hence the solution is

z = P(z)el ®%

1 222
= x2ef_ﬂsz2 dz

Hence first solution to given ODE is

-1
Yy =ze? J adz

(2_12) dz

-1
_%67 d (zz—Zw)

Nl

The second solution can be found by reduction of order.
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4.2.13 Example 13 case one

Let
" x !
_ =0
Y +1—xy 1_ Y
Y +ay(z) +by=0
Hence
. T
T 1-2z
1
b=—
1—2x

It is first transformed to the following ode by eliminating the first derivative
2 =rz

Using what is known as the Liouville transformation given by

adzx

y:ze%lf

Where it can be found that r in (2) is given by

_1 T 2+1i T (_ 1
T 4\1—1z 2dz\1—zx 1—zx

Hence the DE we will solve using Kovacic algorithm is Eq (2) which is

,,:z2—4x+6

z
4(z—1)°
Therefore
s
r=-
t
2 —4x +6
4(x—1)°

Step 0 We need to find which case it is. r = $ where

s=x*—4z+6
t=4(x — 1)

The square free factorization of ¢ is ¢t = [1, (x — 1)]. Hence
m =2

Since m is number of elements in the free square factorization. in this case we set

tlzl
tzz(.'L'—l)

Now

O(c0) = deg (t) — deg (s)
=2-2
=0

There is one pole at £ = 1 of order 2. Looking at the cases table
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case | allowed pole order for r = { | allowed O(oco) order L
1 {0,1,2,4,6,8,---} {-,-8,-6,-4,-2,0,2,3,4,56,7,---} | [1]
2 {2,3,5,7,9,---} no condition [2]
3 {1,2} {2,3,4,5,6,7,---} [4,6,12]

Shows that only case 1,2 are possible. Hence L = [1,2].
Step 1
This step has 4 parts (a,b,c,d).

part (a) Here the fixed parts efized, Ofizeq are calculated using
1, .
€fived = 7 (min (O(00),2) — deg () — 3deg (1))
1/¢ t
0 ized — S| 1
fived = 4 ( ; + 3t1)
Using O(o0) = 0,t = 4(z — 1)*,#; = 1 the above gives

qmﬂzimmmam_z—sm»

=,0-2)
_ 1
T2
1( &4z -1)7
waed = Z( 4 (x _ 1)2 3(0)>
_ 1
2z —2

part (b)

Here the values e;, 0; are found for s = 1- - - k; where k5 is the number of roots of to = (z — 1).
In other words, the number of poles of r that are of order 2. There is one pole of order 2.
Hence k, = 1. For each pole ¢; then e; = v/1 + 4b where b is the coefficient of ——; in the

(z—c;)
partial fraction expansion of r and 6; = The partial fraction expansion of r is

€
r—c; '

P-4r4+6 1. 3 11
4(z—172 4 4(z-1° 2z-1

The coefficient of ﬁ is by = 3 from looking at the above. Hence ¢, = v1+4b =

1+4 (%) =2and §; = wi—lcl = ﬁ.Therefore the lists e, 0 are

e ={2}

- {5)

This part applied only to case 1. It is used to generate e;, 8; for poles of r order 4,6,8,--- , k
if any exist. There are none. This step is skipped.

Part(d)

Now we need to find eg, 6y. If O(c0) > 2 then ey = 1,6y = 0. But if O(c0) = 2 then 6y =0
and ey = v/1 + 4b where b is the coefficient of xlz in the Laurent series expansion of r at oo.
Since O(o0) = 0 here then none of these cases applies. For case 1 (n = 1) we first find [r]_

the sum of terms 2 for i = —%,---0 where v is O(co) which is zero here. Hence v = 0. This

sum of terms is from the Laurent series expansion of 1/r at £ = co which is

Part (c)

1 1 1

Vrlo=5-5;+t 5+
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We want only terms for 0 < ¢ < v but v = 0. Therefore only the constant term. Hence

0

. . _v
Then a is the coefficient of 72 = z” or constant term. Hence

CL=§

And b is the coefficient of z2 "' =z in 7 — ([/7] 00)2. This comes out to be

1
b=—-
2
Therefore
b _1
€y = E = ?2 =-1

Hence now we have

e={-1,2}

2
o= {12}

The above are arranged such that ej is the first entry. Same for 6. This to keep the same

notation as in the paper. The above complete step 1, which is to generates the candidate
¢’s and #'s. In step 2, these are used to generate trials d and € and find from them P(x)
polynomial if possible.

Step 2
In this step, we now have all the e;, 6; values found above in addition to ey;z, 0.

Starting with n = 1. And since we have ky = 1 then there are (n + 1)'chrl =22 =4 sets s to

try. The first set s is
-n —n -1 -1
S = — = —_—, ——
27 2 27 2

Now we generate trial d using

ko
d = (n) (efiz) + Soeo — Z Si€;
i=1
Since ky = 1 then the above becomes
d = (n) (efiz) + o0 — S1€1 (7)

If d > 0 then we go and find a trial ©. We need to have both d, © to go to the next step. ©
is found using

Hence the first trial d is (using Eq (7)) and recalling that efi, = —3,0fized = 5. gives using

set {3, 3
-0 () (F)eo- ()

=1
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This will work. The corresponding © is from (8)

1
6= (1) (2x — 2) + 8090 + 8191
1 1 1 2
= s sy
2z -2 2 2z —1
1 =z

2z —1

Let us find all of the d and © so to compare with the solution to same ode using original

kovacic algorithm given earlier to see if we get same d’'s. We try next set s = {_—1 £

d::ﬂ)(—%>-k<%;)(—1%—(%;)(m

— 1
We skip this d since negative. Next is s = {£!, 51
1 1 -1
—W(-z)+(z)n-(=) e
- (-3)+(3)v-(F) @

=0

The corresponding O is from (8)

1
@:(1) (2%—2) +5000+8191
1 1 1 2
= (1) ==
2x—2+2( 2z -1

_ a2
2(z—1)
The next set is {%1, +71
= () +(3)en-(3)e

OK, we have all d values. We now try the ones which are d > 0 and these are d = 0,d = 1.
Let us use d = 1 case. Now that we have good trial d and ©, then step 3 is called to generate
P(z) if possible.

Step 3
The input to this step is the integer d = 1 and © = —%ﬁ found from step 2 and also
= —ff(;f”i;rf which comes from 2" = rz. Since degree d = 1, then let p(x) = = + a. Solving

for p(z) from
P"4+20P' +(0'+0°—r)P=0
gives p(x) = x as solution. Hence the solution is

z = P(z)el ®%

1
= xef_iﬁdx

The second solution can be found by reduction of order.
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5 Notation mapping between Saunders/Smith
algorithm and original Kovacis algorithm

I have implemented the original Kovacis algorithm using Maple 2021 based on the origi-
nal paper (1). The following are notation difference between the two algorithms and the
implementation by Smith [3] that I found.

1. Kovacis algorithm uses aZ defined as o, = ;£ 1+/1 + 4b for the case when O(c0) = 2.
Smith algorithm uses ey for the v/1 + 4b part only. In both algorithms the b value is
calculated in the same way. It is the coefficient of %2 in the Laurent series expansion of

r at 0co. But we do not need to find Laurent series expansion of r at oo to find b here.

looel ) where r = # and ged (s, ) = 1.

2. Smith algorithm finds ey, es, - - - values for each pole. This is part b of step 1 for poles
of order 2, these correspond to only the v/1 + 4b part in Kovacis algorithm (this is part

c2 of stepl), where there it finds [/7]_ for each pole and of = 3 £ 5+/1+ 4b where

b is the coefficient of —— in the partial fraction decomposition of . This b value is

(z—c)?
also the same for Smith algorithm in its €’s.

It can be found using b =

More mappings to be added next.
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