Solving d’Alembert and Clairaut first order ode’s
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1 top level algorithm

This is the top level algorithm

function SOLVE__FIRST__ORDER__ODE__ NONLINEAR_ P(F'(z,y,p))
Where p = 3/ and the ode is non-linear in p. An example is z(y')*> —yy = —1 and

y= x(y’ +ay\/1+ (y’)2)

if degree of p an integer in F(z,y,p) then
As an example p*z +yp+vy = 0 and it is possible to find the roots (i.e.
solve for p) then let the roots be p; and each generated ode is solved
as a first order ode which is now linear in each in y;. So we need to
solve y; = f(z,y) for each root.

else if we can solve for = from F(z,y,p) then
This is currently not implemented.
Let z = ¢(y,p) then differentiating w.r.t. y gives

do _ 0, 06 dp

dy 9y Opdy
l - @ @d_p (1)

p Oy Opdy

Solving (1) for p from the above and substituting the result in

z = ¢(y, p) gives the solution.
else

CALL clairaut_dAlembert__solver(F'(z,y, p))
end if
end function

Algorithm below is Clairaut dAlembert solver algorithm

function CLAIRAUT__DALEMBERT__SOLVER(F(z,y,p))
Solve for y and write the ode as (where p = ¥/)

y=zf(p) +9(p) (1)
where f(p) # 0
if f(p) = p then > Example y = zp + g(p)
if g(p) = 0 then > Example y = zp

return as this is neither Clairaut nor d’Alembert.



else if g(p) is linear in p then > Example y = zp + p
return as this is neither Clairaut nor d’Alembert.

else > Example y = zp + p? or y = zp + sin(p)
This is a Clairaut ode. Taking the derivative of (1) w.r.t. z gives

—i(a:+)
p_dx PT4g

. dp ,dp
P= (p”dw) " (g dw)
dp
— / JE——
p—p+@+ghm
dp

0=(x+g')£

where ¢’ is the derivative of g(p) w.r.t. p. The general solution is

dp

— =0 =

dz p=a
where c¢; is constant. Substituting p = ¢; the in (1) gives the general solution y,
The singular solution y; is now found from solving the ode (xz + ¢’(p)) = 0 for p

and substituting the solution p; back in (1).
return y,, y;

end if
else
CALL dalembert_solver(F'(z,y, p))
end if
end function

Algorithm below is just the dAlembert solver algorithm

function DALEMBERT__SOLVER(F(z,y,p))
Write the ode as (where p = ¢/)

y=zf(p) +9(p) (1)
where f(p) # 0. Note that We get here when f(p) # p else it is
Clairaut.

if g(p) = 0 then > Example y = z f(p)
f(p) must be nonlinear in p but can not be the special case p% where
n integer because then it is separable.

if f(p) = p% and n € Z then >Ex. y= x(y’)%
return as this is not dAlmbert ode.
end if

else



In this case any form of f(p) is OK even f(p) = p» with n integer
except ofcourse f(p) = p since this would have made it Clairaut and

not dAlembert. Example is y = zf(p) + p is dAlembert.
if g(p) is constant and does not depend on p then >Ex.y=zf(p)+1

return as this is not dAlmbert ode.
else
if g(p) = f(p) then
if g(p), f(p) have the form pr with n integer then > Ex. y = zp2 + p?
return as this is not dAlmbert ode.
else > Ex. y = zp5 + ps or y = zp® + p?
This is dAlmbert ode.
end if
end if
end if
end if
When we get here then (1) is dAlmbert ode. Note that all the above
cases f(p), g(p) can not be function of z in any case. Now we solve (1)
using dAlmbert algorithm. Taking derivative of (1) w.r.t. z gives

b= (af +9)

~{reort)(02)

where f’ means Z—f) and ¢’ means g—g. The above becomes

dp
_ /! /
dp
!/ /
—_ = _ 2
p—f=@f+g) (2)
The singular solution is given when 3—5 = (0 above. Hence

p—f=0
Solving the above for p and substituting the result back in (1) gives
the singular solution y,. The general solution y, is found by solving
the ode in (2) for p and substituting the result in (1). there are two
cases to consider.
if ode (2) is separable or linear in p as is then
Solve (2) for p directly and substitute the solution in (1). This gives

the general solution y,.
else



Inverting (2) first gives

d_:l? oz f'+q

ap. p—f
Which makes it linear ode in z. This is solved for z(p) as function of
p. Let

z=h(p) +a 3)

be the solution. Now two possible cases exist
if able to isolate p from (3) then

Substitute p in (1). This gives the general solution y,.
else
Solve for p from (1) and substitute the result in (3). This gives an

implicit solution for y, instead of explicit one.
end if

end if
end function

2 Solved examples

2.1 Algorithm diagram
The following is the flow chart.



Figure 1: Algorithm for solving first order ode with nonlinear 3’



2.2 Solved examples

#  original ode y=zf(p)+9(p) f(p) 9(p) type

1 ay)’ —yy = -1 y=ap+1 p 1 Clairaut
2 y=ay () y = ap —p? p —p? Clairaut
3 y=ay -1 y=xp— 1p? p —1p? Clairaut
4 y=a(y) y = ap? P 0 d’Alembe
5 y=z+ ) y=x+p? 1 p? d’Alembe
6 ()-l-z-y=0 y=—z+(p?—1) -1 (p? —1) d’Alemb

2 _ -1 1 ;
T oy -() =2 y=,z+p p p d’Alembe
8 y=2(¢)"+ ) y = ap? + p? P p? d’Alembe
9 y=zy+2 y=2p+2l b 2 d’Alembe
10 y:ac(y’+a\/1+(y’)2) y:a:(p+a\/1+p2> p+ay1+p?2 0 d’Alembe
11 y=z+ @) (1-2y) y=z+p*(1-2p) 1 p*(1-2p) d’Alembe
2
12 y=2x—%ln<$,’_)l> y=2r—3In (;%21) 2 —3In (p’i) d’Alembe
2 2 2_ .2 2 2 .
13 ) —=z@) +yQ+y)—zy =0 y= wp-l-;c# =xp— ﬁ D —# Clairaut
14 a2y’ +@-y)y+1-y=0 y=zp+ ﬁlp D ﬁlp Clairaut
15 zyy =y? + z\/422 + 32 y = RootOf (h(p)) = RootOf (h(p)) O d’Alembe
16  In(cosy’) +y'tany’ =y y =1n(cosp) + ptanp 0 In(cosp) + ptanp d’Alembe
17 =)’ —2yy +42=0 y= x(%p + %) p+2 0 d’Alembe
18 z—yy =a(y)’ y=5—ap = —ap d’Alembe
19 y==zF(p)+G(p) y =zF(p) + G(p) F(p) G(p) d’Alembe
20 y=-%5-1+3V/22+4c+4y y=zp+ (1+2p+p?) p 1+2p+ p? Clairaut
vy = — - _ 2++/1+4p? _ [ 2+/1+p? ,

21 H_%\/m z Y x(i% ) (721, ) 0 d’Alembe
22 z(y)’ =yy +1 y=xp? — % P’ —% d’Alembe
% @y —y= /PP y=a(3+3v2-9)  BE3VZ-F 0 @ Alembe



2.2.1 Example 1
z(y)? —yy = —1, is put in normal form (by replacing ¢/ with p) and solving for y gives

1
y=wp+z—) (1)

= zf(p) + 9(p)

Where f(p) = p and g(p) = 11). Since f(p) = p then this is Clairaut ode. Taking
derivative of the above w.r.t. x gives

p= o (ap+(r))

p=p++g() 2
0= (@ +g) L

The general solution is given by

dp
£ _0
dx
b=a

Substituting this in (1) gives the general solution

1
y201$+—
1

The term (z + ¢’(p)) = 0 is used to find singular solutions.

z+9g(p)=z+ d1
dpp

1

:_’I;—E

Hence o — ; = 0 or p = £ . Substituting these back in (1) gives

1
yi(z) =zp+ —
(z) »

1
—2vz ©
pe) = —2\/> ~ V&
= -2vz @



Eq. (2) is the general solution and (3,4) are the singular solutions.

Another method to find the singular solutions if it exists is called the p-discriminant.
This is used only for first order ode with nonlinear in y’. We set up the following two
equations

F(z,y,4) =0
OF(z,y,9) _
oy’

We eliminate 3’ and obtain G(x,y) = 0 equation. This is the singular solution. But we
still have to check if it satisfies the ode and also if it is true singular solution curve.
More on this later. Let us now just find the singular solution found above but using
the p-discriminant method. The above two equations are

1
y—wy’—yzo

=0

1
(v)?

Second equation gives ()% = 1. Hence y = :I:\/g . Hence the first equation now gives
(starting with positive root)

ponfTi :
:x\/;\/;—l-l

And for the second root y' = —\/% we obtain y = —2,/z. We see these are the same
singular solutions obtained earlier.



2.2.2 Example 2
y =zy — (¢)? is put in normal form (by replacing 3’ with p) and solving for y gives
y=azp—p° 1)
=zf(p) + 9(p)

Where f(p) = p and g(p) = —p?. Since f(p) = p then this is Clairaut ode. Taking
derivative of the above w.r.t. x gives

The general solution is given by

dp
%—O
p=C

Substituting this in (1) gives the general solution
y=czx—c

The term (z + ¢’(p)) = 0 is used to find singular solutions.

d
z+4(p)=z+ @(—ﬁ)
=z+2p

Hence z + 2p = 0 or p = 3. Substituting this back in (1) gives

[\

-
4

(3)
Eq. (2) is the general solution and (3) is the singular solution.

Another method to find the singular solutions if it exists is called the p-discriminant.
This is used only for first order ode with nonlinear in 3’. We set up the following two

equations
F(z,y,y') =0
OF (z,y,y) 0
oy’ N

10



We eliminate 3’ and obtain G(z,y) = 0 equation. This is the singular solution. But we
still have to check if it satisfies the ode and also if it is true singular solution curve.
More on this later. Let us now just find the singular solution found above but using
the p-discriminant method. The above two equations are

y—ay + () =0
—z+2y' =0

Second equation gives y' = 7. Hence the first equation now gives the singular solution

as
e(3) (5 -0

8

_ a?
vy= 4

v |

.’172

NN

Which is the same obtained earlier.

2.2.3 Example 3

y=zy — (¥ )? is put in normal form (by replacing y’ with p) and solving for y gives

1
y=1p— ZpQ (1)

=zf(p) +9(p)
Where f(p) = p and g(p) = —p*. Since f(p) = p then this is Clairaut ode. Taking

derivative of the above w.r.t. x gives

p= i(-’vp + 9(p))

dx
dp
—_— , E—
p=p+(@+g®)
dp
0= ! —
(@+g(P) 5
The general solution is given by
dp
T 0
p=a

Substituting this in (1) gives the general solution
1

_ 2
y=oaz— 106

11



The term (z + ¢’(p)) = 0 is used to find singular solutions.
d 1
/ _ o =2
z+9'(p) —$+dp( 4p>
1

Hence z — 3p = 0 or p = 2z. Substituting this back in (1) gives
y(z) = 22% — 2°
=z’ 3)
Eq. (2) is the general solution and (3) is the singular solution.

Another method to find the singular solutions if it exists is called the p-discriminant.
This is used only for first order ode with nonlinear in y’. We set up the following two
equations

F(z,y,94)=0
OF (z,y,y) _ 0
oy’ -

We eliminate 3’ and obtain G(z,y) = 0 equation. This is the singular solution. But we
still have to check if it satisfies the ode and also if it is true singular solution curve.
More on this later. Let us now just find the singular solution found above but using
the p-discriminant method. The above two equations are

1
y—azy + L—l(y’)2 =0

1/
_ 4 =0
z—|—2y

Second equation gives y' = 2x. Hence the first equation now gives the singular solution
as

y—2x2+i(4x2) =0

y—z2=0

y =z

Which is the same obtained earlier.

12



2.2.4 Example 4

y = z(y')* is put in normal form (by replacing y/ with p) and solving for y gives

y =zp° (1)
=z f(p)

This is the case when f(p) = p? and g(p) = 0. Since f(p) # p then this is d’Almbert
ode.

Writing f = f(p) and g = ¢g(p) to make notation simpler but remembering that f is
function of p(x) which in turn is function of z. Same for g(p).

y=xf

Taking derivative of the above w.r.t. = gives

d
p—%(xf)
,d
p=f+aft
x
,dp
p—f—xf%
Since f = p? then the above becomes
dp
—p® = 2zp— 2
p—p =2zp_ (2)

The singular solution is given when j—g =0or p—p? = 0. This gives p =0 or p = 1.
Substituting these values of p in (1) gives singular solutions

Ys1 =0 (3)
Ys2 =T (4)
General solution is found when j—z # 0. Eq(2) is a first order ode in p. Now we could
either solve ode (2) directly as it is for p(z), or do an inversion and solve for z(p). If

the ode is linear as is in p then no need to do inversion. Since (2) is separable as is, no
need to do an inversion. The solution to (2) is

p1=0

c
pr=1+—F~

NG

13



For each p, there is a general solution. Substituting each of the above in (1) gives

Hence the final solutions are

y=xz  (singular)

y=x<1+%>2

But y = = can be obtained from the general solution when ¢; = 0. Hence it is removed.
Therefore the final solutions are

y=0 (6)

yzm(l—i—%)Q (7)

What will happen if we had done an inversion to z(p)? Let us find out. ode(5) now
becomes

p—p?dx
— =2z
p dp
dx P
=__F 4
2r p—p? P

This is also separable in z. Solving this for z gives

&1
Tr=
(p—1)°

Solving for p from the above gives

_ T+ \/xcy
B T
T —y/za

D2 =
T

D

14



Substituting each of the above in (1) gives

(=)

Nn=x

_ (o4 yma)’
oe(L)
(z — yaer)®

X

Now we see that singular solution y = x can be obtained from the above general
solutions from ¢; = 0. But y = 0 can not. Hence the final solutions are

y=0 (singular) (8)
= vEa) ©)
y= =) (0)

All solutions (6,7,8,9,10) are correct and verified. Maple gives the solutions given in
(8,9,10) and not those in (6,7).

Another method to find the singular solutions if it exists is called the p-discriminant.
This is used only for first order ode with nonlinear in y’. We set up the following two
equations

F(z,y,9)=0
3P1w4hy3__0
oy’ -

We eliminate 3’ and obtain G(z,y) = 0 equation. This is the singular solution. But we
still have to check if it satisfies the ode and also if it is true singular solution curve.
More on this later. Let us now just find the singular solution found above but using
the p-discriminant method. The above two equations are

2
y—az(y) =0
—2zy' =0
Second equation gives y' = 0. Hence the first equation now gives the singular solution
as
y=0

Which is the same obtained earlier.

15



2.2.5 Example 5

y =z + (y)? is put in normal form (by replacing 3’ with p) which gives

y=z+p’ (1)
=zf+g

Hence f(p) = 1, g(p) = p*. Since f(p) # p then this is d’Almbert ode. Taking derivative

w.r.t. T gives
dp dp
_ ' '

dp
_ / /
dp
/ /
— f= 2
p—f=@f+4) (2)
Using f = 1, g = p? the above simplifies to
dp
—1=2p— 2A
p P (24)
The singular solution is found by setting Z—x = 0 in (2) which results in p — f =0 or

p—1=0. Hence p = 1. Substituting these values of p in (1) gives singular solution as
y=z+1 (3)

General solution is found when Z—Z # 0. Eq (2A) is a first order ode in p. Now we could
either solve ode (2) directly as it is for p(x), or do an inversion and solve for z(p). Since
(2) is separable as is, no need to do an inversion. Solving (2) for p gives

p = LambertW (c;e2™') + 1
Substituting this in (1) gives the general solution
y(z) = z + (LambertW (c;e2 1) + 1)2 (4)

Note however that when c¢; = 0 then the general solution becomes y(z) = = + 1. Hence
(3) is a particular solution and not a singular solution. (4) is the only solution.

16



2.2.6 Example 6

(y')> =1 — 2 —y = 0 is put in normal form (by replacing ¢/ with p) which gives

y=—-z+ (p®—1) (1)
=zf+yg

Hence f = —1,9(p) = (p* — 1). Since f(p) # p then this is d’Almbert ode. Taking

derivative w.r.t. x gives
dp dp
_ ! L !

dp
_ / /
dp
/ /
— f= 2
p—f=@f+4) (2)
Using f = —1,g = (p? — 1) the above simplifies to
dp
1=2p— 2A
p+l=2p_ (24)
The singular solution is found by setting Z—g = 0 which results in p = —1. Substituting

this in (1) gives singular solution as

y(a) = -z (3)

The general solution is found by finding p from (2A). No need here to do the inversion
as (2) is separable already. Solving (2) gives

c2

p = — LambertW (—e_%_H?) -1
= — LambertW (—cle_%_l) -1

Substituting the above in (1) gives the general solution

y(@) = -z + (p" - 1)
y(z) = —z + (— LambertW (—cie"2 1) — 1)2 -1 (4)

Note however that when ¢; = 0 then the general solution becomes y(z) = —z. Hence
(3) is a particular solution and not a singular solution. Solution (4) is therefore the only
solution.

17



2.2.7 Example 7

/

yy' — (')* = z is put in normal form (by replacing 3’ with p) which gives

x + p?
= 1
’ (1)
1
= — -|- p
p
=zf+g
Hence f = %, g(p) = p. Taking derivative w.r.t. x gives
dp dp
_ /_ /_
- (r+arg) + (v3)
dp
dp
p=f=@f+d)
Using f = 11), g = p. Since f(p) # p then this is d’Almbert ode. the above simplifies to
1 x dp
=== 41) 2= 2A
" ( P ) dzx (24)

The singular solution is found by setting 2 = 0 in (2) which results in Q(p) = 0 or
p—1=0 or p=1. Substituting these Values in (1) gives the solutions

yi(e) =z +1 3)

The general solution is found by finding p from (2A). Since (2A) is not linear and not
separable in p, then inversion is needed. Writing (2) as

dm_l—z%

dp  p—;
1 2
= a’,‘—p
)
Hence
dx T p?

- _|_ =
dp p(P*-1) pE -1
This is now linear ODE in z(p). The solution is

\/ (p—1)(1+p)In(p+vp*>— )+c P
(1+p) (p-1) Va+p) -1
_ VP —1ln(p+vp* - ) p
-1 O == (4)
p? p*—1

18



Now we need to eliminate p from (1,4). From (1) since y = %x + p then solving for p
gives

y 1 ~
= — —_— _4
D1 2+2 Y T
1
p2_%—§ Y — 4z

Substituting each p; in (4) gives the general solution (implicit) in y(z). First solution is

(4 W) (4 + V=) — 1 (44 W= T+ (4 + 1= )" - 1)
T = +c

4+ 3 =) - 1

And second solution is

(4= 3= 2) (4~ W= )~ Lin (4 = 2=+ (¢~ b =) 1)

2.2.8 Example 8
y = z(y)> + ()* is put in normal form (by replacing 3’ with p) which gives

y = zp’ +p° (1)
=zf+yg

where f = p%, g = p. Since f(p) # p then this is d’Almbert ode. Taking derivative and

_ ,dp ,dp
p= (f‘l‘ﬂ?f%) +(g%)
p=f+f +e) L

p—f=(af +9) P

simplifying gives

Using values for f, g the above simplifies to

dp

2

—p°=(2 2p) — 2A
p—p = (2zp+2p) (24)
The singular solution is found by setting Z—g = 0 which results in p = 0 or p = 1.

Substituting these values in (1) gives the singular solutions

yi1(z) =0 3)
yo(z) =z +1 (4)

19



The general solution is found by finding p from (2A). Since (2A) is not linear in p, then
inversion is needed. Writing (A2) as

p(l—p) _dp
2p(z+1) dx
Inverting gives
dz _ 2(z+1)
dp (1-p)
dz 2 2

—_— x =
dp ~(1-p) (1-p)
This is now linear z(p). The solution is

02
(-1
Solving for p gives
02
p-17 "
02
—1)? =
(p—1) z+1
C
—1)==+
) z+1
p=1% ¢

Substituting the above in (1) gives the general solutions

y=(z+1)p°

Therefore

y(z) = (z +1) <1+\/3%)2

mm=m+n@—¢£ﬁf

The solution y;(z) = 0 found earlier can not be obtained from the above general
solution hence it is singular solution. But ys(x) = = + 1 can be obtained from the
general solution when C' = 0. Hence there are only three solutions, they are

yi(z) =0

yo(z) = (z + 1) <1+ \/3%)2

mm=u+n@—¢£ﬁf

20



2.2.9 Example 9

y=2y + aiy, is put in normal form (by replacing 3’ with p) which gives

x b _
y=-p+-p (1)
a a
=zf+g

Where f=2,g9 = gp_l. Since f(p) # p then this is d’Almbert ode. Taking derivative

w.r.t. T gives
dp dp
_ /_ I_
p= (f+fcf dx) + (g dw)

dp
_ / /
dp
_f / /
p—f=f+9g)
Using values for f, g the above simplifies to
p T b _,\dp
_E_(z_Z = 2A
P= (a o’ ) dz (24)

The singular solution is found by setting % = 0 which results in p = 0. Substi-
tuting this in (1) does not generate any solutions due to division by zero. Hence
no singular solution exist.

The general solution is found by finding p from (2A). Since (2A) is not linear in p, then
inversion is needed. Writing (2A) as

p(1—-3) _dp

z _ gp—2 dx

a

Since this is nonlinear, then inversion is needed

dz 1 b1
dp “pla-1)  ap*(1-1)
This is now linear ode in z(p). The solution is

b 1
xr = m + Clp“— (3)

21



There are now two choices to take. The first is by solving for p from the above in terms
of x and then substituting the result in (1) to obtain explicit solution for y(x), and the
second choice is by solving for p algebraically from (1) and substituting the result in
(3). The second choice is easier in this case but gives an implicit solution. Solving for p
from (1) gives

_ay++a*y* —4xb

h or
’ ay — v/ a?y? — 4xb
1 =
2z

Substituting each one of these solutions back in (3) gives two implicit solutions

1

b ay +va?y? — dxb +?
T = 5 +C1 2

ay++/a2y2—4xb
(2a — 1) (%)

b ay — V= Tah\
T = 2+Cl o

(2a — 1) (ay— z;zny—Abe)
2.2.10 Example 10
y =y +az\/1+ (y)? is put in normal form (by replacing 3’ with p) which gives
y=x(p+av1+p2> (1)

=zf

where f = p+ a+/1+p?,g = 0. Since f(p) # p then this is d’Almbert ode. Taking
derivative and simplifying gives
d
p= (f + zf’—p)
dz

dp
— —_— ,_
p—f=xf iz

Using values for f, g the above simplifies to

_ 2 _ ap dp
ayv1+p x(l—l—m) Ix (2A)

The singular solution is found by setting g—g = 0 which results in —a+/1 + p? = 0. This
gives no real solution for p. Hence no singular solution exists.
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The general solution is when 2 # 0 in (2A). Since (2A) is nonlinear, inversion is needed.

—av/1+p?  dp
x+%r 2ap_ dg

v/ 1+p?
1 2aq
de a:(l + 5\/1fp2>

dp —av/1+p?

1 2ap
dCL' 1 + 2 1+p2

z  —aixp
dz  V1+p%+ 32ap

T —a(1+p?)

dp

dx ( 1 P ) i
x a/1+p2  (1+p?) P
Integrating gives

Inz(p) = —% In(p®+1) — 2arcsinh (p)

Therefore
—e~ % (arcsinh(p))

VTl ®)
There are now two choices to take. The first is by solving for p from the above in terms
of  and substituting the result in (1) to obtain explicit solution for y(x), and the
second choice is by solving for p algebraically from (1) and substituting the result in
(3). The second choice is easier in this case but gives an implicit solution. Solving for p

r =C

from (1) gives

lay ++v—a?2x2 + 122+ y2a — y

b1 =

x a?—1
1—ay++v—a2x2+ 22 +y2a—y
P2 = — 3
x a*—1

Substituting each one of these solutions back in (3) gives two implicit solutions

. ay+1/—a2z2+22+y2a—
L (arcsmh (—; L L L

“a a2-1
—€
r =C
1 ay++/—a?z2+z2+y2a—y 2 1
Tz a’-1 +
ayt/—a2a2 4224 y2a
_% (a,rcsinh (; vt a2_41— v y))
—€
r=:C
1 —ay++/—az?+z2+y2a—y 2 1
z a’-1 +
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2.2.11 Example 11

y=z+ )" (1 = gy’)

2
=x+p2(1—§p>

Where f = 1,9 = p?(1— %p) Since f(p) # p then this is d’Almbert ode. Taking

derivative w.r.t. x gives
_ ,dp ,dp

dp
_ / /
dp
J— — 4 ! _
p—f=@f+d)
Using values for f, g the above simplifies to
dp
—1=(2p—2p°) — 2A
p (2p—2p%) o (24)

The singular solution is when 2 = 0 which results in p = 1. Substituting this in (1)
gives

The general solution is when j—z # 0. Then (2A) is now separable. Solving for p gives

pP=—VC1—Z
p=vC1—Z

Substituting each one of the above solutions of p in (1) gives

h=z+ (p2 — §p3)
=Tt ((—m)z - g(—mf*)

2 3
=r+ (cl—x+§(c1—$)z)
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And

2
=c — g(cl - x)%
Therefore the solutions are
N 1
= —_
Y 3
2 3
Yy=c+ g(Cl —.T)2
2 3
y=c1—4(c1—x)?

2.2.12 Example 12

W) ="y —1)
In(y)? = (4z — 2y) +In (¢ — 1)
4 — 2y =In (y')2 —In(y’ —1)
W)

dr — 2y =1
T — 2y ny, 1

Where f = 2,9 = —3In <;%21>' Since f(p) # p then this is d’Almbert ode. Taking
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derivative w.r.t. x gives

(1) (62)

p=f+(af+g) P

dx
dp
_f— / /
p—f (wf+g)—dx

Using values for f, g the above simplifies to

2—0p dp
—2= ("L )L 2A
P (2p2—2p)dw (24)

The singular solution is when % = 0 which gives p = 2. From (1) this gives
1
y=2x— 3 In4

The general solution is when g—z # 0. Then (2) becomes

dp 2p% — 2p
I =
=2p(1-p)

is now separable. Solving for p gives
1

T ltce
Substituting the above solutions of p in (1) gives

1 (=)

1+4ce—2=

1 _64x
=2z - 5111 (c(c—l—e?‘”))

p

2.2.13 Example 13

_ oy +a(y) - )’
y+1
zp + zp® — p?

p+1
2

=Ip— 1
Py 0

=zf+g
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Where f =pand g = —p%. Since f(p) = p then this is Clairaut ode. Taking derivative
of the above w.r.t. x gives

p= %(-’vp +9(p))

p=p+(+g) L
0=(a+9() L

The general solution is given by

dp
L _o
dzx
b=

Substituting this in (1) gives the general solution

02

=zc] —
Yy 1 o+l

The term (z + ¢’(p)) = 0 is used to find singular solutions.

s4+g(p) o+ o
dpp

1

:x_ﬁ

Hence = — z% =Qorp= :l:\/ii. Substituting these back in (1) gives

1
y(z) = wpl‘i‘ »
=2z 3)
p@) = —o\/> ~ vz
—-2/5 (@)

Eq. (2) is the general solution and (3,4) are the singular solutions.
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2.2.14 Example 14

z(y) +(@—y)y +1-y=0
o(y) +ay —yy' +1—y=0
y(—y' — ) +2(y)’ +2y' +1=0
Solving for y
_—ey) —ay —1
—y —1
—zp? —ap—1
—p—1
zp? +zp+1
p+1
2
= x(p +p) + .
p+1 1+p
1
= —|— _—
P 1+p
=zf+g (1)
Where f =pand g = ﬁp. Since f(p) = p then this is Clairaut ode. Taking derivative
of the above w.r.t. x gives

The general solution is given by
dp
e
p=a

0

Substituting this in (1) gives the general solution
1
= S 4
y=ar+t c+1 )
The term (z + ¢'(p)) = 0 is used to find singular solutions. But

o +d® =2+ 5 (13 )
I = dp\1+p

o
(p+1)?
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Hence

Substituting these values into (1) gives

1
14+ p,

”(%‘Q*ﬁ
=%—x+\/5
=x$ﬁ—x+\/5

=2z -z

And substituting p, into (1) gives

Y1 =Tp1 +

S
!
—_
N—

1
1+p

Y1 =2zp1 +

There are 3 solutions given in (4,5,6). One is general and two are singular.
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2.2.15 Example 15

zyy = y? + z\/422 + o2
Solving for y gives
y=RootOf (_z*—4+ (p*—1) _2*—2 2’p)=x
y=zf+g

Where f = RootOf (_z* —4+ (p?> —1)_2% —2_23p) and g = 0. Since f(p) # p then
this is d’Almbert ode. Taking derivative of the above w.r.t. x gives

(1) (62)

d
p=f+aft
"

dp

J— — /_

p—f=af

Using values for f the above simplifies to

p—RootOf (_z* —4+ (p* —1) _2*—2_2%) = (xdip RootOf (_2* —4+ (p* —1)_2% — 2_z3p)) I

(24)
The singular solution is found by setting g—g = 0 which results in p = RootOf (_z4 — 4+ (p2 —1)_2*—-2_
Substituting this in (1) does not generate any real solutions (only 2 complex ones) hence
will not be used.

The general solution is found by finding p from (2A). Since (2A) is not linear in p, then
inversion is needed. Writing (2A) as

dr __of
dp p—f
1 f
—dr = ———dp
T p—f

Due to complexity of result, one now needs to obtain explicit result for RootOf which
makes the computation very complicated. So this is not practical to solve by hand. Will
stop here. It is much easier to solve this ode as a homogeneous ode instead which gives

- @) =«

the solution as
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2.2.16 Example 16

In(cosy’) + ¢ tany' =y

Solving for y gives

y = In (cosp) + ptanp (1)
y=zf+g
=g (1A)

Where f = 0 and g(p) = In (cos p)+p tan p. Important note: This ode has f = 0 which is
strictly speaking is not of the form y = zf(p) + g(p). But Maple says this is dAlembert.
This is why it is included. I should make special case dAlmbert classification to handle
this special case.

Taking derivative of (1A) w.r.t. z gives

_dgdp
P= dp dx
p= <—Smp +tanp+p(l+tan2p)) dp
cosp dx
d
p= (—tanp+ tanp + p(1 + tan’p)) —i
dp
p:p(l—l—tanQp)%
_ 2,y %P
1= (1+ tan®p) T (1)

The singular solution is found by setting g—x = 0 which does not result in solution.

The general solution is found by finding p from (2). Since (2) is not linear in p, then

inversion is needed. Writing (1) as
dz
dp
dx = (1 + tan? p) dp

=1+tan’p

Integrating gives
z=tanp+c
p = arctan (z — c)
Substituting the above in (1) gives the solution
y =In(cosp) + ptanp
= In (cos (arctan (z — ¢))) + (arctan (z — c)) tan (arctan (z — ¢))

= In (cos (arctan (z — ¢))) + (x — ¢) arctan (x — ¢)

31



This ode also have solution y = 0.

2.2.17 Example 17

z(y)" — 2yy + 4z =0

y= w(%y’ + 21) (1)

yl

Solving for y gives

where f = 3p+2_,9 = 0. Since f(p) # p then this is d’Almbert ode. Taking derivative

and simplifying gives
,d
p=(r+ar®)
x

,dp
P—f—xfa

Using values for f, g the above simplifies to

1 1 <1 2>dp
p—5p—2-=z(5— 5|5

2 D 2 p?/)dx
1 2 1 2\ dp
p——=z(=— = | — 2A
2" " p x<2 p2> dzx (24)

The singular solution is found by setting 2 = 0 which results in 3p—2=00r3p°~2=0
or p?> = 4 or p = 2. Hence y = 42z are the singular solutions.

The general solution is when g—’; # 0in (2A). Since (2A) is nonlinear, inversion is needed.
General solution can be shown to be

v=-3(-5%-1)a ®)

Will now show a more general method to find singular solution that works for any
first order ode. This requires finding the general solution above first. Let the general
solution be

32



The ode is

F(z,y,y")=0
=a(y)’ - 2yy + 4

First we find the p-discriminant curve. This is found by eliminating 3y’ from

F=0
oF
-0
oy’

z(y)’ —2yy +4z =0
2zy — 2y =10

Second equation gives y' = ¥. Substituting into first equation gives z () 2 —2y(¥)+4z =

x

0 or % — 21;—2 + 4z = 0 or y = +2z. These are the candidate singular solutions
Ys = X2z

Next, we verify these satisfy the ode itself. We see both do. Next we have to check that
for an arbitrary point xo the following two equations are satisfied

Yg(T0) = ys(x0)
?/;(900) = ys(20)

Where y,(z) is the general solution obtained above in (3). Starting with y; = 2z the
above two equations now become

Or
2
E + 261 = 2.’1,‘0
201
o _ o
1
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Second equation gives c; = %. Using this in first equation gives
2
o +2(2) =22
e + 9 0
To + xo = 22

21170 = 21‘0

Which shows it is satisfied. Hence this shows that y; = 2z is indeed a singular solution.
Now we have to do the same for second y; = —2z. Hence the steps of this method are
the following

1. Find y; using p-discriminant method by eliminating 3’ from F' = 0 and 2—5, =0.
2. Verify that each y, found satisfies the ode.
3. Find general solution to the ode y,(z).

4. Verify that the two equations y,(zo) = ys(xo) and y, (7o) = y,(zo) are satisfied at
an arbitrary point zy. If so, then y; is singular solution. (envelope of the family
of curves of the general solution).

2.2.18 Example 18

2
z—yy =a(y)

Solving for y gives

—yp = —z + ap’
X
—y=——-+ap
p
x
y=_—ap (1)

y=zf(p)+9(p)
Where f = %, g = —ap. Since f(p) # p then this is d’Almbert ode. Taking derivative
and simplifying gives
= (@t ) + o)
p= dr p g\p
P

= 1)+ 21 0) L+ o) L

dz
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But f(p) = 1l>’ f'(p) = ;—zl,g’(p) = —a and the above becomes

_1_zdp_ dp

P p p?dzx dz

1 x dp
=== = 2
" <p2 a>d$ @

The singular solution is found by setting - 42 — ( which results in p = 1. Hence y/ = +1
or y = £z but these do not satisfy the ode hence no singular solutions exist.

The general solution is when j—i’ # 0 in (2). This gives the ode

1

dp _ P~y
dx —I%—a
_p—p
ap? +

But this is non-linear. Hence inversion is needed. This becomes

dr _ —a(p) ~ ap?
dp pP—p
Which is now linear in z(p). The solution is

—pa\/ (p—1) p—l—l)ln(p—f—\/p — )+ pcy
(-1 (+1) p—1vp+1

From (1) y = £ — ap, hence

1— +\/4ax+y2
10125
» 1y+\/4aa:+y
2:

2 a

Plugging p; into (3) gives one solution and Plugging p, into (3) gives the second solution.

2.2.19 Example 19

y = zf(p) + g(p)

This problem is meant to show what to do when we are unable to solve explicitly for
z(p) when doing inversion. Taking derivative the above becomes
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w=%@ﬂ@+ﬂ@)

=f()+xf() ’()—

p—ﬂm=uf@+¢@»%

dp  p—f(p)

dz ~ (zf'(p) + 4 (p))

Inversion is needed. Hence gives

dz(p) _ (z(p) f'(p) + ¢'(p))

dp p—f(p)

This is now linear in z. , .
dx zf g

dp p—f p—f

£'(0)
Integrating factor is p = e/ 77%_ Hence the above becomes

/

= (ap) = p2
dp p—f
g/
xu=/u dp+
p—f
1

w=—/u fdp+clu (1)

Now we solve for p from y = zf(p) + g(p) and plug-in the result into the above. To
show how this work, lets apply the earlier problem to the above which was to solve
—yy' = a(y')*. From that problem we found that

» 1 —y + V4az + y?
1=5
2

a
ly ++v4azx + y?
P2 =—7
2 a

And we had f = 1, g = —ap. Using these value we now find
p

36



Hence

T = \/pi_/\/i dp—l—clﬁ
a\/F/

=dp + ¢1 P

(p-—l5 VPP -1
_a\/pp —_1< S <p+\/p7_>> b
=a—“—”’;‘1n(p+m)+cl

Vp? —1
_pPr
Vvp*—1

Substituting each one of the above value for p in (2) gives the two solutions. For example,

1 —y+4azt+y* 4am+y

using p; = gives

a\/<% —?J-i—\/;laa:—i-yQ)Q -1

e a o 1oyt Vi +y? [ (1-y+ Vit ’ 1) e 3
- 1 —y+/Aas+y? 2 a 2 a !
2 a

And same for the other ps.

In the above example it was possible to evaluate the integrals in p, then replace p by its
solution from the original ode. What if this was not possible? Let say we have integral

/ ap’dp

And for some reason we are not able to the integration. In this case we first replace the

above with »
/ at’dr

And only now replace p with its solution as the upper limit.

2.2.20 Example 20

1
y'=—§—l+§\/az2+4x+4y

Solving for y gives

y=zp+ (1+2p+p° (1)
y=xzf+g
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Hence f = p,g = (1 + 2p + p?). Since f = p then this is Clairaut. Taking derivative of
the above w.r.t. z gives

df dp  dgdp
l=
y=r+z d dpdz | dpdz

df
P=it% (dp+dp>

But % =1, dg = 2+ 2p. The above becomes

dp
—f=—= 242
p—f I (z + 2+ 2p)
But f = p. The above simplifies to
dp
0=— 242 2
o (x+2+2p) (2)

The general solution is when 3—5 = 0. Hence p = ¢;. Substituting this into (1) gives

y=zc+ (1+2c +)
The singular solution is when 2 # 0 in (2) which gives

x+2+2p=0
—z—2
2

p:

Substituting this in (1) gives

() () (7))

1

= —Zx(m +4)
1

= —sz -z

Checking this solution against the ode shows it is verifies the ode. Hence there are two
solutions, one general and one singular

{ e, +1+2¢ +c
y:

1.2
A
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2.2.21 Example 21

g (1)

Hence

g=0

Since f(p) # p then this is d’Almbert ode. Taking derivative of (1) w.r.t. z gives

p= 2 (@f(p) +9(r)

d d
= f0) +f () -+ (0)

But f(p) = — 242" VQII)J’pz,f’(p) = ;—21,9 =0, ¢’ = 0 and the above becomes

SRIVET e VT &
2p 2v/1 + p? 2p? dx
+2+m_m 1 —2—m)dp @)
p 2p B 21+ p? 2p2 dz
The singular solution is found by setting j—w = 0 which results in p+ Zhy1tp” lef’ﬁ = 0. Hence

p==iory ==i ory= tiz. But these do not satisfy the ode, hence no singular
solutions exist.
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The general solution is when g—z # 0 in (2). This gives the ode

24/ Tip?
pr242)

dp 1
dr (_ 1 —2—\/1+p2>
2/1+p2 2p?
1
=" +p)
T

But this is non-linear in p. Hence inversion is needed. This becomes

1 —2—+/1+p? >

dx . (_ 2/14p? 2p?

T
dp (p—k2+X235§>

dr =
dp  pPP+p
dx 1 .
dp p+p>
Which is now linear in z(p). The solution is

b
c
V1+p? !

We now need to eliminate p. We have two equations to do that, (1) and (3). Here they
are side by side

3)

r=—L ¢ (3)

iir
We can either solve for p from (1) and plugin in the value found into (3). Or we can

solve for p from (3) and plugin the value found in (1). Using CAS we can just use the
solve command. For an example, using Maple it gives

e B

eql:=y=-xx( (2+sqrt(1+p~2))/(2%p));
‘ eq2:=x=p/sqrt (1+p~2)*_C1 ‘
‘ sol:=solve([eql,eq2], [p,y],'allsolutions'); ‘
‘ [[p = x*Root0f((c__172 - x72)*_Z"2 - 1), y = —(Root0f((c__172 - x"2)*_Z"‘2 - Dx*xc__1 +

Now we can use allvalues

‘ map (X->allvalues(X),sol) ‘
\[[p = x*sqrt(1/(c__172 - x72)), y = -(sqrt(1/(c__172 - x"2))*c__1 + 2)/q2*sqrt(1/(c__i
‘ [p = —x*sqrt(1/(c__172 - x72)), y = (-sqrt(1/(c__172 - x72))*c__1 + 2)/(‘2*sqrt(1/(c__2
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Hence the solutions are

1= —
Yy 5 S
c?—x2
-/ z=201 + 2
g —a? 1
2 = —
Y 92 /1
c?—x2

These are verified valid solutions to the ode (had to use assuming positive)

2.2.22 Example 22
2(y)’ =y +1
Let ¢y = p and rearranging gives

a:p3=yp+1
zpd —1
y:

Hence

Since f(p) # p then this is d’Almbert ode. Taking derivative of (1) w.r.t. x gives

p= 2 (@f(p) +9(r)

= 1) +2f () L + o )

= o)+ @f +9) P

dp
dz

But f(p) = p?, f'(p) = 2p,9 = —%, g = z% and the above becomes

1) d
p=p"+ (2xp+—2) i
p? ) dx

1\ dp
—p2=19 — | £
p—p < zp + 2 ) dz

41



The singular solution is found by setting % = 0 which results in p — p? = 0. Hence
p =0 or p = 1. Substituting p = 0 in (1) gives 1/0 error. Hence this is not valid solution.
Substituting p = 1 in (1) gives y = x — 1 which verifies the ode. Hence this is valid
singular solution.

The general solution is when g—z # 0 in (2). This gives the ode

dp _p’(1-p)
der 2zp3+1
But this is non-linear in p. Hence inversion is needed. This becomes
dr _ 2xp®+1
dp  p*(1-p)

Which is now linear in z(p). The solution is

2cp% +2p—1
T=— 5
2p?(p—1)
We now need to eliminate p. We have two equations to do that, (1) and (3). Here they
are side by side

3)

1
2
y=2xp” — 1
» (1)
2c1p? +2p—1
= 2 2 (3)
2 (p—1)
We can either solve for p from (1) and plugin in the value found into (3). Or we can
solve for p from (3) and plugin the value found in (1). Using CAS we can just use the
solve command. For an example, using Maple it gives

eql:=y=x*p~2-1/p;
\eq2:=x= (2%_C1xp~2+2%p-1) /(2*p~2*(p-1)"2) ;
Lsolve ({eql,eq2},{y,p})

Whch gives

( N

{p = RootOf (1 + 2*x*_Z~4 - 4xxx_Z"3 + (-2%c__1 + 2xx)* _Z"2 - 2x_Z),
Ly = (x*RootOf (1 + 2%xx Z~4 - 4*xx Z"3 + (-2%c__1 + 2xx)*_Z°2 - 2% _Z)"3 -J 1) /Root0f (1 -

Hence the general solution is

_ zRootOf (1 + 222* — 42Z% + (—2¢, + 2z) 2% — 2Z)° — 1
~ RootOf (1 + 2x2% — 4273 + (—2c; + 22) Z2 — 27)
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And the singular solution is

y=zxz—1
2.2.23 Example 23

(¥)" —2yy =22

Let ' = p and rearranging gives

P’ —2yp =2z
_ p? — 22
1 n 1
= —Tr— —
2p
=zf+g (1)
Hence
1
f=—1
b
_ 1

Since f(p) # p then this is d’Almbert ode. Taking derivative of (1) w.r.t. z gives

p= 2 (@f(p) +9(r)
/4

d d
= f0) +f () -+ (0)
= o)+ &f +9) P

But f(p) = —;1), f'(p) = Z%,g = 1p,¢’ = 1 and the above becomes

__ 1 =z 1\dp
p= D p?  2) dz
1 x 1\ dp
ph,= () i )

The singular solution is found by setting % = 0 which results in p? + 1 = 0. Hence
p = i But these do not verify the ode. Hence no singular solutions exist.
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The general solution is when g—z # 0 in (2). This gives the ode

dp _(P+1)2p

dr 2z +p?

But this is non-linear in p. Hence inversion is needed. This becomes

dr 2z +p?
dp (P®P+1)2p

Which is now linear in z(p). The solution is

e (3 arcsinp};(f)1+ a)p 3)

We now need to eliminate p. We have two equations to do that, (1) and (3). Here they

are side by side

1 1
= —1r— — 1
y=-—z_+3p (1)
1 inh
. (zarcsm (p)+c1)p 3)

VP —1

We can either solve for p from (1) and plugin in the value found into (3). Or we can
solve for p from (3) and plugin the value found in (1). In this case it is easier to solve
for p from (1) which gives

n=y+v2z+y

p2=y— 2z +y?

Substituting each of these into (3) gives these two general solutions

(1 arcsinh (y + vV2z + 3%) 4+ c1) (y + V22 + 4°)

) J+vaE+) -1
. (% arcsinh (y - \/W) + cl) (y - \/m)

\/(y— V2Zr+y?) -1
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2.2.24 Example 24

zy —y=a? -y
Let ' = p and rearranging gives
p—y =z -y
Solving for y gives two solutions
p 1
y=m(§+§ 2—P2) (1)

We will here solve the first one above. The second one will have similar solution.
Comparing the above to y = zf(p) + g(p) shows that

1
f=t+5V2-7 (2)
g=0

Since f(p) # p then this is d’Almbert ode. Taking derivative of (2) w.r.t. = gives

b= (@f(r)

d
= 1) +f'(p) 5
_(p 1 1 p dp
—(5+§ 2‘1”2)”(5‘2—\@)@
p 1 (1 D dp
p‘(§+§ 2‘7’2)—””(5‘2—\@)@ 3)

ap

- =0 which results in

p 1
—(Pyc o) =0
Y
Hence p = 1. Substituting this in (2) gives singular solution
1 1
y=2x 5 + 5\/ 2—-1

=T

Singular solution is when
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To find general solution, we need to solve (3) for p. EQ (3) becomes

% 24/2—p?
1
= —— 2 — p2
x
This is separable ode.
—d 1
P _ iz
2—p?

Substituting this into (1) gives

p 1
—z( T4+ /2 —p2
Y x(2+2 p)

2 o3 2
B —sin(nz+c) 1, (2
=z 5 + 5 2 \/ism(lnqucl)

(—sin (Inz+¢
=z

V2

) 1 2
+ 5\/2—2sm (Inz +¢p)

2.2.25 Extra example

This ode is an example where y does not appear explicitly in the ode so not possible
to directly solve for y. It is given here to show possible problems with this method.

y=y1+z+y (1A)
This ode is squared to first solve for y which gives
¥) =1+z+y (24)

However, here care is needed. To get back to original ode (1A) then (2A) means two
possible equations
y=x\14+z+y

Hence the solutions obtained using (2A) can be the solution to one of these

yY=+V1+z+y (B1)

y=—V1+z+y (B2)
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Therefore the solution obtained by squaring both sides of (1A), which is done in order
to solve for y, must be checked to see if it satisfies the original ode, else it will be
extraneous solution resulting from squaring both sides of the ode.

Starting from (2A), in normal form (by replacing 3’ with p) it becomes

y=-z—1+p° (1)
=zf+yg

Where f = —1,g = —1 + p?. Taking derivative w.r.t. = gives

p=f+ s +e) L

dp
1=2p— 2
pt+1=2p (2)
Since % = —1 # p then this is d’Alembert ode. The singular solution is found by
setting g—ﬁ = 0 which results in p = —1. Substituting this in (1) gives the singular
solution
y(z) = —z 3)

But this solution does not satisfy the ode, hence it is extraneous. The general solution
is found by finding p from (2). Since (2) is nonlinear, then it is inverted which gives

ptl_dp
2p  dx
do _ 2
dp p+1
Which is linear in z. Solving gives
z=2p—2In(p+1)+¢ (4)

Instead of inverting this to find p in terms of z, p is found from (1) which gives

y+z+1=p°

p=xyy+zrz+1

Substituting these solutions in (4) gives implicit solutions as

T=2\/y+z+ —21n<1+\/y+x—|—1)+cl
T=-2\/y+zx+ —21n<1—\/y+:c+1>+cl
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But only the first one above satisfies the ode. The second is extraneous. Therefore the
final solution is

r=2\/y+z+ —2ln<1+\/y+x+1)+cl

And no singular solutions exist. If instead of doing the above, p was found from (4)
using inversion, then it will be

p = — LambertW (_016—7@—1> -1
Substituting this in (1) gives
. 2
y=—-x—1+ (— LambertW (—0167_1> — 1)

But this general solution does not satisfy the original ode. In general, it is best to avoid
squaring both side of the ode in order to solve for y as this can generate extraneous
solutions. Only use this method if the original ode is already given in the form where
y shows explicitly.
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