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1 Frobenius series. Indicial equation with repeated root

1.1 Example 1. homogeneous ode z%y"(z) + zv/'(z) + z%y(x) = 0

Solve

2y (z) + zy/ (z) + 2°y(z) = 0

Using power series method by expanding around = = 0. Writing the ode as

y/(@) + 3/ (2) +y(a) =0
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Shows that z = 0 is a singular point. But lim,_, x% = 1. Hence the singularity is removable. This
means z = 0 is a regular singular point. In this case the Frobenius power series will be used instead

of the standard power series. Let

o0
y(x) — z anxn+r
n=0

Where r is to be determined. It is the root of the indicial equation.

o0
y'(@) =2 (n+r)ana™ !
n=0
oo
y'(x) = Z (n+r)(n+r—1)a,z" "2
n=0

Substituting the above in (1) gives

[eo] o0 o
z? Z (n+r)(n+r—1a 2" 2 +z Z (n+7)a,z™ 1 4 22 Z a,z™t" =0

n=0 oy —~
Z (n+r)(n+r—-1) anz™t" + Z (n+7) anz" T+ Z 4,z = 0
n=0 7e0 =

(2)



Here, we need to make all powers on x the same, without making the sums start below zero. This
can be done by adjusting the last term above as follows

oo [eS)
§ anxn+r+2 — § :an_zxn—i-r
’I’L:O n=2

Eq (2) becomes

oo o0 (e o]
Y ntr)(n+r—1ang™ +> (n+7)anz™ + ) an2z™" =0 (3)
n=0 n=0 n=2

Eq (3) is the base equation which is used to find roots of indicial equation. For n = 0 the above gives
m+r)y(n+r—1)aoz" + (n+7r)agx” =0
(r)(r—1)apz" + (r)apz” =0
(r(r—1)ag+rap)z" =0

(rr=1)+7)apz" =0 (4)
Since ag # 0 then (4) gives
r(r—=1)+r=0
rP—r+r=0
r2=0

Hence the roots of the indicial equation are r = 0 which is a double root. Hence r; = ro = 0. This
is the case when roots of indicial equation are repeated. In this case the solution y,(z) is given by

yn(z) = c1y1(z) + c2y2(z)

Where y; (z) is the first solution, which is assumed to be

o0
y1(x) = Z anx™t" (5)
n=0
This is the standard Frobenius power series, just like we did to find the indicial equation, the only
difference is that now we use r = r1, and hence it is a known value. Once we find y;(z), then the
second solution is

y2(2) = y1(2) In (2) + Y bna™*" (6)

Something important to notice. In the sum above, it starts from 1 and not from 0. The main issue is
how to find b,,. Since that is the only thing we need to be able to complete the solution as ¥ (z) is
easily found. It turns out that there is a relation between the b,, and the a,,. The b, can be found
by taking just derivative of a,, as function of r for each n and then evaluating the result at r = ry.
How this is done will be shown below.

First we need to find y;(z). Substituting (5) in the ODE gives (3) again (but now with r having
specific value ry).

Z m+7r)(n+r—1)a,z"t" + Z (n+71)anz™™ + Z Ap_ox™t" =0 )
n=0 n=0 n=2

Now we are ready to find a,, for n > 0. We skip n = 0 since that was used to obtain the indicial
equation.

For n = 1. Eq (7) gives
m+r)y(n+r—1ar+(m+r)a; =0
1+rAQ+r—1a1+(Q+7)a;1 =0
(Q+r)Q+r-1)+(1+4+r)a1=0
(r+1)%a; =0

But » = r; = 0. The above becomes a; = 0. It is a good idea to use a table to keep record of the a,
values as function of r, since this will be used later to find b,,.

n o ap  ap(r=r1)
aop aop
1 0 0

For n > 2 now we obtain the recursive equation. Notice that the recursive equation starts from n
which is the largest lower summation index. In this case it is n = 2. For all lower index, we have
to find a,, without the use of recursive equation as we did above for a;. Using (7), the recursive




equation is
m+r)y(n+r—Dan+n+7r)an+a,—2=0

a”:_(n+r)(n+r:1)+(n+r) ®

The above EQ. (8) is very important, since we will use it to find all a,. It is valid only for n > 2.
Now we find few more a,, terms. From above and for n = 2

ao
2T Crr—1)+ 2+
— ao
T (r+2)?
and 7 = 71 = 0 then the above becomes
_ ap Qo
as _W Y
The table now becomes
n  an(r) an(r=r1)
0  ap 1
1 0 0
2| - ('r-(ll-02)2 %
And for n =3
a

BETEINBTr D+ B+7)

But a; = 0. Then a3 = 0. The table becomes

n o an(r) an(r=r1)
0 ag ap
1 0 0
2 —gypp Td
3 0 0
For n = 4 Eq (8) gives
ay = — a2
4 d+r)d+r—-1)+@+1)
But as from the table is —ﬁ. Hence
___ o
asfr) = - 42 ___
A+r)(d+r-1)+@+r)  (2+6r+8)°
The above becomes at r =7y =0
a ao ag
4= ——5 = —
(8) 64
The Table now becomes
n an(r) an(r=r1)
0 ao aop
1 0 0
2 | - (7*102)2 —%
3 0 0
4 49

a0 _  a
(r2+46748)> 64
For n =5 Eq (8) gives

ag
m+r)(n+r—1)+(n+r)
But a3 = 0, hence a5 = 0. The table becomes

as = —

n  an(r) an(r =r1)
0 ao ap
1 0 0
9 —_s_  _d
(r+2) 4
3 0 0
4 G __ an
(P+6r18)> 64
5 0 0
For n = 6 Eq (8) gives
_ as(r)
%) = G Grr—1)F 6+



But from the table a4 = so the above becomes

ag(r) = — GEED; __ %o
6+r)(6+r—1)+(6+7)  (r+6)°(r2+6r+8)°

At r = r; = 0 the above becomes

e = — ao __ %
° 7 7 (6)%(8) 2304
The table becomes
n | ap an(r=11)
0 ag ao
1 0 0
2 - (1"—7—02)2 - %O
3 0 0
4  — G ag
(r2+67+8)2 64
5 0 0
6 _ QG — _@o
(r+6)2(r24+6r+8)2 2304

And so on. Hence y; (z) is

o0
y1($) — Z anxn+r
n=0
But r = r; = 0. Therefore
y1(z) = ag + a1z + apx? + azx® + agx? + asx® + aga® + - -
1 1
= 1— g2 4 4~ 264 ...
“°< 17 T Tamd” > ©)

We are done finding y; (x). This was not bad at all. Now comes the hard part. Which is finding ya(z).
From (6) it is given by

() =y1()In(z) + Y _ bpz™t"
n=1
To find b, we will use the following

bn = %(an) (10)

Notice that n starts from 1. Hence

bir) = 4 (@ (r)

=71
What the above says, is that we first take derivative of a,, w.r.t. r and evaluate the result at the root
of the indicial equation. Using the table above, we obtain (recalling that r; = 0 in this example)

n | ap an(r=mr1) bp= d%(an) b (r =11)
0 ag ao N/A since b starts from n =1 N/A
1 0 0 0 0
92 @ _ a0 a <_a70> — _2a0 _ 2a9 _ ag

(r+2)2 4 dr\ " +2)% ) = r+2)? 2° = 4
3 0 0 0 0

a, a d a _ 2r+6 6 __
4 Ererter 64 ar ((r2+62+8)2) = —280 ;71 6,1.8)° —2a0 @ =
5 0 0 0 0
a a d a _ 3r2424r444 4  _

6  —GTererrerte? 2304 dr <_ (r+6)2(r20+6r+8)2> = 2ag (r3+;2r2+24r+48)3 2a0 z5y5 =

We have found all b,, terms. Hence using (6) and since 7 = r; = 0 then

y2(z) = y1(z) In () + (b1z + boz® + b3z® + baz* + bsz® + bez® + -+ -)

But from the above table, we see that by = 0,by = 72,b3 = 0,by = —%,bg, =0,bg = 1131§‘2°4. The
above becomes

- 1o 3 4 11 6 8
yg(x)—yl(x)ln(x)+a0<4x 58% T 13802° +0(z%) (11)
And we know what y;(z) is from Eq (9). Hence the above becomes
_ 1, 14 1 8 1o, 3 4 11 6 8
yQ(x)_ao(l 1% e T gea® TOW) ) In(@) +ao| g2t - et + fgpyet + 0




Therefore the general solution is
y(z) = 191 (z) + coya(z)
1 1
= apcy (1 -ty gt —a% 4 O(x8)>

1 1 1 1 3 11
1oLt doa 1 6 8 ) 1 1o 3 4 11 6 8
+a002(< 1% 5% mu® +0(z )) n(a:)+<4x 5% t 13824% +0(z )>>

We can now absorb ag into the constants ¢, cs and the above becomes

_ 1o, 14 1 8
y(@) = <1 1" T " mu® o)
1 1 1 1 3 11
1— 2p24 — g4 6 8) 1 12 9 4 6 8
+cz<< 1% Y5 " 5301° +0(2%) | In(z) + 2% " 128% T 3804° + O(z®)
It it easier in implementation to just make ag = 1 at the start of this process so we do not have to
carry it around, and that is what we will do from now on.

This completes the solution. The only difficulty in this method, is to make sure when finding the b,
is to have access to the a,, with r being unevaluated form in order to take derivatives correctly. This
was done above by keeping a table of these quantities updated.

1.2 Example 2. inhomogeneous ode example
z2y" (z) + zy/(z) + z%y(x) = sin (z)

Solve
2%y () + 2y’ (z) + 2°y(z) = sin (z) (1)
This is the same example as example 1, but with non-zero on RHS. Expanding sin (z) gives
1 1 1
2,1 / 2 3 5 7
—r— - . S . 1A
o7y’ (z) + 2y (2) +27y(2) = 2 — g2° + opa” — et + (1A)

The solution is

Y=Y+ Yp
Where we found y; above. We just need to find y, now. This is done by finding y, that corresponds
to each separate term on the RHS at a time. i.e. we need to find y, for each of the following problems

2%y (@) + 2y (2) + 2%y(z) = @ (24)
2y/(@) + 2y () + y(@) = —g2® (2B)
Py () + 2y () + %y(x) = 357" (20)

Then add all the y, found from each solution.

Starting with (2A). Let yp, = > oo c,z™t". Substituting in (2A) and simplifying, we get as was
done in EQ (3) in the first problem, which is the following (with now a,, changed to ¢, and with the
RHS not zero anymore)

[e9) oo (o9)
D tn+r)(ntr—1caz™+ ) (n+r)end™ + > cppa" =1z *)
n=0 n=0 n=2

Forn=0

(r)(r—1)coz" +rcpz” =z
(rr—=1D)+7r)cz" ==z

Balance gives r =1. And (r(r — 1) +7)co =1 or ¢g = 1. Since we found r = 1 then (*) becomes

Z n(n+1)cpz™ + Z (n+1)cpz™ + Z Cngz"l =2 (3)
n=0 n=0 n=2

Now that we used n = 0 to find r by matching against the RHS which is z, from now on, for all
n > 0 we will use (3) to solve for all other ¢,,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any x on the right. For n = 1 then (3) gives
2¢12% + 2122 =0
4c122 =0
Hence ¢; = 0. For n =2 EQ (3) gives
2(3) c32® + 3c3x® + coz® = 0
x3(9c;; +¢0)=0
1

Hence 9c3 +co = 0 or c3 = —5 since we found ¢; = 1. We continue this way and find that



— — _1 = =-__1
c3 =0,c4 = 555,65 = 0,06 = — 37535 and so on. Hence

o0
yp1 — § /‘cnxn—i-'r
n=0

oo
= E cnz™ !
n=0

= cox + 122 + cox® + c3xt + a2’ + 528 + gz + - - -
1 . 1

1
:x——x3+ 7_|_

0" 225" T 11025"
Now we repeat the above for the second problem (2B)

1
2y (@) + 2y (¢) + 2*y(z) = —o°

Let yp, = > ro o cnZ™'". Substituting in above and simplifying, we get as was done in Eq (3) in the
first problem, the following (with now a,, changed to ¢, and with the RHS not zero anymore)

oo o0 o0
1
Z (n+r)(n+r—1)cyz™™ + Z (n+7)cpz™™ + Z Cp—ox™t" = —gx?’ *
n=0 n=0 n=2
Forn=0
1
(r) (r — 1) coz” + regz” = —éxg
1
(r(r—1)4+r)coz” = —6x3
Balance gives 7 = 3 and (r(r —1)+r)co = —% or (6+3)co = —¢ or ¢g = — ;. Since we found
r = 3 then (*) becomes
[ee] (e 9) oo 1
Z (n+3)(n+2)cpz™3 + Z (n+3)cpz™3 + Z Cn_oz" 3 = —6x3 (4)
n=0 n=0 n=2

Now that we used n = 0 to find r by matching against the RHS which is z, from now on, for all
n > 0 we will use (4) to solve for all other ¢,,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any 3 on the right. For n = 1 the above gives

(4) (3) c1z* + 4c1z* =0
16c1z* =0
Hence ¢; = 0. For n =2 EQ (4) gives
(5) (4) coz® + 5eax® + coz® =0
z5(25¢3 + o) =0
Hence 25¢c; +co =0or cg = —52 = —_T? = T150' For n = 3 then (4) gives
(6) (5) c3x5 + 6c3x® + c125 =0
Which gives ¢5 = 0 since ¢; = 0. For n = 4 then (4) gives
(7) (6) cax” + Teax” + coz” =0
z7(49¢cs +¢c2) =0

1
Hence 49¢4 +co =0 or ¢y = -2 = —1350 = —_L1__ We continue this way. Hence
49 49 66 150

o]
yp2 — E cnxn—i—r
n=0

[e%S)
— E Cnﬂ?n+3
n=0

= com?’ + 01:1:4 + czx5 + 03m6 + 04:1:7 + -
_ 1 3 1 5 1
= 754" T1350° T 66150°

Now we repeat the above for the next problem (2C)

LA

1
2y (@) + 2y (@) + 2*y(2) = 150"



And if we carry the same steps as above we will find that

)

— Z cn$n+7‘
n=0
)

= Z Cpz" P
n=0

= coa:5 + clx6 + cQa:7 + 03:1:8 + C4.’L‘9 —+ .-

_ 1 5 1 7 1 9

~3000° ~ 147000° T 11907000° T
We keep doing this for as many terms as we have on the right side. At the end, all y,,, are added.
This gives the final y,

Yp =Yp, +Yp2 T+ Yp3 +---

1 + L 5 # 7 +
=e— 52+ 5527" ~ 17557
1, 1 o 1 ..
" 54” T 1350° T 66150
1 . 1 1

x7+ x9+

+ 3000° ~ 147000 11907000

1
— 7 9 ..
246960 T 20003760° T

Which results in
_$+Z’3 _l_i +CE5 i‘ki‘f‘i —|—[E7 _ 1 _ 1 _ 1 _ 1 +
Yo = 9 54 225 1350 © 3000 11025 66150 147000 246960

=z+° _T + 2° 149 + 27 __21el +
N 54 27000 18522000

Hence the solution is

Y=Y+ Yp
Using yp, from the above problem gives the total solution as

1 1 1
y—c1(1—4m +a ~ 9304°% 2 +0(z ))

1, 1, 1 1 3 11 .
+cz(<1 4x +61% ~ 3301° ¢+ 0(z )>ln(a:)+<4m 198°% +13824 ¢ +0(z )))

(o Tgey 149 o 2061 o
547 7270007 ~ 18522000

1.3 Example 3. homogeneous ode example (e* — 1)y’ (z) + e*y/'(z) + y(z) =

Solve
(e" = 1)y"(z) +e"y'(z) + y(z) =0 (1)

Using power series method by expanding around z = 0. Writing the ode as

T

(-7
Shows that x = 0 is a singular point. But lim;_,q xﬁ =1 and lim,_,¢ x2m = 0 Hence the
singularity is removable. This means z = 0 is a regular singular point. In this case the Frobenius
power series will be used instead of the standard power series. Let

o0
= E anz" "
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

I ! 1
y'(z) + (z) + my(x) =0

Y(@) = (+r)ana™t!
0

o0
=Z n+r)(n+r—1)a,z" "2
n=0

n

Substituting the above in (1) gives

oo o0 o0
€ -1> (n+r)(n+r—1az""?+e" Y (n+r)anz™ T+ apa™t =0
n=0 n=0 n=0



Expanding e” in Taylor series around x gives e” = 1+ z+ 322+ ¢2°+ 5;2* +- - - . The above becomes

<x+2m +6x +tor )sz:%(n—l-r)(n—k'r 1) anz
(o9) (o9)
n+r—1 n+r __
<1+x+2x +6:c +24 4 )Z(n+r)anx +Zanx =0 (1)

n=0 n=0

Expanding gives (and keeping only terns up to z* gives

(e o) (o9) oo
1 1
x E n+r)(n+r— 1)ana:"+T_2+§w2 E (n+r)(n+r—1) anx”+r_2+6x3 E (n+r)(n+r—1)a,z"" 2
n=0 n=0 n=0
1 ot +r—2 +r-1 o1, 1 2 +r—1
24 E (m+r)(n+r—1)az™ " +E (n+r)apz"™" +.’L’E (n+7r)apz"™" +2m E (n+7)apz™™"

n=0 n=0 n=0 n=0

1 (e 9] 1 [e9) (e 9]
+ gz?’ Z (n+7)az" ™! + ﬂx‘l Z (n+71)az™ ™+ Z anz"" =0
n=0 n=0

Moving the z inside the sum, the above becomes

(n+r)(n+r—1)az"™" 1+Z n+r)(n+r—1)anx"+r+z (n+r)(n+r—1)a,z"t

NE

- n= O n= O
+Z ﬁ(n +r)(n+r—1) anxn+r+2+z (n+r) anw"+’“—1+z (n+7) an$”+r+z 5(n +7) a,z" T
" n=0 n=0 n=0
+Z TL—I—T "+T+2+Zz4 n+"')anxn+r+3+nzoa " =0

Here, we need to make all powers on x the same, without making the sums start below zero. This
can be done by adjusting the last term above as follows

Z n+r)(n+r—1)a,z"t" 1+Z (n+r—1)(n+r—2)a,_12""" 1+Z (n+r—2)(n+7r—3)ap_oz""
n=0

nl n2

[e9) oo o0 oo
1 1
+ E % (n+r—3)(n+r—4)a,_3z" "1+ E (n+7)az" 14 E (n4+r—1)a,_12"" 14 E §(n—|—r—2) an
n=3

n=0 n=1 n=2
+ Z é(n—i— r—3)an_sz" T+ Z 24(n+r —4) ap_gz" T 4 Zan 1"l =0 (2)
n=3 n=4 n=1

The case n = 0 gives the indicial equation
(n+r)(n+r—1)+(n+7r)=0
(r)(r-1)+(r)=0
r2=0
Hence the roots of the indicial equation are r = 0 which is a double root. Hence r; = 72 = 0. When
this happens, the solution is given by

y(x) = c1y1(x) + coya(z)

Where y;(z) is the first solution, which is assumed to be

yi(@) =) apa™" 3)
n=0

Where we take ap = 1 as it is arbitrary and where r = ry. This is the standard Frobenius power
series, just like we did to find the indicial equation, the only difference is that now we use r = rq,
and hence it is a known value. Once we find y; (), then the second solution is

y2(z) = y1(z) In (2) +anm (3)

Something important to notice. In the sum above, it starts from 1 and not from 0. The main issue is
how to find b,,. Since that is the only thing we need to be able to complete the solution as ¥ (z) is
easily found. It turns out that there is a relation between the b, and the a,,. The b, can be found
by taking just derivative of a,, as function of r for each n and then evaluate the result at r = r;.
How this is done will be shown below. First we need to find y; (z). We take Eq(3) and substitute it
in the original ODE. This will result in Eq (2) which we found above so no need to repeat that. We
just need to remember that now we now what r is. It has a numerical value unlike the above phase
where we still did not know its value.

Now we are ready to find a,,. We skip n = 0 since that was used to obtain the indicial equation, and
we know that ag = 1 is an arbitrary value to choose. We start from n = 1.




For n =1 only, using Eq (2) gives
(n+7')(n+r—1)a1+%(’rH-r—1)(n+r—2)a0+(n+r)a1+(n+r—1)a0+ao=0
(1+r)(1+r—1)a1+%(1+r—1)(1+r—2)a0+(1+r)a1+(1+r—1)a0+a0=0
(I+r)A+r—-1)+1Q+7)a+ <;(1+7"—1)(1+7"—2)+(1+7"—1)+1> ap=0
But ag = 1. The above becomes
((1+r)(1+r—1)+(1+r))a1:—(;(1+7’—1)(1+7’—2)+(1+r—1)+1>

—(AAHr-1)A+r—2+Q+r—1)+1)  (r24r+2)

“= (T+r)A+r-1)+@Q+r)) T 224 4r 42

Which at r = 0 gives
a; = -1

It is a good idea to use a table to keep record of the a,, values as function of r, since this will be
used later to find b,,.

n an(r) an(r =r1)
0 1 1

(7‘2+r+2)
1 T 2r244ry2 -1

For n = 2 only, using Eq (2) gives
1 1 1
(n+r)(n+'r—1)a2+E(n—l-r—1)(n+r—2)a1—I—8(n+r—2)(n+'r—3)ao+(n+r)a2—i—(n—l—r—1)a1+§(n
1 1 1
(2+r)(2+r—1)a2+§(2+r—1)(2+r—2)a1+6(2+r—2)(2+r—3)a0+(2+7’)a2+(2+r—1)a1+§(2

((2+r)(2+r—1)+(2+r))a2+(;(2+r—1)(2+7‘—2)+(2+r—1)+1)a1+<€15(2+r—2)(2+7"—3)+;

1 3
(r+2)%as + <r2+r+2>a

2 2
But ap =1 and a; = —%. The above becomes
(r+2)7%as + L340 _(rar+?) +1r(r+2) =0
27\ 2 2 22 +4r+2) ' 6 -
rt 4+ 473 + 1772 4 26r + 24
(r+ 2)2 as = 5
2(r+1)
o — rt+4r3 + 1772 4+ 26r + 24
? 12(r +1)% (r + 2)°
At r = 0 the above becomes
L2 1
2T 1202% 2
The table becomes
n  an(r) an(r =11)
0 1 1
’!‘2—|—’!‘+2
1 _§r2+4r+)2 -1
2 ri4ar’ 417024267424 | 1
12(r+1)2(r+2)2 2

For n = 3 only, using Eq (2) gives
1 1
(n—{-r)(n—i—r—1)a3+§(n+r—1)(n+r—2)a2+6(n+r—2)(n+r—3)a1
1 1 1
+2—4(n+r—3) (n+r—4)a0+(n+r)a3+(n+r—1)a2+§(n+7’—2)a1+6(n+r—3)a0+a2 =0
Or
1 1
(3+r)(2+r)a3+5(2—%—7“)(1+r)a2+(3+r)a3+(2+r)a2+5(1+T)a1+a2=0
Or

(B+7r)(2+7r)+(B+7))as+ <;(2+r)(1+7‘)+(2+7")+1) a2+%(1+7‘)¢11=0

1 5 1
(r+3)%as + <2r2+2r+4) a2+§(1+r)a1=0



(r®+r+2) _ r*44r3 417024261424

“a a2 92 T T iapii)Piri2)’ The above becomes

But a1 =

1 5 1
(r+3)2a3=—(r2+r+4) a2—§(1+r)a1

2 2
1 5 44 4r3 + 1772 + 26r + 24 1 247142
= (3 ) (AT S 4+
2 2 12(r+1)°(r+2) 2 2r2 +4r 42

(r® + 3r® + 9r* + 53r® + 15872 + 208r + 144)
24 (12 + 3r + 2)°
(r® + 3r® + 9r* + 53r® + 15872 + 208r + 144)
24 (r2 + 3r + 2)° (r + 3)°

For r = 0 the above reduces to

az = —

. 144 1
T u@PE)? 6

The table becomes

an(r) an(r =r1)
1 1
(r?+r+2)
T 2rZydry2
ri4+ar3+17r24+26r+24 1
12(r+1)2(r+2)2 2
(r®+3r°+9r*+53r3+158r2+208r+144)

1
24(r24-3r+2)2(r+3)2 6

w N~ oS

And so on. Recursion starts at n > 5 but we have enough terms, so we stop here. y;(z) is

1)
yl(x) — Z anxn+r
n=0

But r = r; = 0. Therefore
y1(z) = ap + a1z + a22? + azz® + agx* + asx® + agz® + - - (6A)
_ 13 134
=1l—xz+ 23: 6:c +

We are done finding y; (x). This was not bad at all. Now comes the hard part. Which is finding ya(z).
From (3) it is given by

y2(z) = y1(z) In (z) + Z bzt

To find b,,, we will use the following

Notice that n starts from 1. Hence

b(r) = - (a(r)

=71

What the above says, is that we first take derivative of a,(r) w.r.t. r and evaluate the result at the
root of the indicial equation. Using the table above, we obtain (recalling that 7y = 0 in this example)

d

n an(r) an(r=r1) bu(r)= ﬂ(an(r))
0 1 1 N/A since b starts from n =1
11— (rP4r+2) _1 d(_(P+r+2)\ _  (r=3)

2125 4r 42 dr 2r2+4r+2 ) T 2(r41)3
9 | ritar’417r’426r4+24 1 d (rivardy1rr426r+24) _  (—r*+7r°+27r°453r446)

12(r+1)2(r+2)2 2 dr 12(r+1)2(r+2)2 - 6(r2+3r+2)3
3 _ (r®+3r°+9r*+53r°+158r>+-208r+144) = 1 d (_ (r°4+3r°+9r*+53r°+158r>+-208r+144) | _ (—9r7—44rS+24r°+e
24(r24-3r+2)2(r+3)2 6 dr 24(r24-3r+2)2(r+3)2 - 24

We have found all b,, terms. Hence
y2(z) = y1(z) In (z) + Z bt
n=1

And since r = r; = 0 then

y2(z) = y1(z) In (z) + (b17 + baz® + b3z® + byz® + b5z + bez® + -+ -)

But from the above table, we see that b; = %, by = ——gi, by = %, The above becomes
3 23 10
_ 1 9 a0 o iU 3 4
yo(z) = y1(z) In (z) + (2:1: 52% T 7% + O(z*)

And we know what y;(z) is from Eq (6A). Hence
3 23,

(1_. 135 13 4 S 10 5 4
yg(:z:)—<1 T+ - o +0(z ))ln(m)+<2x 51T + 7% + O(z%)
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Therefore the general solution is

y(z) = cry1(z) + coya(x)

_ 1s 13, 4 13 13, 4 3 23 5, 10 5 4
_c1(1 z+ 5 — o +0(z )>+cz<<1 T+ 5’ - oz +0(z*) ) In(z) + 5%~ 5% 327 +0(z

This completes the solution.

2 Frobenius series where indicial equation roots differ by an
integer

2.1 Example 1. homogeneous ode where log term is needed
z?y"(z) — zy(z) =0

Solve
o?y"(z) — wy(z) =0 (1)
Using power series method by expanding around z = 0. Writing the ode as
1
y'(2) - —y(@) =0
Shows that z = 0 is a singular point. But lim,_,o 222 = 0. Hence the singularity is removable. This

means = = 0 is a regular singular point. In this case the Frobenius power series will be used instead
of the standard power series. Let

o0
= E anz" "
=0

Where r is to be determined. It is the root of the indicial equation. Therefore

V(@)= (n+r)anamt?

n=0

Z n+r)(n+r—1)a,z" "2
n=0
Substituting the above in (1) gives

o0 o0
? Z (n+r)(n+r—1az"" 2 -z Z anz"" =0

n=0 n=0
Z (n+r)(n+r—1)a,z"" Z anz" Tt = (1A)
n=0

Here, we need to make all powers on x the same, without making the sums start below zero. This
can be done by adjusting the last term above as follows

oo [eS)
E anxn—l-r-{-l — § an_lwn+r
n=0 n=1

And now Eq (1A) becomes

Z (n+r)(n+7r—1)az"™" — Z ap_12"t" =0 (1B)
n=0 n=1

n = 0 gives the indicial equation

(n+r)(n+r—1a,z" =0
(r)(r—1)apz" =0
Since ag # 0 then the above becomes
(r)(r—1)z"=0

Since this is true for all z, then

(r)(r—1)=0
Hence the roots of the indicial equation are 71 = 1,7, = 0. Or r; = 79 + N where N = 1. We always
take r1 to be the larger of the roots.

When this happens, the solution is given by

y(2) = c1y1(z) + caya(2)

Where y;(z) is the first solution, which is assumed to be

yi(e) =) ana™" (2)
n=0

11



Where we take ag = 1 as it is arbitrary and where » = r; = 1. This is the standard Frobenius power
series, just like we did to find the indicial equation, the only difference is that now we use r = rq,
and hence it is a known value. Once we find y; (), then the second solution is

ya2(z) = Cy1(z) In (z) + Z bzt 3)
n=0
We will show below how to find C and b,,. First, let us find y;(z). From Eq(2)

[eo]
yy(z) = Z (n+7)apz™t !

yi(z) = Z (n+7)(n+r—1)az"t 2

We need to remember that in the above r is not a symbol any more. It will have the indicial root
value, which is r = 71 = 1 in this case. But we keep r as symbol for now, in order to obtain a,(r)
as function of r first and use this to find b,(r). At the very end we then evaluate everything at
r = r1 = 1. Substituting the above in (1) gives Eq (1B) above (We are following pretty much the
same process we did to find the indicial equation here)

Z (n+r)(n+r—1)a,z"*t" — Z An_12"TT =0 (1B)
n=0 n=1

Now we are ready to find a,,. Now we skip n = 0 since that was used to obtain the indicial equation,
and we know that ag = 1 is an arbitrary value to choose. We start from n = 1. For n > 1 we obtain
the recursion equation

(n+r)(n+r—1)ap—apn—1=0
Gn-—1
(m+r)(n+r-—1)

To more clearly indicate that a, is function of r, we write the above as

ap =

an—1(r)
n+r)(n+r—1) (4)

The above is very important, since we will use it to find b, (r) later on. For now, we are just finding
the a,,. Now we find few more a,, terms. From (4) for n =1
ao(r) 1
ai(r) = =
=0 m - A 0o

and r = r; = 1 then the above becomes

an(r) = (

a0==1

a1:§

It is a good idea to use a table to keep record of the a,, values as function of r, since this will be
used later to find b,,.

n . an(r) an(r=r1)
1 1
1 1
L @om 3
And for n = 2 from Eq(4)
_ ()
) =Gy arn
But a(r) = W Then
1
a+r ) 1
as(r) = =
S [ R ey oy

When r = 1 = 1 the above becomes

e L1
@6 12
The table becomes
n  an(r) an(r=r1)
0 1 1
1| aom 3
(1+7)(r) 2
2 . 3

r(r+1)2(r+2) 12
For n = 3 Eq (4) gives

_ ax(r)
as(r) = B+r(E+r)

12



Using the value of az(r) from the the above becomes

1
r(r+1)2(r+2) _ 1
B+r)@2+7) rEr+120r+2%(r+3)

When r = 1 = 1 the above becomes

az(r) =

1 1
QpQ = —F—F7F—— = ——
e 14
The Table now becomes
n o an(r) an(r=r1)
0 1 1
1| a0 3
(1+7r)(r) 2
2| 5
r(r+1)%(r+2) 12
1
3 r(r+1)2(r+2)%2(r+3) 144
And so on. Hence y;(z) is
o0
yl(iE) — Z anxn+r
n=0
But r = r; = 1. Therefore
vi(@) =) anz"t! (5)
n=0

o0
=z E anz”
n=0

=z(ao + a1z + axz® + azz® + - --)

2 12 144

We are done finding y; (x). This was not bad at all. Now comes the hard part. Which is finding ya(z).
From (3) it is given by

1 1 1
(1+ x4+ S+ 3+~-~)

y2(2) = Cy1(z) In (z) + Z bzt (3)

The first thing to do is to determine if C is zero or not. ThlS is done by finding lim,_,., ay(r). If
this limit exist, then C' = 0, else we need to keep the log term. From the above above we see that
an(r) =a1(r) = W Recall that N = 1 since this was the difference between the two roots and
ro = 0 (the smaller root). Therefore

1
lim ———— = lim —————
o (L) (r) 750 (L+7) (r)
Which does not exist. Therefore we need to keep the log term. In this case, we replace Eq. (3) back
in the original ODE.

1
ys(z) = CyiIn (z )—I—Cylf—l—z n+71) bzt
n=0

1 o0
Yy (z) = Cyi In (z) + Cy1 + C’yl Cylﬁ + Z (n+7)(n+7r—1)byz™t" 2
n=0

1 1 B
= Cyi In(z) + 203/1; - Cylﬁ + Z (n+r)(n+r—1)bz"t"2
n=0

Substituting the above in z%y”(z) — zy(z) = 0 gives

x2<0y1'ln(m)+20yi —Cy 12 —I—Z n+7r)(n+r—1)bx" "™ 2) —x(C’ylln(x -}-anx ):0

n=0 n=0

Cz? ”ln(x)+2m2Cy17—Cy1 +xzz n+r)(n+r—1)bz" "2 — Cry; In(z —man:r

n=0

Czy! In (z) + 22Cy} — Cy1 + Z (n+71)(n+r—1)byz™" — CzyIn (z) — Z bzt = 0
n=0

Cln (z) (z%y! — zy1) + 22Cy; — Cyr + Z n+r)(n+r—1)bz"" Z bpz" T =
n=0

But 22y} — zy; = 0 since y; is solution to the ode. The above simplifies to
C(2zy; — 1 +Z n+r)(n+r—1)ba"" Zb "t =0 (6)

n=0

The above is what we will use to determine C' and all the b,,. Remembering that r = r, = 0 in the

13



above, since this is for the second solution associated with the second root which we found above to

be zero. But we found y:(z) = > oo anz™t! then
Yy = Z (n+1)a,z"
n=0

Eq (6) now becomes

C (2.1: i (n+1) anx”> -C (i anm"+1> + i (n+7)(n+7r—1)byz""
n=0

2C Z (n+1)az"tt - C Z anz™t + Z (n+7)(n+7r—1)byz""

n=0 n=0 n=0

But r = r5 = 0. The above becomes

2C i (n+1) a,z"tl = C i anz™tt + i n(n — 1) byz™ — i b,z = 0
n=0 n=0 n=0

n=0

Adjusting the index of terms above, so so all z powers are the same gives

[o ] o0 oo (o ]
2C Z nap_12" — C Z an_1z" + Z n(n —1)b,z"™ — Z bh_1z" =0
n=1 n=1 n=0 n=1

n = 0 is skipped, since by is arbitrary and can be taken as say
bp=1
At n =1, Eq(7) gives
2Cag — Cag —byg =0
But ag = 1,59 = 1 hence the above becomes

C=1

For by = b; we are free to select any value since it is arbitrary. The standard way is to choose

by =0
Now we find the rest of the b, terms. From Eq(7), for n = 2, it

gives

20(20,1) —Cay1+2by—b; =0

But C=1,b; =0and a; = % from table. Hence the above becomes

1 1
2(2= ) — = +2by =
<2> 2+ 2 =0

1
2— =426, =0
2+ 2

3
b2 = —Z
And for n = 3 from Eq. (7) it gives

20(30,2) — Cag + (3) (2) b3 — bg

But C=1,b = —%,az = % The above becomes

=0

2<3<112)> —1—12+(3)(2)b3+%=0

by =

And so on. Hence the second solution is, for r =0,C =1

y2(z) = Cyi(z) In () + i bzt

n=0
=y1(@)In(z) + > bna”
n=0
=yi1(z)In(z) + (bo + bz + boz? + by + - )

= y1(z) In(z) + (1+(0)x—ix2—376x3+-~->

1o 15 L 4
= Z - — )1 1
<x+2w +12m +144x+ >nm+(+

_ 1 .12, 1 3 4
—x(l+2x+12x +144z +0(z )>lna:+(

7

36

3
i

143222 T 40

4

36

7
_7:1:3_’_...

36

)

(@)

oo
1
- Z bnxn+r+ =0
n=0

)
1
- Z bnmn—i-r-i- =0
n=0

(7)

Some observations: by is always taken as zero. Where N is the difference between the roots. In this

case it is b; = 0. Now that we found y;,yo then the general solution is
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y = Cry1 + Caye

_ 1,1 2, 1 3 4 1,12, 1 3 4 32 T 3 a)
—Clz'(1+2x+12m +144:L' +O0(z )>+Cz<m<1+2w+12w —|—144m +O0(z )>lnw+(1+4m 36% +O0(z ))

This completes the solution.

2.2 Example 2. homogeneous ode where log term is needed x%y” +y=0

Solve

x%yl / + Y= 0
Since x = 0 is regular singular point, then Frobenius power series must be used. Let the solution be
represented as Frobenius power series of the form

oo
n=0

Then

Qﬁ\
I
NE

n no .
COR

(g + 'I‘) (g +r— 1) anzs T2

3
Il
o

1

y:

NE

Il
=]

n

Substituting the above back into the ode gives

z <§: (E + r) (E +r— 1) a x§+T—2> + (ia x’;w) _
—5 2 2 " 24 =

fi(g¥+r)(g-+r—1)anx?“‘%4—§§anx%+r=0 (1A)

n=0 n=0

n = 0 gives the indicial equation

(@xr—nx—%+QxT=
1
(r)(r—1) ﬁ
Not possible to obtain indicial equation in r only. How to handle this? Maple can’t solve this using
series solution either.

+1=0

2.3 Example 3. homogeneous ode where log term is not needed
z2y" + 3zy’ +4zty =0
Solve
2y + 3zy + 42ty =0 (1)
Using power series method by expanding around z = 0. Writing the ode as
y"(z) + %y’ +42%y =0

Shows that £ = 0 is a singular point. But lim,_ x% = 3. Hence the singularity is removable. This
means x = 0 is a regular singular point. In this case the Frobenius power series will be used instead
of the standard power series. Let

o
y(m) — Z anxn-l-r
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

y/(x) = Z (n + ,,.) anxn-i-r—l
n=0
o0

y'(z) = Z (n+r)(n+r—1)a,z" 2
n=0

15



Substituting the above in (1) gives

z? Z (n+r)(n+r—1)a,z"" "2+ 32 Z (n+7)apz™ ™! 4 4a* Z an "t =0

n=0 n=0 n=0
Z (n+r)(n+7r—1)a,z"" + Z 3(n+71)anz™ + Z 4a,z"t T =0 (1A)
n=0 n=0 n=0

Here, we need to make all powers on x the same, without making the sums start below zero. This
can be done by adjusting the last term above as follows

o0 o0
Z da,z"tTH = Z 4a,_ 4™t
n=0 =4

And now Eq (1A) becomes

o0 o0 o0
Z (m+7)(n+7r—1)az"t" + Z 3(n+7)anz™" + Z 4a,_ 42" =0 (1B)

n=0 n=0 n=4

n = 0 gives the indicial equation
m+r)(n+r—1a,+3(n+r)a, =0
(r)(r—1)ap+3rap=0
((r)(r—=1)+3r)ag =0
Since ag # 0 then the above becomes
(r)(r—1)+3r=0

Hence the roots of the indicial equation are r; = 0,79 = —2. Or r; = r9 + N where N = 2. We
always take r; to be the larger of the roots.

When this happens, the solution is given by
y(2) = c1y1(z) + c2y2()

Where y;(z) is the first solution, which is assumed to be

yi(e) =) apa™" (2)
n=0

Where we take ag = 1 as it is arbitrary and where » = r; = 0. This is the standard Frobenius power
series, just like we did to find the indicial equation, the only difference is that now we use r = rq,
and hence it is a known value. Once we find y; (), then the second solution is

ya2(z) = Cy1(z) In (z) + Z bt 3)
n=0

We will show below how to find C and b,,. First, let us find y;(z). From Eq(2)

o

Y@ =Y (n+7)aa
0

n

vy () (n+r)(n+r—1)a,z"" "2

M

n=0

We need to remember that in the above r is not a symbol any more. It will have the indicial root
value, which is r = r; = 0 in this case. But we keep r as symbol for now, in order to obtain a,(r)
as function of r first and use this to find b,(r). At the very end we then evaluate everything at
r = r; = 0. Substituting the above in (1) gives Eq (1B) above (We are following pretty much the
same process we did to find the indicial equation here)

Z (n+r)(n+r—1)a,z"™" + Z 3(n+r)anz™" + Z 4a, 4" =0 (1B)
n=0

n=0 n=4
Now we are ready to find a,,. Now we skip n = 0 since that was used to obtain the indicial equation,
and we know that ag = 1 is an arbitrary value to choose.

For n =1, Eq (1B) gives
1+r)Q+r—1)a1+3(1+7r)a; =0
(Q+r)Q+r—-1)+31+7r))a1=0
(r*+4r+3)a; =0
But r = r; = 0. The above becomes
3a;1 =0

Hence a; = 0.
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It is a good idea to use a table to keep record of the a,, values as function of r, since this will be
used later to find b,,.

For n = 2, Eq (1B) gives
24+7r)(2+r—1)a2+3(2+71)ax=0
(2+r)2+r—1)+32+7))az=0
But » = r; = 0. The above becomes
((2) (1) +3(2))az =0
8(12 =0

Hence a; = 0. The table becomes

For n = 3, Eq (1B) gives
B+r)(3+r—1)az+3(3+r)az=0
But » = 0. The above becomes
(3)(2)az +3(3)az =0
15a3 =0

Hence a3 = 0 and the table becomes

n an(r) an(r=0)
0 1 1
1 0 0
2 0 0
3 0 0

For n > 4 we obtain the recursion equation

(n+r)(n+r—1)a,+3(n+71)ay,+4a,-4=0
(m+r)(n+r—1)+3(n+7r))an,+4a,—4 =0

4ap,—_4(T) @)
n+r)(n+r—1)+3(n+r)
The above is very important, since we will use it to find b, (r) later on. For now, we are just finding
the a,,. Now we find few more a,, terms. From (4) for n =4

4ao(r)
447r)V(A+7r—-1)+3(4+7)
and 7 =r; =0 and a¢ = 1, then the above becomes

4 1

an(r) = 1

a4(r) = 1

“TTWE+I@ 6
The table becomes
n an(r) an(r =0)
0 1 1
1 0 0
2.0 0
3 0 0
4 1
4 —~@ErDEE | s
And for n =5 from Eq(4)
_ 4ay (r)
as(r) = m+r)y(n+r—-1)4+3(n+r)
=0

Since a; = 0. Similarly ag = 0,a7 = 0. For n = 8
4ay(r)
8+7r)8+r—1)+3(8+r)

a’S(T) = _(

17



But as(r) = The above becomes

4
T @) @d+r—0)+3E+n) "

4
a (’I") _ 4(4+7‘)(4+T—1)+3(4+T) _ 16
8 (B+7r)(8+r—1)+3(8+r) rt+28r3 +284r2 + 1232r + 1920

When r = r; = 0 the above becomes

1
0/8(7") = HO
And so on. The table becomes
n | an(r) an(r=0)
0 1 1
1 0 0
20 0
3 0 0
4 - 4 -1
(4+r)(4+r—1)+3(4+7r) 6
5 0
6 0 0
7 0 0
8 16 1
74128312842 11232r+1020 | 120
Hence y;(z) is
o0
yl(x) — Z an$n+r
n=0
But r = r; = 0. Therefore
y1(z) = Z anx" (5)
n=0

= a9 + a1 + aox? + azz® + asz* + asz® + agz® + arz” + agz® + - -
Using values found for a,, in the above table, then (5) becomes
yi1(2) =1+ aqz +aga® + - --
1 1
— 1 - 4 - 8 O 9
6% T 10® tOW)

We are done finding y; (x). This was not bad at all. Now comes the hard part. Which is finding ya(z).
From (3) it is given by

y2(2) = Oya(z) n (&) + ) _ buz™*" 3)
n=0

The first thing to do is to determine if C is zero or not. This is done by finding lim,_,,, ay(r). If
this limit exist, then C = 0, else we need to keep the log term. From the above above we see that
an(r) = aa(r) = 0. Recall that N = 2 since this was the difference between the two roots and
re = —2 (the smaller root). Therefore

lim 0=1m0=0

T2 r—0

Hence the limit exist. Therefore we do not need the log term. This means we can let C = 0. This is
the easy case. Hence (3) becomes

o0
yo(x) = Y bpz™t" (3A)
n=0
=z 2 Z bnx™
n=0
Since r = ro = —2. Let by = 1. We have to remember now that by = by = 0. This is the same we

did when the log term was needed in the above example, since by is arbitrary, and used to generate
y1(x). Common practice is to use by = 0. The rest of the b, are found in similar way, from recursive
relation as was done above. Substituting (3A) into x2y” + 3zy’ + 4z*y = 0 gives Eq. (1B) again, but
with a,, replaced by b,

D n4r)(n+r—1)byz™ + ) 3(n+1)bpz™ T+ > dby 4z =0 (1B)
n=0 n=0 n=4

For n = 0, we skip and let by = 1. For n = 1 the above gives b; = 0. And b, = 0 since it is the
special term by. And for n = 3, we get b3 = 0. The table for b, is now

n bu(r)  bu(r=-2)
0 1 1
1 0 0
20 0
3.0 0
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For n > 4, the recursion relation is

(m+7)(n+7r—1)by+3(n+7)by +4by_s =0

4bn_4(7‘)
ba(r) = —
) =G i rr—D 1301
Forn=14
4bo(r)
ba(r) = —
A e ¥ VR § B Y
4
d+r)@d+r—-1)+3@+r1)
but r = —2. The above becomes
by = — 4 __!

T T A-2)4-2-1)+3(4-2) 2
The table becomes

n bn(r) bn(’f‘ = —2)

0 1 1

1 0 0

2* 1 0 0

3 0 0

4 - 4 1

(4+r)(4+r—1)+3(4+r) 2
We will find that b5 = bg = by = 0. And for n = 8
4b4(’f‘)
bs(r) = —
5(r) B+71)(7T+7)+3(8+7r)
But by(r) = - (4+r)(4+r31)+3(4+r)' Hence
4
bs(r) = 4(4+T)(4+7‘—1)+3(4+T‘) _ 16
8 (B+7)(T+r)+3(8+r) r*+28r3 + 284r2 + 1232r + 1920

But r = —2.

16 1
bs(r) = 1 3 2 =
(—2)* +28(—2)" +284(-2)° +1232(—-2) + 1920 24

The table becomes

n | bu(r) bp(r = —2)

0 1 1

1 0 0

2* 10 0

3 0 0

4 — 4 -1

(44r)(4+r—1)4+3(4+r) 2

5 0 0

6 0 0

7 0 0

8 16 1
r4428r34284r2+1232r+1920 24

And so on. Hence the second solution is

yo(z) = Z bzt
n=0

= Z bz ?
n=0

o0
=z2 Z bpx™
n=0
272(bo + b1z + box® + b3z® + baz® + b52® + b6z’ + brz” + bg2® + - )

=z2 (1 - 1ac4 + ings + O(x9)>

2

Therefore the general solution is

y = Ciy1 + Coya

_ 1,1 9 —ofy 14 1. g 9
—6’1(1 e +120x +0(z )>+C’2<w 1 57 +24bsx + O(z")

The following are important items to remember. Always let by = 0 where N is the difference between
the roots. When the log term is not needed (as in this problem), ys is found in very similar way to
y1 where by = 1 and the recursion formula is used to find all b,,. But when the log term is needed (as
in the above problem), it is a little more complicated and need to find C and b; values by comparing

coefficients as was done).
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This completes the solution.

2.4 Example 4 inhomogeneous ode example where log term is needed

zy' +y==zx

zy' +y==x

1)

Let solution be y = yp, +y,. We always start by finding y, then find y, using balance method. z =0

is regular singular point. Hence Frobenius series gives

o0
— § anmn—i-'r
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

Y(@) =Y (n+r)ana™!

n=0

o0
Z n+r)(n+r—1)a,z" "2
n=0

Substituting the above in (1) gives

o
Zn+r (n+r—1)a,z™t" 2+Zanx =z

n n=0

Mg 1

_ n+r—1 n—+r __
n n
(n+r)(n+r—1)anz +§ anz™ " =2

n=0 n=0
Adjusting indices to all powers of x are the same gives
o0 o0
n+r—1 n+r—1 __
- n n— -
Z(n+r)(n+r 1) anx +Za 1% x
n=0 n=1

The indicial equation is found from only the terms with the expansion of the dependent variable y.

This means by making the LHS of (3) vanish. We only consider

o0 oo
Z (n+7r)(n+r—1)az"t !+ Z an1z"t =0

(1C)
n=0 n=1
Forn=20
(") (r—=1az" =0
EQ (1D) is used to find r. Since ap # 0 then (1D) gives
(r)(r—1)=0
Hence roots are r; = 1,73 = 0. Hence the two basis solution for y; are
o0 o
y1 =1z Z anx™ = Z anz™t!
n=0 n=0
yo = Cry1Inz + 2™ Z bpx™ = Ciy1Inz + Z bnx™
n=0 n=0
To find y;, we can find the recursive equation to be for n > 0
a — __9n-l
" n(n+1)
Which results in
A S
V=P T 9 T 127 144 T 2880
Finding ys is a little more involved because we need to determine C'. This can be found to be C' = —1.

Using this we can find

2 12 ' 144 2880 1 36

z2 23 ozt x° 3.2 723

Hence

Yn = C1Y1 + C2Y2

z? oz ozt x® 2 oz 2t x®
_cl( FREVE 144+2880+"'>+62(<_‘”+2_12+m_2880

What is left is to find y,. Let

Yp = Z Cn.’L'”+T

n=0

20

)

(14)

(1B)

Yo (1-

(2)

3 2

Tx3

-zt = =

4
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Substituting this into the ode zy” + y = z and simplifying as we did above results in

oo o0
Z (n+r)(n+r—1cz™™ 1+ Z Cno1z" T =g (34)
n=0 n=1

Forn=0

(r)(r—1)cz" ==z
Hence for balance we need r — 1 =1 or r = 2. Therefore (r) (r — 1) ¢p = 1 and solving for ¢y gives
co = 1. Therefore (3A) becomes

(o9) (e o)
Z (n+2) (n+1)cpz™™ + Z cno1z" =1 (3B)
n=0 n=1

Now that we used n = 0 to find r by matching against the RHS which is z, from now on, for all
n > 0 we will use (3B) to solve for all other ¢,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any z on the right. For n = 1 then (3B) gives

6c1z? + coa:2 =0
Hence 6¢c; +cp=0orc; =—% = 1—21 For n = 2, EQ(3B) gives
12czx3 + c1w3 =0
-1
Hence 12c; +¢; =0orco = -7 = -3 = ﬁ. For n = 3, EQ(3B) gives
2OC3x4 + 02m4 =0
1

_1
Hence 20c3 +c2 =0 or c3 = —5% = — 4§ = —5z55 and so one. Therefore

oo
_ n+r
Yp = g CnX
n=0

o0
— E Cn$n+2
n=0

= cox2 + clm3 + czx4 + 03x5 S

_ 1 2 1 3 1 4 1 5
=3% T 12% Ti® s T (4)

Hence the final solution is

Y=Y+ Yp
Where yj, is given by (2) and y, is given by (4).

3 Frobenius series. Indicial equation with root that differ by
non integer

3.1 Example 1. homogeneous ode 2z%y"(z) — zv/(z) + (1 — z*) y(z) = 0

With expansion around = 0. This is a regular singular ODE. Let

o0
y(x) — Z anxn-l-r
n=0
Therefore

n+r—1

y'(z) = (n+71)anz

NE

3
Il
o

(n+r)(n+r—1)a,z" "2

M

y'(x)

Il
o

n:

Substituting the above into the ode and simplifying gives

o0 00 o
222 Z (n+r)(n+r-—1) anz"t? — g Z (n+7) a4 (1 _ xz) Z anz™" =0
n=0

n=0 n=0
Z 2(n+7r)(n+r—1)az"" — Z (n+7)apz™™ + Z anz™ T — 2 Z anz™tT =0
n=0 n=0 n=0 n=0
o0 o0 oo o0
Z 2(n+7)(n+7r—1)a,z"*" — Z (n+7)a,z"t" + Z anz™t — Z a2 =0
n=0 n=0 n=0 n=0

The next step is to make all powers of x to be n + r. This results in

o0 oo o0 o0
Z 2(n+r)(n+71—1)a,z"" — Z (n+7)a,z" " + Z anz™t" — Z an—2z™" =0 (1)
n=0 n=0 n=0 n=2
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The indicial equation is obtained from n = 0

2(n+r)(n+r—1)a,—(n+r)a,+a, =0
an2n+7r)(n+r—-1)—(n+r)+1)=0
2(n+r)(n+r—-1)—(n+7r)+1=0
204+7r)(04+r—1)—(0+r)+1=0

2r’ —=3r+1=0

The roots are

7‘1—1
1
7"2—5

Since the roots differ by non integer, then the solutions are given by

oo oo
Y1 = E anxn+'r1 — E anxn-l-l
n=0 n=0

o0 o0

1

Yo = E Azt = E anz™ T2
n=0 n=0

We start by finding y;. EQ. (1) gives for r =1

Z 2(n+1) (n) apz™* — Z (n+1)azz™t* + Z anz™tt — Z an—2z"t!
n=0 n=0 n=0 n=2

=0

For n = 1 (we skip n = 0 as that was used to find r) and we always let ap = 1 as it is arbitrary.

Hence
2(n+1) (n) anz™** — (n+1) apz™* + a2t =0
2(n+1)(n)ap— (n+1)an+a, =0
4a1 —2a;1 +a1 =0
3a; =0
a; =0

For n > 2, we have recursion relation. From it we can find that a; = %0, a3 =0,a4 =
Hence

o0
y1=)  anz"t!
n=0

= aox + ala:z + a2x3 + a3m4 + a4a:5 + .

=z+ iz?’ + L5175 +
B 10 360
1

Now we do the same for y». EQ. (1) now becomes for r = 3

> 1 1 L 1 L e
;2<n+ 2) (n—i— 3~ 1) anz"tz — Z (n—i— 2) apz"tz —|-n§0a”.’/vn"'5 —T;an

n=0

1
350 and so on.

1
_2xn+2 =0

For n = 1 (we skip n = 0 as that was used to find r) and we always let ap = 1 as it is arbitrary.

Hence
1 1 1
2(1+2> (1—|—2—1>a1—(1—|—2)a1+a1:0
a1=0

For n > 2, we have recursion relation. From it we can find that a; = %, a3 =0,a4 =
Hence

o0

1

Y = E anxn"‘z
n=0

:x%Zanx”
n=0
=x%(ao+a1x+azx2+a3:c3+a4x4+---)
=z3(1 1o, 1 4,
AT T T

Hence the final solution is

Yn = C1Y1 + C2Y2

=c x+ix3+im5+ N 1+1x2+iw4+
- 10 360 2 6 168

22
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3.2 Example 2. homogeneous ode 2z%y"(z) —zy'(z) + (1 —z>)y(z) =1+=z

With expansion around z = 0. This is a regular singular ODE. This is same ode solved in example
1, but now with non-zero on the right side. Hence solution is given by

Y=Yn+Yp
Where we found y; to be

=c x+ix +ix+ N 1+1x+ 1x4+
Y= T 10" T 360 2 6" " 168
To find y,, we see there are two terms on the right side. we find y,, that corresponds to 1 on the

right side and then y,, that corresponds to z on the right side. We will find that y,, does not exist.
Hence no solution exist using series. Let us now find y,,,. The ode now is

2y (z) — 2y’ (x) + (1 - 2°) y(z) = 1
Let

0o
ypl — § Cnmn+7‘
n=0

Using same expansion as in example 1, but now using c,, instead of a,, gives EQ. (1) from example 1
as

o0 o0 oo oo
d2n4r)(n+r—1)caz™ =D (ntr)eng™ T+ cnz™ =D cnaz™T =1 (1A)
n=0 n=0 n=0 n=2

Forn=0

2r(r — 1) coz” — repz” + coz” = z°

(2r(r —1)cog —rcg +co) " = x°
(2r(r—1) —r +1) coz” = z°
(2r? —3r + 1) coz" = 2°

We see that for balance, then » = 0. Which implies (27’2 —3r+ 1) co=1or cy=1. Hence

o0

n

p1 = E CnT
n=0

Now that we used n = 0 to find r by matching against the RHS which is 1, from now on, for all
n > 0 we will use (1A) to solve for all other ¢,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any =™ on the right.

Then (1A) becomes (using 7 = 0)

Z 2n(n —1) cz™ Z ne, " + Z cnz" i Cnox" =0 (2)
n=2

For n =1 the above gives
—cix+cix=0

¢1 is arbitrary Let ¢; = 0. For n = 2 EQ. (2) gives
deor? — 20072 + coz? — cosl:2 =0
(4cy —2c2 +cz —cp)2® =0
(8cz—1)2% =0
Hence 3cy — 1 = 0 since there is no z2 term on the right side. Hence ¢y = % For n = 3 EQ. (2) gives
(12¢3 —3c3 +c3 —c1) 23 =0
(10c3)z® =0
Hence c3 = 0. For n =4 EQ. (2) gives
24C4x4 — 4049:4 + 04ac4 — 02m4 =0

1
(2104 — 3) =0

Hence 21¢4 — % =0orc = % and so on. We find that

o

= E cpx”
n=0

_ 2 3 4
co+clx+02x +c3x” +cqx” + -

=1 —
+3:v +63:c + -
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Now we find y,,. EQ. (1A) now is

oo
Z2n+r)(n+7"—1 crx™t Z(n—i—r)c x""'r—i-chx —ch_zm"‘”:m
n=2

n=0
Forn=0

2 +7r)(n+7r—1)cpz™™ — (n+7) ™t + ezt =1
2r(r — 1) coz” — regx” + cpz” = x
Cr(r—1)—r+1Dczx" ==z
(2r? =3r+1)cez" ==
For balance we need r = 1. This results in
(27"2—37"—}—1)00 =1
2-34+1)c=1
Ocp =1

Not possible. We see why there is no series solution. It is not possible to solve for yps .

4 Frobenius series where indicial equation roots are
complex conjugate

4.1 Example 1. homogeneous ode z%y” + 2%y +y =0

2y +2%y +y=0 (1)

With expansion around x = 0. This is a regular singular ODE. Let

[es)
— § anxn—i-'r
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

y(@) =) (n+r)apz™ !

n=0

(n+r)(n+r—1)a,z" 2

Mg

y'(z) =

n=0

Substituting the above in (1) gives

oo 00 o
72 Z (n+r)(n+r—1)a,z"" 2 4 g2 Z (n+7) anz™ 1 + Z a4,z = 0

n=0 n=0 n=0
o0 o0 [eo]
Z (n+r)(n+r—1)a " + Z (n+7)az" ! 4 Z a,z™t"T =0 (1A)
n=0 n=0 n=0

Here, we need to make all powers on x the same, without making the sums start below zero. This
can be done by adjusting the middle term above as follows

o0 oo

T L LT

n=0 n=1

And now Eq (1A) becomes

Z (n+r)(n+7—1)az"™" + Z (n+r—1)ap_12"" + Z an "t =0 (34)
n=0 n=1 n=0

n = 0 gives the indicial equation
(n+r)(n+7r—1)apx” +apz" =0
(r) (r —1)apz" + (r) apz” =0
(r(r—1)ag+ap)z" =0
(r(r—1)4+1)agz" =0 (3B)
EQ (3B) is used to solve for r. Since ag 7 0 then (3B) gives
(r)(r—-1)+1=0
rP—r+1=0
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The roots are

1 1.
7'1—54-51\/3
_1 L
7‘2—2 2Z

The roots will always be complex conjugate of each others (since second order ode) and the real part
will always be equal. Let the roots be

2=« + ’LIB
When this happens, the solution is given similar to the case when the roots differ by non integer,
except now the solution and the coefficients will be complex. Let the solution be
y(z) = aryi(z) + c2y2(z)

Now y; () is solved for. The solution is
(@) =2y ana"
n=0

Starting with Eq (2A) which was derived above gives

o0 o0 o0
Z (n+7r1)(n+r—1)apa™t™ + Z (n+r1—1)ap_12"™ + Z anz"t =0
n=0 n=1 n=0

The case of n = 0 is skipped since this was used to find the roots and ag # 0. n > 1 gives the
recursion equation

(n+r)(n+ri—a,+(n+r—1ap—1+a,=0
(n+rl)(n+r1_1)an+an=_(n+7'1—1)0,n_1

—(n+r—1)ap—1
(n+r)(n+ri—1)+1

3)

ap =

For n =1 Eq. (3) gives
—T1Qn-1
(1+4+r)(r)+1
But r; = a+ i =1 + 1iv/3. and ay = 1. Hence the above becomes
I Y.
3+ 5va) (b A =1 2

a; =

For n = 2 Eq. (3) gives

e i (E) -0+ 3AE) 9 1.
C+r)(A+r)+1 +r)A+r)+1 2+ 1+3iv3) (1+1+Liv3)+1 56 56

For n = 3 Eq. (3) gives

Qg =

g —Btmi-Das _ —G+n-D (55— 5iv3) _ —2+5+50V3) (5 -siv3) _ 1 g 18
B+r)(2+m)+1 B+r)(2+m)+1 (B+1+1iv3)(2+1+Liv3) +1 112" 336
And so on. Hence the first solution is
y1(x) —a;”Za " = g3t3 “[(ao-l-alx-l-aﬂ +azz +--) (4)
n=0

but

Substituting the above in (4) and using values found for a,, gives
1 V3 ;. V3 1 13 1 3
y1(z) = z2 (cos(lnx2)+zsm<lnx2)) <1—2x+<56 z\/_) (—3364—1122\/§>x +>
Since the roots are complex conjugate of each others, then the second solution is
1 V3 .. V3 1 13 1 . 3
ya(z) = 22 (cos(lnz?)—zsm(lnx2)) (1— +(56 2\/_) <_336_112 3)3: —l—)

The final solution is therefore

y(x) = ayi(z) + coy2()
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5 Ordinary point for second order ode

5.1 Example 1.y’ =1

v'=3 1)

z
With expansion around x = 0. This is an ordinary point for the ode itself. Let

y(z) = Z anz"”
n=0
Therefore
y'(z) = Z na,x"
n=0
o0
= Z na,x"
n=1
oo
y'(z) = Z n(n —1) apz™ 2
n=1
o
= Z n(n —1) apz"™ 2
n=2
Hence the ode becomes
> 1
Z nn—1)az" 2 == (2)
n=2 z
The solution is given by y = yn, + yp, where y;, is solution to
Z n(n—1)a,z" 2 =0
n=2
Recursive equation is
n(n—1)a, =0 n>2

Hence all a,, = 0 for n > 2, therefore

o0
Yn = E anz”
n=0

=ag + a1x

Now we need to find y,. From (2), and now we replace a,, by c,

> 1
Z n(n—1)cpz" 2 = =
T
n=2
n = 2 gives
202330 =z}
Hence for balance 0 = —1 which is not possible. Hence no y, exist using series method. Solution

exist by direct integration.

6 Examples using Frobenius series on first order ode

6.1 Example 1. 2y +y =0

zy +y=0 (1)

With expansion around x = 0. Since z is regular singular point, then let

oo
n=0

oo
Y = Z (n+r)apz™t !
n=0
Then (1) becomes
(e 9) (e 9]
x Z (n+7) a1 + Z anz™t" =0 (2)
n=0 n=0
oo (e o)
Y (n+r)ang™ + ) ang™tT =0 (34)
n=0 n=0
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All z in sums start from same index, so there is no adjustments needed. For n = 0, EQ (3) gives
ragz” + agzx” =0
(r+1)apz" =0
But ap # 0, hence r+1 =0 or

r=-—1
Therefore (3) becomes
oo o0
Z (n—1)az™* + Z anz" 1 =0 (3B)
n=0 n=0

For n > 0 (because n = 0 was used to find r) EQ (4) gives the recursive relation
(n—1an+a,=0
na, =0 (3C)

We see that for all n > 0 then a,, = 0. Hence solution is for n = 0 only, which is

oo
n=0

= aox_l

%
- x
6.2 Example 2. z¢/ +y=1=z

zy +y==x (1)
This is same as example 1, but with nonzero on RHS. The solution is y = yn + y,. Where y; was

found above as
ao
h=—
Y T

To find y, assume it has power series

oo
_ n—+r
Yp = E CnX
n=0

Substituting the above into the ode and simplifying as we did in first example gives EQ. (3) in the
first example, but now with z on RHS

o o0
Z (n+7)cpz™ + Z cnx™tT =1 (3A)
n=0 n=0

For n =0, EQ. (3A) gives
regx” + cox” =
(reg+c)z" =z

For balance we need » = 1. Hence rcog+co =1 or ¢y = % EQ. (3A) becomes

Z (n4+1)cpz™ + Z Cpr"t =z (3B)
n=0 n=0

For n > 0 we obtain recursive relation (since no balance now, as all  powers on left side do not
match the right side)

(m+1)cn+cn=0
(n+2)c, =0 (4)
This show that ¢, = 0 for n > 0. Therefore

o0
_ n+r
Yp = E CnT
n=0

[e'S)
— § Cnil}n+1
n=0

Therefore
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6.3 Example 3. zyy +y=1

zy +y=1 (1)
This is same as example 1, but with nonzero on RHS. The solution is y = yx + y,. Where y; was

found above as
ao
Yh = —
T

To find y, assume it has power series

0o
y;D = Z Cnxn_'_r
n=0

Substituting the above into the ode and simplifying as we did in first example gives EQ. (3) in the
first example, but now with z on RHS

o0 o
Z (n+71)enz™ + Z Cpz™tT =1 (3A)
n=0 n=0

Forn=0

reoz” + coz” = 2°

(rco +co)x” = 2°

For balance r = 0. And rcg + ¢ = 1 or ¢y = 1. Hence (3A) becomes

i nepz” + i cpz” =1 (3B)
n=0 n=0

Now that we used n = 0 to find r by matching against the RHS which is 1, from now on, for all
n > 0 we will use (3B) to solve for all other ¢,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any z" on the right. The recursive relation for n > 0 is

ne, " + e,z =0
(n+1)cpz™ =0 (3C)
We see that this implies (n + 1) ¢, = 0 for all n > 0, or ¢, = 0. Therefore

oo
Yp = Z Cnxn+r
n=0

o0
= E cpx”
n=0

= cO

=1
Therefore

Y=Ynt+ Y

=% 4
T

6.4 Example 4. 2y +y ==k

zy +y==k (1)

This is similar to above example. Carrying out same steps shows that co = k£ and all other ¢, = 0.
Hence y, = k. The solution is

Y=yn+
=04
X
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6.5 Example 5. zy +y =sinz

zy' +y=sinz (1)
This is same as example 1, but with nonzero on RHS. The solution is y = yx + y,. Where y; was

found above as
ao
Yh = —
T

To find y, we assume it has power series

e
y;D = Z Cnxn_'_r
n=0

Substituting the above into the ode and simplifying as we did in first example gives EQ. (3) in the
first example, but now with sin z on RHS

o0

Z(n+r "+T+chx " =sinx

— 1 1 1
n+7‘ ntr _ . = = 5 e 4 .
EZ: ntre +Z°"”” =26 T 10% " som0” *
We have to find y, for each term at a time. Starting with x

[ee)

Z (n+7)cpz™™ + Z cnz™t (34)

n=0

For n = 0 the above becomes

regx” +cox” =
(r+1)coz" =z

Balance gives r =1 and (r +1)cg =1 or ¢ = 1.

Now that we used n = 0 to find r by matching against the RHS which is z, from now on, for all
n > 0 we will use (3A) to solve for all other ¢,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any z on the right. Hence (3A) becomes

oo

(n+1)cpz™ + ) cpa™ (3B)
> Z

n=0
The recursive relation for n > 0 is

(n+2)caz™ =0 (30)
We see from (3C) for all n > 0, that (n + 2) ¢, = 0 which implies ¢,, = 0 for all n > 0. Hence yj,
that corresponds to z is

E cpz™t E cnz™t

= CoT
1

=§aj

Now we repeat the above for the second term in the sin expansion. (3A) now becomes the following,
with x replace by — x on the right side

oo [ee) 1
n+r)e, gz 4+ ) et = —Z28 3A
6
n=0 n=0
Forn=20
1
reoz” + coz” = —6x3
1
(r+1)coz” = —gx?’
Balance gives r =3 and (r + 1) ¢ = —3z, hence ¢y = 5@ 4) — 7. (3A) becomes
1
Z(n+3)c m"+3+Zc "3 = —f:c3 (3B)

Now that we used n = 0 to find r by matching against the RHS which is —fx3 from now on, for all
n > 0 we will use (3B) to solve for all other c,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any z® on the right. Hence (3B) becomes for n > 0

(n —+ 4) cnx”+3 = 0 (30)
We see that for all n > 0 that (n+4) ¢, =0 or ¢, = 0 for all n > 0. Hence y,, that corresponds to
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—1.33
5”18

oo 0o
Yps = § cnmn—{-r — § Cn$n+3
n=0 n=0

3

= CoT
L 5
= —ﬂgj
Now we repeat the above for the third term in the sin expansion. (3A) becomes
(e 9) oo 1
> (ntr)ena™ + 3 e = fooa® (34)
n=0 n=0
Forn=20
1
T r_ _— 5
rCox + Cox = 120:0
1
1 T - 5
(r+1)cox 120°

Balance gives r = 5 and (r + 1) co = 135, hence ¢y = ﬁ(ﬁ) = 2. (3A) becomes

[ee] (e 9) 1
Z (n+5) cpx™t + Z Caz" 0 = ﬁoﬁ (3B)
n=0 n=0

Now that we used n = 0 to find r by matching against the RHS which is ﬁms’, from now on, for all
n > 0 we will use (3B) to solve for all other ¢,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any z5 on the right. Hence (3B) becomes for n > 0

(n+6)c,z™® =0 (30)

We see that for all n > 0 that (n+6)c, =0 or ¢, =0 for all n > 0. Hence y,, that corresponds to

1,5

ﬁx 1S

o0 o0
Yps = E Cpz™ " = E cnz" 0
n=0 n=0

= Co$5

L 5
~ 720"
And so on. Now we add all the y, found above, which gives

Yo = YUp1+Ypo+Yps + -

_ i3+i5
2% T u® T7n®

We found y,. The solution is

Y=Yn+Yp

% 1 15,15
= x+<2‘” 2a” tp® t

6.6 Example 6. 2y +y = z + 23 + 2z*

vy +y=z+2°+22* (1)
This is same as example 1, but with nonzero on RHS. The solution is y = yx + yp,. Where y; was

found above as
ao
Yo = —
T

To find y, we assume it has power series

oo
Yp = Z ann—i-r
n=0

Substituting the above into the ode and simplifying as we did in first example gives EQ. (3) in the
first example, but now with sin z on RHS

(e 9) oo
Z (n+7)cpz™ + Z cn™ =z + 23 + 224
n=0 n=0

We have to find y, for each term at a time. Starting with x

Z (n+7)cpz™™ + Z cnx™tT =1 (34)
n=0 n=0
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For n = 0 the above becomes
regx” +cox” =
(r+1)coz" ==z

Balance gives r = 1 and (r + 1) co = 1 or ¢o = 1. Hence (3A) becomes

oo o0
Z (n+1)cpz™ + Z cpr"tt =1z (3B)
n=0 n=0

Now that we used n = 0 to find r by matching against the RHS which is z, from now on, for all

n > 0 we will use (3B) to solve for all other ¢,. From now on, we just need to solve with RHS zero,

since there can be no more matches for any x on the right. Hence (3B) becomes for n > 0
(n+2)cpz™ =0 (30)

We see that for all n > 0 then (n+2)c, =0 or ¢, =0 for all n > 0. Hence y,,, that corresponds to
T is

o) )
Yp, = § Cn$n+T — 2 Cn$n+1
n=0 n=0

= CoT
1

= -
2

Now we repeat the above for the second term z3. Starting with (3A) again
o0 o0
> (ntr)eng™ + > cnr™t =47 (3A)

Forn=0

reoz” + coz” = z°
(r+1)coz” = 3

Hence r =3 and (r + 1) co = 1 or ¢o = ;. Then (3A) becomes

o0 (e o]
> (n+3)caz™P 4+ cpa™tt =2a? (3B)
n=0 n=0

Now that we used n = 0 to find r by matching against the RHS which is 23, from now on, for all
n > 0 we will use (3B) to solve for all other ¢,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any z* on the right. Hence (3B) becomes for n > 0

(n+4)c,z™3 =0 (3C)

We see that for all n > 0 then (n+4)c, =0 or ¢, =0 for all n > 0. Hence y,,, that corresponds to

z3 is

o) oo
Yp, = E cnxn+7' — E Cn.’ll'n+3
n=0 n=0

= CoT
- ix?’
Now we repeat the above for the third and final term 2z*. Starting with (3A) again
o0 o
Y (ntr)eng™ + > caa™ = 22 (3A)
n=0 n=0

Forn=0

reox” + cox” = 2zt
(r +1)coz"” = 22*
Hence r =4 and (r + 1) ¢o = 2 or ¢o = 2. Then (3A) becomes
(e o) o9)
Z (n+4)cpz™t + Z cnz™t = 22 (3B)
n=0 n=0
Now that we used n = 0 to find r by matching against the RHS which is 2z*, from now on, for all

n > 0 we will use (3B) to solve for all other ¢,. From now on, we just need to solve with RHS zero,
since there can be no more matches for any z# on the right. Hence (3B) becomes for n > 0

(n+5)cpz™t* =0 (3C)
We see that for all n > 0 then (n+ 5) ¢, =0 or ¢, =0 for all n > 0. Hence y,, that corresponds to
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2% is

(e} o0
Yps = Z Cpx™t = Z cnz™
n=0 n=0
= 001'4
2 4
= 5;1;

Therefore

Yp = Yp1 T Ypo + Yps
1 1 2

—te4 i3, 4.5
= 2x+4x + Sx
We found y,,. Hence the solution is
Y=Y 1Y
_ap 1 15 2,
=7 Tt T
! 1
6.7 Example 7. zy' +y =
zy +y= 1 (1)
x

This is same as example 1, but with nonzero on RHS. The solution is y = yr + y,. Where y; was

found above as

ag

Y = —
x

This is same as example 1, but with nonzero on RHS. The solution is y = y5 + yp. Where y;, was

found above as
aop
Y = —
T

To find y, we assume it has power series

0o
yp = Z Cnxn+r
n=0

Substituting the above into the ode and simplifying as we did in first example gives EQ. 3 in the
first example, but now with sin x on RHS

o0 o0
Z (n+7)cpz™ + Z Caz™ T =7t

For n = 0 the above becomes

reox” + coz” =zt

(r+1)coz" ="
Hence r = —1 and (r 4+ 1) ¢g = 1 which gives Ocy = 1. So not possible to solve for ¢g. Since we can

not find ¢y, can not find y,. This is an example where there is no series solution. This ode of course
can be easily solved directly which gives solution y = 2 + %ln z, but not using series method.

6.8 Example 9. 7y +y = x%

ay +y=a"? (1)
This is same as example 1, but with nonzero on RHS. The solution is y = y + y,. Where y; was

found above as
ao
Yh = —
T

To find y, we assume it has power series

o0
_ n—+r
Yp = E CnT
n=0

Substituting the above into the ode and simplifying as we did in first example gives EQ. 3 in the
above example, but now with =2 on RHS

) )
Z (n + ’I‘) Cnxn-i-r + Z ann-i-r — m—2 (3A)
n=0 n=0

Forn=20

reox” + cox” =72

(r+1)coz” = 2
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For balance r = —2. And (r 4+ 1) ¢y =1 or ¢g = —1. Hence (3A) becomes

o0 o0
Z (n—2)cpz™ 2 + Z Cpx" 2 =72 (3B)
n=0 n=0

The recursive relation for n > 0 is
(n—2)cnz" 2 +cpz"2=0
(n—1)cpz™ 2 =0 (30)
We see that for all n > 0 then (n — 1) ¢, = 0. or ¢, = 0 for all n > 0. Hence y, that corresponds to

2 is

o0
Yp = Z Cn$n+T

n=0
o0
— Z cnxn—2
n=0
= coa:_2
= —aj_2
Hence the solution is
Y=Yn+Yp
_a 1
T 22
6.9 Example 10. 2y +y=3+=z
zy' +y=3+z (1)

This is same as example 1, but with nonzero on RHS. The solution is y = y5 + yp. Where y;, was

found above as
ao
Yh = —
T

To find y, we assume it has power series

0o
yp = Z Cnxn+r
n=0

Substituting the above into the ode and simplifying as we did in first example gives EQ. 3 in the
above example, but now with 3 + x on RHS

Z (n+71)cpz™ + Z cnz™tT =341z (3A)
n=0 n=0

Because RHS has more than one term, we have to solve for each term on its own at a time. Looking
at first term the above becomes

o0 o
Z (n+71)cnz™ + Z Cpz"tT =3 (3A)
n=0 n=0

Forn=20
reor” +cox” =3
(r+1)coz" =3
For balance » = 0. And (r + 1) ¢o = 3 or ¢y = 3. Hence (3A) becomes

o0 o0
Z nepz” + Z cpz” =3 (3B)
n=0 n=0

The recursive relation for n > 0 is
ne, " + ez =0
(n+1)cpz™ =0 (3C)
We see that for all n > 0 then (n+1)c, =0 or ¢, =0 for all n > 0. Hence y,,, that corresponds to
3 is

o

Ypy = Z Cnxn+r

n=0
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Now we go back and process the second term on the right side, (3A) now becomes

Z (n+7)caz™™ + Z Cnz" =1 (3A)
n=0 n=0

Forn=0

reoxr” +cox” = x
(r+1)coz" =z

For balance r = 1. And (r+ 1) co =1 or ¢y = 3. Hence (3A) becomes

Y (nt+1)enz™ 4+ cpatl =z (3B)
n=0 n=0

The recursive relation for n > 0 is
(n+1)cpz™ +cpz™ =0
(n+2)cpz™ =0 (30)

We see that for all n > 0 then (n+2)c, =0 or ¢, =0 for all n > 0. Hence y,,, that corresponds to
T is

(e o)

Yp, = Z Cn.'L'n+T
n=0

oo

— 2 Cn$”+1
n=0

:Ex

Hence the particular solution solution is
Yp = Yp1 T Yp,

1

And the complete solution is

Y=Yn+Yp
1
N 134+
T 2

6.10 Example 11. zy' +y =%

zy +y=a"° (1)
This is same as example 1, but with nonzero on RHS. The solution is y = yx + y,. Where y; was

found above as
Qo
h=—
4 T

To find y,, we assume it has power series

oo
_ n—+r
Yp = Z CnX
n=0

Substituting the above into the ode and simplifying as we did in first example gives EQ. 3 in the
first example, but now with 22 on RHS

Z (TL + ’I‘) cnmn-i-'r + Z cnwn-i-'r — :17_3 (3A)
n=0 n=0

Forn=0
T r__ =3
rcox +Cox =<
(r+1)coz” =73

For balance r = —3. And (r +1) ¢y =1 or ¢g = —1. Hence (3A) becomes

Z (n—23) cnz™ 3 + Z epr™ 3 =173 (3B)
n=0 n=0

The recursive relation for n > 0 is
(n—38)cnz" 3 + ™3 =0
(n—2)cpz™ 3 =0 (30C)

We see that for all n > 0 then (n —2)c, =0 or ¢, =0 for all n > 0. Hence y,,, that corresponds to

x 3 is
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= cox_3
1 3
= —51;
Hence the solution is
Y=Yn+ Y
_a 1
Tz 223

6.11 Example 11. y/ + oy = 22

y +ay=2a

(1)

Looking first at ¥’ + zy = 0. Expansion around z = 0. This is an ordinary point. Hence standard

power series will be used. let y = ZZ‘;O anx™. Substituting into the ode gives

o0 o0
E na,z" '+ g anxz™ =0
n=1

n=0

o0 o0
E na,z" ! + g a "t =0
n=1 n=0

We always want to power on x be the same in each sum and be z". Adjusting gives

o0 o)
Z (n+1)apt12™ + Z an—12" =0
TL:O n=1

For n = 0 we have

a1z’ = 2°

Hence a; = 1. The recurrence relation is for n > 0. From (3A) we have

(n+1)apt12™ + ap—12" =0
(n+1)apnt1+an—1)z" =0
(m+1)any1+an—1=0

Forn=1
203 +ag=0
W 0
2T
Forn=2
das+a; =0
0,3=0
Forn=3
4a4+ a2 =0
a2
a4=—z
_ %
8

And so on. Hence

oo
Yn = § anz"
n=0

:ao+a1x+a2x2+a3x3+a4x4+~~
0,4 _ 20 6 _

(07
:%_§ﬁ+8 48

1 1 1
=a0<1—x2+x4—$6—---

2 8 48
Now we find y,,. Let

Y=Yn+Yp

(3A)

Let us start by trying the undetermined coefficients method. We will see this will fail. Let y, =
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cx? + 12 + cp. Substituting this into the ode gives

(021‘2 +ciz+ co)l + a:(czx2 +ciz+ CO) = g2
2c01 + ¢ + e + 12?2 + oz = 22
c1 4+ z(2co + co) + 2%(c1) + 23(co) = 22
Hence ¢; = 1,c2 = 0,c; = 0. We see this did not work. We get both ¢; = 0 and ¢; = 1. What
went wrong? The problem is that we used undetermined coefficients on an ode with non constant
coefficients. And this is a no-no. Undetermined coefficients can sometimes work on ode with non
constant coefficients but by chance as we see in earlier examples.

In solving an ode not the series method and if the ode have non constant coefficients, we should
also not use undetermined coefficient but use the variation of parameters method which works on
constant and non constant coefficients. We can not use variation of parameters here, since we are
solving using series and do not have basis functions for integration.

So what to do now? How to find y,? We use the same balance equation method as was done in earlier
examples for singular point. This example was added here to show that undetermined coefficients
can fail when finding y, even on ordinary point. So we should always use balance method in series
solution to find y, as was done in all the earlier examples.

Assuming y,, is

oo

n

Yp = E Cn
n=0

[ee]
Y, = E ne,z™ !
n=0

Substituting this into the ode gives

o0 o0

Z nepz” '+ x Z cpz” = 12
n=0 n=0

o0 o0
Z ne,z™ " + Z Cpz™tt =22
n=0 n=0

o0 o0
Z ne,z" " + Z Cpz" Tt =22
n=1 n=0

Z (n+1)epp12™ + Z Cho1z” = 22
n=0

n=1
And the above is what will be used to obtain the ¢, and y,. For n =0

c1z? = 22

No balance. Hence ¢; = 0. For n =1

2cox + cox = 2

(2¢2 + co) x = 2*

No balance. Hence 2¢y + ¢y = 0. Here, we are free to choose ¢y = 0. Therefore co = 0. For n = 2

3039102 +cz? =22

(3c3 +c1) 2% = &2

Balance exist. Hence 3c3 + ¢; = 1. But ¢; = 0, which gives c3 = % Forn=3

4c4x3 + C2x3 = 22

No balance. Hence 4c4 + ¢ = 0 But ¢cg =0 then ¢4 = 0. For n =4

5C5I4 + 03:1:4 = 22

No balance. Hence 5¢5 + ¢c3 = 0 or ¢5 = —%. Forn=5

606x6 + C4a:6 = 22

No balance. Hence 6¢g + ¢4 = 0. But ¢4 = 0, hence cg = 0. For n = 6

Terz® + c52® = 22
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No balance. Hence 7c7 + cs = 0. But ¢5 = —%, therefore c; = ﬁ and so on. Therefore

o0

n

Yp = E CpT
n=0

=co+ciz+cpr?+egxd .-
_ 1 3 L 5 L -
—0+0+0+3x +0 1590 +0+1O5z

_ls 15 1 7 1 9
=37 T st o T

The final solution is

1 1 1 1 1 1 1
=ao(1—2x2+x4—x6—--->+(:v3—:c5+ T g% 4.

In this example, we choose ¢y = 0. This was arbitrary choice.
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