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A Script for Symbolic and Numerical Solution of System Time
Response for a Simple Closed Loop Discrete Time System

by Nasser Abbasi
May 11, 2005.

Thisis asimple Mathematica script which takes as input the reference signal R(s), the plant transfer function G(s), and the
sample time T, and generate the sampled output ¢[kT]. The intermediate computation of G(z) and the closed loop transfer
function T(z) and C(z) and c[KT] are all shown both in symbolic format and in numerical format.

This script solves only for this system configuration, for arbitrary G(s), T, and R(s).

R L - -C
(s) T | == G(s) ©

Toillustrate, the script is run to solve examples 6.1 and example 6.4 in the text book Digital Control System Analysis and
Design, 3rd edition by Phillips and Nagle. The result generated matches the text book result with the additional advantage of
being able to see the analytical steps taken during the solution steps.

Next | need to add the ability to generate the solution c(t) to the sampled input.

Data Input section

Here type in the input for the system (this could also be done via an Input statement if needed) for now, simply edit these
lines to change the input as needed.

1
inputS = —; (xthis is R (s), common to both examples x)
s

plantS61 = 512 ; (xthis is G (s), for example 6.1 in text *)
S +
T61 = 0.1 ; (*in seconds. This is T for example 6.1 *)
1 L .
plantS64 = —— ; (xthis is G (s) for example 6.1 in text *)
s (s+1)
T64 =1; (xin seconds. This is T for example 6.4 *)
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Example 6.1 output

process [T61, inputS, plantS61 1; (*solves example 6.1 )

*k ok Kok ok k kK ok &/nbol iCc sOlUution i S sxsxsxkrnshnnnx

z
I nput R(z) = 7
4z

Plant Gy (z) = eIt 7
2T 2T

Giz) - 2e (-1+e°’)

-e?2T+2z

2e?T (-1+e?T)

Cl osed | oop transfer function T(z) = 53Tz

22T (-1+€2T) z

Qtput C2) = 5z erTi 7 3627727
2 2T,k
Qutput c[k] = -3 (-1+ (-2+3e?)")

xxxxx%x%% Numerical solutionis khkkkkkkkkkk kK

I nput R(z) = —712+z
4. z
Plant G (z) = —5g18731+ 1. 7
0. 362538
G() = —5. 8187311 2z
. 0. 362538
Closed | oop transfer function T(z) = 0. 4561921 %
0. 362538z
Qutput C(2) = 4456192 - 1. 456197 + 1. 22
Qutput c[k] = 0.666667-0.6666670. 456192%
c(t) Di screte time response
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Example 6.4 output

process [T64, inputS, plantS64 1; (*solves example 6.4 )

*k ok Kok ok k kK ok &/nbol iCc sOlUution i S sxsxsxkrnshnnnx

I nput R(z) = j—+z
z e’z
Plant G (z) 1+z -1+e'z

el (-1-T+z+el (1+ (-1+T) 2))
eT-z-eTz+22

G(z) =

e T (-1-T+z+e' (1+(-1+T) 2))

Cl osed | oop transfer function T(z) = T eTT-27:T7:22

etz (-1-T+z+e" (1+ (-1+T) z))
1+eTT+3z2-Tz-eTTz-322+T22+283

Qutput C(z) =

Qutput c(k] = (21Ke T2 ((24eT (-2+T)) (2-eT2Arel (-4:T) VT -T) =+
(2+eT (-2+T)) (2+eT2Are (Ad+T) VT -T) +21% 2 a1 et ((4+T) /T -
2\ A el (A1T) (2-eT2ATeT (42T T -T) VT -
VAT (-4T) (20 T2V ET (A+T) VT -T)VT)) / (VAT (45 T) T

xxxkxkkkk NUMBII Cal SOl ULIiON IS wukwnsrxnxxnn

z
-1. +z

z 2.71828z
-1. +z -1.+2.71828z

0.367879 (0.718282+z)
0.367879-1.36788z + 1. z2

Input R(z) =

Plant G, (z) =

G(z) =

0. 367879 (0.718282+z)
0.632121-1. z +1. z2

Cl osed | oop transfer function T(z) =

0.367879z (0.718282+2z)

Qutput C(2) = —5435121, 1. 632127 - 2. 22+ 1. 25

Qut put ck] =
(-0.5-0.106866 1) @ (-0.229338-0. 89068 1) k _ (0.5-0.106866 1) e (-0.229338+0. 89068 1) ko, (1. +0. 1) &0 k

c(t) Di screte time response

© e o e

Time (sec)
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Code section

Clear ["Global® «"17;
normalize [expr_ ] : = Module [{d, c,| },
d = Denominator [expr 1;
| = CoefficientList [d, z 1;
¢ = Coefficient [d,z Length [lI]-17;

Numerator [expr ]
c
Denominator [expr ] ]
c

Expand [

|E
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process [sampleTime_, inputS_, plantS_ 1:=
Module [{inputZ, zoh, plantZ, plantZ2, openLoopZ, closedLoopZ, ¢, cc, tab },
Clear [T,k,z 1;
inputZ = ZTransform [InverselLaplaceTransform [inputS, s, t 1/.t kT, k,z 1 ;
z-1
zoh = ;
z
plantz = ZTransform [InverselLaplaceTransform [plantS, s, t 1/.t kT, k,z 1 ;
plantS

plantz2 = ZTransform [InverseLapIaceTransform [ .S, t ] /.t »kT,k z ] :

S
openLoopZ = zoh = plantz2 // Simplify;
openLoopZ o
closedLoopZ = ————— // Simplify;
1 + openLoopZ
outputZ =inputZ =« closedLoopZ // Simplify;

¢ = Together [InverseZTransform [outputZ, z, k  171;

Print [" xx*x*x%x%x%%x Symbolic solution is kkkkkkhkkkhhx |;

Print ["Input R (z) = ", inputz 1;

Print ["Plant G ,(z) = ", normalize [plantz 17;

(xPrint ["modified Plant G p2 (z) = "normalize  [plantZ2 17]; *)

Print ["G(z) = ", normalize  [openLoopZ ]1;

Print ["Closed loop transfer function T (z) = ", normalize [closedLoopZ 11;
Print ["Output C (z) ", normalize [outputZz 11;

Print ["Output ¢ [k] ", ¢ // FullSimplify 1;

Print [1;

Print [" x%x%x%x%x%x%% Numerical solution is *kkkkkkkrkkkx |

T = sampleTime;

Print ["Input R (z) = ", inputZ // NJ;

Print ["Plant G ,(z) = ", normalize [plantz // N]11;

(*xPrint  ["modified Plant G p2 (z) = ",normalize [plantZ2 //N]11; *)

Print ["G(z) = ", normalize  [openLoopZ // N11;

Print ["Closed loop transfer function T (z) = ", normalize [closedLoopZ // N11;
Print ["Output C (z) ", normalize [outputZ // N]1;

Print ["Output ¢ [k] ", ¢ // N// FullSimplify 1;

Print [1;

ccli_l:=c/.k i
tab =Table [{i,cc [i]1}, {i,0,8 1}7I;
(*Print [tab 1; %)
pl = ListPlot  [tab, PlotJoined - True, DisplayFunction - Identity 1;
p2 = ListPlot  [tab, PlotStyle - PointSize [0.02 ], DisplayFunction - ldentity 1;
Show[ {pl, p2 }, DisplayFunction - $DisplayFunction,
AxesLabel - {"Time (sec)","c (t)"}, PlotLabel -> "Discrete time response” 1;

|E
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