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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration problems.

The listing of the problems used by this report are

1. [MathematicaSyntax lestFiles.zip|

2. MapleSyntax'lestFiles.zip|

The above zip files were downloaded from [rulebasedintegration.org]

The current number of problems in this test suite is [71994].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1. Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.
Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

Fricas 1.3.6 on Linux (via sagemath 9.0)

S &k W N

Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using SageMath
integrate command by changing the name of the algorithm to use the different CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed form. This
means the antiderivative of these integrals can not be expressed in terms of elementary, special
functions or Hypergeometric2F1 functions. RootSum and RootOf are not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is counted as
passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable, as
this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically and
this special result is listed in the introduction section of each individual test report to make it easy
to identify as this can be important result to investigate.

The results given in in the table below reflects the above.


input/MathematicaSyntaxTestFiles.zip
input/MapleSyntaxTestFiles.zip
https://rulebasedintegration.org/testProblems.html

System ‘ solved ‘ Failed ‘

Rubi % 99.52 (71651 ) % 0.48 (1343)
Mathematica | % 98.35 (70804 ) | % 1.65 (1190 )
Maple % 83.46 (60084 ) | % 16.54 (11910 )
Fricas % 68.07 (49005 ) | % 31.93 ( 22989 )
(
(
(

Giac % 52.51 (37804 ) | % 47.49 ( 34190 )
Maxima | % 43.03 ( 30982 ) | % 56.97 ( 41012 )
Sympy | % 32.41 (23332) | % 67.59 (48662 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being the best
quality. The grading is accomplished by comparing the antiderivative generated with the optimal
antiderivatives included in the test suite. The following table describes the meaning of these grades.

’ grade ‘ description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size is larger

than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This can be
due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal an-
tiderivative does not.
2. antiderivative contains a special function and the optimal antiderivative
does not.
3. antiderivative contains the imaginary unit and the optimal antiderivative
does not.

F Integral was not solved. Either the integral was returned unevaluated within
the time limit, or it timed out, or CAS hanged or crashed or an exception was
raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table summarizes
the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade

Rubi 98.89 0.23 0.41 0.48
Mathematica 74.67 6.18 17.49 1.65
Maple 52.8 22.93 7.72 16.54
Maxima 33.24 8.83 0.96 56.97
Fricas 48.52 18.03 1.51 31.93
Sympy 25.08 4.7 2.63 67.59
Giac 39. 12.5 1.01 47.49

Table 1.3: Antiderivative Grade distribution for each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.2.1 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used and leaf

size of results.

| System | Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median

Rubi 0.28 156.75 1. 107. 1.
Mathematica 1.77 800.29 2.8 92. 0.94
Maple 0.46 62669. 743.6 131. 1.27
Maxima 1.34 284.97 2.46 96. 1.36
Fricas 2.81 935.28 6.76 302. 3.43
Sympy 9.65 230.82 2.53 70. 1.14
Giac 1.53 301.08 2.55 120. 1.49

Table 1.4: Time and leaf size performance for each CAS



1.3 Performance per integrand type

The following are the different integrand types the test suite contains.

1. Algebraic Binomial problems (products involving powers of binomials and monomials).

2. Algebraic Trinomial problems (products involving powers of trinomials, binomials and mono-

mials).

Exponentials.
Logarithms.

Trigonometric.

© ° N o oA~ W

10. Special functions.

11. Independent tests.

Hyperbolic functions.

Inverse Trigonometric.

Inverse Hyperbolic functions.

Miscellaneous Algebraic functions.

The following table gives percentage solved of each CAS per integrand type.

Integrand type problems | Rubi | Mathematica | Maple | Maxima | Fricas | Sympy | Giac
Independent tests 1892 98.31 | 98.73 9218 | 79.39 94.34 | 71.78 | 82.72
Algebraic Binomial 14276 99.99 | 99.7 82.18 | 42.02 70.91 | 59.27 | 62.61
Algebraic Trinomial 10187 99.99 | 98.89 90.67 | 38.56 75.76 | 40.39 | 61.23
Algebraic Miscellaneous | 1519 98.62 | 98.16 87.23 | 42.92 74.06 | 45.69 | 54.18
Exponentials 965 99.17 | 96.68 80.21 | 60.93 87.67 | 40.83 | 46.74
Logarithms 3085 98.51 | 97.8 54.49 | 48.36 57.76 | 25.32 | 43.37
Trigonometric 22551 99.56 | 97.61 85.75 | 41.34 63.42 | 13.64 | 44.13
Inverse Trigonometric 4585 99.65 | 97.97 83.84 | 31.15 48.29 | 28.16 | 48.05
Hyperbolic 5166 98.32 | 98.03 82.58 | 57.08 84.84 | 20.75 | 62.45
Inverse Hyperbolic 6626 99.52 | 98.46 80.47 | 40.34 62.27 | 24.89 | 39.5

Special functions 999 100. | 95.4 69.97 | 35.54 48.85 | 39.34 | 34.93

Table 1.5: Percentage solved per integrand type

In addition to the above table, for each type of integrand listed above, 3D chart is made which

shows how each CAS performed on that specific integrand type.

These charts and the table above can be used to show where each CAS relative strength or weakness

in the area of integration.
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Numbers shown on bars are total percentage solved for each CAS
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Antiderivative Grade distribution for Algebraic Miscellaneous Integrand type

Numbers shown on bars are total percentage solved for each CAS
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Antiderivative Grade distribution for Exponentials Integrand type

Numbers shown on bars are total percentage solved for each CAS
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Antiderivative Grade distribution for Logarithmic Integrand type

Numbers shown on bars are total percentage solved for each CAS
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Antiderivative Grade distribution for Hyperbolic Integrand type

Numbers shown on bars are total percentage solved for each CAS
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Antiderivative Grade distribution for Inverse Hyperbolic Integrand type

Numbers shown on bars are total percentage solved for each CAS
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Antiderivative Grade distribution for Special functions Integrand type

Numbers shown on bars are total percentage solved for each CAS
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1.4 Maximum leaf size ratio for each CAS against the
optimal result

The following table gives the largest ratio found in each test file, between each CAS antiderivative
and the optimal antiderivative.

CAS leaf size

Optimal leaf size is recorded with the

For each test input file, the problem with the largest ratio

corresponding problem number.

In each column in the table below, the first number is the maximum leaf size ratio, and the number
that follows inside the parentheses is the problem number in that specific file where this maximum
ratio was found. This ratio is determined only when CAS solved the the problem and also when
an optimal antiderivative is known.

If it happens that a CAS was not able to solve all the integrals in the input test file, or if it was not
possible to obtain leaf size for the CAS result for all the problems in the file, then a zero is used
for the ratio and -1 is used for the problem number.

This makes it easy to locate the problem. In the future, a direct link will be added as well.

Table 1.6: Maximum leaf size ratio for each CAS against the optimal result

file # | Rubi Mathematica | Maple Maxima FriCAS Sympy Giac

1 1. (1) 3.9 (50) 16.6 (114) 5.1 (169) 13.7 (61) 191.1 (145) | 15.5 (55)

2 7.3 (21) 6.2 (14) 3.6 (17) 2.6 (4) 55. (13) 18.5 (5) 6.2 (2)

3 1. (1) 16.1 (6) 17. (6) 14.9 (7) 11.5 (9) 1.9 (5) 2.6 (5)

4 6.4 (5) 14.3 (13) 40.7 (46) 22.4 (43) 18.7 (43) 4.4 (40) 53.7 (41)

5 1. (65) 54.7 (278) 12737.8 (278) 11. (280) 29.5 (103) | 62. (12) 26.4 (141)

6 1.(1) 1. (2) 2.2 (4) 2.6 (1) 3.9 (7) 0.8 (4) 3.2 (5)

7 2.2 (3) 5.6 (7) 1.8 (3) 3.8 (3) 15.1 (9) 1.9 (7) 2.6 (3)

8 1.6 (50) 5.3 (31) 7.9 (70) 9. (11) 13. (42) 26.4 (71) 7. (70)

9 1.2 (365) | 7.2 (80) 4.3 (341) 16.3 (328) | 16.4 (351) | 191.1 (251) | 48.1 (368)

10 3.2 (335) | 242.6 (327) 3343.5 (327) 49.9 (399) | 109.1 (595) | 76.3 (215) 25.3 (537)

11 529. (82) | 127. (82) 317. (82) 3.7 (2) 150. (82) 41.3 (17) 4.9 (24)

12 1.8 (6) 2.3 (4) 1.2 (8) 2. (2) 7.8 (3) 3.4 (3) 21 (2)

13 7.1 (369) | 23.8 (1323) 30.9 (1323) 44.4 (1323) | 66.4 (1323) | 136.1 (671) | 45.9 (1323)

14 2. (870) 16.5 (1101) 22.6 (1101) 30. (1716) | 45.7 (1101) | 84.5 (67) 63. (827)

15 3.3 (97) 13.9 (72) 28.5 (100) 2.7 (155) 22.2 (21) 49.2 (119) 13.5 (119)

16 1. (1) 1.5 (17) 11. (25) 2. (10) 0. (-1) 59.5 (27) 26.8 (25)

17 2.6 (35) 10.1 (67) 39.8 (66) 2.7 (35) 12.8 (6) 5.3 (35) 17.1 (46)
Continued on next page
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file # | Rubi Mathematica | Maple Maxima FriCAS Sympy Giac

18 1. (3) 27.5 (31) 68. (35) 0. (-1) 0. (-1) 0. (-1) 0. (-1)

19 8.2 (664) | 6.9 (663) 7.9 (196) 13.5 (196) | 22.3 (196) | 55.3 (528) 14.8 (416)
20 1.6 (254) | 6.4 (94) 147.4 (69) 6. (73) 62.8 (160) | 21.9 (33) 14.4 (42)
21 1. (596) 12.6 (337) 46.7 (754) 4.2 (313) 49.1 (1016) | 32.8 (324) 11.6 (553)
22 1.3 (64) 2.6 (63) 15.2 (57) 1.5 (18) 17.5 (60) 3. (21) 4. (98)

23 1. (1) 1.1 (50) 10.4 (15) 0. (-1) 15.6 (15) 43. (16) 18.6 (15)
24 1.2 (173) | 1.9 (45) 2. (162) 3.4 (163) 12.9 (26) 18.3 (93) 5.3 (157)
25 8.4 (2686) | 13.4 (2913) 141.8 (2913) 17.8 (2285) | 52. (2913) | 170.1 (2672) | 30.8 (2813)
26 4.3 (116) | 10.3 (306) 17.9 (265) 3. (47) 30.7 (265) | 27.8 (238) 8.1 (292)
27 4.2 (760) | 12.3 (1051) 77.4 (546) 39.3 (1063) | 40.1 (317) | 36.6 (124) 14.9 (1051)
28 1.2 (46) 0.9 (45) 51.1 (15) 0. (-1) 59.6 (15) 23.3 (6) 66.9 (16)
29 1.2 (552) | 3.8 (45) 10.4 (43) 4.3 (161) 100.6 (416) | 16.2 (171) 11. (591)
30 1.3 (278) | 10. (328) 51.5 (297) 11.3 (328) | 26. (348) 10. (328) 12.5 (348)
31 1.1 6.4 (283) 4.9 (269) 3.1 (279) 9.5 (269) 21.6 (269) 8.5 (269)
32 2.8 (83) 3.9 (25) 5.8 (74) 3.5 (98) 15.9 (127) | 16.4 (63) 4.1 (74)

33 2. (2419) | 23.9 (2302) 70.8 (2351) 19.2 (1497) | 74.3 (2293) | 72.8 (1423) | 49.7 (982)
34 1.3 (1471) | 15.6 (1635) 82.2 (1180) 29. (2015) | 93.4 (1452) | 91.8 (2147) | 32.7 (2640)
35 2.1 (833) | 58.6 (507) 116.1 (801) 8.1 (579) 48.7 (533) | 68.8 (920) 27. (925)
36 1.1 10.3 (6) 425.1 (78) 3.7 (95) 61.2 (112) | 1.2 (19) 9.4 (3)

37 1. (129) 9.7 (37) 14197.2 (12) 8.9 (27) 61.2 (117) | 6.9 (13) 111.9 (24)
38 1.8 (76) 42.8 (204) 421. (278) 120.1 (278) | 262.7 (278) | 114.1 (278) | 160.9 (278)
39 1.7 (636) | 8.8 (109) 9.5 (885) 7.3 (515) 60.1 (1073) | 28.5 (1105) | 35.7 (857)
40 1.7 (212) | 13.9 (409) 50.7 (220) 9. (88) 70.4 (109) | 19.6 (218) 77. (32)

41 1.9 (327) | 32.6 (381) 26. (136) 7.5 (70) 109.9 (305) | 47.5 (220) 37.4 (109)
42 1. (59) 1.5 (25) 15.8 (54) 1.8 (111) 8.1 (46) 58.1 (87) 43.2 (21)
43 1.6 (135) | 2.4 (136) 13.8 (37) 2.1 (131) 97. (60) 27.3 (39) 43. (25)

44 1.9 (1) 6.3 (24) 6.4 (29) 0. (-1) 8.4 (35) 0.8 (1) 3.3 (42)

45 1.1 4.9 (4) 0.9 (4) 0. (-1) 0. (-1) 0. (-1) 0. (-1)

46 2.1 (154) | 12.7 (601) 54.7 (609) 8.5 (609) 99. (637) 26.3 (438) 62.9 (597)
47 1. (1) 22.3 (89) 2.7 (37) 1.8 (26) 24.2 (37) 42.2 (68) 13.2 (68)
48 1. (67) 16.1 (143) 2909.3 (93) 93. (94) 217.1 (93) | 82.9 (93) 122. (93)
49 1. (1) 4.9 17) 1.7 (11) 2.8 (16) 6. (16) 0. (-1) 4.5 (16)

50 1.1 1.7 (99) 4. (72) 1.2 (71) 22.1 (102) | 20.7 (24) 35.7 (83)
51 6.2 (424) | 11.6 (162) 1223.1 (192) 57.1 (63) 208.8 (192) | 84.3 (192) 125.8 (192)
52 4.1 (997) | 172.1 (1010) | 3059.3 (1010) 6.8 (612) 85.5 (871) | 57.5 (180) 64.3 (525)
53 1.(1) 1.2 (82) 9.5 (87) 3. (2) 4.4 (82) 2.5 (2) 75.3 (2)

54 1. (1) 1. (1) 16.8 (46) 2.2 (49) 9.5 (58) 2.2 (32) 50.6 (25)
55 1.2 (655) | 5.3 (636) 38.7 (267) 176.7 (267) | 35.7 (339) | 11.2 (281) 73.8 (563)
56 1. (1) 1.3 (133) 83.5 (150) 2.6 (62) 11.6 (61) 4.4 (125) 13.8 (149)
57 1.7 (115) | 3.9 (363) 97.5 (440) 6.9 (348) 47.1 (440) | 21.2 (381) 14.6 (392)
58 1.5 (176) | 12.4 (64) 504.9 (192) 3.9 (166) 20.8 (237) | 3.6 (165) 18.1 (237)
59 7.5 (71) 39.2 (308) 376.9 (168) 10. (10) 14.9 (171) | 5.6 (119) 15.2 (302)
60 26.4 (88) | 16.8 (81) 1428.6 (228) 107.3 (81) | 20.1 (228) | 9.7 (28) 9. (233)

61 1.6 (79) 55.1 (51) 14.7 (74) 19.2 (44) 9.1 (15) 2.2 (50) 21.7 (34)
62 1.8 (383) | 9.3 (340) 161.9 (62) 12.3 (340) | 18.6 (404) | 19.8 (425) 48.4 (456)
63 1.5 (390) | 4.3 (45) 54.3 (175) 10. (390) 68.4 (197) | 13.6 (321) 8.2 (329)
64 1.2 (284) | 13.1 (44) 2190.9 (91) 14.3 (23) 23.9 (23) 15.9 (189) 20.7 (28)
65 1. (1) 114.1 (497) 33.3 (493) 5.3 (111) 13.2 (289) | 32.4 (355) 7.6 (105)
66 1.(1) 8.6 (249) 7.6 (83) 25.1 (185) | 29.6 (209) | 30.8 (193) 74.3 (7)

67 1. (1) 9.2 (12) 4.3 (51) 3.2 (21) 9.9 (5) 17.1 (49) 5.1 (6)

68 1.1 7.1 (38) 7.7 (65) 28.8 (45) 5.6 (6) 2.2 (12) 74.3 (36)
69 1. (1) 3.3 (203) 7.8 (201) 227.2 (37) | 10.6 (44) 8.7 (116) 7.2 (155)
70 2. (615) 79.6 (352) 447.5 (605) 12.2 (151) | 55.8 (476) | 56.4 (89) 30.6 (146)
71 1.1 1.1 (10) 1.4 (29) 20.7 (33) 3.7 (13) 3.9 (12) 3.2 (30)

72 1.6 (103) | 533.6 (138) 3.6 (200) 5.4 (53) 15.8 (201) | 2.6 (40) 173.8 (16)
73 1.9 (621) | 1029.2 (406) | 4910.9 (790) 41.5 (256) | 36.3 (595) | 44.2 (453) 24.3 (336)
74 1.6 (1108) | 1478. (937) 173.2 (174) 11.6 (46) 35.5 (937) | 69.4 (567) 107.9 (177)

Continued on next page
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file # | Rubi Mathematica | Maple Maxima FriCAS Sympy Giac

75 1.3 (12) 3375. (37) 688.6 (48) 9.7 (16) 68.5 (35) 3.4 (1) 8.3 (13)
76 1.2 (206) | 65.6 (202) 8067.4 (353) 47.4 (48) 38. (327) 40.6 (273) 18.1 (127)
77 1. (1) 6.7 (10) 3.9 (2) 16.8 (1) 5.6 (2) 412.4 (8) 7.3 (12)
78 1.4 (32) 72.6 (30) 4.4 (33) 4.4 (20) 5.5 (18) 2.3 (32) 1.3 (32)
79 1.8 (236) | 228.2 (240) 51412.7 (593) 23.8 (487) | 64. (418) 108.5 (89) 20.7 (29)
80 1. (1) 2.2 (2) 2.1 (4) 1.7 (2) 10.5 (7) 11.7 (4) 31 (2)

81 1. (1) 1.5 (16) 6. (13) 1.4 (19) 51.8 (1) 2.8 (11) 2.5 (14)
82 1. (1) 3.7 (284) 8.3 (12) 22.3 (170) | 11.4 (176) | 2.7 (64) 16.9 (64)
83 1.(1) 4. (62) 8.3 (76) 16.3 (133) | 17.6 (33) 4.1 (9) 89.1 (8)
84 1.1 2.4 (61) 3.4 (50) 2.7 (5) 7.5 (5) 6. (41) 1.4 (19)
85 1.1 1.3 (94) 4.2 (26) 6.8 (40) 5.5 (36) 6. (61) 4.2 (92)
86 4.3 (11) 4.1 (60) 13.2 (78) 4.4 (3) 13.7 (11) 9.5 (1) 5. (11)

87 1.(1) 1. (10) 1.4 (29) 20.7 (32) 3.7 (13) 3.8 (12) 3.1 (30)
88 1.(1) 3.2 (1) 3.4 (3) 5.5 (3) 11.6 (20) 0. (-1) 4.1 (3)

89 1.4 (370) | 35.3 (773) 9.3 (642) 50.3 (213) | 15.8 (484) | 12.8 (781) 66.1 (782)
90 1. (1) 2.8 (2) 2.9 (2) 0. (-1) 0. (-1) 0. (-1) 0. (-1)

91 1. (1) 3. (1) 1.8 (1) 4.7 (1) 4.2 (1) 0. (-1) 2.2 (1)

92 1.1 (40) 36.7 (454) 14.3 (436) 76.1 (95) 14.2 (270) | 11.7 (38) 5.4 (80)
93 1.1 53.4 (393) 8. (29) 27.4 (115) | 9.5 (319) 3.9 2.3 (5)

94 1.4 (940) | 84.8 (1350) 18. (1154) 63.8 (96) 15.8 (590) | 15.5 (339) 7.2 (381)
95 1.2 (81) 4.9 (91) 6.9 (70) 12.7 (53) 18. (67) 14.3 (1) 5. (91)

96 1. (1) 21 (9) 7.6 (21) 1.4 (2) 18. (13) 1.2 (3) 5.7 (13)
97 1.1 1.9 (5) 10.5 (13) 1(12) 51.3 (13) 3.3 (12) 2.5 (5)

98 1.1 173.1 (357) 564.9 (52) 1.8 (7) 12.9 (293) | 3.1 (376) 33.5 (8)
99 1. (1) 4.4 (44) 6. (54) 15. (49) 11.5 (54) 2.5 (24) 8.2 (8)
100 | 1. (1) 2.6 (33) 1.5 (21) 10.6 (52) 11.5 (39) 6.3 (15) 2.3 (21)
101 | 1.5 (562) | 75.5 (641) 173.9 (617) 25.5 (393) | 27.4 (80) 10.4 (88) 76.2 (540)
102 | 1.(1) 7. (46) 4.1 (61) 3.9 (67) 16.4 (75) 1.3 (2) 104.7 (13)
103 | 1.4 (891) | 200.5 (678) 9426.9 (611) 21. (208) 221.2 (523) | 13.3 (464) 37. (1203)
104 | 1. (1) 941.7 (463) 15275. (454) 21.6 (548) | 188.9 (369) | 20.1 (272) 32.8 (257)
105 | 1. (130) 3975.5 (145) | 172.7 (123) 4. (83) 23.7 (83) 21.1 (70) 35.4 (51)
106 | 1. (1) 44.6 (159) 2905.5 (351) 24.4 (272) | 61.7 (288) | 30.9 (239) 104.5 (36)
107 | 1. (1) 777.6 (45) 36518.9 (5) 0. (-1) 34.9 (45) 0. (-1) 0. (-1)
108 | 1. (1) 21.6 (47) 288.2 (43) 1.7 (4) 12.5 (20) 2.6 (1) 5.7 (3)
109 | 1. (1) 5.5 (42) 10.1 (27) 25.1 (47) 11.2 (59) 2.4 (22) 54.5 (8)
110 | 1. (1) 5(11) 3.4 (16) 4.4 (11) 10.3 (14) 1.3 (2) 3.5 (7)
111 | 1. (1) 4 (5) 4.3 (9) 5.8 (7) 9. (19) 1.2 (2) 7 (6)
112 | 1. (1) 3.9 (15) 69.4 (103) 2.6 (94) 11. (27) 8.9 (92) 3.2 (94)
113 | 1. (1) 23.7 (22) 35. (29) 18.4 (8) 32.6 (9) 21.5 (6) 7.6 (25)
114 | 1. (1) 1997.4 (22) 31765.8 (3) 0. (-1) 55.5 (27) 0. (-1) 0. (-1)
115 | 1. (1) 14.7 (42) 9.8 (259) 35. (47) 20.3 (42) 3.3 (1) 15.7 (42)
116 | 1. (1) 10. (40) 4.1 (29) 20. (16) 11.9 (29) 0. (-1) 8.7 (18)
117 | 1. (1) 3.2 (18) 5.9 (73) 97.4 (27) 10.3 (68) 2.2 (53) 2.7 (12)
118 | 1.4 (423) | 249. (874) 14.7 (578) 70.7 (255) | 15.4 (515) | 2.6 (5) 5.2 (112)
119 | 1. (1) 45.2 (153) 12.3 (284) 3.9 (65) 12.7 (227) | 0. (-1) 9.4 (196)
120 | 1.7 (340) | 55.9 (191) 46.5 (339) 5. (67) 65.4 (338) | 13.1 (90) 9.1 (286)
121 | 1.3 (115) | 2597.8 (169) | 1151.1 (153) 42.7 (108) | 20.4 (159) | 0. (-1) 7.2 (197)
122 | 2.2 (197) | 1873.2 (240) | 7.1 (238) 58.3 (130) | 20.5 (241) | 3.1 (170) 5.9 (256)
123 | 1.3 (265) | 350.5 (634) 15.8 (385) 71. (259) 16.2 (337) | 2.2 (47) 7.3 (124)
124 | 1. (1) 3.6 (65) 24.1 (25) 18.2 (25) 7.2 (58) 2.9 (33) 3.6 (41)
125 | 1.2 (870) | 383.4 (1373) | 19.8 (970) 62. (1289) | 15.9 (808) | 3.1 (930) 9.8 (490)
126 | 1.3 (231) | 66.8 (138) 544.5 (433) 37.4 (297) | 55.8 (461) | 7.4 (459) 15.3 (365)
127 | 1. (1) 5.6 (42) 12.1 (21) 45.1 (39) 15.4 (42) 31 (1) 4.2 (41)
128 | 1. (1) 4. (25) 5.2 (74) 53.1 (15) 10.5 (69) 2.2 (53) 4. (61)
129 | 1.(1) 5.3 (36) 19.6 (18) 8.7 (13) 20.4 (19) 0. (-1) 18.4 (15)
130 | 1. (1) 2.5 (8) 4. (9) 6.6 (8) 8.9 (14) 0. (-1) 3. (8)

131 | 1.3 (20) 3.3 (10) 2.3 (22) 4.8 (1) 12. (22) 0. (-1) 3. (10)
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file # | Rubi Mathematica | Maple Maxima FriCAS Sympy Giac

132 | 1. (1) 2.7 (3) 2.2 (8) 3.4 (8) 5.9 (9) 4.9 (18) 4.5 (12)
133 | 1. (1) 1.2 (1) 1.8 (1) 0. (-1) 0. (-1) 0. (-1) 0. (-1)
134 | 1. (12) 3.1 (18) 26.8 (15) 32.8 (18) 40. (11) 0. (-1) 4.2 (1)
135 | 1. (1) 29.1 (187) 4879055.9 (170) | 114.8 (57) | 19.5 (231) | 16.7 (241) 115.4 (200)
136 | 3.3 (23) 2 (211) 5.9 (146) 12.8 (209) | 18.4 (143) | 6.6 (114) 88.7 (238)
137 | 1.1 (281) 2 (164) 14.6 (80) 78.9 (391) | 36.1 (273) | 10.3 (396) 109.8 (293)
138 | 1. (1) 7 (1) 6.9 (9) 0.6 (5) 28.8 (4) 11 (5) 0.9 (5)
139 | 4.3 (259) | 9.3 (299) 13.1 (259) 122.7 (225) | 9.2 (173) 6.6 (12) 99.6 (126)
140 | 19.2 (34) | 9.1 (133) 40.1 (34) 109.8 (34) | 14.8 (63) 7.2 (135) 360.1 (31)
141 | 10.8 (759) | 718.9 (434) 651.2 (860) 47. (927) 56.2 (503) | 227.1 (140) | 113.7 (904)
142 | 1.4 (107) | 2.5 (95) 4.8 (156) 2.3 (155) 4.4 (7) 2.3 (11) 13.3 (145)
143 | 1.7 (100) | 3.5 (200) 19.9 (90) 5.6 (195) 12.4 (642) | 2.2 (9) 76.5 (620)
144 | 1.9 (147) | 7. (85) 13.9 (565) 3.8 (186) 11.8 (93) 8.1 (206) 18.8 (233)
145 | 1.3 (168) | 4.9 (41) 2.8 (156) 2.4 (155) 7.5 (7) 2.3 (11) 35.6 (147)
146 | 1. (1) 1.9 (10) 5.6 (4) 4. (11) 10.2 (33) 2. (23) 49.2 (23)
147 | 1. (1) 3.8 (13) 3.3 (18) 2.3 (55) 13.6 (29) 2. (58) 5.2 (31)
148 | 10. (146) | 4.7 (83) 28.1 (148) 2.6 (165) 8. (112) 22.4 (99) 2.4 (66)
149 | 1.2 (25) 4.2 (25) 43.8 (20) 3.1 (21) 39.8 (21) 12.5 (21) 51 (8)
150 | 1.3 (152) | 6.4 (429) 85.8 (146) 7. (218) 20.5 (1223) | 24.6 (54) 8 (1195)
151 | 1.1 3.3 (36) 80. (56) 6.9 (1) 6.2 (30) 46.1 (5) 11.2 (14)
152 | 2. (344) 2.7 (248) 13.6 (329) 10.4 (375) | 30. (375) 64.6 (177) 11.3 (375)
153 | 1.1 (117) | 11.4 (54) 27.1 (147) 7.3 (67) 15. (96) 4.7 (38) 3.5 (10)
154 | 1.3 (109) | 11.4 (164) 72.1 (110) 2 (164) 15. (186) 8.7 (106) 6.8 (135)
155 | 1.(1) 1.2 (7) 1. (2) (2) 2.9 (5) 2.7 (4) 1.6 (2)
156 | 1.2 (68) 6 (104) 11.9 (105) 4.6 (31) 18.4 (1561) | 1.2 (9) 1.9 (7)
157 | 1. (1) 3.3 (42) 4.2 (26) 2.3 (14) 9.5 (24) 0.9 (10) 4.4 (26)
158 | 1.4 (51) 8 (111) 11.9 (112) 6 (22) 18.5 (156) | 1.2 (9) 2. (7)

159 | 1.(1) 3 (40) 4.9 (26) 2 (13) 9.6 (23) 0.9 (9) 6.3 (26)
160 | 1. (1) 23.2 (333) 7.5 (379) 4.8 (1) 39.4 (329) | 6.9 (226) 10. (259)
161 | 1. (1) 5.4 (53) 3.4 (98) 18.8 (90) 17.6 (20) 1.9 (10) 6. (93)
162 | 1. (1) 1.5 (24) 1.9 (28) 8.1 (7) 12.7 (24) 0. (-1) 2.2 (29)
163 | 1. (1) 30.9 (200) 8.4 (198) 18. (208) 76.9 (157) | 16.8 (253) 34.9 (273)
164 | 1.3 (16) 9.9 (394) 15.3 (316) 29.6 (315) | 175.6 (214) | 96.5 (35) 21.4 (70)
165 | 1. (1) 13.6 (173) 7.4 (28) 4.8 (1) 39.6 (36) 4.1 (8) 4.8 (1)
166 | 1. (1) 7.9 (106) 3.6 (79) 4.7 (5) 9.2 (108) 2.3 (12) 4.6 (38)
167 | 1. (1) 1(3) 3.4 (64) 18.9 (56) 17.6 (20) 1.9 (10) 6. (59)
168 | 1. (1) 1. 5 (12) 1.9 (28) 8.1 (7) 12.6 (24) 0. (-1) 2.2 (29)
169 | 1. (1) 8.7 (328) 7.4 (165) 15.4 (196) | 94.6 (177) | 22. (152) 34.9 (246)
170 | 1.3 (60) 2.5 (11) 8. (38) 7.9 (40) 148.8 (12) | 8.4 (37) 7. (38)
171 | 1. (1) 3.7 (3) 12.5 (43) 4.3 (8) 51.8 (11) 1.7 (8) 4.5 (8)
172 | 1.2 (109) | 3.5 (212) 6.6 (102) 17. (188) 181.6 (200) | 42.3 (62) 5.7 (102)
173 | 1.3 (257) | 10.5 (252) 14.4 (114) 24.4 (104) | 236.2 (244) | 25.2 (183) 183.5 (109)
174 | 1. (1) 5.1 (48) 9.6 (22) 5. (8) 42.5 (47) 11.7 (27) 4.3 (8)
175 | 1. (1) 14.1 (209) 6.2 (35) 17.5 (193) | 181.6 (205) | 11.6 (148) 9.6 (113)
176 | 1. (1) 7 (10) 9.2 (24) 8.7 (10) 236.2 (41) | 6.4 (5) 11.7 (10)
177 | 1. (1) 8 (6) 7.4 (3) 3.3 (7) 39.6 (9) 0. (-1) 3.6 (7)
178 | 1. (1) 3.5 (18) 3.6 (79) 2.7 (15) 60.8 (82) 0. (-1) 2.7 (31)
179 | 3.5 (186) 4 (145) 12.7 (186) 11.6 (59) 220. (136) | 2.2 (119) 4.4 (86)
180 | 1.4 (54) 14.4 (168) 14. (169) 17.8 (124) | 236.3 (209) | 5.4 (142) 6.8 (167)
181 | 1.(1) 9.1 (26) 5. (29) 4.2 (7) 35.1 (9) 0. (-1) 3.7.(7)
182 | 1.1 5.2 (18) 3.9 (78) 3.1 (15) 75.2 (15) 0. (-1) 2.5 (5)
183 | 3.3 (160) | 6.7 (24) 22.3 (24) 12. (91) 81.4 (124) | 0. (-1) 12. (24)
184 | 1.1 (12) 3.4 (24) 16.5 (8) 8.4 (1) 139.3 (10) | 0. (-1) 4. (1)

185 | 1.9 (192) | 515.8 (777) 142.2 (767) 35.1 (100) | 140.3 (589) | 43.6 (11) 13.7 (1050)
186 | 1. (1) 1.9 (141) 2.7 (38) 2.3 (15) 7.9 (7) 1. (22) 3.5 (19)
187 | 2.1 (73) 3.5 (230) 10. (313) 9.2 (255) 12.5 (631) | 3.5 (255) 4.2 (118)
188 | 1.2 (170) | 4.7 (46) 6.2 (151) 15.6 (276) | 10.9 (368) | 8.2 (147) 7.7 (116)

Continued on next page




Table 1.6 — continued from previous page

15

file # | Rubi Mathematica | Maple Maxima FriCAS Sympy Giac
189 | 1.1 (163) | 3.2 (39) 2.3 (18) 18 (135) | 4.9 (7) 1.1 (135) 3.1 (19)
190 | 1.7 (322) | 5.5 (516) 17.2 (93) 3.7 (22) 14.3 (508) | 1.7 (528) 3.5 (22)
191 | 1.3(73) | 6.9 (167) 96. (291) 3.4 (102) | 19.3 (20) | 7.6 (122) 8.2 (93)
192 |81(149) | 1.9 (31) 7031. (175) 7.1(202) | 252 (216) | 15.2 (61) 2.6 (60)
193 | 1.6 (21) | 5.(12) 56.2 (20) 3.1 (40) 59.9 (32) | 10.5 (24) 8.6 (8)
194 | 1.6 (538) | 5. (156) 74.3 (235) 91.7 (244) | 14.6 (516) | 5.1 (61) 6.3 (505)
195 | 1. (43) 11.2 (42) 62.1 (46) 7. (15) 10.6 (37) | 43.6 (13) 12.3 (37)
196 | 2.(172) | 3.7 (868) 16.4 (867) 37.8 (1152) | 31.8 (1368) | 30.7 (997) | 13. (1368)
197 | 1.7 81) | 24. (319) 924.6 (312) 5.8 (72) 18.9 (315) | 3. (276) 6.4 (133)
198 | 1.2 (78) 24. (238) 18086.6 (185) 5.2 (95) 19.5 (189) | 5.3 (92) 1. (298)
199 | 1.9 (172) | 4.9 (430) 11.6 (22) 4.8 (37) 11.7 (130) | 12.1 (767) 5.9 (29)
200 | 1. (1) 16.3 (85) 19.3 (124) 1.9 (47) 18.7 (168) | 1.5 (35) 0. (-1)
201 |28(38) | 5.6(18) 40.5 (80) 1.3 (34) 20.9 (6) 0.7 (93) 4.1 (47)
202 | 1.2 (75) | 2.9 (111) 11.5 (112) 2.8 (10) 20.2 (156) | 1.2 (9) 0. (-1)
203 | 1.6 (55 | 8.2 (13) 5.2 (65) 3.6 (31) 911 (71) | 2. (31) 3.4 (31)
204 | 1. (1) 1.7 (102) 2.5 (221) 1.5 (31) 49 (140) | 2.9 (83) 2.2 (18)
205 | 1. (1) 9.5 (57) 1.5 (92) 0. (1) 0. (-1) 2. (179) 0. (1)
206 | 1. (1) 2.6 (41) 3.3 (134) 0. (-1) 0. (-1) 7.3 (69) 84.2 (135)
207 | 1. (1) 2.5 (131) 1.3 (35) 0. (1) 0. (1) 8.5 (69) 0. (1)
208 | 1.1 (174) | 1.3 (195) 2.4 (144) 55 (155) | 23.7 (150) | 4.4 (29) 0. (1)
1.5 Pass/Fail per test file for each CAS system

The following table gives the number of passed integrals and number of failed integrals per test
number. There are 208 tests. Each tests corresponds to one input file.

Table 1.7: Pass/Fail per test file for each CAS

Test # Rubi MMA Maple Maxima FriCAS Sympy Giac
Pass | Fail || Pass | Fail || Pass | Fail || Pass | Fail Pass | Fail || Pass | Fail Pass | Fail
1 175 |0 175 |0 173 | 2 164 | 11 172 | 3 156 | 19 165 | 10
2 33 2 35 0 27 8 15 20 24 11 7 28 13 22
3 13 1 14 0 11 3 8 6 12 2 9 5 8 6
4 48 2 50 0 33 17 24 26 47 3 18 32 38 12
5 279 | 5 283 |1 282 | 2 235 | 49 280 | 4 249 | 35 255 | 29
6 3 4 6 1 5 2 3 4 7 0 5 2 5 2
7 7 2 9 0 9 0 7 2 9 0 4 5 9
8 113 |0 112 |1 113 |0 107 |6 112 |1 104 |9 109 | 4
9 376 | 0 376 | 0 376 |0 371 |5 376 | 0 347 | 29 374 | 2
10 705 |0 705 |0 647 | 58 542 | 163 650 | 55 422 | 283 564 | 141
11 100 | 16 95 21 60 56 19 97 88 28 29 87 17 99
12 8 0 8 0 8 0 7 1 8 0 8 0 8 0
13 1917 | O 1917 | O 1557 | 360 || 963 | 954 1602 | 315 || 1173 | 744 1258 | 659
14 3201 | O 3201 | O 2863 | 338 || 1879 | 1322 || 2524 | 677 || 1524 | 1677 || 2330 | 871
15 158 |1 155 | 4 128 | 31 21 138 47 112 || 38 121 39 120
16 34 0 34 0 28 6 12 22 0 34 14 20 28 6
17 78 0 78 0 78 0 19 59 43 35 15 63 35 43
18 35 0 35 0 35 0 0 35 0 35 0 35 0 35
19 1071 | O 1071 | O 755 | 316 || 395 | 676 674 | 397 || 970 | 101 639 | 432
20 349 |0 349 |0 246 | 103 || 24 325 136 | 213 || 106 | 243 111 | 238
21 1156 | 0 1156 | O 1002 | 154 || 283 | 873 853 | 303 || 584 | 572 800 | 356
22 115 |0 114 |1 105 | 10 15 100 30 85 27 88 34 81
23 51 0 51 0 14 37 0 51 14 37 25 26 14 37
24 174 | 0 174 |0 170 | 4 43 131 121 | 53 152 | 22 170 | 4
25 3078 | 0 3044 | 34 2585 | 493 || 1616 | 1462 || 2370 | 708 || 2625 | 453 1988 | 1090
26 385 |0 383 |2 197 | 188 || 65 320 213 | 172 || 147 | 238 131 | 254
27 1081 | 0 1081 | O 720 | 361 || 215 | 866 662 | 419 || 365 | 716 490 | 591
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Test # Rubi MMA Maple Maxima FriCAS Sympy Giac
Pass | Fail || Pass | Fail || Pass | Fail || Pass | Fail Pass | Fail || Pass | Fail Pass | Fail
28 46 0 46 0 12 34 0 46 12 34 10 36 11 35
29 594 |0 594 | 0 577 | 17 206 | 388 338 | 256 || 454 | 140 418 | 176
30 454 | 0 454 | 0 385 | 69 136 | 318 256 | 198 || 113 | 341 234 | 220
31 298 |0 206 | 2 275 | 23 107 | 191 228 | 70 120 | 178 208 | 90
32 143 |0 143 |0 113 | 30 93 50 113 | 30 47 96 104 | 39
33 2590 | 0 2584 | 6 2320 | 270 || 1115 | 1475 || 2065 | 525 || 1043 | 1547 || 1592 | 998
34 2646 | 0 2646 | 0 2584 | 62 1297 | 1349 || 2258 | 388 || 1182 | 1464 || 2076 | 570
35 958 |0 937 | 21 729 | 229 || 179 | 779 569 | 389 || 261 | 697 268 | 690
36 123 [0 123 |0 121 | 2 67 56 110 | 13 43 80 87 36
37 143 |0 142 |1 141 | 2 12 131 61 82 10 133 47 96
38 400 |0 394 |6 388 | 12 217 | 183 324 | 76 145 | 255 317 | 83
39 1126 | 0 1126 | O 1062 | 64 395 | 731 844 | 282 || 486 | 640 739 | 387
40 412 |1 378 | 35 399 | 14 60 353 209 | 204 || 190 | 223 148 | 265
41 413 |0 400 | 13 376 | 37 108 | 305 250 | 163 || 139 | 274 190 | 223
42 111 |0 103 |8 111 |0 83 28 80 31 52 59 88 23
43 145 |0 145 |0 142 | 3 61 84 115 | 30 89 56 87 58
44 42 0 38 4 40 2 0 42 9 33 6 36 4 38
45 4 0 4 0 4 0 0 4 0 4 0 4 0 4
46 664 |0 662 | 2 496 | 168 || 241 | 423 535 | 129 || 289 | 375 363 | 301
47 96 0 92 4 49 47 9 87 47 49 44 52 34 62
48 156 |0 147 |9 137 | 19 60 96 106 | 50 69 87 109 | 47
49 17 0 14 3 2 15 2 15 7 10 0 17 2 15
50 140 |0 139 |1 136 | 4 22 118 129 |11 67 73 87 53
51 491 | 3 494 | 0 489 | 5 360 | 134 430 | 64 432 | 62 410 | 84
52 1007 | 18 997 | 28 836 | 189 || 292 | 733 695 | 330 || 262 | 763 413 | 612
53 98 0 98 0 78 20 64 34 87 11 38 60 56 42
54 93 0 84 9 75 18 62 31 93 0 48 45 49 44
55 766 | 8 751 | 23 621 | 153 || 462 | 312 666 | 108 || 308 | 466 346 | 428
56 193 | 0 193 |0 98 95 96 97 123 | 70 71 122 101 | 92
57 456 | 0 449 |7 309 | 147 || 158 | 298 280 | 176 || 195 | 261 197 | 259
58 249 |0 243 | 6 81 168 || 61 188 90 159 || 37 212 58 191
59 288 | 26 298 | 16 187 | 127 || 238 | 76 206 | 108 || 55 259 157 | 157
60 249 | 14 249 | 14 98 165 || 179 | 84 156 | 107 || 49 214 49 214
61 106 | 2 108 | 0O 25 83 65 43 39 69 15 93 38 70
62 543 | 4 542 | 5 309 | 238 || 219 | 328 218 | 329 || 130 | 417 217 | 330
63 641 |0 621 | 20 338 | 303 || 273 | 368 392 | 249 || 119 | 522 336 | 305
64 314 |0 314 |0 236 | 78 203 | 111 278 | 36 110 | 204 185 | 129
65 538 |0 538 | 0 442 | 96 200 | 338 274 | 264 || 98 440 212 | 326
66 348 |0 348 |0 264 | 84 192 | 156 322 | 26 99 249 156 | 192
67 72 0 72 0 47 25 32 40 39 33 32 40 33 39
68 113 |0 113 |0 113 |0 53 60 113 |0 26 87 47 66
69 357 |0 345 | 12 245 | 112 || 223 | 134 305 | 52 93 264 156 | 201
70 653 |0 638 | 15 562 | 91 257 | 396 358 | 295 || 85 568 270 | 383
71 36 0 36 0 34 2 34 2 36 0 20 16 34 2
72 206 | 2 203 | 5 178 | 30 142 | 66 178 | 30 4 204 140 | 68
73 837 |0 820 | 17 635 | 202 || 216 | 621 512 | 325 || 123 | 714 323 | 514
74 1560 | 3 1519 | 44 1380 | 183 || 958 | 605 1216 | 347 || 203 | 1360 || 1116 | 447
75 51 0 51 0 50 1 16 35 30 21 4 47 13 38
76 358 |0 348 | 10 289 | 69 132 | 226 275 | 83 60 298 160 | 198
77 19 0 15 4 12 7 13 6 13 6 11 12 7
78 34 0 32 2 5 29 7 27 8 26 1 33 1 33
79 590 |4 583 | 11 521 | 73 174 | 420 393 | 201 || 61 533 290 | 304
80 9 0 9 0 9 0 2 7 9 0 5 4 9 0
81 19 0 19 0 19 0 5 14 15 4 6 13 9 10
82 294 |0 294 |0 195 | 99 92 202 93 201 || 13 281 27 267
83 189 |0 187 | 2 134 | 55 134 | 55 133 | 56 50 139 80 109
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Pass | Fail || Pass | Fail || Pass | Fail || Pass | Fail Pass | Fail || Pass | Fail Pass | Fail
84 62 0 62 0 45 17 37 25 39 23 32 30 34 28
85 99 0 99 0 87 12 77 22 91 8 30 69 47 52
86 88 0 88 0 88 0 27 61 32 56 21 67 32 56
87 34 0 34 0 32 2 32 2 34 0 18 16 32 2
88 22 0 22 0 22 0 15 7 21 1 0 22 20 2
89 932 |0 923 |9 854 | 78 285 | 647 443 | 489 || 77 855 254 | 678
90 4 0 4 0 4 0 0 4 0 4 0 4 0 4
91 1 0 1 0 1 0 1 0 1 0 0 1 1 0
92 644 |0 634 | 10 634 | 10 189 | 455 313 | 331 || 61 583 199 | 445
93 393 |0 389 | 4 236 | 157 || 119 | 274 121 | 272 || 7 386 15 378
94 1541 | O 1534 | 7 1532 | 9 451 | 1090 || 708 | 833 || 120 | 1421 || 525 | 1016
95 98 0 98 0 98 0 32 66 70 28 15 83 67 31
96 21 0 21 0 21 0 2 19 15 6 2 19 19 2
97 20 0 20 0 20 0 4 16 16 4 5 15 9 11
98 387 |0 386 |1 265 | 122 || 70 317 136 | 251 || 13 374 68 319
99 62 1 63 0 58 5 43 20 63 0 26 37 35 28
100 66 0 66 0 36 30 43 23 48 18 32 34 36 30
101 700 |0 700 |0 580 | 120 || 362 | 338 452 | 248 || 104 | 596 250 | 450
102 91 0 90 1 83 8 74 17 83 8 5 86 76 15
103 1328 | 0 1208 | 120 || 1113 | 215 || 353 | 975 910 | 418 || 246 | 1082 || 544 | 784
104 855 |0 797 | 58 780 | 75 310 | 545 583 | 272 || 174 | 681 331 | 524
105 171 |0 169 | 2 122 | 49 84 87 84 87 44 127 78 93
106 499 |0 497 | 2 408 | 91 189 | 310 403 | 96 81 418 283 | 216
107 51 0 51 0 40 11 0 51 16 35 0 51 0 51
108 52 0 52 0 37 15 22 30 21 31 8 44 14 38
109 61 0 61 0 58 3 39 22 61 0 27 34 35 26
110 23 0 23 0 23 0 13 10 18 5 5 18 22 1
111 19 0 19 0 19 0 11 8 15 4 4 15 19 0
112 106 | O 106 |1 103 | 3 3 103 31 75 1 105 3 103
113 64 0 64 0 63 1 16 48 64 0 11 53 46 18
114 32 0 32 0 25 7 0 32 16 16 0 32 0 32
115 299 |0 299 | 0 225 | 74 93 206 106 | 193 || 16 283 36 263
116 46 0 45 1 42 4 24 22 46 0 20 26 24 22
117 83 0 79 4 51 32 27 56 63 20 35 48 43 40
118 879 | 0 865 | 14 735 | 144 || 309 | 570 393 | 486 || 30 849 289 | 590
119 305 |1 301 |5 267 | 39 175 | 131 191 | 115 || 2 304 191 | 115
120 364 |1 341 | 24 331 | 34 162 | 203 241 | 124 || 35 330 228 | 137
121 240 |1 225 | 16 216 | 25 95 146 145 | 96 3 238 67 174
122 286 | 0 273 | 13 262 | 24 166 | 120 232 | 54 1 285 192 | 94
123 634 |0 634 |0 586 | 48 193 | 441 299 | 335 || 7 627 204 | 430
124 70 0 70 0 70 0 48 22 49 21 3 67 46 24
125 1373 | 0 1343 | 30 1263 | 110 || 459 | 914 728 | 645 || 11 1362 || 531 | 842
126 468 | 2 424 | 46 431 | 39 140 | 330 401 | 69 19 451 242 | 228
127 70 0 70 0 53 17 28 42 31 39 7 63 28 42
128 84 0 80 4 50 34 29 55 64 20 35 49 44 40
129 59 0 53 6 41 18 25 34 41 18 2 57 38 21
130 16 0 16 0 16 0 12 4 16 0 0 16 16 0
131 23 0 23 0 23 0 18 5 23 0 0 23 23 0
132 24 0 24 0 24 0 24 0 24 0 9 15 24 0
133 1 0 1 0 1 0 0 1 0 1 0 1 0 1
134 27 0 27 0 27 0 11 16 27 0 0 27 12 15
135 254 | 0 252 | 2 224 | 30 159 | 95 209 | 45 38 216 152 | 102
136 294 | 0 204 | 0 289 | 5 230 | 64 200 | 4 61 233 282 | 12
137 397 |0 397 |0 359 | 38 291 | 106 365 | 32 102 | 295 222 | 175
138 9 0 9 0 9 0 1 8 9 0 1 8 1 8
139 254 | 76 305 | 25 100 | 230 || 139 | 191 119 | 211 || 55 275 76 254

Continued on next page
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Test # Rubi MMA Maple Maxima FriCAS Sympy Giac
Pass | Fail || Pass | Fail || Pass | Fail || Pass | Fail Pass | Fail || Pass | Fail Pass | Fail
140 140 | 2 142 |0 114 | 28 58 84 115 | 27 32 110 63 79
141 944 | 6 938 | 12 907 | 43 622 | 328 845 | 105 || 392 | 558 696 | 254
142 227 |0 226 |1 217 | 10 63 164 79 148 || 91 136 168 | 59
143 700 | 3 694 |9 554 | 149 || 190 | 513 265 | 438 || 172 | 531 280 | 423
144 472 | 2 459 | 15 378 | 96 85 389 182 | 292 || 155 | 319 241 | 233
145 227 |0 227 |0 215 | 12 64 163 79 148 || 92 135 168 | 59
146 33 0 33 0 30 3 10 23 15 18 11 22 13 20
147 118 |0 113 |5 78 40 26 92 48 70 31 87 50 68
148 157 |9 163 | 3 144 | 22 87 79 91 75 84 82 98 68
149 29 2 26 5 30 1 14 17 11 20 9 22 14 17
150 1301 | O 1279 | 22 1200 | 101 || 389 | 912 552 | 749 || 395 | 906 726 | 575
151 70 0 67 3 69 1 32 38 28 42 23 47 28 42
152 385 |0 368 | 17 203 | 182 || 111 | 274 286 | 99 66 319 113 | 272
153 153 |0 153 |0 133 | 20 86 67 131 | 22 42 111 67 86
154 234 |0 229 |5 228 | 6 132 | 102 168 | 66 78 156 108 | 126
155 12 0 12 0 6 6 1 11 6 6 3 9 1 11
156 174 | 0 169 |5 139 | 35 60 114 108 | 66 19 155 46 128
157 50 0 49 1 37 13 14 36 28 22 3 47 17 33
158 178 |0 176 | 2 147 | 31 53 125 110 | 68 14 164 48 130
159 49 0 49 0 36 13 11 38 27 22 3 46 17 32
160 502 |0 465 | 37 341 | 161 || 258 | 244 454 | 48 94 408 196 | 306
161 102 |0 101 |1 80 22 83 19 78 24 29 73 43 59
162 33 0 33 0 31 2 31 2 33 0 9 24 31 2
163 369 |0 369 |0 318 | 51 210 | 159 304 | 65 108 | 261 267 | 102
164 525 |0 501 | 24 488 | 37 196 | 329 366 | 159 || 68 457 269 | 256
165 183 |0 181 |2 108 | 75 131 | 52 150 | 33 53 130 101 | 82
166 111 |0 111 |0 111 |0 64 47 111 |0 26 85 71 40
167 68 0 68 0 58 10 60 8 60 8 21 47 38 30
168 33 0 33 0 31 2 31 2 33 0 8 25 31 2
169 336 |0 335 |1 293 | 43 206 | 130 283 | 53 90 246 256 | 80
170 85 0 84 1 85 0 20 65 67 18 14 71 44 41
171 72 5 71 6 69 8 61 16 64 13 29 48 46 31
172 206 | 41 247 | 0 207 | 40 151 | 96 209 | 38 64 183 177 | 70
173 263 |0 263 | 0 249 | 14 135 | 128 246 | 17 40 223 215 | 48
174 61 0 60 1 58 3 53 8 61 0 28 33 35 26
175 183 | 41 224 | 0 164 | 60 105 | 119 177 | 47 31 193 126 | 98
176 53 0 53 0 43 10 12 41 50 3 5 48 22 31
177 16 0 16 0 8 8 5 11 12 4 3 13 4 12
178 84 0 80 4 50 34 39 45 63 21 33 51 44 40
179 201 |0 192 |9 140 | 61 90 111 142 | 59 8 193 113 | 88
180 220 |0 220 |0 180 | 40 105 | 115 211 | 9 10 210 147 | 73
181 29 0 29 0 19 10 12 17 25 4 4 25 8 21
182 83 0 75 8 49 34 49 34 62 21 34 49 43 40
183 175 |0 175 |0 136 | 39 92 83 130 | 45 0 175 106 | 69
184 27 0 27 0 14 13 10 17 24 3 0 27 14 13
185 1059 | O 1051 | 8 936 | 123 || 740 | 319 968 | 91 263 | 796 779 | 280
186 156 |0 156 | 0 109 | 47 49 107 43 113 || 45 111 45 111
187 663 |0 663 |0 506 | 157 || 225 | 438 241 | 422 || 160 | 503 175 | 488
188 370 |1 370 |1 249 | 122 || 65 306 147 | 224 || 86 285 94 277
189 166 |0 166 |0 112 | 54 55 111 52 114 || 50 116 53 113
190 569 |0 5568 | 11 476 | 93 209 | 360 236 | 333 || 109 | 460 185 | 384
191 295 |1 288 | 8 197 | 99 51 245 122 | 174 || 72 224 79 217
192 216 | 27 231 | 12 196 | 47 106 | 137 146 | 97 74 169 124 | 119
193 46 3 47 2 48 1 20 29 15 34 8 41 16 33
194 538 |0 536 | 2 508 | 30 258 | 280 256 | 282 || 138 | 400 171 | 367
195 62 0 60 2 61 1 30 32 17 45 9 53 16 46

Continued on next page
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Table 1.7 — continued from previous page

Test # Rubi MMA Maple Maxima FriCAS Sympy Giac
Pass | Fail || Pass | Fail || Pass | Fail || Pass | Fail Pass | Fail || Pass | Fail Pass | Fail
196 1378 | 0 1353 | 25 1100 | 278 || 515 | 863 1110 | 268 || 445 | 933 728 | 650
197 361 |0 361 |0 342 | 19 238 | 123 338 | 23 80 281 257 | 104
198 300 [0 204 | 6 273 | 27 227 | 73 223 | 77 95 205 29 271
199 935 |0 914 | 21 771 | 164 || 451 | 484 829 | 106 || 193 | 742 527 | 408
200 190 [0 185 |5 154 | 36 60 130 120 | 70 38 152 45 145
201 100 |0 98 2 74 26 21 79 69 31 1 99 4 96
202 178 |0 173 | 5 103 | 75 51 127 113 | 65 14 164 46 132
203 71 0 71 0 53 18 42 29 49 22 32 39 23 48
204 311 |0 300 |11 179 | 132 || 139 | 172 258 | 53 151 | 160 133 | 178
205 218 |0 190 | 28 154 | 64 60 158 60 158 || 106 | 112 60 158
206 136 | 0 134 |2 118 | 18 34 102 34 102 || 50 86 106 | 30
207 136 |0 136 | 0 104 | 32 34 102 34 102 || 50 86 34 102
208 198 |0 193 |5 144 | 54 88 110 102 | 96 36 162 16 182

1.6 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for each
integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking the
difference between the time after the call has completed from the time before the call was made.
This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral. If the
integrate command did not complete within this time limit, the integral was aborted and considered
to have failed and assigned an F grade. The time used by failed integrals due to time out is not
counted in the final statistics.

1.7 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica. Future
version of this report will implement verification for the other CAS systems. For the integrals whose
result was not run through a verification phase, it is assumed that the antiderivative produced was
correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could still be
correct. Further investigation is needed on those integrals which failed verifications. Such integrals
are marked in the summary table below and also in each integral separate section so they are easy
to identify and locate.

1.8 Important notes about some of the results

1.8.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using sagemath
(SageMath uses Maxima), then any integral where Maxima needs an interactive response from the
user to answer a question during evaluation of the integral in order to complete the integration,
will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what could
result if Maxima was run directly and each question Maxima asks was answered correctly.

The percentage of such failures were not counted for each test file, but for an example, for the
Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent. This
pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section for
Maxima. If the output was an exception ValueError then this is most likely due to this reason.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the following
code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-differentf

[from-using-maxima/|for reference.

1.8.2 Important note about FriCAS and Giac/XCAS re-
sults

There are Few integrals which failed due to SageMath not able to translate the result back to
SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS syntax
and I will re-run all the tests again when this happens.

1.8.3 Important note about finding leaf size of antideriva-
tive

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find the leaf
size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this purpose
at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-sage

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will be used
instead, and these tests run again.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/

1.9 Design of the test system

The following diagram gives a high level view of the current test build system.

POST PROCESSOR SCRIPT

Mathematica script s
% : Rubi script E
Test files from Maple script E Program that
Albert Rich Rubi generates the
web e = Latexreport

using input

from the
| Python script to run rubi-in-sympy g result tables

W

— Giac P Result! >
SageMath/Python
script to test SageMath —» Fricas
Maxima, Fricas,
Giac )
— Maxima tat
|
\J
One record (line) per one integral result. The line is CSV p ed. It ins 13 fields. This is

description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. Independent Integratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. provloyrors
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

CONOLAEWNR
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Chapter 2

links to individual test reports

These are links to each test report. The number in square brackets to right of the link is the number
of integrals in the test. The list of numbers in the curly brackets after that (if any) is the list of
the integrals in that specific test which were solved by any CAS which are known not to have
antiderivative. This makes it easier to find these integrals and do more investigation into them.

2.1 Tests completed

1.
2.

S v o

© o

10.
11.
12.
13.

14.

15.

16.

17.

18.

19.

20.

|[0_Independent_test_suites/Apostol_Problems| [175]

[0_Independent_test_suites/Bondarenko_Problems| [35]

. [0_Independent_test_suites/Bronstein_Problems| [14]

. [0_Independent_test_suites/Charlwood_Problems| [50]

. [0_Independent test_suites/Hearn Problems| [284] { Maxima: 145. }

. [0_Independent_test_suites/Hebisch_Problems| [7]

. [0_Independent_test_suites/Jeffrey_Problems| [9]

. [0_Independent_test_suites/Moses_Problems| [113]

. [0_Independent_test_suites/Stewart_Problems| [376]

[0_Independent_test_suites/Timofeev_Problems| [705]

|0_Independent_test_suites/Welz_Problems| [116]

[0_Independent_test_suites/Wester_Problems| [8]

[{_Algebraic_functions/1.1_Binomial_products/1.1.1 Linear/1.1.1.2-a+b_x-"m-¢+

[1917]

[1_Algebraic_functions/1.1_Binomial_ products/1.1.1 Linear/1.1.1.3-a+b_x-"m-¢+
[d_x-"n-e+f_x-"p| [3201]

|[{_Algebraic_functions/1.1 Binomial_products/1.1.1 Linear/1.1.1.4-a+b_x-"m-¢+
|[d_x-"n-e+f_x-"p-g+h_x-"q| [159]

|L_Algebraic_functions/1.1_Binomial_ products/1.1.1 Linear/1.1.1.5 P-x-a+b_xt
[34]

[L_Algebraic_functions/1.1_Binomial_products/1.1.1 Linear/1.1.1.6_P-x-a+b_xtT
[m-c+d_x-"n-e+f_x-"p| [78]

[1_Algebraic_functions/1.1 _Binomial products/1.1.1 Linear/1.1.1.7 _P-x-a+b_x7}
[[m-c+d_x-"n-e+f_x-"p-g+h_x-"q| [35]

|L_Algebraic_functions/1.1 _Binomial_ products/1.1.2_Quadratic/1.1.2.2-c_x-"mt

1071)

[1_Algebraic_functions/1.1 Binomial products/1.1.2 Quadratic/1.1.2.3-a+b_x"2-
[(p-c+d_x"2-"q [349]
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test_cases/0_Independent_test_suites/Apostol_Problems/report.htm
test_cases/0_Independent_test_suites/Bondarenko_Problems/report.htm
test_cases/0_Independent_test_suites/Bronstein_Problems/report.htm
test_cases/0_Independent_test_suites/Charlwood_Problems/report.htm
test_cases/0_Independent_test_suites/Hearn_Problems/report.htm
test_cases/0_Independent_test_suites/Hebisch_Problems/report.htm
test_cases/0_Independent_test_suites/Jeffrey_Problems/report.htm
test_cases/0_Independent_test_suites/Moses_Problems/report.htm
test_cases/0_Independent_test_suites/Stewart_Problems/report.htm
test_cases/0_Independent_test_suites/Timofeev_Problems/report.htm
test_cases/0_Independent_test_suites/Welz_Problems/report.htm
test_cases/0_Independent_test_suites/Wester_Problems/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.2-a+b_x-^m-c+d_x-^n/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.2-a+b_x-^m-c+d_x-^n/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.3-a+b_x-^m-c+d_x-^n-e+f_x-^p/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.3-a+b_x-^m-c+d_x-^n-e+f_x-^p/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.4-a+b_x-^m-c+d_x-^n-e+f_x-^p-g+h_x-^q/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.4-a+b_x-^m-c+d_x-^n-e+f_x-^p-g+h_x-^q/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.5_P-x-a+b_x-^m-c+d_x-^n/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.5_P-x-a+b_x-^m-c+d_x-^n/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.6_P-x-a+b_x-^m-c+d_x-^n-e+f_x-^p/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.6_P-x-a+b_x-^m-c+d_x-^n-e+f_x-^p/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.7_P-x-a+b_x-^m-c+d_x-^n-e+f_x-^p-g+h_x-^q/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.7_P-x-a+b_x-^m-c+d_x-^n-e+f_x-^p-g+h_x-^q/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.2_Quadratic/1.1.2.2-c_x-^m-a+b_x^2-^p/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.2_Quadratic/1.1.2.2-c_x-^m-a+b_x^2-^p/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.2_Quadratic/1.1.2.3-a+b_x^2-^p-c+d_x^2-^q/report.htm
test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.2_Quadratic/1.1.2.3-a+b_x^2-^p-c+d_x^2-^q/report.htm

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
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[{_Algebraic_functions/1.1 Binomial_ products/1.

.2_Quadratic/1.1.

2.4-e_x-"mt

la+b_x"2-"p-c+d_x"2-"¢| [1156]

[1_Algebraic_functions/1.1_Binomial_products/1.

.2_Quadratic/1.1.

2.5-a+b_x"2-

[[p-c+d_x"2-"g-e+f_x~2-"1r| [115]

[{_Algebraic_functions/1.1 Binomial_ products/1.

.2_Quadratic/1.1.

2.6-g_x-"mt

la+b_x"2-"p-c+d_x"2-"qg-e+f _x"2-"r| [51]

[{_Algebraic_functions/1.1_Binomial_ products/1.

.2 Quadratic/1.1.

2.8_P-x-c_x-

[(m-a+b_x"2-"p| [174]

[L_Algebraic_functions/1.1_Binomial_products/1.

.3_General/1.1.3.

2-c_x-"m-at

8078

[{_Algebraic_functions/1.1_Binomial_products/1.

.3_General/1.1.3.

3-a+b_x"n-Tp-

85]

[L_Algebraic_functions/1.1_Binomial_products/1.

.3_General/1.1.3.

4-e_x-"m-at

[o_x"n-"p-c+d_x"n-"q| [1081]

[{_Algebraic_functions/1.1 _Binomial_ products/1.

.3_General/1.1.3.

6-g_x-"m-at

[o_x"n-"p-c+d_x"n-"q-e+f_x"n-"r| [46]

|L_Algebraic_functions/1.1 Binomial products/1.

.3_General/1.1.3.8_P-x-c_x-Tm-

594

[{_Algebraic_functions/1.1 Binomial_ products/1.

[E

.4_Improper/1.1.4.2-c_x-"m-g_

[154]

[{_Algebraic_functions/1.1_Binomial products/1.1.4 Improper/1.1.4.3-e_x-"m-a_
K~ j+b_x"k-"p-c+d_x"n-"q| [298]
|[L_Algebraic_functions/1.2_Trinomial_products/1.2.1_Quadratic/1.2.1.1-a+b_xt
[143]
[1_Algebraic_functions/1.2 Trinomial products/1.2.1 Quadratic/1.2.1.2-d+e_x7
[[m-a+b_x+c_x"2-"p| [2590]
|L_Algebraic_functions/1.2_Trinomial_products/1.2.1_Quadratic/1.2.1.3-d+e_x7
[m-f+g_x-a+b_x+c_x"2-"p| [2646]
[{_Algebraic_functions/1.2_Trinomial_products/1.2.1 Quadratic/1.2.1.4-d+e_xtT
[[m-f+g_x-"n-a+b_x+c_x"2-"p| [958]
|[L_Algebraic_functions/1.2_Trinomial_products/1.2.1_Quadratic/1.2.1.5-a+b_xt
[c_x"2-"p-d+e_x+f_x"2-"q [123]
|[L_Algebraic_functions/1.2_Trinomial_products/1.2.1_Quadratic/1.2.1.6-g+h_x7
[m-a+b_x+c_x"2-"p-d+e_x+f_x"2-"q| [143]
|L_Algebraic_functions/1.2_Trinomial_ products/1.2.1 Quadratic/1.2.1.9_P-x-d+
le_x-"m-a+b_x+c_x"2-"p| [400]
|[L_Algebraic_functions/1.2_Trinomial_products/1.2.2_Quartic/1.2.2.2-d_x-"m-a+
[o_x"2+c_x"4-"p| [1126]
[1_Algebraic_functions/1.2_Trinomial_products/1.2.2 Quartic/1.2.2.3-d+e_x 27
[[m-a+b_x"2+c_x"4-"p| [413]
|{_Algebraic_functions/1.2_Trinomial_products/1.2.2_Quartic/1.2.2.4-f x-"m-d+
le_x"2-"g-a+b_x"2+c_x"4-"p| [413]
[1_Algebraic_functions/1.2 Trinomial products/1.2.2 Quartic/1.2.2.5 P-x-a+b]
1]
|L_Algebraic_functions/1.2_Trinomial_products/1.2.2_Quartic/1.2.2.6_P-x-d_xt
[m-a+b_x"2+c_x"4-"p| [145]
|[{_Algebraic_functions/1.2_Trinomial_products/1.2.2_Quartic/1.2.2.7_P-x-d+e]|

k~"2-"g-a+b_x"2+c_x"4-"p| [42]
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N

[{_Algebraic_functions/1.2_Trinomial_ products/1.
k-"g-a+b_x"2+c_x"4-"p| [4]

.2_Quartic/1.2.2.8_P-x-d+e]

[L_Algebraic_functions/1.2_Trinomial_products/1.2.3_General/1.2.3.2-d_x-"m-a+
[o_x"n+c_x"-2_n-"p| [664]

[L_Algebraic_functions/1.2_Trinomial_products/1.2.3_General/1.2.3.3-d+e_x nt
["g-a+b_x"n+c_x"-2_n-"p| [96]

[1_Algebraic_functions/1.2 Trinomial products/1.2.3 General/1.2.3.4-f x-"m-d+
l[e_x"n-"g-at+b_x"n+c_x"-2_n-"p| [156]

N

[L_Algebraic_functions/1.2_Trinomial_ products/1.
[Tm-a+b_x"n+c_x"-2_n-"p| [17]

.3_General/1.2.3.5_P-x-d_xt

[\

[{_Algebraic_functions/1.2_Trinomial_products/1.
[a_x"g+b_x"n+c_x"-2_n-q-"p| [140]

.4_TImproper/1.2.4.2-d_x-"mt

[L_Algebraic_functions/1.3_Miscellaneous/1.3.1 Rational_functions| [494]

[L_Algebraic_functions/1.3_Miscellaneous/1.3.2_Algebraic_functions| [1025]

[2_Exponentials/2.1_u-F~-c-a+b_x-"n| [98]

[2_Exponentials/2.2-c+d_x-"m-F -g-e+f_x-"n-a+b-F -g-e+f_x-"n-"p| [93]

[2_Exponentials/2.3_Exponential_functions| [774]

[3_Logarithms/3.1.2-d_x-"m-a+b_log-c_x"n-"p| [193]

[3_Logarithms/3.1.4-f_x-"m-d+e_x"r-"g-a+b_log-c_x"n-"p| [456] { Mathematica:
166, 167, 168, 170, 322, 323, 406, 407, 409, 410, 411, 412, 413, 414, 416, 417, 418, 419,
444 445. }

[3_Logarithms/3.1.5 u-a+b_log-c_x"n-"p| [249] { Mathematica: 138, 144, 145, 146,
148, 149, 220. Maple: 220, 221, 222. }

[3_Logarithms/3.2.1-f+g_x-"m-A+B_log-e-a+b_x-over-c+d_x-"n-"p| [314]

[3_Logarithms/3.2.2-f+g_x-"m-h+i_x-"q-A+B_log-e-a+b_x-over-c+d_x-"n-"p| [263]

[3_Logarithms/3.2.3_u_log-e-f-a+b_x-"p-c+d_x-"q-"r-"g| [108]

[3_Logarithms/3.3_u-a+b_log-c-d+e_x-"n-"p| [547]

[3_Logarithms/3.4_u-a+b_log-c-d+e_x"m-"n-"p| [641] { Mathematica: 98, 99, 100,
101, 158, 159, 277, 298, 299, 485, 486, 487, 488, 528, 529, 530, 531. }

[3_Logarithms/3.5_Logarithm_functionsg| [314]

[4_Trig functions/4.1 Sine/4.1.0-a_sin-"m-b_trg-"n| [538]

[4_Trig functions/4.1 Sine/4.1.10-c+d_x-"m-a+b_sin-"n| [348]

[4_Trig functions/4.1_Sine/4.1.1.1-a+b_sin-"n| [72]

[4_Trig functions/4.1_Sine/4.1.11-e_x-"m-a+b_x"n-"p_sin| [113]

[4_Trig_functions/4.1_Sine/4.1.12-e_x-"m-a+b_sin-c+d_x"n-"p| [357]

[4_Trig functions/4.1_Sine/4.1.1.2-g _cos-"p-a+b_sin-"m|l [653]

[4_Trig functions/4.1_Sine/4.1.13-d+e_x-"m_sin-a+b_x+c_x"2-"n| [36]

[4_Trig functions/4.1_Sine/4.1.1.3-g_tan-"p-a+b_sin-"m| [208]

|4_Trig functions/4.1 Sine/4.1.2.1-a+b_sin-"m-c+d_sin-"n| [837]

|4_Trig_functions/4.1 _Sine/4.1.2.2-g cos-"p-atb_sin-"m-c+d_sin-"n| [1563]

|4_Trig_functions/4.1_Sine/4.1.2.3-g_sin-"p-atb_sin-"m-c+d_sin-"n| [5]1]

|4_Trig_functions/4.1_Sine/4.1.3.1-a+b_sin-"m-c+d_sin-"n-A+B_sin-| [358]

|4_Trig functions/4.1_Sine/4.1.4.1-a+b_sin-"m-A+B_sin+C_sin~2-| [19]
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78. |4_Trig functions/4.1_Sine/4.1.4.2-a+b_sin-"m-c+d_sin-"n-A+B_sin+C_sin™2-| [34]

79. [4_Trig functions/4.1_Sine/4.1.7-d_trig-"m-a+b-c_sin-"n-"p| [694] { Mathemat-
ica: 399, 400, 401, 402, 403. Maple: 399, 400, 401, 402, 403. }

80. 4_Trig_ functions/4.1_Sine/4.1.8-a+b_sin-"m-c+d_trig-"n| [9]

81. |4_Trig_functions/4.1_Sine/4.1.9_trig m-a+b_sin"n+c_sin"-2_n-"p| [19]

82. |4_Trig functions/4.2_Cosine/4.2.0-a_cos-"m-b_trg-"n| [294]

83. [4_Trig functions/4.2_Cosine/4.2.10-c+d_x-"m-a+b_cos-"n| [189]

84. [4_Trig functions/4.2 Cosine/4.2.1.1-a+b_cos-"n| [62]

85. [4_Trig_functions/4.2 Cosine/4.2.12-e_x-"m-a+b_cos-c+d_x"n-"p| [99]

86. [4_Trig functions/4.2_Cosine/4.2.1.2-g sin-"p-a+b_cos-"m| [88]

87. [4_Trig_functions/4.2_Cosine/4.2.13-d+e_x-"m_cos-a+b_x+c_x"2-"n| [34]

88. [4_Trig functions/4.2_Cosine/4.2.1.3-g_tan-"p-a+b_cos-"m| [22]
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98. [4_Trig_functions/4.3_Tangent/4.3.0-a_trg-"m-b_tan-"n| [387]
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[4_Trig_functions/4

.5_Secant/4.5.10-c+d_x-"m-a+b_sec-"n| [46]

[4_Trig_functions/4

.5_Secant/4.5.11-e_x-"m-a+b_sec-c+d_x"n-"p| [83]

[4_Trig_functions/4

.5_Secant/4.5.1.2-d_sec-"n-atb_sec-"m| [879]

[4_Trig_functions/4

.5_Secant/4.5.1.3-d_sin-"n-a+b_sec-"m| [306]

[4_Trig functions/4

.5_Secant/4.5.1.4-d_tan-"n-a+b_sec-"m| [365]

[4_Trig functions/4

.5_Secant/4.5.2.1-a+b_sec-"m-c+d_sec-"n| [241]

[4_Trig functions/4

.5_Secant/4.5.2.3-g_sec-"p-a+b_sec-"m-c+d_sec-"n| [286]

[4_Trig functions/4

.5_Secant/4.5.3.1-a+b_sec-"m-d_sec-"n-A+B_sec-| [634]

[4_Trig functions/4

.5_Secant/4.5.4.1-a+b_sec-"m-A+B_sec+C_sec”2-| [70]

[4_Trig_functions/4

.5_Secant/4.5.4.2-a+b_sec-"m-d_sec-"n-A+B_sec+C_sec”2- [1373]

[4_Trig_functions/4

.5_Secant/4.5.7-d_trig-"m-atb-c_sec-"n-"p| [470]

[4_Trig_functions/4

.6_Cosecant/4.6.0-a_csc-"m-b_trg-"n| [70]

[4_Trig_functions/4

.6_Cosecant/4.6.11-e_x-"m-a+b_csc-c+d_x"n-"p| [84]

[4_Trig_functions/4

.6_Cosecant/4.6.1.2-d_csc-"n-a+b_csc-"m [59]

[4_Trig_functions/4

.6_Cosecant/4.6.1.3-d_cos-"n-a+b_csc-"m [16]

[4_Trig_functions/4

.6_Cosecant/4.6.1.4-d_cot-"n-a+b_csc-"m [23]

[4_Trig_functions/4

.6_Cosecant/4.6.3.1-a+b_csc-"m-d_csc-"n-A+B_csc-| [24]

[4_Trig_functions/4

.6_Cosecant/4.6.4.2-a+b_csc-"m-d_csc-"n-A+B_csc+C_csc”2-| [1]

[4_Trig_functions/4

.6_Cosecant/4.6.7-d_trig-"m-a+b-c_csc-"n-"p| [27]

[4_Trig_functions/4

.7_Miscellaneous/4.7.1-c_trig-"m-d_trig-"n| [254]

[4_Trig_functions/4

.7_Miscellaneous/4.7.2_trig m-a_trig+b_trig-"n| [294]

[4_Trig_functions/4

.7_Miscellaneous/4.7.3-c+d_x-"m_trig™n_trig™p| [397]

[4_Trig functions/4

.7_Miscellaneous/4.7.4_x"m-a+b_trig n-"p| [9]

[4_Trig _functions/4

.7_Miscellaneous/4.7.5_x"m_trig-a+b_log-c_x"n-"p| [330]

4_Trig_functions/4

.7_Miscellaneous/4.7.6_f"-a+b_x+c_x"2-trig-d+e_x+f_ x"2-"n|

[142]

[4_Trig_functions/4

.7_Miscellaneous/4.7.7_Trig_functions| [950]

|5_Inverse_trig_ functions/5.1_Inverse_sine/5.1.2-d_x-"m-a+b_arcsin-c_x-"n| [227]

|5_Inverse_trig functions/5.1_ Inverse_sine/5.1.4-f_x-"m-d+e_x"2-"p-a+b_arcsin-

[703]

|5_Inverse_trig functions/5.1 _Inverse_sine/5.1.5_Inverse_sine_functions| [474]

|5_Inverse_trig_ functions/5.2_Inverse_cosine/5.2.2-d_x-"m-a+b_arccos-c_x-"n| [227]

[5_Inverse_trig functions/5.2_Inverse_cosine/5.2.4-f x-"m-d+e_x"2-"p-a+b_ar¢cos-

[33]

[5_Inverse_trig_functions/5.2_Inverse_cosine/5.2.5_Inverse_cosine_functions| [118]

|5_Inverse_trig functions/5.3_Inverse_tangent/5.3.2-d_x-"m-a+b_arctan-c_x"nft

[166]

|5_Inverse_trig_functions/5.3_Inverse_tangent/5.3.3-d+e_x-"m-a+b_arctan-c_x|n-

el 3311

. |b_Inverse_trig_functions/5.3_Inverse_tangent/5.3.4_u-a+b_arctan-c_x-"p| [1301]
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|5_Inverse_trig functions/5.3_Inverse_tangent/5.3.5_u-a+b_arctan-c+d_x-"p| [70]
{ Mathematica: 65, 66, 69, 70. }

|5_Inverse_trig_functions/5.3_Inverse_tangent/5.3.6_Exponentials_of_inverse]
5851

[5_Inverse_trig_functions/5.3_Inverse_tangent/5.3.7_Inverse_tangent_functions|
[153]

|5_Inverse_trig functions/5.4_Inverse_cotangent/5.4.1 Inverse_cotangent_functions|
[234] { Mathematica: 116, 117, 120, 121. }

[5_Inverse_trig_functions/5.4_Inverse_cotangent/5.4.2_Exponentials_of_inverse_

12

|5_Inverse_trig_functions/5.5_Inverse_secant/5.5.1 u-a+b_arcsec-c_x-"n| [174]

|5_Inverse_trig functions/5.5_Inverse_secant/5.5.2_Inverse_secant_functions| [50]

[5_Inverse_trig_functions/5.6_Inverse_cosecant/5.6.1 _u-a+b_arccsc-c_x-"n| [178]

5_Inverse_tri _f unctions/5. 6_Inv erse_cosecan t/5.6. 2_I11V er se_cosecant_f unctions
g

|6_Hyperbolic_functions/6.1_Hyperbolic_sine/6.1.1-c+d_x-"m-a+b_sinh-"n| [502]

|6_Hyperbolic_functions/6.1_Hyperbolic_sine/6.1.3-e_x-"m-a+b_sinh-c+d_x"n-"p|
[102]

|6_Hyperbolic_functions/6.1 Hyperbolic_sine/6.1.4-d+e_x-"m_sinh-a+b_x+c_x"27
[33]

|6_Hyperbolic_functions/6.1 Hyperbolic_sine/6.1.5_Hyperbolic_sine_functions| [369]

|6_Hyperbolic_functions/6.1 Hyperbolic_sine/6.1.7_hyper m-a+b_sinh™n-"p| [525]

|6_Hyperbolic_functions/6.2_Hyperbolic_cosine/6.2.1-c+d_x-"m-a+b_cosh-"n| [183]

|6_Hyperbolic_functions/6.2_Hyperbolic_cosine/6.2.2-e_x-"m-a+b_x"n-"p_cosh| [111]

|6_Hyperbolic_functions/6.2_Hyperbolic_cosine/6.2.3-e_x-"m-a+b_cosh-c+d_x"nft
[l [68]
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Chapter 3

Regression reports

3.1 Mathematica 12.1 and Mathematica 12
3.1.1 Test number 103

Test folder name

test_cases/4_Trig_functions/4.3_Tangent/4.3.2.1-a+b_tan-"m-c+d_tan-"n

3.1.1.1 Problem number 1180
f(a +iatan(e + fx))"(c + d tan(e + fx))3 dx

Optimal antiderivative

2d (c2(~(m + 3)) + icdm + d?) (a + iatan(e + fx))"  @(dm + ic(m + 4))(a + iatan(e + fx))™1 (@ +ic)(a +iatan(e + fx))" ;F; (1,m;
Fim(m + 2) - af (m +1)(m +2) - 2fm

command
Integrate[(a + I*a*Tan[e + f*x]) m*(c + dxTan[e + fx*x])~3,x]

Mathematica 12.1 output

f(a +iatan(e + fx))"(c + d tan(e + fx))> dx

Mathematica 12 output

cile+fx)

oum . m L . (d+I-C)3ci(r(m+6)+2f(m+3)x) ja 1,1;m+4;—02i("+fx) (—d+ic)3z’i"’(“2f’() 2(m+2)e21(“f*
2m-1 (e’f") gmimle+2fx) (m) sec™(e + fx)(cos(fx) + isin(fx))™(a + ia tan(e + fx))" ( il ) + (
€

m+3 m(m+1)(m-

f (1 + eZi(fo))z

3.1.2 Test number 104

Test folder name

test_cases/4_Trig_functions/4.3_Tangent/4.3.3.1-a+b_tan-"m-c+d_tan-"n-A+B_tan-

3.1.21 Problem number 715

(A + Btan(e + fx))(c —ictan(e + fx))"
(a + iatan(e + fx))?

dx

Optimal antiderivative

(B(n +2) +iAQ2 - n)(c - ictan(e + fx))",F; (2,m;n +1; %(1 —itan(e + fx))) (=B +iA)(c - ictan(e + fx))"
16a2fn " 402 f(1 + itan(e + fx))?

command
Integrate[((A + B*Tan[e + f*x])*(c - Ixc*Tan[e + f*x])"n)/(a + I*a*Tanl[e + f*x])~2,x]
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Mathematica 12.1 output

(A + Btan(e + fx))(c —ictan(e + fx))"
(a + iatan(e + fx))?

dx

Mathematica 12 output

n
on-2 (—) (i(AG1 = 2) + B+ 2)eHE ) 4Py (2,2 = 13— ;1 + ) 4 (1= 2)(B - i)

1+62i(e+fx)
a?f(n —2)(tan(e + fx) —i)?

3.2 VFricas 1.3.6 and Fricas 1.3.5
3.2.1 Test number 14

Test folder name

test_cases/1_Algebraic_functions/1.1_Binomial_products/1.1.1_Linear/1.1.1.3-a+b_x-
"m-c+d_x-"n-e+f_x-"p

3.21.1 Problem number 625

(a + bx)¥?(c + dx)?

f - dx
x

Optimal antiderivative

_Na (e + d0¥(5ad + 7bo)(be —ad)® Va+ bx(c +dx)(5ad + 7be)(be — ad?  Va+ bxve+ dx(5ad + 7be)(be — ad)* (Sad + 7be)(be — a
768a3c3x2 960a2c3x3 512a4c3x 512

command
integrate ((b*x+a) ~(3/2) *(d*x+c)~(5/2)/x”7,x, algorithm="fricas")

Fricas 1.3.6 output

Exception raised: TypeError

Fricas 1.3.5 output

15 (7 156 — 30 abScd + 45 a2bActd? — 20 PP — 15 ab2cd* + 18 abed® — 5 a(’dé)\/%x(’ log 8a252+(b2c2+6ubcd+a2d2)x2+4 (2 ac+(be+ad)x)yacVbx+avdx-+c+8 (abc2+a2cd)x)

X2

3.2.2 Test number 34

Test folder name

test_cases/1_Algebraic_functions/1.2_Trinomial_products/1.2.1_Quadratic/1.2.1.3-
d+e_x-"m-f+g_x-atb_x+c_x"2-"p

3.2.2.1 Problem number 703

f (A + Bx) (a? + 2abx + b2x2)5/2 ;
X

14

Optimal antiderivative

_a*Va? + 2abx + b?x*(aB + 5Ab) 5a°bVa® + 2abx + b?x*(aB + 2Ab) a’b*Va® + 2abx + b2x*(aB + Ab) 5ab°Va? + 2abx + b*x*(2aB + Ab)

12x12(a + bx) 11xM(a + bx) x1%(a + bx) 9x%(a + bx)

command



33

integrate ((B*x+A) * (b"2*xx~2+2xa*bxx+a~2) ~(5/2) /x"14,x, algorithm="fricas")

Fricas 1.3.6 output

Timed out

Fricas 1.3.5 output

10296 BbxS + 5544 Aa® + 9009 (5 Bab* + Ab®)x® + 40040 (2 Ba?b® + Aab*)x* + 72072 (Ba*? + Aa?b®)x* + 32760 (Ba'b + 2 Aa*h?)x? + 6006 (Ba® + 5 A
72072x73

3.2.3 Test number 94

Test folder name

test_cases/4_Trig_functions/4.2_Cosine/4.2.4.2-a+b_cos-"m-c+d_cos-"n-A+B_cos+C_cos™2-

3.2.3.1 Problem number 597

f (1 —cos?(c + dx)) sec(c + dx)
X

a + b cos(c + dx)
Optimal antiderivative

Va-btan| 1(c+dx)
2Va —bVa +btan™! —2) »
a+b . tanh™ (sin(c +dx)) x

abd ad b

command
integrate ((1-cos(d*x+c) ~2) *sec(d*x+c)/(a+bxcos(d*x+c)),x, algorithm="fricas")

Fricas 1.3.6 output

Exception raised: TypeError

Fricas 1.3.5 output

. . 2 ab cos(dx+c)+(2 a2-b? (dx+c)?—2 V—-a2+b2( (dx+0)+b) sin(dx+c)—a?+2 b2
2adx - blog (sin(dx + ¢) + 1) + blog (- sin (dx + ¢) + 1) — V-a2 + 1?log abcosthre+(2:2-12) costdree e

2adx —blo

b2 cos(dx+c)2+2 ab cos(dx+c)+a?

2 abd !

3.2.4 Test number 139

Test folder name

test_cases/4_Trig_functions/4.7_Miscellaneous/4.7.5_x"m_trig-a+b_log-c_x"n-"p
3.2.4.1 Problem number 48

fsin (a + %ilog (cxz)) dx

Optimal antiderivative

e cx3  iefx log(x)

4V cx? 2Vex?

command
integrate(sin(a+1/2*Ixlog(c*x~2)),x, algorithm="fricas")

Fricas 1.3.6 output

Exception raised: NotImplementedError

Fricas 1.3.5 output

(z’ cx? = 2i e Jog (x))e(‘”’)

4+
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3.2.4.2 Problem number 50

fsim2 (a + jzilog (cxz)) dx

Optimal antiderivative

e2icxd ey log(x)  x

B 8Vcx? - 4V cx? 2

command
integrate(sin(a+1/4*I*log(c*x~2))"2,x, algorithm="fricas")

Fricas 1.3.6 output

Exception raised: NotImplementedError

Fricas 1.3.5 output

_ex)e(2ia)
R (rx?’ cx)e

c

3 2i
]A*Ziﬂ) [@(@ﬂ)pam (e {)( 0 ]A—zm)
c

(4ia)

XE(

(4ia) | 1
xe og] 3 Xz og| 3 :(2

4 x2e2i0) v + v - \/@(xz - 1) o(-2i0)

[ [W(x2+l)c(2[“)

8x

3.2.4.3 Problem number 52

fsin3 (a + %ilog (cxz)) dx

Optimal antiderivative

i3 cy3 o Vie"x ie¥xlog(x)
-+ —ie T xVex? -

+
16Vex2 32 16Vcex2 8Vex?

command
integrate(sin(a+1/6*Ixlog(c*x~2))"3,x, algorithm="fricas")

Fricas 1.3.6 output

Exception raised: NotImplementedError

Fricas 1.3.5 output

. (6ia)
4 VCXZ(X2+1)L’<31a)+(*41‘CX3+41‘CX) 2= CM ]L’(’S”’)

ENEE

) N GO
CORW (4 chz(x2+1)e(31 ")+(41 cx3—4i cx) - ]L'( 8ia) o [
2cx~/——¢C? log — 2cx/——¢C Jog
c c

oy -9 (cxz)é cx?e@0) 4+ 18i (cxz) ¢

32x2

32cx
3.2.4.4 Problem number 135

fx3 tan(a + ilog(x)) dx

Optimal antiderivative

. 4
s L ) ix
—ie?x? + ie*" Jog (x2 + ez’“) + =

command
integrate (x~3*tan(a+Ixlog(x)),x, algorithm="fricas")

Fricas 1.3.6 output

—i x3€(2ia—2 log(x)) + ixS )
X
7

integral ( e(2ia-2log(x)) 4 1

Fricas 1.3.5 output

1ix4 —ix%el210) 4 j el Jog (x2 + e(Zi”))



35

3.2.4.5 Problem number 136

fxz tan(a + ilog(x)) dx

Optimal antiderivative

—2ie%%x + 2i¢% tan ! (e‘i”x) +—
command
integrate (x~2*tan(a+Ixlog(x)),x, algorithm="fricas")

Fricas 1.3.6 output

—i x26(2ia—2 log(x)) + l'xZ
J2ia2log 11

integral (

Fricas 1.3.5 output

1 . . ) . )
—ix3 = 2ixel?10) — o3i) Jog (x +iel ”)) +e®9 Jog (x —iel ”))

3.2.4.6 Problem number 137

fxtan(u + ilog(x)) dx

Optimal antiderivative

ix* o 2, 2
- e log(x +e )

command
integrate (x*tan(a+I*log(x)),x, algorithm="fricas")

Fricas 1.3.6 output

—ixel2ia—21log(x)) 4 jy

7

1ntegral( e(2ia-2log(x)) 4 1

Fricas 1.3.5 output

1 ) .
Zix2 —jpl2ia) 2 4 (2ia)
ixt—ie 1a log(x +e ”l)

3.2.4.7 Problem number 138

ftan(a + ilog(x)) dx

Optimal antiderivative

ix — 2ie'® tan™! (e‘i”x)
command
integrate(tan(a+I*log(x)),x, algorithm="fricas")

Fricas 1.3.6 output

. —je2ia—2log(x)) 4
integral x

pRia=2log(x)) 41 ’

Fricas 1.3.5 output

e log (x + ie(i“)) — el og (x - ie(i“)) +ix
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3.2.4.8 Problem number 140

tan(a + ilog(x))

[ tonta logto)
x

Optimal antiderivative

. . i
2ie™ tan™! (e*mx) + -
x
command
integrate(tan(a+I*log(x))/x"2,x, algorithm="fricas")

Fricas 1.3.6 output

—i e(Zia—Z log(x)) +i
y2p(2ia-2 log(x)) + 2 X

integral (

Fricas 1.3.5 output

(x log (x + ie(i“)) —xlog (x - ie(iﬂ)) _ ie(ia))e(—ia)

X

3.2.4.9 Problem number 141
f tan(a + ilog(x))
— 3 dx
X

Optimal antiderivative

L ietinnog(14 S
— — O —
2x2 & x2
command

integrate(tan(a+I*log(x))/x"3,x, algorithm="fricas")

Fricas 1.3.6 output

—i 8(21'11—2 log(x)) +1i )

integral (x3 e(2ia-2log(x)) 4 43”7 g

Fricas 1.3.5 output

(_22' x2log (x2 + e(Zia)) +4ix2log (x) + i a))e(—ziu)

2x2

3.2.4.10 Problem number 142

tan(a + ilog(x))
f —a dx

Optimal antiderivative

Zie—Zia e ~ ) i
— 2ie~3i tan ! (e"“x) +—
3x

command
integrate(tan(a+I*log(x))/x"4,x, algorithm="fricas")

Fricas 1.3.6 output

—i 6(21'11—2 log(x)) +i )

integral (x4 e(2ia-2log(x)) 4 44~ g

Fricas 1.3.5 output

(3 x3log (x + ie(i“)) -3x3%log (x - ie(i“)) — 61 x2elin) 4+ ie(3i”))e(‘3i“)
3x3




3.2.411 Problem number 143

fxs tan?(a + ilog(x)) dx

Optimal antiderivative

6in 4

. . . X
22m 2 _ _441171 2+ 2ia) _
e“rx € og(x e ) 2

xZ + ezfﬂ
command
integrate(x~3*tan(a+I*log(x))~2,x, algorithm="fricas")

Fricas 1.3.6 output

4 (2ia-2 log(x)) : _
2x* + (e + 1)1ntegral( Gl

8(21'/:—2 log(x)) +1

B3e2ia-210g(1) 19 13 )
’

Fricas 1.3.5 output

X6 — 7 x4e2ia) _ 8 y20(in) 4 1 (xze(‘““) + e(em)) log (xz + E(zm)) + 8el6ia)
4 (x% + el21)

3.2.4.12 Problem number 144
fxz tan?(a + ilog(x)) dx

Optimal antiderivative

262iax3 ) ) ~ ) xS
-5 620y — 6317 tan ! (e”“x) -
X% + e 3

command
integrate(x~2*tan(a+Ixlog(x))~2,x, algorithm="fricas")

Fricas 1.3.6 output

3 (2ia-2 log(x)) s _
2x° + (e + 1)1ntegral( G o

E(zm-z log(x)) +1

2eRia-2 1og(v) 172 )
’

Fricas 1.3.5 output

x5 = 112321 — 18 xeli®) — (—9ixze(3f”) -9i e(5f”)) log (x + ie(“‘)) - (9ixze<3“‘) +9i e(5i“)) log (x - ie“”)

3 (x2 + e2im)
3.2.4.13 Problem number 145

fxtanz(a + ilog(x)) dx

Optimal antiderivative

2641'12 ) ) xZ
- 2ia 2 2ia\ _ T
R + 2¢““ log (x +e ) >
command
integrate (x*tan(a+I*log(x))~2,x, algorithm="fricas")

Fricas 1.3.6 output

2% + (e(Zi“’Z log(¥)) 4 1)integral (—

e(2ia-2 log(x)) +1

xo2ia-210g() 15 ¢
J2ia-2log() 1y ’

Fricas 1.3.5 output

¥4 4 200 _ 4 (xze(zm) " e(4z'a)) log (xz n e(zm)) _ 4olia)

2 (x2 + e(Zi”))




3.2.4.14 Problem number 146

ftanz(a + ilog(x)) dx

Optimal antiderivative

22y

S —n t 26! tan ™! (e‘i"x) -X
X- + et

command
integrate(tan(a+I*log(x))~2,x, algorithm="fricas")

Fricas 1.3.6 output

( p2ia-2log(x)) 4 1)integral (

e2ia-2 log(x)) +1

p(2ia=2 log(x))+3 5
- e(2ia=2 log(x)) 41”7 X X

Fricas 1.3.5 output

x° + 3 xe@ ) — (ixze(i“) + ie(e'i“)) log (x + ie(i“)) - (—ixze(i“) - ie(3i“)) log (x - ie“”))

22 + e2ia)
3.2.4.15 Problem number 148
tan?(a + ilog(x))
f 5 dx
X
Optimal antiderivative
2iq

3x e

2 g2 T ;
x2 + g2 x(x2+621u)

+2¢ tan™! (e‘i“x)

command
integrate(tan(a+I*log(x))~2/x72,x, algorithm="fricas")

Fricas 1.3.6 output

o(2ia-2 log(x)) -1

(2ia-2 log(x)) 3 e -
(xe + x)mtegral ( T2

x)+2

xe(2ia-2 log(x)) +x

Fricas 1.3.5 output

3 x2ela) 4 (ix3 + z'xe(Zi”)) log (x + ie“”)) + (—ix3 - ixe(Zi“)) log (x - z'e“”’) + el

xBB(i a) + xe(3i a)

3.2.416 Problem number 149

tan?(a + ilog(x))
f 3 dx
X
Optimal antiderivative
26—2iu ’ eZza 1
———- —2¢“"]og (1 + —) +—
A 2 2
1+ = X 2x

command
integrate(tan(a+I*log(x))~2/x"3,x, algorithm="fricas")

Fricas 1.3.6 output

) . (@2ia-2 log(x)_3
(xze(z‘ a-2log(x)) 4 xz)lntegral (— ‘ x) +2

X3E<2i a-2 log(x))+x3 ’

x2€(2ia72 log(x)) + xZ

Fricas 1.3.5 output

5 x2e@a) _ 4 (x‘* + x2e ‘”) log (x2 + @ “)) +8 (x4 + x2e@ ”)) log (x) + e“®

2 (x4e@in) + x2oin)




3.2.4.17 Problem number 186

fx3 cot(a + ilog(x)) dx

Optimal antiderivative

, . it
—je2iy2 _ jia log (_xz + 62111) _ I

command

integrate (x~3*cot (a+I*log(x)),x, algorithm="fricas")

Fricas 1.3.6 output

integral

ix38(2ia—2 log(x)) + ix3
JQia2log) _1 "

Fricas 1.3.5 output

_lixél — i x2p(2ia) _ j o(4ia) log (xZ _ 8(21'11))

3.2.418 Problem number 187

fxz cot(a + ilog(x)) dx

Optimal antiderivative

3
, , 1/ ix
~2ie%iny + 2ie3 tanh ! (e‘mx) -—
3
command
integrate (x~2*cot (a+Ixlog(x)),x, algorithm="fricas")

Fricas 1.3.6 output

Z-xze(zm—z log(x)) + ix2 )
X
7

integral ( oia-2log(x)) _ 1

Fricas 1.3.5 output

1 ) . ) . )
—gix3 —2ixe® 4 G Jog (x + e(m)) — e ]og (x —~ e(l”))

3.2.419 Problem number 188

fx cot(a + ilog(x)) dx

Optimal antiderivative

: 2i 2 iy X
—ie" log (—x +e Z“) -5

command

integrate(x*cot (a+I*log(x)),x, algorithm="fricas")

Fricas 1.3.6 output

l'xe(Zia—Z log(x)) +ix
SQia2log) _1 '~

integral (

Fricas 1.3.5 output

1 . )
_i+2 _ i ,(2ia) 2 _ ,(2ia)
Six® —ie ! log(x e )

39



3.2.4.20 Problem number 189

fcot(a + ilog(x)) dx

Optimal antiderivative

2iei" tanh™" (e‘i”x) —ix
command
integrate(cot (a+I*log(x)),x, algorithm="fricas")

Fricas 1.3.6 output

) ie(Zia—Z log(x)) +i
integral X

e(2ia—2 log(x)) _ 1 4

Fricas 1.3.5 output

ie®log (x + e(i“)) —iel®log (x - e(i”)) —ix

3.2.4.21 Problem number 191

cot(a + ilog(x))

[eotarilogt)
x

Optimal antiderivative

2ie tanh ™ (e‘i”x) - -
x

command
integrate(cot(a+I*log(x))/x"2,x, algorithm="fricas")

Fricas 1.3.6 output

ie(Ziu—Z log(x)) +1i )

integral (x2 e(2ia-2 log(x)) _ 427 g

Fricas 1.3.5 output

(ix log (x + e(ia)) —ixlog (x _ e(iu)) _ ie(iﬂ))e(—ia)

X

3.2.4.22 Problem number 192

cot(a + ilog(x))
f — 3 dx

Optimal antiderivative

2ia i
. e i
1,—21a
—ielog|l - — |- =—
g( x? ) 2x?
command
integrate(cot(at+I*log(x))/x"3,x, algorithm="fricas")

Fricas 1.3.6 output

' i eia=2log(®) 4 ;
integral 13eia—2log(x)) _ 3’ *

Fricas 1.3.5 output

(—21' x?log (x2 - e(Zi“)) +4ix*log (x) —i e(Zi“))e(*Zi“)

2 x?

40
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3.2.4.23 Problem number 193

cot(a + ilog(x))

[eottaritontn
x

Optimal antiderivative

Dje~2in o _ . i
+ 2ie 3 tanh ! (e"“x) -
3x

command
integrate(cot(a+I*log(x))/x"4,x, algorithm="fricas")

Fricas 1.3.6 output

) ie(Ziu—Z log(x)) +1
integral ( Ap2ia-2 log(n) _ 44’ x)

Fricas 1.3.5 output

(31’ x®log (x + e(i“)) -3ix®log (x - e(i”)> — 6ix2e) — ie(3i“))e(‘3i“)

33
3.2.4.24 Problem number 194
fx3 cot?(a + ilog(x)) dx
Optimal antiderivative
) Zeéia ) ) x4
—2¢%x2 o - 4¢% ]og (—xz +é? )— —

command
integrate (x~3*cot (a+I*log(x))~2,x, algorithm="fricas")

Fricas 1.3.6 output

4 2ia-21 :
2x% = (e( ia-2 log(x)) _ 1)1ntegral (— pETEITEE

e(Zirzfz log(x)) _ 1

Bel2ia-2 10g(x)) _g 3
S Tea X

Fricas 1.3.5 output

X6 + 7 xte(2i0) _ 8 x2,4i0) 4 16 (xze(4in) _ e(6ia)) log (xz _ e(zm)) _ 8 el6in)
4 (x2 — ¢2i0)

3.2.4.25 Problem number 195

fxz cot?(a + ilog(x)) dx

Optimal antiderivative

262iax3 ) ) » ) X3
————— — 6e%“x + 6¢°" tanh (e‘mx) -—=
—x* + et 3

command

integrate (x~2*cot (a+I*log(x))~2,x, algorithm="fricas")

Fricas 1.3.6 output

2x3 - (e(z“"z log(x)) _ 1)integral (—

p(2ia-2 log(x)) — 1

12622 10g(x)) _7 2
J2ia2log)_1 /

Fricas 1.3.5 output

x4+ 11 x%@ ) — 18 xe™® — 9 (xze(3i“) - e(Si“)) log (x + e(i“)) +9 (xze(m) - E(Si“)) log (x - e(i“))
3(x2 — o@in)
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3.2.4.26 Problem number 196

fxcotZ(a + ilog(x)) dx

Optimal antiderivative

Dpkia ‘ a2
——— - Dp2in log (_xz + eZza) _
—Xx* + s 2

command
integrate(x*cot (a+I*log(x))~2,x, algorithm="fricas")

Fricas 1.3.6 output

2x% - (6(2’”’2 log(x)) — l)integral (—

p(2ia-2 log(x)) — 1

xel2ia-2 log(x))_sx
J2ia-2log()_1 /

Fricas 1.3.5 output

x4 = x2p(2i0) 4 4 (xze(zia) _ e(4ia)) log (xz _ e(Zia)) — 4 p4ia)

2 (xz - e(Zia))

3.2.4.27 Problem number 197

f cot?(a + ilog(x)) dx

Optimal antiderivative

2€2iax

———— + 267 tanh™! (e‘i“x) —x
—Xx- + et

command
integrate(cot(a+I*log(x))~2,x, algorithm="fricas")

Fricas 1.3.6 output

(e(zm—z log(x)) _ 1)integral (—

e(2ia—2 log(x)) _ 1

E(Zi a-2 log(x))_3
o2ia-2Tog(x)_1’ x| -2x

Fricas 1.3.5 output

x> - 3xel?® — (xze(i D — gl “)) log (x + e<f”)) + (xze(i”) — e ”)) log (x - e(f”))
2 _ o2in)

3.2.4.28 Problem number 199

cot?(a + i log(x))

f 5 dx
x

Optimal antiderivative

3x eZia

- — +
—x2 4 p2ia x (_x2 + €2i”)

—2¢7tanh ™! (e‘i”x)

command
integrate(cot(a+I*log(x))~2/x"2,x, algorithm="fricas")

Fricas 1.3.6 output

202ia-2 log()_y2”

) . (2ia-2 log(x)) 1
(xe@2 1080 _ x)integral (— . - x) 2

xe(2ia-2 log(x)) — x

Fricas 1.3.5 output

3 x2elin) — (x3 - xel “)) log (x +ell “)) + (x3 - xe(Zi“)) log (x — el “)) — eBi0)
x3e(ia) _ xe(3ia)
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3.2.4.29 Problem number 200

cot?(a + ilog(x))
S
x
Optimal antiderivative

command
integrate(cot(a+I*log(x))~2/x"3,x, algorithm="fricas")

Fricas 1.3.6 output

(xze(Zi a-2log(x)) _ xz)integral (

xZE(Zi a-2 log(x)) _

2ia-2log(v) 43
\,36,(214 2oz’ Y|~ 2

Fricas 1.3.5 output

5 2¢2i0) 4 4 (x4 _ xze(zia)) log (x2 _ e(zm)) -8 (x4 _ Xze(zm)) log (x) - olia)
2 (x4e(21'rz) _ x23(4iﬂ))

3.2.5 Test number 183

Test folder name

test_cases/6_Hyperbolic_functions/6.6_Hyperbolic_cosecant/6.6.3_Hyperbolic_cosecant_function

3.2.5.1 Problem number 54

1
va + iacsch(c + dx)

Optimal antiderivative

-1 [ +acoth(c+dx) va coth(c+dx)
2tanh ( a+iucsch(c+dx)) \/_tanh (\F\/m)

Jad Jad

command
integrate(1/(at+I*a*csch(d*x+c))~(1/2),x, algorithm="fricas")

Fricas 1.3.6 output

Exception raised: TypeError

Fricas 1.3.5 output

a 1
——\/_\/ log({ adez‘”z) "e<2dx+2c A/ d2+ae‘“) za]ed ] \/_ﬂ log[ [ ade“*z)—ad) Frrrr e R ikl

3.2.5.2 Problem number 57

dx
f \a —iacsch(c + dx)

Optimal antiderivative

—1( +acoth(c+dx) 'a coth(c+dx)
2tanh ( ﬂ—iﬂCSCh(C*'dX)) ‘/_tanh (\f\/u incsch(c+dx) )

Jad Jad

command
integrate(1/(a-I*a*csch(d*x+c))~(1/2),x, algorithm="fricas")

Fricas 1.3.6 output

Exception raised: TypeError
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Fricas 1.3.5 output

1 ~[1 [ a [1 o)1 ~[1 [ a [1
_E \/E ﬁ log [2 [\/E(ade(”x”‘) - ﬂd) m E + ae(”’x"C) + za]e( dx C)]+§ \/E ﬁ log [—2 [\/E(ﬂde(ZdX+zc) - ﬂd) m E - ae(‘”“

3.3 Maple 2020 and Maple 2019.2.1
3.3.1 Test number 55

Test folder name

test_cases/2_Exponentials/2.3_Exponential_functions

3.3.1.1 Problem number 591

Ff(a+b logz(c(d+ex)"))
f dx
dg + egx

Optimal antiderivative

VrFY Exfi (Vb+/fViog(F) log (c(d + ex)"))
2\/1_76\/7gn\/log(1-")

command
int (F~ (f*(atb*1n(c* (exx+d) "n) ~2) )/ (exg*x+d*g) ,x)
Maple 2020 output

Ff(a+b(ln(c(ex+d)"))2)

egx +dg dax
Maple 2019.2.1 output
ﬁi;f Erf \/Wln ((ex + d)”) _ bf (2 In (c) - im csgn (ic (ex +4d) ) (—csgn (ic (ex+d) ) +zcsgn (ic)) (—csgn (ic (ex +4d) ) + csgn (i (ex +4d) ))) In (F

3.3.1.2 Problem number 606

Ffa+blog(c(d+ex)")
f dx
dg + egx

Optimal antiderivative

\/rErfi (a\/fx/log(F) + by/f+/Tog(F) log (c(d + ex)”))
2be\/7 gnv/log(F)

command
int (F~ (f*(at+b*1n(c* (exx+d) "n)) ~2) / (exg*x+d*g) ,x)
Maple 2020 output

Ff(a+h 1n(c(ex+d)"))2
f dx
egx +dg

Maple 2019.2.1 output

ﬁ

2negb

Erf (—b\/—f In(F)In ((ex + d)") +f (a +b (ln (c) - én csgn (ic (ex + d)") (—csgn (ic (ex + d)") + csgn (ic)) (—csgn (z'c (ex + d)") + csgn (i (ex + d)")t
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3.3.2 Test number 63

Test folder name

test_cases/3_Logarithms/3.4_u-a+b_log-c-d+e_x"m-"n-"p
3.3.2.1 Problem number 68

f(fx)*lf” log (c d+ ex”)p) dx

Optimal antiderivative

(fx)™" log (C @+ exn)p) epx™log(x)(fx)™ epx"(fx)™" log(d + ex")
B n N i B dfn

command
int ((£*x) " (-1-n) *1n(c*(d+e*x"n) "p) ,x)

Maple 2020 output

f(fx)_l_71 In (c (d+ ex”)p) dx
Maple 2019.2.1 output

xIn ((d + Exn)r’) ) (1+n)(—in (csgn(iﬂ))sﬂﬂ(csgn(ifx))zcsgn(if)m(csgn(rfx))zcsgn(,x)-m csgn(if)csgn(csgn(ifx)+2 In(f)+2 11;(;-))

_ ‘¢ 2 +
n dn

3.3.3 Test number 135

Test folder name

(x”) (1+n)(—171csgn(ifx)csgn(lf)csgn(1x)+m(csgn(ifx))zcsg
e 2

peln

test_cases/4_Trig_functions/4.7_Miscellaneous/4.7.1-c_trig-"m-d_trig-"n

3.3.3.1 Problem number 177

3
f cos®(a + bx) sinz (2a + 2bx) dx

Optimal antiderivative

7sin(a + bx) sing(Za + 2bx) N sing(2a + 2bx) cos(a + bx) _ 7sin_1(cos(a + bx) — sin(a + bx)) _7\/sin(2a + 2bx) cos(a + bx) N 7log (sin(a -
48b 12b 64b 32b

command
int (cos(b*x+a) ~3*sin(2xb*x+2*a) ~(3/2) ,x)

Maple 2020 output

f (cos (bx + 2))° (sin 2bx + 2a))? dx

Maple 2019.2.1 output

output too large to display

3.3.4 Test number 178

Test folder name

test_cases/6_Hyperbolic_functions/6.5_Hyperbolic_secant/6.5.2-e_x-"m-a+b_sech-c+d_x"n-

p
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3.3.4.1 Problem number 77

f(ex)‘“z” (a + bsech (c + dx"))? dx

Optimal antiderivative

2iabx~%"(ex)?"PolyLog (2, —z'e”d"") 2iabx~%"(ex)?"PolyLog (2, ie”d"") a2(ex)?"  Aabx"(ex)?" tan™! (e“””‘") 22 (ex)? log (cosh (c + d
- + + + -

d?en d?en 2en den d?en

command
int ((e*x) " (-1+2*n) * (a+b*sech(c+d*x"n)) ~2,x)

Maple 2020 output

f (ex) """ (a + bsech (c + dx™))* dx

Maple 2019.2.1 output

2 (-1+2 n)(ln(e)+ln(x)— é 4 csgn(iex)(—csgn(iex)+csgn(ie))(—csgn(iex)+csgn(ix))) — % n csgn(iex)(-1+2 n)(
asxe

bzxe<—1+2 n)(In(e)+In(x)-i/2r csgn(iex)(—csgn(iex)+csgn(ie))(—csgn(iex)+csgn(iv)  h2e? e

2n nden@n ((ecﬂiel“(x)”)z + 1)

3.3.4.2 Problem number 83

f (ex)—1+2n
5 dx
(a + bsech (¢ + dx™))

Optimal antiderivative

2bx?"(ex)*"PolyLog (2, - ae‘;:’( 2) b3x~2"(ex)*"PolyLog (2, - aic/;xiz) 2bx?"(ex)*"PolyLog (2, - v{;;dz b) b3x2"(ex)*"PolyLog (2, —7
—-Vb2—a —Vb2-a —a2+
a2d2enVb? — a2 a?d%en (b? - a2)3/ 2 a2d2enVb? — a2 a2d%en (b? - a2)3/ 2

command
int ((e*x) " (-1+2*n)/(a+b*sech(c+d*x"n)) ~2,x)

Maple 2020 output

(ex)—l+2 n
f 5 dx
(a + bsech (¢ + dx™))
Maple 2019.2.1 output

xe(*lﬂ‘z ”)(ln(i’)ﬂﬂ(x)*%ﬂ ng‘n(iex)(7ngn(iex)+Csgn(ie))(*CSgn(iex)Jrcsgn(iX))) bZe(flJrZn)(ln(e)+1n(x)fi/2n csgn(iex)(7csgn(ifx)+csgn(if))(7csgn(iex)+csgn(ix)))x (beﬁdel"m" + Ll) beZ”e”ei
2

2 a2n nd (uZ _ bZ) HZeln(x)n ((ec+deln(1)”)2 a+2 bec+del"(")” + a)

3.3.5 Test number 182

Test folder name

test_cases/6_Hyperbolic_functions/6.6_Hyperbolic_cosecant/6.6.2-e_x-"m-a+b_csch-
ctd_x"n-"p

3.3.5.1 Problem number 76

f(ex)‘“zn (a + besch (¢ + dx™)? dx

Optimal antiderivative

2abx2"(ex)*'PolyLog (2, —e”””‘") 2abx2"(ex)*'PolyLog (2, ec”’d"") a(ex)?"  4abx™"(ex)* tanh™ (e”””(") b2x2(ex)?* log (sinh (c + dx
- + + - +

d?en d?en 2en den d?en

command
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int ((e*x) "~ (-1+2*n)* (a+b*csch(c+d*x"n)) ~2,x)

Maple 2020 output

f (ex) 12" (a + besch (¢ + dx™)? dx
Maple 2019.2.1 output

ﬂzxe(fl+2 n)(ln(e)+ln(x)f % b4 csgn(ifx)(*Csgn(iex)+csgn(ie))(*CSgn(iex)Jrcsgn(ix))) b2x6<_1+2 n)(In(e)+1n(x)-i/27 csgn(iex)(-csgn(iex)+csgn(ie)(-csgn iex)+csgn(iv))) bzez ng” é n csgn(iex)(-1

2n ndeln@n ((ec+de1n(X)")2 _ 1)

3.3.5.2 Problem number 82

f (ex)—1+2n I

(a + besch (¢ + dx))?

Optimal antiderivative

2bx21(ex)2"PolyLog (2, - b_““‘;’:bz) bx21(ex)"PolyLog (2, 'ﬁ;bz) 2bx21(ex)2"PolyLog (z, - wﬁ:ub) Bx21(ex)"PolyLog (2
a?d?enVa? + b? a2d2en (a2 + b2)7? a?d?enVa? + b2 a?d?en (a2 + b2

command
int ((e*x) "~ (-1+2*n)/(a+b*csch(c+d*x"n)) "2,x)

Maple 2020 output

(ex)—l+2n
f 5 dx
(a + besch (¢ + dx™))
Maple 2019.2.1 output

xe(*1+2 n)(ln(e)+ln(x)fén csgn(iex)(—csgn(iex)+csgn(ie))(—csgn(iex)+csgn(ix))) PRe(-1+2n)(In(@)+In(x)~i/2n csgn(iex)(-csgn(iex)+csgn(ie)) (-csgn(iex)+csgn(ix))) (_bec+de1“(‘)” + a) be
) 2 =
2 X)n 2 nix)n
2a°n nd (a2 + b?) a2eln®rn ((ecmelnm ) a4 + 2 hectden®r _ u)

3.3.6 Test number 194

Test folder name

test_cases/7_Inverse_hyperbolic_functions/7.3_Inverse_hyperbolic_tangent/7.3.4_u-
a+b_arctanh-c_x-"p

3.3.6.1 Problem number 528

dx

f (a +b tanh_l(cx)) (d +elog (1 - szz))
2
Optimal antiderivative

1 ) (11 +b tanhfl(cx)) (e log (1 - szz) + d) ce (a + btanhfl(cx))2 1

- +§bclog(1— 1—1W) (elog(l—c2x2)+d

1
~3 bcePolyLog ( . 5

2 —
"1 —c2x2

command

int ((a+b*arctanh(c*x))* (d+e*1n(-c~2*x"2+1))/x"2,x)

Maple 2020 output

dx

(a + bArtanh (cx)) (d +eln (—czx2 + 1))
f x2
Maple 2019.2.1 output

(a - ébn) eln (—czx2 + 1) (a - ébn) (celn(—cx —1)x —celn(—cx + 1) x + d)

X X
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3.3.6.2 Problem number 529

dx

f (a + btanh_l(cx)) (d +elog (1 -~ szz))
3
Optimal antiderivative

(a + btanhfl(cx)) (e log (1 - szz) + d)

2x2

1 1 1 1
EbczePolyLog(Z, —cx)—zbczePolyLog(Z cx)— + Ecze(a+b) log(1—cx)+ Ecze(a—b) log(cx+1)—ac?elog(x

command
int ((a+b*arctanh(c*x))*(d+ex1n(-c~2*x"2+1)) /x"3,x)

Maple 2020 output

dx

(a + bArtanh (cx)) (d +eln (—czx2 + 1))
f x3
Maple 2019.2.1 output

(a - ébn) eln (—czx2 + 1) (a - %bn) (ec2 In (—C2x2 + 1) x%2 —2ec?In (x)x% - d)
- 2x2 * 2 x?

3.3.6.3 Problem number 530

f (a + btanh_l(cx)) (d +elog (1 - szz))

A dx
Optimal antiderivative
_ _ 2 1
1, 1 (a + btanh 1(cx)) (e log (1 - szz) + d) e (u +btanh 1(cx)) 2c%e (a + btanh (cx)) 1, 1
_gbc ePolyLog (2, . szz)_ o - % + 3x +gbc log(1- T-¢
command
int ((at+b*arctanh(c*x))*(d+e*x1n(-c~2*x"2+1))/x"4,x)
Maple 2020 output
f (a + bArtanh (cx)) (d +eln (—czx2 + 1)) i
X
A

Maple 2019.2.1 output

(a - ébn) eln (—czx2 + 1) (a - ébn) (c3e1n (mex=1) a8 = cBeln(—cx + 1) x3 = 2ec®x? + d)

33 3x8

3.3.6.4 Problem number 531

dx

f (a +b tanhfl(cx)) (d +elog (1 - szz))
5
Optimal antiderivative

(u + btanhfl(cx)) (e log (1 - szz) + d)

4x*

1 1 1 1
1 bc*ePolyLog(2, —cx)— 1 bc*ePolyLog(2, cx)- + Ec4e(3a+4b) log(1—cx)+ o c*e(3a—4b) log(cx+1)+ %

command
int ((at+b*arctanh(c*x))*(d+e*1n(-c~2*x"2+1))/x"5,x)

Maple 2020 output

f (a + bArtanh (cx)) (d +eln (—czx2 + 1))

dx
5

Maple 2019.2.1 output
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i (a - ébn) eln (—czx2 + 1) . (a - ébn) (2 cteln (x) x* - cteln (—czx2 + 1) xt —ec?x? + d)

4 x4 4 x4

3.3.6.5 Problem number 532

f (a +b tanh_l(cx)) (d +elog (1 -~ czxz))

dx
%6

Optimal antiderivative

+ —

1 (a + btanhfl(cx)) (e log (1 - szz) + d) 2c%e (a + btanhfl(cx)) e (a + btanhfl(cx))2 2c%e (a + bta
)_ 5a5 15 56 " 5x

1
_ T35
1 Obc ePolyLog (2, T—en

command
int ((a+b*arctanh(c*x))* (d+ex1ln(-c”2*x"2+1))/x"6,x)

Maple 2020 output

dx

(a + bArtanh (cx)) (d +eln (—czx2 + 1))
f x6
Maple 2019.2.1 output

~ (a - ébn) eln (—C2x2 + 1) B (a - ébn) (3 cPeln (—cx —1)x° = 3c%eln (—cx + 1) x° — 6 c*ex* — 2 ec?x? + 3d)

5x° 1545

3.3.7 Test number 198

Test folder name

test_cases/7_Inverse_hyperbolic_functions/7.4_Inverse_hyperbolic_cotangent/7.4.1_Inverse_hyr

3.3.7.1 Problem number 172

f L dx
xcoth *(tanh(a + bx))2

Optimal antiderivative

! log(x) log (coth_l(tanh(a + bx)))
+ [
(bx - coth_l(tanh(a + bx))) coth—l(tanh(a + bx)) (bx — coth™ (tanh(a + bx)))z (bx ~ COthil(tanh(a N bx)))z

command
int (1/x/arccoth(tanh(b*x+a))~2,x)

Maple 2020 output

1
f 5 dx
x (arccoth (tanh (bx + a)))
Maple 2019.2.1 output

. . 2 . ;| Qbx+a 2 . i obx+a 2 >
E 27 (ngn (;)) — 7rcsgn (;) csgn (i (eb”")z) csgn M + 7 csgn (;) csgn M -2m (csgn (
bx (ebx+a)2 +1 (e”“ﬂ)z +1 (ebx+a)2 +1 (ebx+n)2 +1 (ebx+a)2 +1

3.3.7.2 Problem number 173

f ! dx
x2 coth™ ! (tanh(a + bx))?

Optimal antiderivative
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2b N 1 N 2blog(x) B
(bx - cothfl(tanh(a + bx)))2 cothfl(tanh(a +bx)) X (bx - cothfl(tanh(a + bx))) COthfl(tanh(ﬂ + bx)) (bx - cothfl(tanh(a + bx)))3

command
int (1/x"2/arccoth(tanh(b*x+a))~2,x)

Maple 2020 output

1
f 5 dx
x2 (arccoth (tanh (bx + a)))
Maple 2019.2.1 output

output too large to display

3.3.7.3 Problem number 181

f L dx
x coth™ (tanh(a + bx))?

Optimal antiderivative

1 1 log(x)
- — + —
(bx - coth™ (tanh(a + bx)))” coth ™ (tanh(a + bx)) 2 (bx — coth™ (tanh(a + bx))) coth™ (tanh(a + bx)?  (bx - coth™ (tanh(a + bx))”

command
int (1/x/arccoth(tanh(b*x+a))~3,x)

Maple 2020 output

1
f 5 dx
x (arccoth (tanh (bx + a)))
Maple 2019.2.1 output

output too large to display

3.3.7.4 Problem number 182

f ! dx
x2 coth™ ! (tanh(a + bx))?

Optimal antiderivative

3b 3b 1
-— + —
(bx - coth_l(tanh(a + bx)))3 coth_l(tanh(a +bx)) 2 (bx - coth_l(tanh(a + bx)))2 Coth_l(tanh(zz +bx))?2 X (bx —coth 1(tanh(a + bx))) C

command
int(1/x"2/arccoth(tanh(b*x+a)) ~3,x)

Maple 2020 output

1
f 5 dx
x2 (arccoth (tanh (bx + a)))
Maple 2019.2.1 output

output too large to display
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3.3.7.5 Problem number 270

dx

f (a +b coth_l(cx)) (d +elog (1 - szz))
3
Optimal antiderivative

1 2 (a +b coth"l(cx)) (e log (1 - szz) + d) 1 1
—_ 2 — — — 2 — —_ 2 - |
)+2bc ePolyLog (2, p— 1) 772 +ZC e(a+b)log(l cx)+2¢: e(a-b)1

1
Zbc? -
5 bc*ePolyLog (2, 1 -

command
int ((at+b*arccoth(c*x))* (d+e*x1ln(-c”"2*x"2+1))/x"3,x)

Maple 2020 output

dx

f (a + barccoth (cx)) (d +eln (—czx2 + 1))

3
Maple 2019.2.1 output

In (—czx2 + 1) ae a (2 ec?In (x) x2 — ec?In (—czx2 + 1) x% + d)

2 x? B 2 x?

3.3.7.6 Problem number 271

f (a +b coth_l(cx)) (d +elog (1 - szz))

dx
5

Optimal antiderivative

1 2 (a +b coth_l(cx)) (e log (1 - szz) + d) 1 1
14 1l 4 _ 4
)+4bc ePolyLog (2, o 1) 14 +—12c e(3a+4b) log(1 cx)+12c e(3

1 2
Zbc“ePolyLog (2,1 T

command
int ((a+b*arccoth(c*x))*(d+ex1n(-c~2*x"2+1)) /x75,%)

Maple 2020 output

f (a + barccoth (cx)) (d +eln (—czx2 + 1))

dx
5

Maple 2019.2.1 output

In (—c2x2 + 1) ae a (2 cteln (x) x* - c*eln (—czx2 + 1) x* —ec?x? + d)

4x4 4x4

3.3.7.7 Problem number 275

dx

f (a +b coth_l(cx)) (d +elog (1 - szz))
12
Optimal antiderivative

1 ) (a +b coth_l(cx)) (e log (1 - szz) + d) ce (a +b coth_l(cx))2 1

1 1 \
_EbcePolyLog (2, 7 . 5 +Ebc log (1 - m) (e log (1 - szz) +d

22
command
int ((a+b*arccoth(c*x))*(d+ex1n(-c~2*x"2+1)) /x"2,x)

Maple 2020 output

dx

(a + barccoth (cx)) (d +eln (—czx2 + 1))
f x2
Maple 2019.2.1 output

In (—c2x2 + 1) ae L4 (celn(=cx+ 1) x—celn(-cx —1)x — d)

X X
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3.3.7.8 Problem number 276

f (a +b coth_l(cx)) (d +elog (1 - szz))

A dx

Optimal antiderivative
a+beoth™ (c) (elog (1 - 2x2) +d) e(a+beoth™ (cx))’ 2c%(a+beoth ™ (cx
—lbce’ePolyLog 2, ! —( ( )) ( g( ) )— ( ( )) + ( ( )) +1pe log(1-
6 1 - ¢2x2 3x3 3b 3x 6 1-¢2
command
int ((a+b*arccoth(c*x))* (d+ex1ln(-c~2*x"2+1))/x"4,x)
Maple 2020 output
f (a + barccoth (cx)) (d +eln (—czx2 + 1)) J
be
4

Maple 2019.2.1 output

In (—czx2 + 1) ae a (c3eln (mex=1)x® = Beln(—cx + 1) x3 = 2ec®x? + d)
33 - 33

3.3.7.9 Problem number 277

dx

f (a +b coth_l(cx)) (d +elog (1 - szz))
6

Optimal antiderivative

+

1 (a +b coth_l(cx)) (e log (1 - c2x2) + d) 2c%e (a +b coth_l(cx)) c®e (u +b coth_l(cx))2 2c*e (u +beoth™
)_ 5x5 1543 - 5b " 5x

1
~— bcePolyLog (2
T erely Og( T

command
int ((a+b*arccoth(c*x))*(d+ex1n(-c~2*x"2+1)) /x"6,x)

Maple 2020 output

f (a + barccoth (cx)) (d +eln (—czx2 + 1))

dx
%6

Maple 2019.2.1 output

In (—C2x2 + 1) ae a (3 eln(—cx +1)x° —=3cPeln (—cx — 1) x° + 6 c*ex* + 2ec?x? -3 d)
- +
5x5 15x°




Chapter 4

Listing of integrals solved by CAS

which has no known antiderivatives

4.1 Test file Number [5] 0-Independent-test-suites/Hearn-
Problems

411 Maxima

Integral number [145]

f x cos(k csc(x)) cot(x) csc(x) dx

[B] time = 0.983046 (sec), size = 324 ,normalized size = 24.92

( 4k cos(2x) cos(x) + 4k sin(2 x) sin(x) ) ( 4k cos(x) ) (_ 2k cos(2x) cos(x) _ 2k sin(2 x) sin(x)
xe cos(Zx)2+sin(2x)2—2 cos(2x)+1 cos(Zx)2+sin(2x)2—2 cos(2x)+1 + xe cos(Zx)2+Sin(2x)2—2 cos(2x)+1 e cos(Zx)2+sin(2x)2—2 cos(2x)+1 cos(Zx)2+Sin(2x)2—2 cos(2

2k

[In] integrate(x*cos(x)*cos(k/sin(x))/sin(x)~2,x, algorithm="maxima")

[Out] -1/2*(x*xe” (4dxk*xcos(2*x)*cos(x)/(cos(2*x)"2 + sin(2*x)~2 - 2*cos(2*x) + 1) +
4xk*sin(2*x)*sin(x)/(cos(2*x) "2 + sin(2*x)"2 - 2%cos(2*x) + 1)) + x*e” (4x*k
*cos(x)/(cos(2*x) 72 + sin(2*x)72 - 2xcos(2*x) + 1)))*e” (-2xk*cos(2*x)*cos(x

)/ (cos(2*x)"2 + sin(2*x)"2 - 2%cos(2*x) + 1) - 2¥k*sin(2*x)*sin(x)/(cos(2*x

)72 + sin(2*x)72 - 2*xcos(2*x) + 1) - 2¥k*cos(x)/(cos(2*x)"2 + sin(2xx)"2 -

2%cos (2*x) + 1))*sin(2*(k*cos(x)*sin(2*x) - k*cos(2*x)*sin(x) + k*sin(x))/(
cos(2*x) "2 + sin(2*x)~2 - 2*cos(2*x) + 1))/k

4.2 Test file Number [57] 3-Logarithms/3.1.4-f-x-"m-d+e-
x"r-"q-a+b-log-c-x"n-"p

4.2.1 Mathematica

Integral number [166]

f (fx)" (a + blog (cx™)) i

d+ex

[B] time = 0.101956 (sec), size = 72 ,normalized size = 2.88

xX(fx)" ((m +1),F, (1,m +1;m+ 2;—%) (a +blog(cx™)) — bnsF, (1,m +1l,m+1,m+2,m+ 2;—%))
d(m +1)?

[In] Integrate[((f*x) m*x(a + bxLoglc*x™n]))/(d + ex*x),x]

53
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[Out] (x*(f*xx) “m*(-(b*n*HypergeometricPFQ[{1, 1 + m, 1 + m}, {2 + m, 2 + m}, -((e
*x)/d)]) + (1 + m)*Hypergeometric2F1[1, 1 + m, 2 + m, -((e*x)/d)]*(a + b*Lo
glexx™n])))/(d*x(1 + m)~2)

Integral number [167]

f (fx)™ (a + blog (cx™)) i

(d + ex)?

[B] time = 0.103213 (sec), size = 72 ,normalized size = 2.88

x(fx)™ ((m +1),F; (Z,m +1,m+ 2;—%) (a+ blog(cx™)) — bn 3F, (Z,m +1lm+1,m+2,m+ 2;—%))
d?(m +1)?

[In] Integrate[((f*x) m*(a + b*Loglc*x™n]))/(d + e*x)~2,x]

[Out] (x*(f*x) “m*(-(b*n*HypergeometricPFQ[{2, 1 + m, 1 + m}, {2 + m, 2 + m}, -((e
xx)/d)]) + (1 + m)=*Hypergeometric2F1[2, 1 + m, 2 + m, -((e*x)/d)]*(a + bx*Lo
glcexx™n])))/(d"2+x(1 + m)~2)

Integral number [168]
fx(a + bx)" log (cx™) dx
[B] time = 0.2398 (sec), size = 173 ,normalized size = 10.18

(a + bx)" ( + 1) (ab(m + 2)xsF, (1,1, “m—-1:2, 2;—%") + (—az ((b— + 1)m - 1) + 2 (m + 1) (b— + 1) + abmx (b + 1)m) 1
b2(m +1)(m + 2)

[In] Integrate[x*(a + b*x) “m*Logl[c*x"n],x]

[Out] ((a + bxx) m*x(-(n*x(2*xa*b*x*(1 + (b*x)/a)"m + b"2xx"2*x(1 + (b*x)/a)"m + a~2%
(-1 + (1 + (b*x)/a)"m))) + axbx(2 + m)*n*x*HypergeometricPFQ[{1, 1, -1 - m}

, {2, 2}, -((b*x)/a)] + (axbxmxx*x(1 + (bxx)/a)™m + b~ 2x(1 + m)*x"2%x(1 + (bx
x)/a)"m - a”2x(-1 + (1 + (b*x)/a)"m))*Loglc*x™n]))/(b~2%x(1 + m)*(2 + m)*(1

+ (b*x)/a)"m)

Integral number [170]

f (a + bx)" log (cx™)
. dx

[B] time = 0.0541875 (sec), size = 89 ,normalized size = 4.68

(:—x+1)_m(a+bx)m(mlog(cx”)2F1(m -m;1—m; - b) n3F2( m,—m,—m;1—m,1 - m—i))

" bx

m2

[In] Integrate[((a + b*x) m*Logl[c*x"n])/x,x]

[Out] ((a + b*x) “m*(-(n*HypergeometricPFQ[{-m, -m, -m}, {1 - m, 1 - m}, -(a/(b*x)
)1) + mxHypergeometric2F1[-m, -m, 1 - m, -(a/(b*x))]*Loglc*xx™n]))/(m~2*x(1 +
a/ (b*x)) “m)

Integral number [322]

f (fx)" (a+blog (cx”))

d +ex?

[B] time = 0.199069 (sec), size = 108 ,normalized size = 4.

N F
+
NI
d
N F
+
NI
d
N F
+
NI w
d

|
~|3

N
S—
S—

()" (1 +1) Py (1,255 225 - ) (@ + blog (ex) - bsFa (1, + 5,
d(m + 12
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[In] Integrate[((f*x) m*(a + b*Loglc*x™n]))/(d + e*x"2),x]

[Out] (x*(f*x) m*(-(b*n*xHypergeometricPFQ[{1, 1/2 + m/2, 1/2 + m/2}, {3/2 + m/2,
3/2 + m/2}, -((exx"2)/d)]) + (1 + m)+*Hypergeometric2F1[1, (1 + m)/2, (3 + m
)/2, -((exx”2)/d)]1*(a + bxLoglc*x"n]l)))/(d*(1 + m)~2)

Integral number [323]

f (fx)" (a + blog (cx”))

d+ex2

[B] time = 0.120758 (sec), size = 108 ,normalized size = 4.

1 3 1 1 3 3 2
x(fx)m((m+1)2F1( g, Il mi3, ex )(a+b10g(cx”)) bn3F2( u 5,§+§;§+5,§+£;—%))

2’ 2
d?(m +1)?

[In] Integrate[((f*x) m*(a + bxLoglc*x"n]))/(d + e*x~2)72,x]

[Out] (x*(£*x) m*(-(b*n*HypergeometricPFQ[{2, 1/2 + m/2, 1/2 + m/2}, {3/2 + m/2,
3/2 + m/2}, -((exx~2)/d)]) + (1 + m)*Hypergeometric2F1[2, (1 + m)/2, (3 + m
)/2, -((exx"2)/d)]*(a + b*Loglc*x"n])))/(d"2x(1 + m)~2)

Integral number [406]

f x%(a +blog (cx”)) i

d+ex’

[B] time = 0.116605 (sec), size = 87 ,normalized size = 3.48

4

4 r+4  ex 4 4 ex"
';1+;'1+;"7))

(4 -F (1 i ——) (a +blog(cx™)) — bnsF, (
16d

4

T

[In] Integrate[(x"3*(a + b*Loglc*x™n]))/(d + e*x"r),x]

[Out] (x74*(-(b*n*HypergeometricPFQ[{1, 4/r, 4/r}, {1 + 4/r, 1 + 4/r}, -((e*x"r)/
d)]) + 4xHypergeometric2F1[1, 4/r, (4 + r)/r, -((e*x"r)/d)]*(a + b*Loglc*x™
nl)))/(16%d)

Integral number [407]

f x(a+Dblog (cx”))

d+ex"
[B] time = 0.0997893 (sec), size = 87 ,normalized size = 3.78

( 2F1(1 2 # —ﬁ)(a+blog(cx”)) bnSFz(, , ,1+ 1+ = —%))
4d

[In] Integrate[(x*(a + b*Loglc*x™n]))/(d + e*x"r),x]

[Out] (x"2*(-(b*n*HypergeometricPFQ[{1, 2/r, 2/r}, {1 + 2/r, 1 + 2/r}, -((e*x"r)/
d)]) + 2+Hypergeometric2F1[1, 2/r, (2 + r)/r, -((exx"r)/d)I*(a + b*Loglcxx~
n])))/(4*d)

Integral number [409]

bl n
fa+ og (cx )dx

x3 (d + ex”)
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[B] time = 0.104514 (sec), size = 86 ,normalized size = 3.44
2 2 2 2 e’ 2 2 ex'
bnaFa (12,51 - 2152 ) 42,8 (1,23, 225220 (0 + blog ()
4dx?

[In] Integrate[(a + b*Loglc*x™n])/(x"3*(d + e*x"r)),x]

[Out] -(b*n*HypergeometricPFQ[{1, -2/r, -2/r}, {1 - 2/r, 1 - 2/r}, -((exx"r)/d)]
+ 2+Hypergeometric2F1[1, -2/r, (-2 + r)/r, -((exx"r)/d)]1*(a + b*Loglc*x"n])
)/ (4*d*x~2)

Integral number [410]

x% (a + blog (cx™))
f dx
d+ex"

[B] time = 0.106612 (sec), size = 87 ,normalized size = 3.48

3 r+3  ex’

33 3 3 r
I~ (32F1 (1, 3,0, —7) (a + blog (cx)) — bn 5F, (1, 22142143 _%))
od

[In] Integrate[(x"2x(a + b*Loglc*x™n]))/(d + e*xx"r),x]

[Out] (x"3*(-(b*n*HypergeometricPFQ[{1, 3/r, 3/r}, {1 + 3/r, 1 + 3/r}, -((e*x"r)/
d)]) + 3xHypergeometric2F1[1, 3/r, (3 + r)/r, -((e*x"r)/d)]*(a + b*Loglc*x™
nl)))/(9%d)

Integral number [411]

a+ blog (cx™)
[orblosen
d+ex"
[B] time = 0.0787297 (sec), size = 69 ,normalized size = 3.14
x(zFl (1, %;1 + %;—%) (a + blog (cx™)) — bn 3F, (1, %, %;1 + %,1 + %,—%r))
d

[In] Integrate[(a + b*Loglc*x™n])/(d + e*x"r),x]

[Out] (x*(-(b*n*HypergeometricPFQ[{1, r~(-1), r" (-1}, {1 + r~(-1), 1 + r~ (-1},
-((e*x"r)/d)]) + Hypergeometric2F1[1, r~(-1), 1 + r~(-1), -((exx"r)/d)1*(a
+ bxLog[c*x"n])))/d

Integral number [412]

a+ blog (cx™)
[obiosen)
x2(d + ex")
[B] time = 0.0973344 (sec), size = 83 ,normalized size = 3.32
biisFy (1, -1, 51 = 3,1 = 555 4P (1,125 ) @ + blog (o)

dx

[In] Integratel[(a + b*Loglc*x"n])/(x"2*(d + e*x"r)),x]

[Out] -((b*n*HypergeometricPFQ[{1, -r~(-1), -r"(-D}, {1 - r~(-1), 1 - =~ (-1}, -
((exx"r)/d)] + Hypergeometric2F1[1, -r~(-1), (-1 + r)/r, -((exx"r)/d)1*(a +
bxLog[c*x"n]))/(d*x))
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Integral number [413]

f x3(a+blog (cx")) i

(d+ ex’)
[B] time = 0.243539 (sec), size = 140 ,normalized size = 5.6
4o, o )(a(r—4) + b(r - 4) log (cx") — bn) + 16¢

( br(r - 4) (d + ex”) 3F2( L3514 %,—7) L A(d +ex”) 21:1( oo
16d2%r (d + ex”)

[In] Integrate[(x"3*(a + b*Loglc*x™n]))/(d + e*x"r) 2,x]

[Out] (x74*(-(b*n*(-4 + r)*(d + e*x"r)*HypergeometricPFQ[{1, 4/r, 4/r}, {1 + 4/r,
1 + 4/r}, -((exx"r)/d)]) + 16+d*(a + bxLoglc*x™n]) + 4*x(d + exx"r)*Hyperge
ometric2F1[1, 4/r, (4 + r)/r, -((exx"r)/d)]*(-(b*n) + a*(-4 + r) + bx(-4 +
r)*xLog[c*x™n])))/(16%d"2*r*(d + e*x"r))

Integral number [414]

f x(a+Dblog (cx”))
(d+ ex’)

[B] time = 0.233625 (sec), size = 140 ,normalized size = 6.09

2
Y

x? (—bn(r—Z) (d +ex") 3F, (1, %;1 + %,1 +§ —3) +2(d+ex") 21—"1( 2 # —1)( (r—=2) + b(r—2)log (cx™) — bn) + 4d

4d2r (d + ex")
[In] Integrate[(x*(a + b*Loglc*x™n]))/(d + e*x"r)~2,x]

[Out] (x"2*(-(b*n*(-2 + r)*(d + exx"r)*HypergeometricPFQ[{1, 2/r, 2/r}, {1 + 2/r,
1 + 2/r}, -((e*x"r)/d)]) + 4xd*(a + b*Loglc*x™n]) + 2+(d + e*x"r)*Hypergeo
metric2F1[1, 2/r, (2 + r)/r, -((exx"r)/d)]*(-(b*n) + a*(-2 + r) + b*x(-2 + r
Y*Loglc*xx™n])))/(4*xd"2%r*(d + e*x"r))

Integral number [416]
a + blog (cx™)
f VP
x3(d + ex")
[B] time = 0.23461 (sec), size = 139 ,normalized size = 5.56

bn(r +2) (d + ex") 5F, (1,—%,—%;1 - %,1 - %——) +2(d+ex") oF; (l _2 % —ﬁ) (a(r +2) + b(r + 2)log (cx™) — bn) — 4d

Ad2rx2? (d + ex")
[In] Integrate[(a + b*Loglc*x™n])/(x"3*(d + exx"r)~2),x]

[Out] -(b*n*(2 + r)*(d + e*x"r)*HypergeometricPFQ[{1, -2/r, -2/r}, {1 - 2/r, 1 -
2/r}, -((exx"r)/d)] - 4xd*(a + b*Loglc*x™n]) + 2+(d + e*x"r)*Hypergeometric
2F1[1, -2/r, (-2 + r)/r, -((e*x"r)/dA)I*(-(b*n) + a*(2 + r) + b*(2 + r)*Logl
cxx™n]))/ (4xd"2*r*x"2x(d + exx"r))

Integral number [417]

f x%(a +blog (cx")) i

(d+ exr)

[B] time = 0.238609 (sec), size = 140 ,normalized size = 5.6

§§1+§,1+§—”‘)+3(d+exr)2F1( 3,143, ”‘)((r-a)+b(r-3)1og(cx") br) + 9d

r

( bn(r = 3) (d + ex”) 5F, (
94%r (d + ex")
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[In] Integrate[(x"2*x(a + b*Loglc*x™n]))/(d + e*x"r) " 2,x]

[Out] (x73*%(-(b*n*(-3 + r)*(d + e*x"r)*HypergeometricPFQ[{1, 3/r, 3/r}, {1 + 3/r,
1+ 3/r}, -((exx"r)/d)]) + 9xd*(a + b*Loglc*x™n]) + 3*(d + exx"r)*Hypergeo
metric2F1[1, 3/r, (3 + r)/r, -((exx"r)/d)]I*(-(b*n) + a*(-3 + r) + b*(-3 + r
)*Loglc*xx™n])) )/ (9%d"2xr*(d + e*x"r))

Integral number [418]
a+ blog (cx™)
[ blosteey

d + ex)?

[B] time = 2.46866 (sec), size = 161 ,normalized size = 7.32

1 exr

11 1 1 1 r 1 1 f
x(—bn(r—l) (d +ex") 5F, (1,;,;;1 + ;,1 +o ) + aerx” ,Fy (2, ;;1 + 7;—%) + adr ,F; (2,;;1 + ;;—%) —bd+ex)y(n—(r

a2r (d + ex")

[In] Integrate[(a + b*Loglc*x™n])/(d + exx"r)~2,x]

[Out] (x*(a*d*r*Hypergeometric2F1[2, r~(-1), 1 + r~(-1), -((e*xx"r)/d)] + axe*rxx”
r+¥Hypergeometric2F1[2, r~(-1), 1 + r~(-1), -((exx"r)/d)] - b*nx(-1 + r)*(d

+ exx"r)*HypergeometricPFQ[{1, r~"(-1), r" (-1}, {1 + r"(-1), 1 + r" (-1}, -
((exx"r)/d)] + b*dxLoglc*x"n] - b*(d + exx"r)x*Hypergeometric2F1[1, r~(-1),

1+ r°(-1), -((exx"r)/d)]1*(n - (-1 + r)*xLoglc*x"n]l)))/(d"2*r*(d + e*x"r))

Integral number [419]

a+ blog (cx™)
[ubiose

X2 (d + ex')?

[B] time = 0.201404 (sec), size = 135 ,normalized size = 5.4

1 r-

=bn(r +1)(d + ex") 5F; (1,—%,—%;1 - %,1 - %;—%) —(d+ex") ,F; (1,—;, 71;—%) (ar+a+b(r+1)log(cx®)—bn)+d(@a+blc

A2rx (d + ex")

[In] Integrate[(a + b*Loglc*x™n])/(x"2*(d + e*x"r)~2),x]

[Out] (=(b*n*x(1 + r)*(d + exx"r)*HypergeometricPFQ[{1, -r~(-1), -r" (-1}, {1 - r~
(-1, 1 - (-1}, -((exx"r)/d)]) + d*(a + b*Loglc*x™n]) - (d + e*xx"r)x*Hype
rgeometric2F1[1, -r~(-1), (-1 + r)/r, -((exx"r)/d)]1*(a - b*n + a*r + b*x(1 +
r)*xLoglc*x™n]))/(d"2xr*x*x(d + exx"r))

Integral number [444]

f (fx)™ (a + blog (cx™)) i

d+ex’

[B] time = 0.153989 (sec), size = 111 ,normalized size = 4.11

xgmm0m+1xa+bbg@w»za(Lﬁﬁﬂ“f%—%ﬁ—bng§@,§+},T+§;m+%+1/§+}+L—ﬁQ)

d(m + 1)2

[In] Integrate[((f*x) m*(a + b*Loglc*x™n]))/(d + e*x"r),x]

[Out] (x*(f*x) m*(-(b*n*xHypergeometricPFQ[{1, r~(-1) + m/r, r~(-1) + m/r}, {1 + r
“(-1) +m/r, 1 + r°(-1) + m/r}, -((exx"r)/d)]) + (1 + m)*Hypergeometric2F1[

1, A +m)/r, (1 +m+ 1r)/r, -((exx"r)/d)]I*(a + bxLoglc*x"n])))/(d*(1 + m)~

2)
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Integral number [445]

f (fx)™ (a + blog (cx™)) i

d + ex')?
[B] time = 0.387871 (sec), size = 177 ,normalized size = 6.56
x(f)™ (bn(m—r+1)(d+ex’) JF (1,T plmylmylg ! +1,-—§) —(m+1) ((d+exr) JF, (1, "1“-’"““-_%)(

r’ r 7 d

d2(m + 1)2r (d + ex")

r r r r

[In] Integrate[((f*x) m*x(a + bxLoglc*x"n]))/(d + e*x"r) 2,x]

[Out] (x*(£*x) "m*(b*n*(1 + m - r)*(d + exx"r)*HypergeometricPFQ[{1, r~(-1) + m/r,
r°(-1) + m/r}, {1 + r"(-1) + m/r, 1 + r"(-1) + m/r}, -((exx"r)/d)] - (1 +
m)*(-(d*x(1 + m)*(a + b*Loglc*x™n])) + (d + e*x"r)*Hypergeometric2F1[1, (1 +
m)/r, (1 +m + r)/r, -((exx"r)/d)I*(b*n + a*(1 + m - r) + b*(1 + m - r)*Lo
glc*x™n]))))/(d@72%(1 + m)"2*r*(d + exx"r))

4.3 Test file Number [58] 3-Logarithms/3.1.5-u-a+b-log-c-
X'n-"p

4.3.1 Mathematica

Integral number [138]
f(gx)‘i (a + blog(cx™))log (d (e + fx’”)k) dx

[B] time = 0.329968 (sec), size = 304 ,normalized size = 10.13

g+l m+g+1

+1,% + % +1;—J%) + km yF; (1, —; —,—%) (aq +a+b(q+1)log(cx™) -

3=
BN

+

7

3|~

1
E
m-m m

x(gx)? (—bkmn 3F> (1, % +

[In] Integrate[(g*x)~g*(a + b*Loglc*x"n])*Log[d*(e + f*x"m) k] ,x]

[Out] (x*(g*x)~g*(-(axk*m) + 2*¥bxk*m*n - axk*m*q - bxk*m*n*HypergeometricPFQ[{1,
m~(-1) + g/m, m~(-1) + g/m}, {1 + m"~(-1) + g/m, 1 + m~(-1) + gq/m}, -((f*x"m
)/e)] - bxk*m*Log[c*x"n] - bxk*m*q*Logl[c*x"n] + k*mxHypergeometric2F1[1, (1

+ @/m, (1 +m+ q@/m, -((fxx"m)/e)]*(a - b*n + axq + b*(1 + q)*Loglc*x"n]

) + axLogld*(e + f*x"m) k] - b*nxLog[d*(e + f*x"m) k] + 2%axq*Logld*(e + fx*
x"m) "k] - b*nxq*Logld*x(e + fxx"m) k] + axq~2*Logldx(e + fxx"m) k] + bxLoglc
*x"n]*Log[d*(e + fxx"m) k] + 2%b*g*Loglc*x n]*Logld*(e + f*x"m) k] + bxq 2%
Loglc*x™n]*Logld*(e + f*xx™m)"k]))/(1 + q)~3

Integral number [144]

fxz (a + blog (cx™))log (d (e + fxm)k) dx

[B] time = 0.178429 (sec), size = 292 ,normalized size = 10.43
3 (pek sy (1,2, 2514 214 2, L0) _27aelog (d (e + M)k —9aenlog (d (e + ’")k+9 kma™ oFy (1,
x° (bekm(m + 3)n 3F, pe =il = T = aelog|d(e+ fx aemlog(d (e + fx afkmx™,F |1, -

[In] Integrate[x"2*(a + b*Loglc*x"n])*Logld*(e + f*x"m) k],x]

[Out] -(x"3*(-6*b*exk*m*n - 2*bxexk*m~2*n + 9xa*fxk*mrx mrHypergeometric2F1[1, (3
+m)/m, 2 + 3/m, -((f*x"m)/e)] + bkxexk*m*(3 + m)*n*HypergeometricPFQ[{1, 3
/m, 3/m}, {1 + 3/m, 1 + 3/m}, -((f*x"m)/e)] + bxexk*m*(3 + m)*Hypergeometri
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c2F1[1, 3/m, (3 + m)/m, -((f*x"m)/e)]*(n - 3*xLoglc*x"n]) + 9*bxexk*m*Log[c*
x"n] + 3¥bkxexkxm~2*Log[c*x"n] - 27*ax*exLogl[d*(e + f*x"m) k] - 9*a*exm*Log[d
x(e + f*x"m) k] + 9*bxexn*Logl[d*(e + f*x"m) k] + 3*b*exm*n*Log[d*(e + f*x™m
)"k] - 27*b*exLoglc*x"n]*Log[d*(e + f*x"m) k] - 9*bxe*m*Log[c*x"n]*Log[d* (e
+ £4x7m) "k]))/(27*ex(3 + m))

Integral number [145]
fx (a + blog(cx™))log (d (e + fxm)k) dx

[B] time = 0.170561 (sec), size = 292 ,normalized size = 11.23

m k k
x2 (bekm(m +2)nsF, (1, %, %;1 + i,l + %; —f%) —8aelog (d (e + fxm) ) —4aemlog (d (e + fx'”) ) + 4dafkmx™ ,F; (1, %;2

[In] Integrate[x*(a + bxLogl[c*x"n])*Logl[d*(e + f*x"m) k],x]

[Out] -(x"2%(-4*bxexk*m*n - 2*bkexk*m~2*n + 4xaxfxk*smrxx mrxHypergeometric2F1[1, (2
+m)/m, 2 + 2/m, -((f*x"m)/e)] + bkexk*m*(2 + m)+*n*HypergeometricPFQ[{1, 2

/m, 2/m}, {1 + 2/m, 1 + 2/m}, -((£*x"m)/e)] + brexk*m*(2 + m)*Hypergeometri
c2F1[1, 2/m, (2 + m)/m, -((f*x"m)/e)]*(n - 2xLoglc*x"n]) + 4*bxexk*m*Log[c*

x"n] + 2%bxexk*m~2*Log[c*xx"n] - 8*axexLogl[d*x(e + f*x"m) k] - 4*axexmxLog[d*

(e + £*x"m) k] + 4xb*exnxLogld*(e + f*x"m) k] + 2*b*e*m*n*Log[d*(e + f*x"m)

“k] - 8%bkexLoglc*x"n]*Logld*(e + f*x"m) k] - 4*b*exm*Logl[c*x n]*Logld*(e +
f*x"m) "k]))/(8xex (2 + m))

Integral number [146]
f(a + blog (cx™)) log (d (e + fxm)k) dx

[B] time = 0.169122 (sec), size = 165 ,normalized size = 6.6

11, 1. 1 fam 1. 1 fam K
bk aFy (1, —, =51+ =14 — =2 ) ko (1, —1 + — =22 | (2 + blog (cx®) - bn) + al (d m ) bl
x( ™Mmn 5 2( i +m +m . )+ ™o 1( p +m . )(a+ og (cx™) — bn) + alog (e+fx ) + blog(

[In] Integrate[(a + b*Loglc*x"n])*Logldx(e + f*x"m) k],x]

[Out] bxk*m*n*x - kxmkx*(a + b*(-(n*Log[x]) + Loglc*x™n])) + x*(b*k*m*n - b¥k*m*n
xHypergeometricPFQ[{1, m~(-1), m~(-1)}, {1 + m~(-1), 1 + m~(-1)}, -((£*x"m)

/e)] - bxkxmxnxLog[x] + k*m*Hypergeometric2F1[1, m~(-1), 1 + m~(-1), -((f*x
“m)/e)]*(a - b*n + b*Logl[c*x™n]) + axLogld*(e + f*x"m) k] - b*n*Logl[d*(e +

f*x"m) “k] + b*Loglc*x"n]*Logld*(e + f*xx"m) k])

Integral number [148]

(a + blog (cx™)) log (d (e + fx’")k)

f 2 dx

[B] time = 0.164843 (sec), size = 282 ,normalized size = 10.07
m k k _
bek(m —1)mn 3F, (1,—%, —%;1 - %,1 - %; —f%) + aelog (d (e + fxm) ) —aemlog (d (e + fx’”) ) + afkmx™ ,F; (1, %1;2 - %; -

[In] Integrate[((a + b*Loglc*x™nl)*Logld*(e + f*x"m) k])/x72,x]

[Out] (2%b*exk*m*n - 2*bxexk*m~2*n + a*xfxk+m*x m*xHypergeometric2F1[1, (-1 + m)/m,
2 - m"(-1), -((f*x"m)/e)] + bkxexk*(-1 + m)*m*n*HypergeometricPFQ[{1, -m~ (-

D, D}, {1 -n°(-1), 1 -n (-1}, -((f*x"m)/e)] + bxexk*m*Log[c*x"n]

- b*exk*m~2*Log[c*x™n] + bxexk*(-1 + m)*m*Hypergeometric2F1[1, -m~(-1), (-1
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+ m)/m, -((f*x"m)/e)]*(n + Loglc*x"n]) + axexLogld*(e + f*xx"m) k] - akxexm*
Logld*(e + f*x"m) k] + bxe*n*xLogld*(e + f*x"m) k] - bxe*m*n*Logld*(e + f*xx~
m) “k] + bxexLoglc*x"n]*Logld*(e + f*x"m) k] - bxe*m*Logl[c*x"n]*Logl[d*(e + f
*x"m) "k])/(ex(-1 + m)*x)

Integral number [149]

(a + blog(cx™))log (d (e + fxm)k)

f 3 dx

[B] time = 0.152721 (sec), size = 292 ,normalized size = 10.43

m k k
bek(m — 2)mn 3F, (1, —%, —%;1 - %,1 - %; —Jl) + 8aelog (d (e + fx”’) ) —4aemlog (d (e + fxm) ) + 4afkmx™ ,F; (1,

e

m-2
m ;2

[In] Integrate[((a + b*Loglc*x"n])*Logl[d*(e + f*x"m) k])/x"3,x]

[Out] (4*b*exk*m*n - 2%bkexk*m~2*n + 4xa*fxk*m*x m*Hypergeometric2F1[1, (-2 + m)/
m, 2 - 2/m, -((f*x"m)/e)] + b¥exk*(-2 + m)*m*n*xHypergeometricPFQ[{1, -2/m,

-2/m}, {1 - 2/m, 1 - 2/m}, -((f*x"m)/e)] + 4xb*xexk*mxLogl[c*x"n] - 2*b*exk+*m
~“2*xLoglc*x™n] + b*exk*(-2 + m)*m*Hypergeometric2F1[1, -2/m, (-2 + m)/m, -((
f*x"m)/e)]*(n + 2xLoglc*x"n]) + 8*axexLogl[d*(e + f*x"m) k] - 4xaxexm*Log[d*

(e + f*x"m) k] + 4xbxexn*Log[d*(e + f*x"m) k] - 2xb¥e*m*n*Log[d*(e + f*x"m)

“k] + 8*b*exLoglc*x"n]*Logldx(e + f*x"m) k] - 4*bkxexm*Log[c*x n]*Logl[d*(e +
fxx"m) k] )/ (8*e*x (-2 + m)*x72)

Integral number [220]

f—(dx)m (a+ blog(cx™))log (1 —ex1) dx

[B] time = 0.232955 (sec), size = 266 ,normalized size = 9.17

m+1 m+q+1

1 1 1 1
x(dx)m(—bnq3F2(1,ﬂ+—,ﬂ+—;T+—+1,T+—
_ 9 q’q a'q a9 'q 4 q

+1;ex?) +g,F |1, —; ;ext) (am + a + b(m + 1) log (cx™) —
1 q

bn) +

[In] Integrate[-((d*x) m*x(a + b*Loglc*x"n])*Logl[l - exx~ql),x]

[Out] -((x*(d*x) "m*(-(a*xq) - a*mxq + 2*b*n*xq - b*nxq*HypergeometricPFQ[{1, q~(-1)
+ m/q, q°(-1) + m/q}, {1 + qg°(-1) + m/q, 1 + q"(-1) + m/q}, exx"ql - b*qg*L
oglc*xx™n] - b*mxq*Loglc*x™n] + g*Hypergeometric2Fi[1, (1 + m)/q, (1 + m + q

)/q, exx"qlx(a + a*m - b*n + b*(1 + m)*Loglc*x"n]) + a*Log[l - e*x"ql + 2xa
*m*xLog[1 - e*x"q] + a*m™2%Logl[l - e*x"q] - b*n*Logl[l - e*x"q] - b*m*n*Logl[l

- exx"q] + bxLoglc*x"n]l*Logl[l - e*x"q] + 2xb*m*Log[c*x n]*Log[l - exx"q] +
b*m~2*Log[c*x n]l*Log[1 - e*x~ql))/(1 + m)~3)

4.3.2 Maple

Integral number [220]
f—(dx)m (a+ blog(cx™))log (1 —ex1) dx

[B] time = 0.468 (sec), size = 844 ,normalized size = 29.1

(—e)”

my—m _m_ 1 gylam —ext me g e (—g—m -1 "yl 1 dx)
A T (‘7" In@-exl) o gert _1 (a )(_e)f" LerchPhi(exq,L—J’m”)]—ﬁ

1+m (1+m)(1+m+q)

[In] int(-(d*x) “m*(atb*1ln(c*xn))*1n(l-e*x~q) ,x)
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[Out] -(d*x) "m*x~(-m)*(-e)~(-1/g*m-1/q) *a/q*(g*x~ (1+m) * (-e) ~(1/g*m+1/q) / (1+m) *1n(
1-exx~q)-q/ (1+m+q) *x~ (1+m+q) *e* (-e) ~(1/g*m+1/q) * (-q-m-1) / (1+m) *LerchPhi (e*x
~q,1, (1+m+q) /q) ) - (d*x) "m*x~ (-m) * (-e) " (-1/q*m-1/q) *b*1n(c) /g* (g*x~ (1+m) * (-e)
~(1/g*m+1/q) / (1+m) ¥*1n(1-exx"q) -q/ (1+m+q) *x~ (1+m+q) xe* (-e) ~ (1/gq*m+1/q) * (-q-m
-1)/(1+m) *LerchPhi (exx~q,1, (1+m+q)/q))+(1n(-e)/q 2% (-e) " (-1/q*m-1/q) * (d*x) "~
m*x” (-m) *bxn* (q*x"m* (—e) ~(1/g*m+1/q) / (1+m) *1n(1-e*x"q) —q/ (1+m+q) *x~ (q+m) *e*
(-e)~(1/g*m+1/q)*(-q-m-1) / (1+m) *LerchPhi (e*x~q, 1, (1+m+q) /q) ) - (-e) ~(-1/g*m-1
/@) * (d*x) “m*xx~ (-m) *b*n/q* (q*1n(x) *x"m* (-e) ~ (1/q*m+1/q) / (1+m) *1n(1-e*x~q) +1n
(—e)*x"m*(-e) " (1/g*m+1/q) / (1+m) *1n(1-e*x~q) —~q*x"m* (-e) " (1/g*m+1/q) / (1+m) ~2%
1In(1-e*x”~q)+q/ (1+m+q) "2*x~ (q+m) *ex (-e) "~ (1/q*m+1/q) * (-q-m-1) / (1+m) *LerchPhi (
e*x”~q, 1, (1+m+q) /q) -q/ (1+m+q) *x~ (g+m) *e*1n (x) * (-e) ~(1/q*m+1/q) * (-q-m-1) / (1+m
)*LerchPhi (exx~q,1, (1+m+q)/q) -1/ (1+m+q) *x~ (q+m) *e*x1n(-e) * (-e) ~ (1/q*m+1/q) *(
-gq-m-1)/(1+m) *LerchPhi (exx~q, 1, (1+m+q) /q) +q/ (1+m+q) *x~ (q+m) *e* (-e) ~(1/q*m+1
/q)/ (1+m)*LerchPhi (e*x7q, 1, (1+m+q) /q) +q/ (1+m+q) *x~ (q+m) *ex (-e) ~(1/q*m+1/q) *
(-g-m-1) / (1+m) "2*LerchPhi (e*x~q, 1, (1+m+q) /q) +1/ (1+m+q) *x~ (g+m) *e* (-e) ~ (1/q*
m+1/q)*(-g-m-1)/(1+m) *LerchPhi (e*xx~q,2, (1+m+q) /q) ) ) *x

Integral number [221]

f (dx)™ (a + blog (cx")) PolyLog (2, ex?) dx

[B] time = 0.267 (sec), size = 867 ,normalized size = 4.9

result too large to display

[In] int((d*x) "m*(a+b*1ln(c*x"n))*polylog(2,e*x~q),x)

[Out] -(d*x) "m*x~(-m)*(-e)~(-1/q*m-1/q) *a/q*(-q~2*x~ (1+m) * (-e) "~ (1/q*m+1/q) / (1+m) "~
2x1n(1-e*xx”q)-q*x~ (1+m) *(-e) ~(1/q*m+1/q) / (1+m) *polylog(2,e*x~q) -q ~2*x~ (1+m+
q)*ex(-e) " (1/q*m+1/q)/ (1+m) “2*LerchPhi (e*x~q, 1, (1+m+q) /q) ) - (d*x) "m*x~ (-m) * (
-e) " (-1/g*m-1/q) *b*1n(c) /q* (-q~2*x~ (1+m) * (-e) ~(1/q*m+1/q) / (1+m) "2*1n(1-e*x"
qQ)-g*x” (1+m)*(-e) " (1/q*m+1/q) / (1+m) *polylog(2,e*x~q) -q 2*x~ (1+m+q) *e* (-e) ~ (
1/q*m+1/q) / (1+m) "2*LerchPhi (exx~q,1, (1+m+q)/q) )+(1n(-e)/q~2*(-e) ~(-1/q*m-1/
@) * (d*x) "m*x” (-m) *bxn* (-q~2%x "m* (-e) " (1/q*m+1/q) / (1+m) "2%1n (1-e*x"q) -q*x "m*
(-e)~(1/gq*m+1/q)/ (1+m)*polylog(2,e*x~q) -q~2*x~ (q+m) *e* (-e) ~(1/q*m+1/q) / (1+m
) "2*LerchPhi (e*x"q,1, (1+m+q) /q) ) -(-e) " (-1/g*m-1/q) * (d*x) “m*x~ (-m) *b*n/q* (-q
“2x1n(x)*x"m* (-e) " (1/q*m+1/q) / (1+m) "2*1n(1-e*x"q) ~g*1n(-e) *x"m* (-e) ~ (1/q*m+
1/9)/ (1+m) "2¥1n(1-exx"q) +2*q " 2*x"m* (-e) " (1/q*m+1/q) / (1+m) "3*1n(1-exx"q)-q*1l
n(x)*x"m*(-e) ~(1/q*m+1/q)/(1+m) *polylog(2,e*x~q) -1n(-e) *x"m* (-e) ~(1/q*m+1/q
)/ (1+m) *polylog(2,e*x~q) +g*x"m* (-e) " (1/q*m+1/q) / (1+m) "2*polylog(2,e*xx"q)-q"~
2xx” (q+m) *e*1n(x) *(-e) " (1/qg*m+1/q) / (1+m) "2*LerchPhi (exx~q, 1, (1+m+q) /q) -q*x~
(g+m) *e*1n(-e) *(-e) ~(1/q*m+1/q) / (1+m) "2*LerchPhi (e*x~q, 1, (1+m+q) /q) +2%q~2*x
~(g+m) *ex(-e) " (1/q*m+1/q) / (1+m) "3*LerchPhi (e*x"q, 1, (1+m+q) /q) +g*x~ (g+m) *e* (
-e) " (1/g*m+1/q) / (1+m) “2*LerchPhi (e*x~q,2, (1+m+q) /q)) ) *x

Integral number [222]

f (dx)"™ (a + blog (cx™)) PolyLog (3, ex7) dx

[B] time = 1.089 (sec), size = 1065 ,normalized size = 4.36

result too large to display

[In] int((d*x) m*(a+b*ln(c*x"n))*polylog(3,e*x~q),x)

[Out] -(d*x) "m*x~(-m)*(-e)~(-1/g*m-1/q)*a/q*(q~3*x~ (1+m)*(-e) ~(1/q*m+1/q)/(1+m)~3
*1n(1-e*x~q)+q~2*x"~ (1+m) * (-e) " (1/q*m+1/q) / (1+m) "2*polylog(2,e*x~q) -q*x~ (1+m
)*x(-e)~(1/q*m+1/q) / (1+m) *polylog(3,e*x~q)+q~3*x~ (1+m+q) *e*x(-e) ~(1/g*m+1/q) /
(14m) ~3*LerchPhi (exx~q, 1, (1+m+q) /q) ) - (d*x) “m*x~ (-m) * (-e) ~(-1/g*m-1/q) *b*1n(
c)/q*(q~3*x~ (1+m) *(-e) "~ (1/qg*m+1/q) / (1+m) "3*1n(1l-e*x~q) +q~2*x~ (1+m) * (-e) ~(1/
g*m+1/q) / (1+m) "2*polylog(2,e*x~q) -q*x~ (1+m) * (-e) ~ (1/q*m+1/q) / (1+m) *polylog(
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3,exx7q)+q " 3*x~ (1+m+q) *e* (-e) "~ (1/q*m+1/q) / (1+m) “3*LerchPhi (exx"q, 1, (1+m+q)/
q@))+(1/q72+1n(-e)*(-e) " (-1/q*m-1/q) * (d*x) “m*x~ (-m) *b*n* (q~3*x"m* (-e) ~ (1/q*m
+1/q)/ (1+m) "3*1n(1-e*xx~q)+q~2*x"m* (-e) ~(1/q*m+1/q) / (1+m) “2*polylog(2,e*x~q)
-g*x"m*(-e) ~(1/q*m+1/q) / (1+m) *polylog(3,e*x~q) +q~3*x~ (q+m) *ex (-e) ~ (1/q*m+1/
q)/ (1+m) “3*LerchPhi (e*x~q,1, (1+m+q)/q) ) -(-e) " (-1/g*m-1/q) * (d*x) “m*x~ (-m) *¥b*
n/g*(q~3*1n(x)*x"m*(-e) ~(1/g*m+1/q) / (1+m) "3*1n(1-e*x"q)+q 2*1n(-e) *x "m* (-e)
~“(1/g9*m+1/q) / (1+m) "3*1n(1-e*x~q) -3*q~3*x " m* (-e) " (1/gq*m+1/q) / (1+m) “4*1n(1-e*
x7q)+q"2*1n(x)*x"m* (-e) ~(1/g*m+1/q) / (1+m) "2*polylog(2,e*x~q) +q*1ln(-e) *x "m* (
-e)~(1/g*m+1/q) / (1+m) "2*polylog(2,e*x~q) -2*q~2*x"m* (-e) ~(1/g*m+1/q) / (1+m) 3
xpolylog(2,e*xx~q)-g*1ln(x) *x"m*(-e) " (1/q*m+1/q)/(1+m)*polylog(3,e*x~q)-1n(-e
)*x"m* (—e) ~(1/g*m+1/q) / (1+m) *polylog(3,e*x~q) +q*xx " m* (-e) " (1/q*m+1/q) / (1+m) "~
2xpolylog(3,e*xx~q)+q~3*x~ (q+m) *e*1n(x)*(-e) " (1/q*m+1/q) / (1+m) “3*LerchPhi (e*
x7q,1, (1+m+q) /q) +q~2*x~ (g+m) *e*1n(-e) * (-e) ~(1/g*m+1/q) / (1+m) “3*LerchPhi (e*x
~q,1, (1+m+q) /q)-3*q~3*x~ (q+m) *e* (-e) " (1/q*m+1/q) / (1+m) “4*LerchPhi (exx~q, 1, (
1+m+q) /q) -q~2*x~ (g+m) xex (-e) " (1/q*m+1/q) / (1+m) "3*LerchPhi (e*x~q, 2, (1+m+q) /q
)))*x

4.4 Test file Number [63] 3-Logarithms/3.4-u-a+b-log-c-

d+e-x"m-"n-"p

441 Mathematica

Integral number [98]
JnleogS(c(a-+beYj dx

[B] time = 3.753 (sec), size = 909 ,normalized size = 2.4

(—48 (4\/Wtanh‘l (g) (log (632 +a) - log(h%z + 1)) - \/—_\/E (10g2 (% + 1) - 410g(% (\/—T§2 + 1)) log(l%z + 1) -

[In] Integrate[x~2*Loglc*(a + b*x~2) pl~3,x]

[Out] (2*a*xp*x*(-(p*Logla + b*x"2]) + Loglc*(a + b*x~2)7pl)~2)/b - (2*a~(3/2)*p*A
rcTan[(Sqrt [b]l*x)/Sqrt[al]l*(-(p*Logla + b*x~2]) + Loglc*(a + b*x~2)"pl)~2)/
b~(3/2) + p*x~3*xLogla + bxx~2]*(-(pxLogla + b*x~2]) + Loglc*(a + b*xx~2)"pl)
"2 + (x73%(-(p*Logla + b*x"2]) + Loglcx(a + b*x"2) pl) "2x(-2xp - pxLogla +
b*x~2] + Loglcx(a + b*x"2)7"p]))/3 + 3*p~2x(-(p*Logla + b*x"2]) + Loglc*(a +
b*x72) “pl)*((x~3*Logla + b*x~2]72)/3 - (4*x((9*I)*a~(3/2)*ArcTan[(Sqrt[bl*x
)/Sqrt[al]l~2 + 3xa”~(3/2)*ArcTan[(Sqrt[b]*x)/Sqrt[all*(-8 + 6xLog[(2*Sqrt[a]
)/ (Sqrt[a]l + I*Sqrt[bl*x)] + 3xLogla + b*x72]) + Sqrt[b]*x*(24*a - 2*b*x~2
+ (-9xa + 3*b*x"2)*Logl[a + b*x72]) + (9%I)*a”(3/2)*PolyLog[2, (I*Sqrtl[a] +
Sqrt [b]*x)/((-I)*Sqrt[a] + Sqrt[bl*x)1))/(27*b~(3/2))) + (p~3*(416*Sqrt[-al
*a~ (3/2)*Sqrt [(b*x~2)/(a + b*x"2)]*Sqrt[a + b*x~2]*ArcSin[Sqrt[a]/Sqrt[a +
b*x"2]] + (2+Sqrt[-al*b*x"2*(624*a - 16%b*x~2 + (-288*a + 24xb*x~2)*Logl[a +
b*x~2] + 18%(3*a - b*x"2)*Logla + b*x72]72 + 9*bxx"2*Logla + b*x~2]73))/3
+ 36%Sqrt[-al*a~(3/2)*Sqrt [(b*x~2)/(a + b*x"2)]1*(8*Sqrt [a] *HypergeometricPF
Ql{1/2, 1/2, 1/2, 1/2}, {3/2, 3/2, 3/2}, a/(a + b*x"2)] + Logla + bxx"2]*(4
*3qrt [a] *HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, a/(a + b*x"2)] + Sq
rt[a + b*x"2]*ArcSin[Sqrt[al/Sqrtl[a + b*x"2]]*Logla + b*x"2])) - 48*a”2x* (4%
Sqrt [b*x~2] *ArcTanh [Sqrt [b*x~2]/Sqrt [-al]*(Log[a + b*x"2] - Logl[l + (b*x72)
/al) - Sqrt[-al*Sqrt[-((b*x72)/a)l*(Logl[l + (b*x"2)/a]l~2 - 4xLogl[l + (b*x~2
)/al*Log[(1 + Sqrt[-((b*x~2)/a)])/2] + 2*Log[(1 + Sqrt[-((b*x"2)/a)])/2]"2
- 4xPolylogl[2, 1/2 - Sqrt[-((b*x~2)/a)]1/2]1))))/(18*Sqrt [-al*b~2*x)

Integral number [99]
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[B] time = 3.35596 (sec), size = 789 ,normalized size = 2.73

[ 622 1111333 11133 ——
PS(—6V—612 ﬁ(S\/EALF?}(E 1313727373737 bx:+ )+log(a+bx )(4\/&31:2(5 13137737 E bx;: )+ a+bx210g(a+bx)sm

[In] Integrate[Loglc*(a + b*x~2) p]l~3,x]

[Out] (6%Sqrt[al*pxArcTan[(Sqrt[bl*x)/Sqrtlall*(-(p*Logla + b*x~2]) + Loglc*(a +
b*x~2) "pl)~2)/Sqrt[b] + 3*p*x*Logla + b*x~2]*(-(p*Logla + b*x~2]) + Logl[cx*(
a + b*xx"2)"pl)~2 + x*x(-(p*Logla + b*x~2]) + Loglcx(a + b*x"2) p]) 2% (-6%p -
p*Logla + b*x7"2] + Loglc*(a + b*x"2)7pl) - (3*p~2*x(p*Logla + b*x~2] - Logl
cx(a + bxx~2) "pl)*((4*I)*Sqrt[al*ArcTan[(Sqrt[bl*x)/Sqrt[al]~2 + 4*Sqrt[al*
ArcTan[(Sqrt[bl*x)/Sqrt[al]l*(-2 + 2+Log[(2+Sqrt[al)/(Sqrt[a]l + IxSqrt[b]*x)
] + Log[a + b*x"2]) + Sqrt[b]*x*(S - 4*L0g[a + b¥x"2] + Log[a + bxx"2]72) +
(4%I)*Sqrt [a]l*PolyLog[2, (I*Sqrtlal + Sqrtlbl#*x)/((-I)*Sqrtl[al + Sqrt[bl*x
)1))/Sqrt[b] + (p~3*(-48+Sqrt[-a~2]*Sqrt[(b*x~2)/(a + b*x~2)]*Sqrt[a + b*x"~
2] *ArcSin[Sqrt[al/Sqrt[a + b*x"2]] + Sqrt[-al*b*x~2x(-48 + 24xLogl[a + bxx"2
1 - 6xLogla + b*x"2]"2 + Logla + b*x72]73) - 6+Sqrt[-a~2]*Sqrt[(b*xx~2)/(a +
bxx~2)]*(8*Sqrt [a] *HypergeometricPFQ[{1/2, 1/2, 1/2, 1/2}, {3/2, 3/2, 3/2}
, a/(a + bxx"2)] + Logla + bxx"2]*(4xSqrt[a]*HypergeometricPFQ[{1/2, 1/2, 1
/2}, {3/2, 3/2}, a/(a + b*x"2)] + Sqrt[a + b*x"2]*ArcSin[Sqrt[al/Sqrtla + b
xx"2]1*Logla + b*x"2])) + 24*axSqrt[bxx~2]*ArcTanh[Sqrt [b*x~2]/Sqrt[-all*(L
ogla + b*x~2] - Logl[l + (b*x~2)/a]) + 6%(-a)~(3/2)*Sqrt[-((b*x~2)/a)]*(Logl
1 + (bxx"2)/al"2 - 4xLogl[l + (b*x~2)/al*Logl[(1 + Sqrt[-((b*xx~2)/a)])/2] + 2
*Log[(1 + Sqrt[-((b*x"2)/a)1)/2172 - 4xPolyLogl2, 1/2 - Sqrt[-((b*x~2)/a)l/
21)))/(Sqrt [-al *b*x)

Integral number [100]

f log” (c (a + bxz)p) "

x2

[C] time = 0.781377 (sec), size = 505 ,normalized size = 10.1

3 " 1111333, _a - 111%%” 2 2
P (_%‘/E 1_a+bx2 4F3(2’2’2’2’2’2’2’hx2+) 48va 1 bZlOg a+bx 3P2(2 272722’ bx2+a) 2log (a+bx )(‘/E
2+/ax

[In] Integrate[Loglc*(a + b*x~2) pl~3/x72,x]

[Out] (p~3%(-96+Sqrt[al*Sqrt[l - a/(a + b*x"2)]*HypergeometricPFQ[{1/2, 1/2, 1/2,
1/2}, {3/2, 3/2, 3/2}, a/(a + bxx"2)] - 48xSqrtlal*Sqrt[1l - a/(a + b*x"2)]
xHypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, a/(a + b*x"2)]*Logla + b*x~
2] - 2xLogla + b*x"2]"2x(6*Sqrt[a + b*x"2]*Sqrt[1 - a/(a + b*x"2)]*ArcSin[S
grtlal/Sqrt[a + b*x~2]] + Sqrtlal*Logla + b*x~2])))/(2*Sqrt[al*x) + (6%Sqrt
[b]l*p*ArcTan[(Sqrt [b]*x)/Sqrt[al]l*(-(p*Logla + b*x"2]) + Loglc*(a + b*x"2)"
pl)~2)/Sqrtl[al - (3*p*xLogla + bxx~2]*(-(p*Logla + b*x~2]) + Loglcx(a + b*x~
2)7pl)"2)/x - (-(p*Logla + b*x72]) + Loglcx(a + bxx~2)7pl)~3/x + 3*p~2*(-(p
xLogl[a + b*x72]) + Loglc*x(a + b*x"2) p])*(-(Logla + b*x"2]72/x) + (4*Sqrt[b
1*(ArcTan[(Sqrt [b] *x) /Sqrt [a]l]l* (I*ArcTan[(Sqrt [b]*x)/Sqrtlal] + 2xLog[(2*I)
/(I - (Sqrt[bl*x)/Sqrtlal)] + Logla + b*x~2]) + IxPolyLogl[2, (I*Sqrtl[a] + S
gqrt [bl*x)/((-I)*Sqrt[al + Sqrt[bl*x)]1))/Sqrtlal)

Integral number [101]

f log3 (c (a + bxz)p) o

x4
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[B] time = 2.62218 (sec), size = 851 ,normalized size = 3.36

(—az log® (bx2 + a) — 6abx?log? (bx2 + a) +64/a (hifia)B/z (bx2 + a)3/2 sin”! (\/h\xc%a) log? (bx2 + a) +24+/-a (bx2)3/2 tanh ™ ‘

[In] Integrate[Loglc*(a + b*x"2) pl~3/x74,x]

[Out] (a~2*(p*Logla + b*x"2] - Loglc*x(a + b*x"2)"pl)~3 - 6*a*xb*pxx~2*(-(p*Logla +
b*x72]) + Loglcx(a + b*x"2)7p])~2 - 6*Sqrt[a]*b~(3/2)*p*x~3*ArcTan[(Sqrt[b
1*x)/Sqrt [all*(-(p*Logla + b*x"2]) + Loglcx(a + b*x~2)"pl)~2 - 3%a~2pxLog[
a + b*x"2]*(-(p*Logla + b*x~2]) + Loglcx(a + b*x~2)"pl)~2 + 3*Sqrt[a]*p~2*(
p*Logla + b*x"2] - Loglc*(a + b*x"2)7pl)*(a~(3/2)*Logla + b*x"2]72 + 4xb*x"~
2x (I*Sqrt [b]l*x*ArcTan[(Sqrt [b]*x)/Sqrt[al]l~2 + Sqrtl[al*Logla + b*x~2] + Sqr
t [b] *x*xArcTan[(Sqrt [b] *x) /Sqrt[al]* (-2 + 2xLog[(2*Sqrt[al)/(Sqrt[a] + IxSqr
t[bl*x)] + Logla + bxx"2]) + I*Sqrt[bl*x*PolyLogl[2, (I*Sqrt[al + Sqrt[b]*x)
/((-I)*Sqrt[a]l + Sqrt[bl*x)]1)) + p~3*(48xa*xb*x~2*Sqrt[(bxx~2)/(a + b*x"2)]*
HypergeometricPFQ[{1/2, 1/2, 1/2, 1/2}, {3/2, 3/2, 3/2}, a/(a + bxx"2)] + 2
4x3qrt [-al *(bxx~2) " (3/2) *ArcTanh [Sqrt [b*x~2] /Sqrt [-al]l*Logla + b*x~2] + 24x*
a*b*x~2xSqrt [(b*x~2)/(a + b*x~2)]*HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2,
3/2}, a/(a + b*x"2)]xLogla + b*x~2] - 6*a*b*x"2xLogla + bxx"2]72 + 6*Sqrt[a
Ix((b*x72)/(a + b*x~2)) " (3/2)*(a + b*x"2) " (3/2)*ArcSin[Sqrt[al/Sqrtla + bxx
"2]1*Logla + b¥x"2]72 - a"2#Logla + b*x"2]73 - 24*Sqrt [-al*(b¥x"2)"(3/2) *Ar
cTanh[Sqrt [b*x~2]/Sqrt [-all*Log[1 + (b*x"2)/a]l - 6*a~2x(-((b*x~2)/a))~(3/2)
*Log[1 + (b*x~2)/al"2 + 24*a~2x(-((b*x~2)/a))~(3/2)*Logl[1 + (b*x~2)/al*Logl
(1 + Sqrt[-((b*x~2)/a)])/2] - 12xa~2x(-((b*x~2)/a))~(3/2)*Log[(1 + Sqrt[-((
b*x~2)/a)])/2]72 + 24*%a”2*(-((b*x"2)/a)) "~ (3/2)*PolyLog[2, 1/2 - Sqrt[-((b*x
~2)/a)]/2]))/(3%a"2%x"3)

Integral number [158]
yﬂﬂWbﬁ@w+ijM
[B] time = 2.27135 (sec), size = 994 ,normalized size = 13.08

m

m+1 1 m
2\ 2 2 2 272
6p3[d{(—“’;l) —l]10g2(6x2+d)+(m+1)(ex2+d) 3F2(1,1,%—’2ﬂ;2,2;%+1)1og(ex2+d)—(m+1)(ex2+d) 4F3(l,1,1,%—5;2,2,2;%+1) (—ﬁ) Smpz{d[

(fo)" -

e

[In] Integrate[(f*x) m*Log[c*(d + e*x~2)"p]~3,x]

[Out] ((£*x) m*((1 + m)*p~3*xx~2xLogld + exx"2]73 + (6xp~3*(-((e*x72)/d))"(1/2 - m
/2)*%(=((1 + m)*(d + e*x"2)*HypergeometricPFQ[{1, 1, 1, 1/2 - m/2}, {2, 2, 2
}, 1+ (exx”2)/d]) + (1 + m)*(d + e*xx"2)+*HypergeometricPFQ[{1, 1, 1/2 - m/2
}, {2, 2}, 1 + (e*x”2)/d]l*Logld + e*x"2] + dx(-1 + (-((exx~2)/d))~((1 + m)/
2))*Logld + e*x"2]72))/e + (6*d*(1 + m)*p~3*((exx"2)/(d + exx"2))"(1/2 - m/
2) *x (8xHypergeometricPFQ[{1/2 - m/2, 1/2 - m/2, 1/2 - m/2, 1/2 - m/2}, {3/2
- m/2, 3/2 - m/2, 3/2 - m/2}, d/(d + e*xx"2)] + (-1 + m)*Logld + exx"2]*(-4x
HypergeometricPFQ[{1/2 - m/2, 1/2 - m/2, 1/2 - m/2}, {3/2 - m/2, 3/2 - m/2}
, d/(d + exx"2)] + (-1 + m)*Hypergeometric2F1[1/2 - m/2, 1/2 - m/2, 3/2 - m
/2, d/(d + exx"2)]*Logld + e*x72])))/(e*x(-1 + m)~3) - (3*xp~2x(-((exx"2)/d))
~(1/2 - m/2)*(-((1 + m)*(d + exx"2)*HypergeometricPFQ[{1, 1, 1, 1/2 - m/2},
{2, 2, 2}, 1 + (exx72)/d]) + (1 + m)*(d + e*x"2)*HypergeometricPFQ[{1, 1,
1/2 - m/2}, {2, 2}, 1 + (e*x”2)/d]*Logld + e*x"2] + dx(-1 + (-((exx"2)/d))"
((1 + m)/2))*Logld + exx~2]"2)*(-(p*Logld + e*x~2]) + Loglcx(d + exx"2)7pl)
)/e — (3xmxp~2x(-((e*x72)/d))~(1/2 - m/2)*(-((1 + m)*(d + e*x"2)*Hypergeome
tricPFQ{1, 1, 1, 1/2 - m/2}, {2, 2, 2}, 1 + (e*x72)/d]) + (1 + m)*(d + e*x
~2)#*HypergeometricPFQ[{1, 1, 1/2 - m/2}, {2, 2}, 1 + (exx"2)/d]l*Logl[d + ex*x
2] 4+ dx(-1 + (-((e*xx72)/d))~((1 + m)/2))*Logld + e*x72]"2)*(-(p*Logld + ex
x72]) + Loglcx(d + exx™2)7pl))/e + (3*p*x~2*x(-2*exx”2xHypergeometric2F1[1,
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@ +m/2, (6+ m)/2, -((exx72)/d)] + d*(3 + m)*Logld + exx"2])*(-(p*Logld
+ exx”2]) + Loglcx(d + exx™2)7pl)~2)/(d*(3 + m)) + (3*xmxp*x~2%(-2xe*xx~2*xHyp
ergeometric2F1[1, (3 + m)/2, (5 + m)/2, -((e*xx72)/d)] + d*x(3 + m)*Logld + e
xx72] ) * (- (pxLog[d + e*x72]) + Loglc*(d + e*x"2)7p])~2)/(d*(3 + m)) + x"2%(-
(p*xLogld + e*x"2]) + Loglcx(d + exx™2)7pl)~3 + m*x"2*x(-(p*Logld + e*x"2]) +
Loglc*(d + e*x72)7p])~3))/((1 + m) ~2%x)

Integral number [159]

(fx)™log” (c (d + ex? ") dx
Jororiog? (c(a+ e

[B] time = 1.02958 (sec), size = 466 ,normalized size = 6.3
1 m
2 \272
o ex 2 1 m1 m3 m_d 1 m1 m1 m3 m3 m_d 2 2\P 3
. 4d(m+1)p (d+ex2) ((m—l)log(d+ex )ZFl(E—E,E—E,E—E,m)—Z3F2(E—E,E—E,E—E,E—E,E—E,exzm)) Zp(p log(d+ex )—log(c(d+ex ) ))(Zex
(fx) e(m-1)2x + q

[In] Integrate[(f*x) m*Loglc*(d + exx"2) pl~2,x]

[Out] ((£*x) mx(4*xp~2*x* ((2xexx~2*Hypergeometric2F1[1, (3 + m)/2, (5 + m)/2, -((e
*x72)/d)]1)/(d*(3 + m)) - Logld + e*x"2]) + (1 + m)*p~2*x*Logld + e*x"2]72 +
(4*d* (1 + m)*p~2*((e*xx”2)/(d + exx"2))"(1/2 - m/2)*(-2xHypergeometricPFQ[{
1/2 - m/2, 1/2 - m/2, 1/2 - m/2}, {3/2 - m/2, 3/2 - m/2}, d/(d + e*xx"2)] +
(-1 + m)*Hypergeometric2F1[1/2 - m/2, 1/2 - m/2, 3/2 - m/2, d/(d + e*x"2)]*
Logld + exx™2]))/(ex(-1 + m)"2%x) + (2*p*(2*e*x"3*Hypergeometric2F1[1, (3 +
m)/2, (5 +m)/2, -((exx"2)/d)] - d*(3 + m)*x*Log[d + exx"2])*(p*Logld + ex*
x72] - Loglc*(d + exx"2)7pl))/(d*(3 + m)) - (2*km*p*(-2*%e*xx”3*xHypergeometric
2F1[1, (3 + m)/2, (5 + m)/2, -((e*xx"2)/d)] + d*(3 + m)*x*xLogl[d + e*x~2])*(p
xLog[d + e*x"2] - Loglcx(d + exx"2)7pl))/(d*(3 + m)) + x*x(-(p*Logld + e*x"2
1) + Loglc*x(d + e*xx™2)7pl) "2 + m*xx(-(p*Logld + exx~2]) + Loglcx(d + exx"2)
p1D72))/(1 + m)72

Integral number [277]
f (f + gxz) log’ (C (d + exz)p) dx

[B] time = 4.48061 (sec), size = 1460 ,normalized size = 2.14

result too large to display

[In] Integratel[(f + gxx"2)*Loglc*(d + exx~2) p]~3,x]

[Out] (g*p~3*x*(-18+(d + e*x”2)*HypergeometricPFQ[{-1/2, 1, 1, 1, 1}, {2, 2, 2, 2
}, (d + exx"2)/d] + 18*%(d + e*x"2)*HypergeometricPFQ[{-1/2, 1, 1, 1}, {2, 2
, 2}, (@ + exx”2)/dl*Logld + exx™2] - 9*(d + e*x"2)*HypergeometricPFQ[{-1/2
, 1, 1}, {2, 2}, (d + e*xx"2)/dl*Logld + e*xx~2]"2 + 2*xd*Logl[d + e*x"2]73 - 2
*xd*Sqrt[1 - (d + exx"2)/d]l*Logld + e*xx"2]73 + 2x(d + e*x"2)*Sqrt[l - (d + e
*x72)/d]*Log[d + exx"2]73))/(6*exSqrt[l - (d + e*x~2)/d]) + (2*d*xg*xp*xx*(-(p
xLog[d + exx"2]) + Loglcx(d + exx"2)"pl)~2)/e + (6%Sqrt[d]*f*pxArcTan[(Sqrt
[el*x)/Sqrt[d]]*(-(p*Logld + e*x"2]) + Loglcx(d + exx”2)7p])~2)/Sqrtle] - (
2xd"~(3/2) *gxp*xArcTan [ (Sqrt [e]l*x) /Sqrt [d]]*(-(p*Logl[d + e*x~2]) + Loglcx(d +
e*xx72)7pl)"2) /e~ (3/2) + 3xfxp*xx*Logld + e*x"2]*(-(p*Logld + e*x~2]) + Logl
cx(d + exx™2)7pl) "2 + gxp*x~3xLogld + e*x"2]*(-(p*Logl[d + exx"2]) + Loglc*(
d + exx"2)7pl) "2 + f*x*x(-(p*Logld + exx"2]) + Loglcx(d + e*x™2) pl) "2x(-6%p
- p*Logld + e*xx"2] + Loglc*x(d + exx”2)7pl) + (g*x~3*(-(p*Logld + exx"2]) +
Loglcx(d + e*xx72)7pl) ~2+(-2xp - p*Logld + e*xx~2] + Loglcx(d + e*xx"2)7pl))/
3 + 3xf*p 2% (-(pxLogld + exx”2]) + Loglc*(d + e*x~2) p]l)*(x*xLogl[d + e*x"2]"
2 - (4x((-I)*Sqrt[d]l*ArcTan[(Sqrtlel*x)/Sqrt[d]]~2 + Sqrtlel*x*(-2 + Logld
+ e*xx”2]) - Sqrtldl*ArcTan[(Sqrtlel*x)/Sqrt[dl]*(-2 + 2xLog[(2*Sqrt[d])/(Sq
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rt[d] + IxSqrtlel*x)] + Logld + e*x"2]) - I*Sqrt[d]l*PolyLog[2, (I*Sqrt[d] +
Sqrt[el*x)/((-I)*Sqrt[d] + Sqrtlel*x)]))/Sqrtle]) + 3xgxp~2%(-(p*Logld + e
*x72]) + Loglcx(d + exx”2) pl)*((x~3*Logld + e*x~2]72)/3 - (4*((9*I)*d~(3/2
)*ArcTan[(Sqrt [e]l*x) /Sqrt[d]]~2 + 3*d~(3/2)*ArcTan[(Sqrt[e]l*x)/Sqrt[d]]1*(-8
+ 6*xLog[(2*Sqrt[d])/(Sqrt[d] + I*Sqrtlel*x)] + 3*Logld + e*x~2]) + Sqrtlel
*x* (24xd - 2xexx”2 + (-9xd + 3xexx"2)*Logl[d + e*x"2]) + (9%I)*d~(3/2)*PolyL
ogl2, (I*Sqrtl[d] + Sqrt[el*x)/((-I)*Sqrt[d] + Sqrtlel*x)1))/(27*e~(3/2))) +
(£4p~3%(-48%Sqrt [-d"2]*Sqrt [d + exx"2]*Sqrt[1 - d/(d + exx"2)]*ArcSin[Sqrt
[d1/Sqrtld + e*x~2]] - 6*Sqrt[-d~2]1*Sqrtl[l - d/(d + e*x"~2)]*(8*Sqrt [d]*Hype
rgeometricPFQ[{1/2, 1/2, 1/2, 1/2}, {3/2, 3/2, 3/2}, d/(d + exx"2)] + 4*Sqr
t [d] *HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, d/(d + e*x~2)]*Logld +
e*xx”"2] + Sqrtl[d + exx"2]*ArcSin[Sqrt[d]/Sqrt[d + e*x~2]]*Logld + e*x~2]"2)
+ Sqrt[-d]*exx"2x(-48 + 24xLogl[d + e*x"2] - 6xLogl[d + e*x"2]72 + Logld + ex
x72]73) + 24xd*Sqrt[exx~2]*ArcTanh [Sqrt [e*x”2]/Sqrt[-d]l]1*(Logld + exx"2] -
Log[(d + e*x"2)/d]) + 6%(-d)~(3/2)*Sqrt[1 - (d + e*x"2)/d]*(Log[(d + e*x"2)
/d]"2 - 4xLog[(d + exx~2)/d]*Logl[(1 + Sqrt[1 - (d + e*x"2)/d])/2] + 2xLogl[(
1 + Sqrtl1 - (d + e*x"2)/d])/2]°2 - 4*PolyLog[2, 1/2 - Sqrt[1 - (d + e*x"2)
/d1/21)))/(Sqrt [-d] *e*x)

Integral number [298]
3\2 1,3 2\¥
fU+W)bg&W+m)%h

[B] time = 9.21294 (sec), size = 2539 ,normalized size = 2.26

Result too large to show

[In] Integrate[(f + g*x~3) 2*Loglcx(d + e*x”~2) p]l~3,x]

[Out] (f*g*p~3x(d + e*xx”2)*(45%d - 3*e*x™2 + (-42xd + 6*exx"2)*Logl[d + e*x"2] + 6
*(3*%d - exx"2)*Logld + e*x"2]72 - 4*(d - e*x"2)*Logl[d + e*x"2]73))/(8%e"2)
+ (g~ 2xp~3*x* (-280*d"3*HypergeometricPFQ[{-3/2, 1, 1, 1}, {2, 2, 2}, 1 + (e
xx72)/d] - 280*d”2xe*xx"2*HypergeometricPFQ[{-3/2, 1, 1, 1}, {2, 2, 2}, 1 +
(exx~2)/d] - 112*d~3#*HypergeometricPFQ[{-5/2, 1, 1, 1, 1}, {2, 2, 2, 2}, 1
+ (exx72)/d] - 112*d"2xexx”2*HypergeometricPFQ[{-5/2, 1, 1, 1, 1}, {2, 2, 2
, 2}, 1 + (e*x”2)/d] + 280%d"3*HypergeometricPFQ[{-3/2, 1, 1, 1, 1}, {2, 2,
2, 2}, 1 + (exx72)/d] + 280*d"2%e*x”2xHypergeometricPFQ[{-3/2, 1, 1, 1, 1}
, {2, 2, 2, 2}, 1 + (exx"2)/d] - 210*d"3*HypergeometricPFQ[{-1/2, 1, 1, 1,
1}, {2, 2, 2, 2}, 1 + (exx™2)/d] - 210*d"2*e*x”2xHypergeometricPFQ[{-1/2, 1
, 1, 1, 1}, {2, 2, 2, 2}, 1 + (exx"2)/d] + 16*%d"3*Log[d + e*x"2] + 16%e”3*x
~6*x3qrt [-((exx”2)/d)1*Logl[d + e*x~2] + 280*d~3*HypergeometricPFQ[{-3/2, 1,
1}, {2, 2}, 1 + (e*x"2)/dl*Logld + e*x~2] + 280*d~2*exx”2xHypergeometricPFQ
[({-3/2, 1, 1}, {2, 2}, 1 + (e*x"2)/d]l*Logld + e*x"2] - 280*d~3*Hypergeometr
icPFQ[{-3/2, 1, 1, 1}, {2, 2, 2}, 1 + (exx"2)/d]l*Logl[d + exx"2] - 280*d"2xe
*x " 2xHypergeometricPFQ[{-3/2, 1, 1, 1}, {2, 2, 2}, 1 + (exx"2)/d]l*Logld + e
*x7"2] + 210%d"3xHypergeometricPFQ[{-1/2, 1, 1, 1}, {2, 2, 2}, 1 + (e*x"2)/d
IxLogld + exx™2] + 210*d~2%e*x”2*HypergeometricPFQ[{-1/2, 1, 1, 1}, {2, 2,
2}, 1 + (exx"2)/d]*Logld + e*xx"2] - 32xd"3*Logl[d + exx"2]72 + 28*d*e”2*x"4x
Sart [-((exx"2)/d)]*Logld + e*x72]72 - 4*e”3*x"6xSqrt[-((e*x"2)/d)]*Logld +
e*x”2]72 + 140%*d~3*HypergeometricPFQ[{-3/2, 1, 1}, {2, 2}, 1 + (e*x72)/d]*L
ogld + exx~2]"2 + 140%d"2*exx 2*HypergeometricPFQ[{-3/2, 1, 1}, {2, 2}, 1 +
(exx~2)/dl*Logl[d + exx~2]"2 - 105*d~3*HypergeometricPFQ[{-1/2, 1, 1}, {2,
2}, 1 + (exx”2)/d]l*Logld + e*x~2]72 - 105*d"2xe*x”2*HypergeometricPFQ[{-1/2
, 1, 1}, {2, 2}, 1 + (e*x"2)/d]l*Logld + e*x"2]"2 + 10*d"3*Logld + e*x~2]"3
+ 10%e”3*x76xSqrt [-((e*x"2)/d)1*Logl[d + e*xx"2]73 + 56%d"2*(d + exx~2)*Hyper
geometricPFQ[{-5/2, 1, 1, 1}, {2, 2, 2}, 1 + (e*x72)/d]*(3 + 2*xLogl[d + e*xx”
2]) - 56%d"2*(d + e*x"2)*HypergeometricPFQ[{-5/2, 1, 1}, {2, 2}, 1 + (e*x"2
)/d]*(1 + 3*xLogl[d + exx”2] + Logld + exx~2]72)))/(70%e”~3*Sqrt[-((e*x~2)/d)]
) = (Bxf*xgxp 2% (exx”"2x(-6%d + e*xx”"2) + (6*d"2 + 4*d*exx”2 - 2xe”2xx"4)*Logl[
d + exx™2] - 2%(d”2 - e"2*x"4)*Logld + e*x72]"2)*(p*Logld + e*x~2] - Loglc*
(d + exx~2)7pl))/(4%e”2) + (3*d*xfxgxp*x~2%(-(p*Logld + e*x~2]) + Loglcx(d +
exx"2)7pl)"2)/(2xe) - (2xd"2*g 2xp*x~3* (- (p*Logld + e*x~2]) + Loglc*(d + e
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*xx72)7pl)"2)/(7Txe”2) + (6*d*xg 2*pxx~5x(-(p*Logld + exx"2]) + Loglcx(d + exx
~2)7pl)"2)/(35%e) - (6*%Sqrt[d]l*(-T*e 3*f72 + d"3%g~2)*pxArcTan[(Sqrt[e]*x)/
Sqrt [d]]1*(-(p*Logl[d + e*x"2]) + Loglcx(d + exx”2)7p])~2)/(7T*xe”~(7/2)) - (3*d
“2*xfxgxpxLog[d + exx"2]*(-(p*Logld + e*x"2]) + Loglcx(d + exx"2)7pl)~2)/(2%
e72) + (3xpxx*(14*f72 + T*xfxgxx™3 + 2%xg~2%x76)*Logld + e*x"2]*(-(p*xLogld +
e*xx”2]) + Loglc*(d + exx™2)"pl)~2)/14 - (g 2*xx"7*(6*p + TxpxLogl[d + exx"2]
- T*Loglc*x(d + e*xx~2) pl)*(-(p*Logl[d + e*x”2]) + Loglc*(d + e*x~2)7pl)~2)/4
9 - (f*g*x~4x(3xp + 2*pxLogld + e*x"2] - 2xLoglc*(d + exx~2) pl)*(-(p*xLogld
+ e*xx72]) + Loglcx(d + e*xx"2)7pl)~2)/4 + (x*(-(p*Logld + e*x"2]) + Logl[cx*(
d + exx"2)7pl) "2x(-42%e"3*f"2%p + 6xd"3*kg"2*p + Txe " 3xf 2% (-(pxLogld + e*x”
2]) + Loglc*x(d + e*x~2)7pl)))/(7*e~3) - (3*xf~2xp~2*(pxLogld + e*x"2] - Logl
cx(d + exx”2) pl)*((4*xI)*Sqrt[d]*ArcTan[(Sqrt[el*x)/Sqrt[d]]~2 + 4xSqrt[d]*
ArcTan[(Sqrtlel*x)/Sqrt[d]]*(-2 + 2xLog[(2xSqrt[d])/(Sqrt[d] + IxSqrtle]*x)
1 + Logld + e*xx™2]) + Sqrtle]l*x*(8 - 4*Logl[d + e*xx"2] + Logld + exx"2]72) +

(4#I)*Sqrt[d] *PolyLog[2, (I*Sqrt[d] + Sqrtlel*x)/((-I)*Sqrt[d] + Sqrtlel*x
)1))/Sqrtle]l + 3*g~2*p~2*(-(pxLogld + exx”2]) + Loglc*x(d + e*x72) pl)*((x~7
xLog[d + e*x"2]72)/7 - (4%((11025%I)*d~(7/2)*ArcTan[(Sqrt[e]l*x)/Sqrt[d]]"2
+ 105%d~ (7/2) *ArcTan[(Sqrt [e]l *x) /Sqrt [d]1*(-352 + 210*Log[(2*Sqrt[d])/(Sqrt
[d] + I*Sqrtlel*x)] + 105%Logld + e*x~2]) + Sqrt[e]*x*(36960%d"3 - 4970%d"2
xexx”2 + 1512%d*e”2%x"4 - 450*%e”3*x"6 - 105*%(105%d"3 - 35*%d"2*%e*x~2 + 21xdx*
e"2*x"4 - 15xe”3xx76)*Logld + exx"2]) + (11025%I)*d~(7/2)*PolyLogl[2, (I*Sqr
t[d] + Sqrtlel*x)/((-I)*Sqrt[d] + Sqrtlel*x)]))/(77175%xe~(7/2))) + (£ 2*p~3
* (-48*3qrt [-d"2] *Sqrt [(e*x~2) /(d + e*x"2)]1*Sqrt[d + exx"2]*ArcSin[Sqrt[d]/S
grt[d + exx"2]] + Sqrt[-d]*e*xx~2*(-48 + 24xLogl[d + exx”2] - 6*Logl[d + exx"2
172 + Logl[d + e*x72]73) - 6*%Sqrt[-d~2]*Sqrt[(e*xx~2)/(d + exx~2)]*(8*Sqrt[d]
xHypergeometricPFQ[{1/2, 1/2, 1/2, 1/2}, {3/2, 3/2, 3/2}, d/(d + exx"2)] +
Logld + exx"2]*(4xSqrt[d]*HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, d/
(d + exx"2)] + Sqrt[d + exx"2]*ArcSin[Sqrt[d]/Sqrtl[d + e*x~2]]*Logld + e*x”
2])) + 24xdxSqrt[e*x”2]*ArcTanh [Sqrt [exx~2]/Sqrt[-d]]1*(Logl[d + e*x~2] - Log
[1 + (e*xx72)/d]) + 6%(-d)~(3/2)*Sqrt[-((e*x"2)/d)]*(Log[l + (exx"2)/d]"2 -
4xLog[1 + (e*x”2)/d]*Log[(1 + Sqrt[-((exx"2)/d)]1)/2] + 2*Logl[(1 + Sqrt[-((e
*x72)/d)]1)/2]°2 - 4*PolyLogl[2, 1/2 - Sqrt[-((e*x~2)/d)]1/2]1)))/(Sqrt[-d]*e*x
)

Integral number [299]
f(f + gx3) log’ (C (d + exz)p) dx

[B] time = 2.38113 (sec), size = 1066 ,normalized size = 2.06

21dgpPx® . 3dgplog2(c(ex24—d:

_3 3.4, 1 3( 2 q 4_3 2( 2 p)4 3 5 ( 2 g 4
1§px+4@% 4w+d)x 8@bgc@x+@ x+8ﬁl%c@x+@ X+ — P

[In] Integrate[(f + gxx~3)*Loglc*(d + exx~2) p]l~3,x]

[Out] (21xd*gxp~3*x~2)/(8*e) - (3*gxp~3*x~4)/16 - (3*d~2xg*p~3*Logld + exx~2])/(8
xe”2) - (9*xd"2xgxp~2*xLoglcx(d + exx”2)7pl)/(4xe”2) - (9*d*xgxp~2xx~2xLog [c* (
d + exx"2)7pl)/(4xe) + (3*gxp~2*x~4xLoglc*(d + e*x~2)7pl)/8 + (9*d~2*g*p*Lo
glex(d + exx™2)7p]~2)/(8xe”2) + (3*d*xgxp*x~2*Loglcx(d + exx™2) p]~2)/(4xe)
- (3xgxpxx~4xLoglcx(d + e*x"2)"pl~2)/8 - (d"2*xg*xLoglcx(d + e*x™2) p]~3)/(4*
e”2) + (gxx~4xLoglcx(d + exx"2)"p]~3)/4 + (6%Sqrt[d]*f*p*ArcTan[(Sqrt[e]*x)
/Sqrt [d]]1*(-(p*Logld + e*x~2]) + Loglcx(d + exx"2)7pl)~2)/Sqrtle] + 3*xf*pxx
*Log[d + exx"2]*(-(p*Logld + exx"2]) + Loglc*(d + e*x72)7pl)~2 + f*x*(-(p*L
ogld + exx"2]) + Loglcx(d + e*x”2)7pl) "2%(-6xp - pxLogld + e*x"2] + Logl[c*(
d + exx"2)7pl) + 3*f*p 2% (-(p*Logld + e*x"2]) + Loglc*(d + e*x~2) pl)*(x*Lo
gld + exx"2]72 - (4x((-I)*Sqrt[d]l*ArcTan[(Sqrtle]l*x)/Sqrt[d]]1~2 + Sqrtlel*x
*(-2 + Logl[d + e*x"2]) - Sqrt[dl*ArcTan[(Sqrtl[e]*x)/Sqrt[d]]*(-2 + 2xLog[(2
*Sqrt [d])/(Sqrt[d] + IxSqrtlel*x)] + Logld + e*x~2]) - I*Sqrt[d]*PolyLogl[2,
(I*xSqrt[d] + Sqrtlel*x)/((-I)*Sqrtl[d] + Sqrtlel*x)]1))/Sqrtlel) + (£*p~3*(-
48xSqrt [-d"2]*Sqrt[d + exx"2]*Sqrt[l - d/(d + e*x"2)]*ArcSin[Sqrt[d]/Sqrt[d
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+ e*xx”2]] - 6%Sqrt[-d"2]*Sqrt[l - d/(d + exx"2)]*(8*Sqrt[d]*Hypergeometric
PFQ[{1/2, 1/2, 1/2, 1/2}, {3/2, 3/2, 3/2}, d/(d + exx"2)] + 4xSqrt[d]*Hyper
geometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, d/(d + e*x"2)]*Logl[d + e*x"2] + S
grt[d + exx"2]*ArcSin[Sqrt[d]/Sqrt[d + e*x"2]]*Logl[d + exx~2]72) + Sqrt[-d]
xe*xx”2%(-48 + 24xLogld + exx"2] - 6*Logld + e*xx"2]72 + Logld + e*x"2]73) +
24xd*Sqrt [exx~2] *ArcTanh [Sqrt [exx~2] /Sqrt [-d]]1*(Log[d + exx~2] - Logl(d + e
xx72)/d]) + 6%(-d)~(3/2)*Sqrt[1l - (d + exx"2)/d]l*(Logl[(d + e*x~2)/d]"2 - 4%
Log[(d + exx"2)/d]l*Log[(1 + Sqrt[1 - (d + e*x72)/d])/2] + 2xLogl[(1 + Sqrt[1

- (d + e*x~2)/d])/2]"2 - 4xPolyLog[2, 1/2 - Sqrtl[l - (d + e*x~2)/d]1/21)))/
(Sqrt [-d] *exx)

Integral number [485]

fxz (a +blog (c (d + ex2/3)n))3 dx

[B] time = 9.0109 (sec), size = 3146 ,normalized size = 3.97

Result too large to show

[In] Integrate[x"2*(a + b*Loglc*(d + e*x~(2/3))"n])"3,x]

[Out] (b~3*n~3*x~(1/3)*(32+%d"4 - 32*d"4*Sqrt[l - (d + e*x~(2/3))/d] + 128*d~3*Sqr
t[1 - (@ + exx™(2/3))/d]l*(d + exx~(2/3)) - 192xd"2xSqrt[1 - (d + e*x~(2/3))
/dl*(d + e*xx~(2/3))72 + 128xd*Sqrt[1 - (d + exx~(2/3))/d]l*(d + exx~(2/3))"3
- 32xSqrt[1 - (d + exx™(2/3))/dl*(d + e*xx~(2/3))74 + 1584*d~3*(d + exx~(2/
3))*HypergeometricPFQ[{-7/2, 1, 1, 1}, {2, 2, 2}, (d + exx"(2/3))/d] - 4536
*d"3%(d + exx~(2/3))*HypergeometricPFQ[{-5/2, 1, 1, 1}, {2, 2, 2}, (d + exx
~(2/3))/d] + 3780*%d"3*(d + exx~(2/3))x*HypergeometricPFQ[{-3/2, 1, 1, 1}, {2
, 2, 2}, (d + exx™(2/3))/d] - 864*d"3*(d + e*x~(2/3))*HypergeometricPFQ[{-7
/2, 1, 1, 1, 1}, {2, 2, 2, 2}, (d + exx™(2/3))/d] + 3024*d"3x(d + exx”(2/3)
)xHypergeometricPFQ[{-56/2, 1, 1, 1, 1}, {2, 2, 2, 2}, (d + exx"(2/3))/d] -
3780*d"3*(d + e*x”(2/3))*HypergeometricPFQ[{-3/2, 1, 1, 1, 1}, {2, 2, 2, 2}
, (A + exx™(2/3))/d] + 1890%d~3*(d + exx~(2/3))*HypergeometricPFQ[{-1/2, 1,
1, 1, 1}, {2, 2, 2, 2}, (d + e*x"(2/3))/d] - 240%d~4xLog[d + exx~(2/3)] +
240*%d~4*Sqrt[1 - (d + exx”(2/3))/d]l*Logld + exx~(2/3)] - 672%d"3*Sqrt[1 - (
d + exx”(2/3))/dl*(d + exx~(2/3))*Logld + e*x~(2/3)] + 576*%d"2*Sqrt[1 - (d
+ exx7(2/3))/d]*(d + exx”(2/3)) 2*Logld + e*x"(2/3)] - 96xd*Sqrt[1 - (d + e
*x~(2/3))/dl*(d + exx~(2/3)) " 3*Logld + exx”~(2/3)] - 48%Sqrt[1 - (d + exx~(2
/3))/d1*(d + exx~(2/3)) 4xLogld + e*x”(2/3)] - 3780*d"3*(d + exx~(2/3))*Hyp
ergeometricPFQ[{-3/2, 1, 1}, {2, 2}, (d + e*xx~(2/3))/d]l*Logld + e*xx~(2/3)]
+ 864*d"3*(d + exx”(2/3))*HypergeometricPFQ[{-7/2, 1, 1, 1}, {2, 2, 2}, (d
+ exx~(2/3))/d]*Logld + exx~(2/3)] - 3024*d"3*(d + exx"(2/3))*Hypergeometri
cPFQ[{-5/2, 1, 1, 1}, {2, 2, 2}, (d + e*x~(2/3))/d]l*Logld + e*x~(2/3)] + 37
80%d~3*(d + e*xx”(2/3))+*HypergeometricPFQ[{-3/2, 1, 1, 1}, {2, 2, 2}, (d + e
*x7(2/3))/d]*Logl[d + exx~(2/3)] - 1890*d~3*(d + e*x~(2/3))*HypergeometricPF
Ql{-1/2, 1, 1, 1}, {2, 2, 2}, (d + exx"(2/3))/dl*Logld + e*x~(2/3)] + 284*d
“4xLogl[d + exx~(2/3)]172 - 284xd"4xSqrt[1 - (d + exx~(2/3))/d]l*Logld + e*xx~(
2/3)172 + 668%d"3*%3qrt[1l - (d + e*xx”(2/3))/dl*(d + exx~(2/3))*Logld + exx~(
2/3)]172 - 552xd"2*Sqrt[1 - (d + e*x~(2/3))/d]*(d + exx~(2/3)) 2xLogld + e*x
~(2/3)172 + 236%d*Sqrt[1 - (d + exx”(2/3))/dl*(d + exx~(2/3)) 3*Logld + ex*x
~(2/3)]172 - 68xSqrt[1 - (d + exx~(2/3))/dl*(d + e*xx~(2/3)) "4*xLogld + exx~(2
/3)172 - 1890%d"3*(d + e*x~(2/3))*HypergeometricPFQ[{-3/2, 1, 1}, {2, 2}, (
d + exx~(2/3))/d]l*Logld + exx~(2/3)]172 + 945xd~3%(d + e*x”~(2/3))*Hypergeome
tricPFQ[{-1/2, 1, 1}, {2, 2}, (d + e*x~(2/3))/d]l*Logld + exx~(2/3)]"2 - T70%
d~4xLogl[d + e*x~(2/3)]173 + 70*d~4*Sqrt[1 - (d + exx”(2/3))/dl*Logld + e*xx™(
2/3)]173 - 280*d"3*Sqrt[1 - (d + e*x”(2/3))/dl*(d + exx~(2/3))*Logld + exx~(
2/3)173 + 420%d"2*%Sqrt[1 - (d + e*x”~(2/3))/dl*(d + exx~(2/3)) 2xLogld + exx
~(2/3)]173 - 280*d*Sqrt[1 - (d + e*xx™(2/3))/dl*(d + exx~(2/3)) " 3*Logld + ex*x
~(2/3)]178 + 70*Sqrt[1 - (d + exx”(2/3))/dl*(d + e*x™(2/3)) 4xLogld + exx”(2
/3)17°3 + 1512%d"3*(d + e*x~(2/3))*HypergeometricPFQ[{-5/2, 1, 1}, {2, 2}, (
d + exx”(2/3))/dl*(1 + 3xLogld + e*x”(2/3)] + Logld + exx™(2/3)]72) - 144xd
“3*%(d + e*xx~(2/3))*HypergeometricPFQ[{-7/2, 1, 1}, {2, 2}, (@ + e*xx"(2/3))/
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dl*(6 + 11*xLogld + exx~(2/3)] + 3*Logld + e*x~(2/3)]172)))/(210%e"4*Sqrt[1 -
(d + exx”(2/3))/d]) + (b™2*n"2*x~(1/3)*(-120*d"4 + 120%d"4*Sqrt[1 - (d + e
*x7(2/3))/d] - 336%d"3*Sqrt[l - (d + exx"(2/3))/d]l*(d + e*xx~(2/3)) + 288*d"
2xSqrt[1 - (d + e*xx™(2/3))/d]l*(d + e*x~(2/3))72 - 48xd*Sqrt[l - (d + exx™(2
/3))/dl*(d + exx~(2/3))73 - 24xSqrt[1 - (d + e*x7(2/3))/dl*(d + exx~(2/3))~
4 - 1890%d"3*(d + exx”~(2/3))*HypergeometricPFQ[{-3/2, 1, 1}, {2, 2}, (d + e
*x7(2/3))/d] + 432%d"3x(d + e*x”(2/3))*HypergeometricPFQ[{-7/2, 1, 1, 1}, {
2, 2, 2}, (@ + e*x™(2/3))/d] - 1512%d"3*(d + e*x"(2/3))*HypergeometricPFQ[{
-5/2, 1, 1, 1}, {2, 2, 2}, (d + e*x~(2/3))/d] + 1890%d"3*(d + e*x~(2/3))*Hy
pergeometricPFQ[{-3/2, 1, 1, 1}, {2, 2, 2}, (d + e*x~(2/3))/d] - 945*d~3x*(d
+ e*x”~(2/3))*HypergeometricPFQ[{-1/2, 1, 1, 1}, {2, 2, 2}, (d + e*x~(2/3))
/d] + 284*xd~4*Logld + exx~(2/3)] - 284*d~4*Sqrt[l - (d + e*x”(2/3))/d]l*Logl
d + exx~(2/3)] + 668+d"3*Sqrt[1 - (d + e*x~(2/3))/dl*(d + exx~(2/3))*Logld
+ exx”(2/3)] - 552%d"2xSqrt[1 - (d + e*x~(2/3))/d]l*(d + exx~(2/3)) 2*Logld
+ exx”(2/3)] + 236*d*Sqrt[1l - (d + e*xx~(2/3))/d]l*(d + exx~(2/3)) 3*Logld +
exx”(2/3)] - 68*3qrt[1 - (d + exx"(2/3))/dl*(d + e*x”(2/3)) 4xLogld + e*x"(
2/3)] - 1890%d"3*(d + exx”(2/3))*HypergeometricPFQ[{-3/2, 1, 1}, {2, 2}, (4
+ exx”(2/3))/d]l*Logl[d + e*x~(2/3)] + 945%d~3x(d + e*xx”(2/3))*Hypergeometri
cPFQ[{-1/2, 1, 1}, {2, 2}, (d + e*xx(2/3))/dl*Logld + exx~(2/3)] - 105*d~4x
Logl[d + exx™(2/3)]172 + 105*%d~4x*Sqrt[1 - (d + exx~(2/3))/d]l*Logld + exx~(2/3
)172 - 420%d"3*Sqrt[1 - (d + e*x™(2/3))/dl*(d + e*x~(2/3))*Logld + exx”(2/3
)172 + 630%d"2xSqrt[1 - (d + exx~(2/3))/dl*(d + e*x~(2/3)) " 2*xLogl[d + exx~(2
/3)172 - 420%d*Sqrt[1 - (d + e*xx~(2/3))/dl*(d + exx~(2/3)) 3*Logld + e*x™ (2
/3)172 + 105*Sqrt[1 - (d + exx”~(2/3))/dI*(d + exx”(2/3)) 4xLogld + exx~(2/3
)172 + 756%d"3%(d + e*xx”(2/3))*HypergeometricPFQ[{-5/2, 1, 1}, {2, 2}, (d +
exx”(2/3))/d]1*(3 + 2xLogld + exx~(2/3)]) - 72xd"3x(d + exx~(2/3))x*Hypergeo
metricPFQ[{-7/2, 1, 1}, {2, 2}, (d + exx"~(2/3))/dl*(11 + 6xLogld + exx~(2/3
)1))*(a + b*(-(n*Logld + exx~(2/3)]) + Loglcx(d + e*xx~(2/3))7nl)))/(105*%e"4
*Sqrt[1 - (d + exx~(2/3))/d]) - (2*bxd"4*n*x~(1/3)*(a + bx(-(n*xLogl[d + exx~
(2/3)1) + Loglex(d + e*x~(2/3))"nl))"2)/e"4 + (2xb*d~3*n*x*(a + b*(-(n*Log[
d + exx”(2/3)]) + Loglcx(d + exx”(2/3))7n]))"2)/(3*e”3) - (2xb*d~2*n*x~(5/3
)x(a + bx(-(n*Logl[d + exx"(2/3)]) + Loglc*x(d + exx~(2/3))7n]))"2)/(5%xe”2) +
(2%b*d*n*x~(7/3)*(a + b*(-(n*Logld + e*x~(2/3)]) + Loglc*(d + e*x~(2/3))"n
1))72)/(7xe) + (2xb*d~(9/2)*n*ArcTan[(Sqrt[el*x~(1/3))/Sqrtldll*(a + b*x(-(n
xLog[d + e*x~(2/3)]) + Loglc*(d + e*x~(2/3))7°n]))"2)/e~(9/2) + b*nxx"3*Logl[
d + exx~(2/3)1*(a + b*(-(n*Logld + e*x~(2/3)]) + Loglcx(d + e*x~(2/3))"nl))
"2 + (x73*(a + b*x(-(n*Logl[d + e*x~(2/3)]) + Loglcx(d + e*x~(2/3))"n])) 2x(3
xa — 2*b*n + 3*b*x(-(n*Logld + e*x~(2/3)]) + Loglcx(d + e*xx~(2/3))"nl)))/9

Integral number [486]

f(a +blog (c (d + ex2/3)n))3 dx

[A] time = 1.24265 (sec), size = 598 ,normalized size = 1.23

3b2n2x(—a——blog(c(d—+ex26)n)4—bnlog(d—%exzm))(3(d—+ex”3)4F3(—%,1/L];2,2,2;£%E-+1)—+log(d—+exze)((d——d(—5§

d ex2/3 32
(-7)

[In] Integrate[(a + b*Loglc*(d + exx~(2/3))"n])"3,x]

[Out] -(b~3*n~3*x*(-18*(d + exx~(2/3))*HypergeometricPFQ[{-1/2, 1, 1, 1, 1}, {2,
2, 2, 2}, 1 + (exx™(2/3))/d] + Logld + exx~(2/3)]1*(18%(d + exx~(2/3))*Hyper
geometricPFQ[{-1/2, 1, 1, 1}, {2, 2, 2}, 1 + (e*x”(2/3))/d] + Logld + e*xx™(
2/3)1*%(-9*%(d + exx~(2/3))*HypergeometricPFQ[{-1/2, 1, 1}, {2, 2}, 1 + (e*xx"
(2/3))/d] + 2x(d - d*(-((exx~(2/3))/d))~(3/2))*Logld + exx~(2/3)1))))/(2xd*
(-((exx~(2/3))/d))~(3/2)) + (3*b~2*n"2*x*(3*x(d + exx”(2/3))*HypergeometricP
FQ[{-1/2, 1, 1, 1}, {2, 2, 2}, 1 + (e*x~(2/3))/d] + Logld + exx~(2/3)]1*(-3*

(d + e*x~(2/3))*HypergeometricPFQ[{-1/2, 1, 1}, {2, 2}, 1 + (exx~(2/3))/d]

+ (d - d*(-((exx~(2/3))/d))~(3/2))*Logld + e*x~(2/3)]1))*(-a + b*nxLogld + e
*x7(2/3)] - b*xLoglcx(d + exx~(2/3))7nl))/(d*x(-((exx~(2/3))/d))~(3/2)) + (6%
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bkd*n*x~(1/3)*(a - b*n*Logl[d + e*x~(2/3)] + b*Loglcx(d + e*x”(2/3))"n])"2)/
e - (6xbxd~(3/2)*n*ArcTan[(Sqrt[e]l*x~(1/3))/Sqrt[d]]*(a - b*nxLogld + exx~(
2/3)] + bxLoglcx(d + e*xx~(2/3))"nl)~2)/e~(3/2) + 3*b*n*x*Logld + e*x~(2/3)]
*x(a - b*n*Logl[d + e*xx~(2/3)] + bxLoglc*(d + exx~(2/3))7n])"2 + x*(a - b*nxL
ogld + exx™(2/3)] + bxLoglcx(d + exx~(2/3))7n]) 2*(a - 2%b*n - b*n*Logld +
exx”~(2/3)] + bxLoglc*(d + exx~(2/3))"nl)

Integral number [487]

(a +blog (c (d + ex2/3)n))3

f 2 dx

[B] time = 7.16765 (sec), size = 1028 ,normalized size = 3.23

o2 10g3(d+ex2/3) 3/2 25 \32 -1 Vd 2 2 )
B (T +6V=d (d + ex?) (dix%) sin (m) log? (d + ex2%) — 6V=dex?® log? (d + ex?°) - 24/ (ex??

[In] Integrate[(a + b*Loglcx(d + exx~(2/3))7n])~3/x72,x]

[Out] (-3*b~2*n"2*x(-3*d*(d + exx~(2/3))*(-((exx~(2/3))/d)) " (3/2)*HypergeometricPF
Ql{1, 1, 1, 5/2}, {2, 2, 2}, 1 + (exx"(2/3))/d] - dxLogld + exx~(2/3)]*(-4x
ex(-1 + Sqrt[-((e*x~(2/3))/d)1)*x7(2/3) + 4*xd*(-((e*x~(2/3))/d))~(3/2)*Logl
(1 + Sqrt[-((exx~(2/3))/d)1)/2] + (d - dx(-((exx~(2/3))/d))~(3/2))*Logld +
e*xx~(2/3)]))*(-a + b*n*Logl[d + e*x~(2/3)] - bxLogl[c*(d + e*x~(2/3))"n]))/(d
~2%x) - (6xbxexn*(a - b*nxLogld + exx~(2/3)] + b*Loglcx(d + e*x~(2/3))"n])~
2)/(a*xx~(1/3)) - (6*%b*e”(3/2)*n*ArcTan[(Sqrt[e]*x~(1/3))/Sqrt[d]]l*(a - b*n*
Logl[d + exx~(2/3)] + b*Loglc*(d + e*xx~(2/3))"n])"2)/d~(3/2) - (3*b*n*Logld
+ e*xx~(2/3)]1x(a - bxn*Logld + exx~(2/3)] + bxLoglcx(d + exx~(2/3))"nl)"2)/x
- (a - b*nxLogld + e*x~(2/3)] + bxLoglcx(d + e*x~(2/3))"n])~3/x + (b”™3*n"3
* (48%Sqrt [-d"2] *exSqrt [(exx~(2/3))/(d + e*x~(2/3))]1*x~(2/3)*HypergeometricP
FQl{1/2, 1/2, 1/2, 1/2}, {3/2, 3/2, 3/2}, d/(d + e*x~(2/3))] - 12xd*Sqrt[-d
~2]* (- ((e*x~(2/3))/d))~(3/2)*xLog[(1 + Sqrt[-((exx~(2/3))/d)])/2]172 - 24%Sqr
t[d]*(exx~(2/3))~(3/2)*ArcTanh [Sqrt [e*x~(2/3)]/Sqrt [-d] ] *Log[d + e*xx~(2/3)]
+ 24*Sqrt [-d"2] xexSqrt [(exx~(2/3))/(d + e*x~(2/3))1*x~(2/3)*Hypergeometric
PFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, d/(d + e*x~(2/3))1*Logld + e*x~(2/3)] - 6%
Sqrt [-d"2] xexx” (2/3) *Log[d + e*x~(2/3)]72 + 6*Sqrt[-d]*(d + e*x™(2/3))7(3/2
Y*x((exx~(2/3))/(d + exx~(2/3)))"(3/2)*ArcSin[Sqrt [d]/Sqrt[d + exx~(2/3)]1]*L
ogld + exx~(2/3)]172 + (d~(5/2)*Logld + e*x~(2/3)173)/Sqrt[-d] + 24*Sqrt[d]*
(exx~(2/3))~(3/2) *ArcTanh [Sqrt [exx~(2/3)]1/Sqrt [-d]1*Log[1 + (exx~(2/3))/d]
+ 24xd*Sqrt [-d"2]* (- ((e*xx~(2/3))/d))~(3/2)*Log[(1 + Sqrt[-((e*x~(2/3))/d)1)
/2]1*Logl1l + (exx~(2/3))/d] - 6xdxSqrt[-d~2]*(-((e*xx~(2/3))/d))~(3/2)*Logl1
+ (exx~(2/3))/d] "2 + 24*xd*Sqrt[-d~2]*(-((e*x~(2/3))/d))~(3/2)*PolyLogl[2, 1/
2 - Sqrt[-((exx"(2/3))/d)1/2]1))/(Sqrt [-d]*d~ (3/2)*x)

Integral number [488]

X

f (a +blog (c (d + exz/s)n))s )

4
[A] time = 2.8917 (sec), size = 803 ,normalized size = 1.27

~70 (a “bnlog (d n ex2/3) +blog (c (d + ex2/3)n))3 45 - 210bn log (d + ex2/3) (g —bnlog (d + ex2/3) +blog (c (d + ex2/3)n))2 d

[In] Integratel[(a + bxLoglcx(d + e*x~(2/3))"n])~3/x74,x]

[Out] (35%b~3*n"3*%(54*e~4*(d + e*xx~(2/3))*Sqrt[-((e*xx~(2/3))/d)]1*x~(8/3)*Hypergeo
metricPFQ[{1, 1, 1, 1, 11/2}, {2, 2, 2, 2}, 1 + (e*x~(2/3))/d] + Logld + e*
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x7(2/3) 1% (54*d*xe”3*(d + e*x~(2/3))*(-((e*xx~(2/3))/d))~(3/2)*x"2*Hypergeomet
ricPFQ[{1, 1, 1, 11/2}, {2, 2, 2}, 1 + (exx~(2/3))/d] + Logld + e*xx~(2/3)]*
(27xe”4*(d + e*x~(2/3))*Sqrt[-((exx~(2/3))/d)]1*x"~(8/3)*HypergeometricPFQ[{1
» 1, 1172}, {2, 2}, 1 + (e*x7(2/3))/d] - 2*d*x(d"4 + d*e”3x(-((e*xx~(2/3))/d)
)7 (3/2)*x"2)*Logld + exx~(2/3)]1))) + (210*%b~2*n"2*(-9*e”5x(d + e*x”(2/3))*x
~(10/3)*HypergeometricPFQ[{1, 1, 1, 11/2}, {2, 2, 2}, 1 + (exx~(2/3))/d] +
Logld + exx™(2/3)]1*(9%e”bx(d + exx™(2/3))*x~(10/3) *HypergeometricPFQ[{1, 1,
1172}, {2, 2}, 1 + (exx7(2/3))/d] + d*(d"5*Sqrt[-((e*xx~(2/3))/d)] + e"bxx~
(10/3))*Logl[d + e*x~(2/3)]))*(-a + b*n*Log[d + e*x~(2/3)] - bxLoglc*(d + ex*
x7(2/3))"nl))/(d*Sqrt [-((e*x~(2/3))/d)]) - 60%bxd~4*exn*x~(2/3)*(a - b*nxLo
gld + exx~(2/3)] + bxLoglc*(d + e*x~(2/3))7n]) "2 + 84xb*d~3*e”2*n*x~(4/3)*(
a - bxn*xLogld + e*xx~(2/3)] + bxLoglc*(d + e*x~(2/3))7n])~2 - 140%*b*d~2*e”3*
n*xx"2*(a - bxnxLogl[d + e*x”(2/3)] + bxLoglcx(d + e*x”(2/3))"n]) "2 + 420%bx*d
*xe”~4*n*x"~(8/3)*(a - b*nxLogld + e*x~(2/3)] + b*Loglcx(d + e*xx~(2/3))"nl)"2
+ 420%b*Sqrt [d]*e” (9/2) *n*x~3*ArcTan[(Sqrt[e]l*x~(1/3))/Sqrt[dl]*(a - b*n*Lo
gld + exx~(2/3)] + bxLoglc*(d + exx~(2/3))7n])~2 - 210*b*d~b*n*Log[d + e*x”
(2/3)1*(a - b*n*Logld + e*x~(2/3)] + bxLoglcx(d + e*x”~(2/3))"n])"2 - 70*d”5
x(a - b*n*Logl[d + e*xx~(2/3)] + b*Loglc*(d + e*x~(2/3))"n]l)"3)/(210*%d"5*x~3)

Integral number [528]
e \M\\
fxz (a+ blog(c(d+ m) )) dx

[A] time = 4.8286 (sec), size = 764 ,normalized size = 0.6

b2 (~a - blog (¢ (d+ 55)") + brrlog 4+ 55)) (log (4 + 55) (967 (142 +.¢) 5F2 (L1, 372,25 73 +1) + e (8108 -

[In] Integrate[x~2*(a + b*Loglc*(d + e/x~(2/3))7n])"3,x]

[Out] (b~3*n~3*(54*e"5*(e + d*x~(2/3))*HypergeometricPFQ[{1, 1, 1, 1, 11/2}, {2,
2, 2, 2}, 1 + e/(d*x~(2/3))] + Logld + e/x"(2/3)1*(-54%e"5*(e + d*x~(2/3))*
HypergeometricPFQ[{1, 1, 1, 11/2}, {2, 2, 2}, 1 + e/(d*x~(2/3))] + Logld +
e/x~(2/3)]1*(27*e"5*(e + d*x~(2/3))*HypergeometricPFQ[{1, 1, 11/2}, {2, 2},
1 + e/(@*x7(2/3))] + 2*d*x~(2/3)*(e”5 + d75*Sqrt[-(e/(d*x~(2/3)))]1*x~(10/3)
)*Logld + e/x7(2/3)1))))/(6*%d"6*Sqrt[-(e/(d*x~(2/3)))]*x) - (b~2*n"2x(-9%e”
5x(e + d*x~(2/3))*HypergeometricPFQ[{1, 1, 1, 11/2}, {2, 2, 2}, 1 + e/(d*x"”
(2/3))] + Logld + e/x7(2/3)1*(9%e"5*(e + d*x~(2/3))*HypergeometricPFQ[{1, 1
, 1172}, {2, 2}, 1 + e/(d*x~(2/3))] + d*x~(2/3)*(e”5 + d"5xSqrt[-(e/(d*x~(2
/3)))1*x7(10/3))*Logld + e/x~(2/3)]1))*(-a + b*n*Logld + e/x7(2/3)] - bx*Logl
cx(d + e/x7(2/3))"n]))/(d"6*Sqrt [-(e/(d*x~(2/3)))]1*x) - (2¥b*xe 4*n*x~(1/3)*
(a - b*nxLogld + e/x7(2/3)] + bxLoglc*(d + e/x7(2/3))"n])"2)/d"4 + (2%b*e”3
*n*xx*(a - b*nxLogld + e/x7(2/3)] + b*Loglcx(d + e/x7(2/3))"n])~2)/(3%d"3) -
(2xb*xe”2*n*x~(5/3)*(a - b*n*Logl[d + e/x7(2/3)] + b*Loglc*x(d + e/x7(2/3))"n
1)°2)/(5%d"2) + (2%b¥e*n*x~(7/3)*(a - b*n*Logl[d + e/x~(2/3)] + b*Loglc*x(d +
e/x7(2/3))"n]1)"2)/(7*d) + (2%bxe~(9/2)*n*ArcTan[(Sqrt[d]*x~(1/3))/Sqrt[e]]
*(a - b*n*xLogld + e/x7(2/3)] + bxLoglc*x(d + e/x7(2/3))"n])~2)/d"(9/2) + b*n
*x"3xLog[d + e/x7(2/3)]1*(a - b*nxLogld + e/x7(2/3)] + bxLoglc*(d + e/x~(2/3
))"nl)"2 + (x73%(a - bxn*xLogld + e/x7(2/3)] + b*Loglc*x(d + e/x7(2/3))™nl)"3
)/3

Integral number [529]

f(a +blog (c (d + 3%)))3 dx
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[A] time = 5.68845 (sec), size = 824 ,normalized size = 1.12

2B

e 2 e e 1111333 d e 1
b3/x \/3(66 +dx*3log (d + %))log (d + x%) —6€«/m (8\/;341:3 [5, 37327337273 d+—g) + log (d + x%) [4\/331-“2 (E

[In] Integrate[(a + b*Loglc*(d + e/x~(2/3))"n])"3,x]

[Out] (3*b~2*n~2%(-3*e"2x(e + d*x~(2/3))*HypergeometricPFQ[{1, 1, 1, 5/2}, {2, 2,
2}, 1 + e/(d*x~(2/3))] - d*x~(2/3)*Logld + e/x"(2/3)]1*(4*ex(e - e/Sqrt[-(e
/(d*x~(2/3)))]) + 4xe”2xLogl[(1 + Sqrt[-(e/(d*x~(2/3)))1)/2] + (-e”2 + d~2%S
qrt[-(e/(d*x~(2/3)))1*x~(4/3))*Logld + e/x~(2/3)1))*(-a + bxn*xLog[d + e/x"(
2/3)] - bxLoglc*x(d + e/x7(2/3))"n]))/(d"3*Sqrt[-(e/(d*x~(2/3)))]1*x) + (6*b*
exnxx”(1/3)*(a - b*n*Logl[d + e/x7(2/3)] + b*Loglc*(d + e/x7(2/3))"nl)"2)/d
- (6xb*e” (3/2)*n*ArcTan[(Sqrt[d]*x~(1/3))/Sqrtlel]l*(a - b*n*Logl[d + e/x"(2/
3)] + bxLoglcx(d + e/x7(2/3))™n])"2)/d"(3/2) + 3*b*n*x*Logld + e/x7(2/3)]1*(
a - b*n*Logl[d + e/x7(2/3)] + b*xLoglc*(d + e/x7(2/3))7n])"2 + x*(a - b*n*Log
[d + e/x7(2/3)] + bxLoglcx(d + e/x7(2/3))"n])"3 + (b™3*n"3*x~(1/3)*(Sqrt[d]
xLog[d + e/x7(2/3)]72%(6*e + d*x~(2/3)*Logld + e/x7(2/3)]) - 6*exSqrtle/(e
+ d*x~(2/3))]1*(8*Sqrt [d] *HypergeometricPFQ[{1/2, 1/2, 1/2, 1/2}, {3/2, 3/2,
3/2}, d/(d + e/x7(2/3))] + Logld + e/x"(2/3)]1*(4*Sqrt[d]*HypergeometricPFQ
({1/2, 1/2, 1/2}, {3/2, 3/2}, d/(d + e¢/x7(2/3))] + Sqrtld + e/x"(2/3)]*ArcS
in[Sqrt[d]/Sqrtld + e/x~(2/3)]1]*Logld + e/x7(2/3)])) + 6*Sqrt[d]*e*((4*Sqrt
[e/x~(2/3)]*ArcTanh [Sqrt[e/x"(2/3)]/Sqrt[-d]]1*(Logl[d + e/x"(2/3)] - Logll +
e/(d*x~(2/3))1))/Sqrt[-d] - Sqrt[-(e/(d*x~(2/3)))]1*(2*Logl[(1 + Sqrt[-(e/(d
*x7(2/3)))1)/2172 - 4xLogl[(1 + Sqrt[-(e/(d*x~(2/3)))1)/2]*Logl[1l + e/(d*x™(2
/3))]1 + Logll + e/(d*x~(2/3))]1"2 - 4%PolyLogl[2, 1/2 - Sqrt[-(e/(d*x~(2/3)))
1/21))))/47(3/2)

Integral number [530]

f (a +blog (c (d + YZ%)H))B, -

12
[B] time = 2.23848 (sec), size = 1097 ,normalized size = 2.28

e

;E;E+1)+kg(d+

e
261'_1136_2/33(

' 1323 25

B (18 (x2Pd + ) 5F, (—%,1,1,1,1;2, 2,2,2; —— + 1) ~log (d + ) (18 (x2°d + ) 4F5 (—%,1,1,1,-2, 2,2

[In] Integrate[(a + b*Loglcx(d + e/x7(2/3))7n])~3/x72,x]

[Out] (b"3*n"3*(18*(e + d*x~(2/3))*HypergeometricPFQ[{-1/2, 1, 1, 1, 1}, {2, 2, 2
» 2}, 1+ e/(d*x7(2/3))] - Logld + e/x7(2/3)]1*(18+(e + d*x~(2/3))*Hypergeom
etricPFQ[{-1/2, 1, 1, 1}, {2, 2, 2}, 1 + e/(d*x~(2/3))] + Logld + e/x"~(2/3)
1x(-9%(e + d*x~(2/3))*HypergeometricPFQ[{-1/2, 1, 1}, {2, 2}, 1 + e/(d*x"(2
/3))]1 + 2% (exSqrt[-(e/(d*x~(2/3)))] + d*x~(2/3))*Logld + e/x~(2/3)1)))) /(2%
exSqrt[-(e/(d*x~(2/3)))]1*x) - (6*b*d*n*(a - b*n*Logld + e/x~(2/3)] + bxLogl
cx(d + e/x7(2/3))™n])"2)/(exx”(1/3)) - (6%bxd~(3/2)*n*ArcTan[(Sqrt[d]*x~(1/
3))/Sqrtlell*(a - b*xn*xLogld + e/x~(2/3)] + b*Loglc*(d + e/x7(2/3))"n])"2)/e
~(3/2) - (3*b*n*Logld + e/x7(2/3)]*(a - b*n*Logld + e/x~(2/3)] + bxLoglc*(d
+ e/x7(2/3))°n])"2)/x - ((a - b*nxLogld + e/x7(2/3)] + bxLoglc*(d + e/x~(2
/3))"n]l) "2x(a - 2*b*n - bxn*Logld + e/x~(2/3)] + bxLoglc*(d + e/x~(2/3)) n]
))/x + (b™2*n"2*(-a + b*nxLogl[d + e/x7(2/3)] - b*Loglc*(d + e/x7(2/3)) n])*
(8xe™~(3/2) - 96%d*Sqrt[el*x~(2/3) + 96%d™(3/2)*x*ArcTan[Sqrt [e]/ (Sqrt [d]*x~
(1/3))] - 12xe”~(3/2)*Logld + e/x~(2/3)] + 36xd*Sqrt[e]l*x~(2/3)*Logld + e/x"
(2/3)1 + 9*e”~(3/2)*Logl[d + e/x"(2/3)]172 + 18xSqrt[-d]*d*x*Logl[d + e/x~(2/3)
1*Log[Sqrt[e]l - Sqrt[-dl*x~(1/3)] + 9x(-d)~(3/2)*x*Logl[Sqrt[e]l - Sqrt[-d]*x
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~(1/3)1°2 + 18%(-d)~(3/2)*x*Logld + e/x"~(2/3)]1*Log[Sqrt[e] + Sqrt[-dl*x~(1/
3)] + 9*Sqrt[-d]l*d*x*Log[Sqrtle] + Sqrt[-dl*x~(1/3)]172 + 18%Sqrt[-d]*d*x*Lo
glSqrtle] + Sqrt[-dl*x~(1/3)]*Logl[1/2 - (Sqrt[-d]*x~(1/3))/(2*Sqrtle]l)] + 1
8% (-d) ~(3/2) *x*Log[Sqrt [e] - Sqrt[-dl*x~(1/3)]1*Logl[(1 + (Sqrt[-dl*x~(1/3))/
Sqrtlel) /2] + 36%(-d)~(3/2)*x*Log[Sqrtle] + Sqrt[-dl=*x~(1/3)]1*Logl[-((Sqrt[-
dl*x~(1/3))/Sqrtlel)] + 36+Sqrt[-d]l*d*x*Log[Sqrtl[e] - Sqrt[-dl*x~(1/3)]*Log
[(Sqrt[-d]l*x~(1/3))/Sqrtle]] + 36*Sqrt[-d]*d*x*PolyLog[2, 1 - (Sqrt[-d]l*x"(
1/3))/8qrt[e]] + 18x(-d)~(3/2)*x*PolyLogl[2, 1/2 - (Sqrt[-dl*x~(1/3))/(2*Sqr
tle])] + 18*Sqrt[-d]*d*x*PolyLogl[2, (1 + (Sqrt[-dl*x~(1/3))/Sqrtlel)/2] + 3
6% (-d) " (3/2) *x*PolyLog[2, 1 + (Sqrt[-d]*x~(1/3))/Sqrtlell))/(3xe~(3/2)*x)

Integral number [531]

f (a + blog (c (d + 362%)”))3 -

v
[B] time = 9.0079 (sec), size = 2858 ,normalized size = 3.65

Result too large to show

[In] Integrate[(a + b*Loglcx(d + e/x7(2/3))7"n])"3/x74,x]

[Out] -(b~3*n"3*(32*%d"4 - 32xd"4*Sqrt[1 - (d + e/x7(2/3))/d] + 128+%d"3*Sqrt[1 - (
d + e/x7(2/3))/dl*(d + e/x7(2/3)) - 192*d"2xSqrt[1 - (d + e/x~(2/3))/d]l*(d
+ e/x7(2/3))72 + 128+d*Sqrt[l - (d + e/x~(2/3))/d]l*(d + e/x7(2/3))73 - 32%S
qrtll - (d + e/x7(2/3))/d1*(d + e/x"(2/3))"4 + 1584*d~3*(d + e/x~(2/3))*Hyp
ergeometricPFQ[{-7/2, 1, 1, 1}, {2, 2, 2}, (d + e/x~(2/3))/d] - 4536%d"3x(d
+ e/x7(2/3))*HypergeometricPFQ[{-5/2, 1, 1, 1}, {2, 2, 2}, (d + e/x7(2/3))
/d] + 3780*d"~3*(d + e/x~(2/3))*HypergeometricPFQ[{-3/2, 1, 1, 1}, {2, 2, 2}
, (d + e/x7(2/3))/d] - 864%d"3*(d + e/x"(2/3))+*HypergeometricPFQ[{-7/2, 1,
1, 1, 1}, {2, 2, 2, 2}, (d + e/x7(2/3))/d] + 3024%d"3*(d + e/x~(2/3))*Hyper
geometricPFQ[{-5/2, 1, 1, 1, 1}, {2, 2, 2, 2}, (d + e/x"(2/3))/d] - 3780%d"
3x(d + e/x"(2/3))*HypergeometricPFQ[{-3/2, 1, 1, 1, 1}, {2, 2, 2, 2}, (4 +
e/x”(2/3))/d] + 1890%d"3*x(d + e/x"(2/3))+*HypergeometricPFQ[{-1/2, 1, 1, 1,
1}, {2, 2, 2, 2}, (d + e/x~(2/3))/d] - 240*d"4xLogl[d + e/x~(2/3)] + 240%d 4
xSqrt[1 - (d + e/x7(2/3))/dl*Logld + e/x~(2/3)] - 672%d"3*Sqrt[1l - (d + e/x
~(2/3))/dl*(d + e/x"(2/3))*Logld + e/x7(2/3)] + 576*%d"2xSqrt[1 - (d + e/x"(
2/3))/d]l*(d + e/x7(2/3))"2xLogld + e/x7(2/3)] - 96%dxSqrt[l - (d + e/x"(2/3
))/dl*(d + e/x7(2/3))"3xLogld + e/x7(2/3)] - 48*Sqrt[1 - (d + e/x"(2/3))/dl]
x(d + e/x7(2/3))"4xLogld + e/x7(2/3)] - 3780%d"3*(d + e/x~(2/3))*Hypergeome
tricPFQ[{-3/2, 1, 1}, {2, 2}, (d + e/x7(2/3))/dl*Logld + e/x~(2/3)] + 864xd
~3%(d + e/x~(2/3))*HypergeometricPFQ[{-7/2, 1, 1, 1}, {2, 2, 2}, (@ + e/x"(
2/3))/d]l*Logld + e/x~(2/3)] - 3024*d"3*(d + e/x~(2/3))*HypergeometricPFQ[{-
5/2, 1, 1, 1}, {2, 2, 2}, (d + e/x7(2/3))/d]l*Logld + e/x~(2/3)] + 3780%d"3*
(d + e/x~(2/3))*HypergeometricPFQ[{-3/2, 1, 1, 1}, {2, 2, 2}, (@ + e/x"(2/3
))/d]*Logld + e/x~(2/3)] - 1890*d~3*(d + e/x"(2/3))*HypergeometricPFQ[{-1/2
, 1, 1, 1}, {2, 2, 2}, (d + e/x"(2/3))/dl*Logld + e/x"(2/3)] + 284*d"4xLog[
d + e/x7(2/3)]172 - 284%d"4xSqrt[1 - (d + e/x7(2/3))/d]l*Logld + e/x~(2/3)]"2
+ 668%d"3*Sqrt[1 - (d + e/x7(2/3))/d]l*(d + e/x"(2/3))*Logld + e/x~(2/3)]1"2
- B52xd"2*Sqrt[1 - (d + e/x7(2/3))/dl*(d + e/x7(2/3)) " 2*Logld + e/x7(2/3)]
"2 + 236%d*Sqrtl[l - (d + e/x7(2/3))/dl*(d + e/x~(2/3)) "3*Logld + e/x~(2/3)]
"2 - 68x3qrt[1 - (d + e/x7(2/3))/d]l*(d + e/x"(2/3)) 4xLogld + e/x~(2/3)]"2
- 1890*d"3*(d + e/x"(2/3))*HypergeometricPFQ[{-3/2, 1, 1}, {2, 2}, (d + e/x
~(2/3))/d]l*Logld + e/x~(2/3)]172 + 945*d"3*(d + e/x”(2/3))*HypergeometricPFQ
({-1/2, 1, 1}, {2, 2}, (@ + e/x7(2/3))/d]*Logld + e/x7(2/3)]72 - 70*d"4*Log
[d + e/x7(2/3)]173 + 70xd"4*Sqrt[1 - (d + e/x~(2/3))/d]l*Logld + e/x~(2/3)1°3
- 280%d"3*3qrt[1 - (d + e/x7(2/3))/dI*(d + e/x7(2/3))*Logld + e/x7(2/3)]1"3
+ 420%d"2*%Sqrt[1 - (d + e/x7(2/3))/dl*(d + e/x7(2/3)) " 2xLogld + e/x"(2/3)]
73 - 280xd*Sqrt[1 - (d + e/x7(2/3))/dl*(d + e/x7(2/3)) 3*Logld + e/x~(2/3)]
"3 + 70%Sqrt[1 - (d + e/x7(2/3))/dI*(d + e/x"(2/3)) 4*Logld + e/x7(2/3)1"3
+ 1512*%d"3*(d + e/x”(2/3))*HypergeometricPFQ[{-5/2, 1, 1}, {2, 2}, (d + e/x
~(2/3))/d]*(1 + 3*Logld + e/x~(2/3)] + Logld + e/x7(2/3)]172) - 144xd"3*(d +
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e/x~(2/3))*HypergeometricPFQ[{-7/2, 1, 1}, {2, 2}, (d + e/x~(2/3))/dl*(6 +
11%Logld + e/x~(2/3)] + 3*Logld + e/x7(2/3)]172)))/(210%e"4*Sqrt[1 - (d + e
/x7(2/3))/d]1*x~(1/3)) - (2xb*d*n*(a + b*(-(n*xLogld + e/x7(2/3)]) + Loglc*(d
+ e/x7(2/3))™n1))"2) /(T*exx~(7/3)) + (2xb*d~2*nx*(a + bx(-(n*Logld + e/x" (2
/3)1) + Loglcx(d + e/x7(2/3))7nl))~2)/(6%xe”2xx7(5/3)) - (2%b*d~3*n*(a + bx*(
-(nxLogl[d + e/x7(2/3)]) + Loglc*(d + e/x7(2/3))7n]))~2)/(3%e"3*x) + (2%bxd~
4xn*x(a + b*x(-(nxLogl[d + e/x7(2/3)]) + Loglcx(d + e/x7(2/3))"nl))"2)/(e"4*x"~
(1/3)) + (2%bxd~(9/2)*n*ArcTan[(Sqrt[d]*x~(1/3))/Sqrtle]ll*(a + b*(-(n*Logld
+ e/x7(2/3)]1) + Loglc*x(d + e/x7(2/3))7nl]))"2)/e”(9/2) - (b*n*Logld + e/x"(
2/3)]1*(a + b*(-(n*Logld + e/x7(2/3)]) + Loglc*(d + e¢/x7(2/3))"n]))"2)/x"3 -
((a + b*(-(n*Logld + e/x"(2/3)]) + Loglcx(d + e/x7(2/3))"n])) "2x(3%a - 2*b
*n + 3%bx(-(nxLogld + e/x7(2/3)]1) + Loglc*x(d + e/x7(2/3))"n])))/(9%x73) + 9
*b~2xn"2x(a + bx(-(n*Logl[d + e/x7(2/3)]) + Loglcx(d + e/x7(2/3))"n]))*(-Log
[(e + d*x~(2/3))/x"(2/3)]172/(9*x"3) + (-9800*e~(9/2) + 28800*d*xe”(7/2)*x~ (2
/3) - T72072xd"2xe” (5/2)*x~(4/3) + 208320%d"3*e”(3/2)*x~2 - 1418760*d"4*Sqrt
[e]l*x~(8/3) + 1418760*d~(9/2)*x~3*ArcTan[Sqrt[e]/(Sqrt[d]*x~(1/3))] + 44100
xe” (9/2)xLogl[d + e/x~(2/3)] - 56700*d*e” (7/2)*x~(2/3)*Logl[d + e/x~(2/3)] +
79380*d"2*xe” (5/2)*x~(4/3)*Log[d + e/x~(2/3)] - 132300*d~3*e”~(3/2)*x"~2*Log[d
+ e/x7(2/3)] + 396900%d~4*Sqrt[e]l*x~(8/3)*Logld + e/x7(2/3)] + 198450%(-d)
~(9/2)*x"3*Log[d + e/x"(2/3)]*Log[Sqrtle] - Sqrt[-dl*x~(1/3)] - 99225%(-d)~
(9/2)*x~3*Log[Sqrt[e] - Sqrt[-dl*x~(1/3)]1°2 - 198450 (-d) " (9/2)*x"3*Log[d +
e/x”(2/3)]1*Log[Sqrt[e] + Sqrt[-d]*x~(1/3)] + 99225%(-d)~(9/2)*x"3*Log[Sqrt
[e] + Sqrt[-dl*x~(1/3)]172 + 198450%(-d)~(9/2)*x~3*Log[Sqrt[e] + Sqrt[-d]l*x"~
(1/3)1*Logl[1/2 - (Sqrt[-dl*x~(1/3))/(2xSqrtl[e]l)] - 198450%(-d)~(9/2)*x"3%Lo
glSqrtle] - Sqrtl[-dl*x~(1/3)]1*Logl[(1 + (Sqrt[-dl*x~(1/3))/Sqrtl[el)/2] - 396
900* (-d) ~(9/2) *x~3*Log[Sqrt [e] + Sqrt[-dl*x~(1/3)]1*Log[-((Sqrt[-dl*x~(1/3))
/Sqrtlel)] + 396900*(-d)~(9/2)*x"3*Log[Sqrt[e] - Sqrt[-d]*x~(1/3)]1*Logl(Sqr
t[-dl*x~(1/3))/Sqrt[el] + 396900%*(-d)~(9/2)*x~3*PolyLog[2, 1 - (Sqrt[-d]l*x~
(1/3))/8qrtlel] - 198450*(-d)~(9/2)*x~3*PolyLog[2, 1/2 - (Sqrt[-dl*x~(1/3))
/(2xSqrt[e])] + 198450%(-d)~(9/2)*x"3*PolyLogl[2, (1 + (Sqrt[-dl*x~(1/3))/Sq
rtle])/2] - 396900*(-d)~(9/2)*x~3*PolyLog[2, 1 + (Sqrt[-dl*x~(1/3))/Sqrtl[e]
1)/(893025*%e~(9/2)*x73))

4.5 'Test file Number [79] 4-Trig-functions/4.1-Sine/4.1.7-
d-trig-"m-a+b-c-sin-"n-"p

4.5.1 Mathematica

Integral number [399]

f ( cos*(c + dx) i

a+bsin’(c + dx))2

IC] time = 0.351766 (sec), size = 394 ,normalized size = 15.76

3 2 2
24 cos(c+dx)(a+bsin(c+dx)) —2#1°a log(#l —2#1 cos(c+dx)+1)+2#1/z log(#l —2#1 cos(c+

4a+3b sin(c+dx)—b sin(3(c+dx))

— iRootSum [8#13a + i#1%b — 3i#1*D + 3i#1%b - ib&,

[In] Integrate[Cos[c + d*x]~4/(a + b*Sin[c + d*x]~3)72,x]

[Out] ((-I)*RootSum[(-I)*b + (3*I)*b*#172 + 8xax#173 - (3*I)*b*#174 + I*xb*#176 &
, (2%b*ArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)] - Ixb*Logl[l - 2*Cos[c + d*x
Ix#1 + #17°2] + (4xI)*axArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#1 + 2%axLo
gll - 2xCos[c + dxx]*#1 + #172]*#1 + 12xbxArcTan[Sin[c + d*x]/(Cos[c + d*x]
- #1)]1*#172 - (6%xI)*b*Logl[l - 2*Cos[c + dxx]=*#1 + #172]*#172 - (4*I)*ax*Arc
Tan[Sin[c + d*x]/(Cos[c + dxx] - #1)]1*#173 - 2xaxLog[l - 2xCos[c + d*x]*#1
+ #172]*#173 + 2%b*ArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]1*#174 - Ixb*Logl
1 - 2xCos[c + dxx]*#1 + #172]*#174)/(b*x#1 - (4*xI)*a*x#172 - 2xbx#173 + b*#1~
5) & 1 + (24%Cos[c + d*x]*(a + b*Sin[c + d*x]))/(4*a + 3*b*Sin[c + d*x] - b



*Sin[3*(c + d*x)]))/(18*axb*d)

Integral number [400]

dx

f cos?(c + dx)

(a+ bsin’(c +dx))’

[C] time = 0.245492 (sec), size = 273 ,normalized size = 10.92

12 sin(2(c+dx))

i1t log(#12—2#1 cos(c+alx)+l)—6i#ll12 log(#12—2#1 cos(c+dx)+1

- 3 .16 .y14 2 .
Toe 3 in(erd) ben(Er ) iRootSum [8#1 a+i#1°b - 3i#1°D + 3i#1°D — ib&,

[In] Integratel[Cos[c + d*x]"2/(a + b*Sin[c + d*x]~3)72,x]

[Out] ((-I)*RootSum[(-I)*b + (3*I)*b*#172 + 8*a*x#17~3 - (3*D)*b*#174 + I*b*#176 &

, (2#ArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)] - IxLogl[l - 2*Cos[c + d*x]*#1
+ #172] + 12*%ArcTan[Sin[c + d*x]/(Cos[c + d*xx] - #1)]*#172 - (6*I)*Logl[l -
2+Cos[c + d*x]*#1 + #172]*#172 + 2+ArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)
1x#174 - IxLog[l - 2#Cos[c + d*x]*#1 + #172]*#174)/(bx#1 - (4xI)*a*#172 - 2
*b*x#173 + b*#175) & ] + (12%Sin[2x(c + d*x)])/(4*a + 3*b*Sin[c + d*x] - bxS
in[3*(c + d*x)]))/(18*a*d)

Integral number [401]

1
f 5 dx
(ll +b sin3(c + dx))
IC] time = 0.459565 (sec), size = 502 ,normalized size = 31.38

iRootSum|8#13a+i#1°5-3i#14b+3i#1%b-ib&,

12i#1242 10g(#12—2#1 cos(c+dx)+1)—24#12a2 tan_l(

sin(c+dx)

cos(c+dx)—#1

)—2#13ab log(ﬁ

12b cos(c+dx)(a cos(2(c+dx))-3a+2b sin(c+dx))

(a—b)(a+b)(4a+3b sin(c+dx)-bsin(3(c+dx)))

[In] Integrate[(a + b*Sin[c + d*x]~3)~(-2),x]

[Out] ((I*RootSum[(-I)*b + (3*I)*b*#172 + 8xax#1~3 - (3*xI)*bx#1"4 + I*xb*#1°6 & ,

(2xb~2xArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)] - I*b~2*xLog[l - 2*Cos[c + d
*x]*#1 + #172] + (4xI)*a*bxArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#1 + 2%
axbxLog[1l - 2*Cos[c + d*x]+*#1 + #172]*#1 - 24*xa”2*ArcTan[Sin[c + d*x]/(Cos[
c + d*x] - #1)]*#172 + 12%b"2*ArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#172
+ (12%I)*a"2+Log[l - 2#Cos[c + d*x]*#1 + #172]*#172 - (6%I)*b~2xLog[l - 2%
Cosl[c + dxx]*#1 + #1°2]*#1°2 - (4*I)*axbk*ArcTan[Sin[c + d*x]/(Cos[c + d*x]
- #1)1*#173 - 2%a*xb*xLog[l - 2*Cos[c + dxx]*#1 + #172]*#173 + 2xb~2*ArcTan[S
in[c + d*x]/(Cos[c + d*x] - #1)]1*#174 - Ixb~2*Log[l - 2*Cos[c + d*x]*#1 + #
172] *#1°4) / (bx#1 - (4xI)*ax#172 - 2*xb*#173 + bx#1°5) & ])/(a”2 - b~2) - (12
*b*Cos[c + d*x]*(-3*a + a*Cos[2*(c + d*x)] + 2*b*Sin[c + d*x]))/((a - b)*(a
+ b)*(4*a + 3xbxSin[c + d*x] - b*Sin[3*(c + d*x)])))/(18*ax*xd)

Integral number [402]

2
d
f sec=(c + dx) i

(a +b sin3(c + dx))2

[C] time = 1.59132 (sec), size = 845 ,normalized size = 33.8
3 —1( sin(c+dx) 4 2 —1( sin(c+dx)
2b° tan (cos(c+dx)—#1 )#1 +16a%btan (cos(c+dx)—#1

ibRootSum|ib#1°—3ib#1%+8a#13 +3ib#1?—ib&,

)#147,'1;3 lo g(#1272 cos(c+dx)#l +1)#14—81‘a2b 1og(#1272 cos(c+dx)#1+1)#l4—20in
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[In] Integrate[Secl[c + d*x]"2/(a + b*Sin[c + d*x]~3)72,x]

[Out] (((-I)*b*xRootSum[(-I)*b + (3*I)*b*#1°2 + 8xax#1~3 - (3*I)*b*#1~4 + Ixb*#176
& , (16*%a~2*bxArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)] + 2*b~3xArcTan[Sin[
c + d*x]/(Cosl[c + d*x] - #1)] - (8+I)*a"2*b*Logl[l - 2*Cos[c + d*x]*#1 + #1~
2] - I*b~3*Logl[l - 2*Cos[c + dxx]=*#1 + #172] + (20*I)*a~3*ArcTan[Sin[c + d*
x]1/(Coslc + d*xx] - #1)]1x#1 + (16*I)*axb~2%ArcTan[Sin[c + d*x]/(Cos[c + d*x]
- #1)]1*#1 + 10*a"3%Log[l - 2*Cos[c + d*x]*#1 + #172]*#1 + 8xa*b~2*Log[l -
2xCos[c + dxx]*#1 + #172]*#1 - 120*a”2*b*ArcTan[Sin[c + d*x]/(Cos[c + d*x]
- #1)1*#172 + 12*b~3%ArcTan[Sin[c + d*x]/(Cosl[c + d*xx] - #1)]1*#172 + (60%I)
*xa~2xbxLog[1l - 2xCos[c + dxx]*#1 + #172]*#17°2 - (6%I)*b~3*Log[l - 2*Cos[c +
dix]*#1 + #172]*#1°2 - (20%I)*a~3*ArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]
*#17°3 - (16%*I)*axb~2xArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#1°3 - 10*a”3
xLog[1 - 2xCos[c + dxx]*#1 + #172]*#173 - 8*xaxb~2*xLog[l - 2xCos[c + d*x]=*#1
+ #172]*#1°3 + 16*a”"2*b*ArcTan[Sin[c + d*x]/(Cos[c + d*xx] - #1)]*#174 + 2%
b~ 3*ArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#174 - (8%I)*a~2*b*Logl[l - 2*C
osl[c + dxx]*#1 + #172]*#174 - I*b~3*Logl[l - 2*Cos[c + dxx]*#1 + #172]*#174)
/(ox#1 — (4*I)*a*x#172 - 2*xb*#1°3 + b*#17°5) & ])/(ax(a”2 - b"2)72) + (18*Sin
[(c + d*x)/2])/((a + b)~2*%(Cos[(c + d*x)/2] - Sin[(c + d*x)/2])) + (18*Sin[
(c + d*x)/2])/((a - b)"2%(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])) + (12*b*Cos
[c + d*x]*(-2%a”3 - 7*a*b~2 + 3*a*b”2*Cos[2*x(c + d*x)] + 2xb*x(2¥a”2 + b~2)*
Sin[c + d*x]))/(ax(a - b)"2x(a + b) 2% (4*a + 3*b*Sin[c + d*x] - b*Sin[3*(c
+ d*x)]1)))/(18%d)

Integral number [403]

f ( sect(c + dx) i

a+bsin’(c + dx))2

[C] time = 1.70294 (sec), size = 1158 ,normalized size = 46.32

result too large to display

[In] Integrate[Sec[c + d*x]~4/(a + b*Sin[c + d*x]~3)"2,x]

[Out] ((4*I)*b~2*xRootSum[(-I)*b + (3*I)*xbx#172 + 8*xax#173 - (3*I)*bx#174 + Ixbx*#i
“6 & , (14*xa~4*xArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)] + 74*a~2*b"2xArcTan
[Sin[c + d*x]/(Cos[c + d*x] - #1)] + 2xb~4xArcTan[Sin[c + d*x]/(Cos[c + dx*x
1 - #1)]1 - (7xI)*a~4xLogl[l - 2xCos[c + d*x]*#1 + #172] - (37*xI)*a”2xb~2*Log
[1 - 2%Cos[c + d*x]*#1 + #172] - Ixb~4*Log[l - 2*Cos[c + d*x]*#1 + #172] +
(144%1)*a"~3*b*xArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#1 + (36%I)*a*xb”~3*Ar
cTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#1 + 72%a"3xb*Log[l - 2*Cos[c + d*x]
*#1 + #172]*#1 + 18*%axb~3*Logl[l - 2*Cos[c + dkxx]*#1 + #172]*#1 - 180*a~4*Ar
cTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#1°2 - 372*a"2*b~2*ArcTan[Sin[c + d*
x]/(Coslc + dxx] - #1)]1*#172 + 12xb~4xArcTan[Sin[c + d*x]/(Cos[c + d*x] - #
DI1*#172 + (90*I)*a~4*Log[l - 2*Cos[c + dxx]*#1 + #172]*#172 + (186%I)*a~2*
b~2*Log[1 - 2xCos[c + d*x]*#1 + #172]*#17°2 - (6*I)*b~4*Logl[l - 2*Cos[c + d*
x]*#1 + #172]*#17°2 - (144*I)*a”3*b*ArcTan[Sin[c + d*x]/(Cos[c + d*xx] - #1)]
*#173 - (36*I)*a*b " 3xArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]1*#173 - 72*xa"3
xb*xLog[1l - 2#Cos[c + d*x]=*#1 + #172]*#173 - 18+*a*b~3*Log[l - 2*Cos[c + d*x]
*#1 + #172]*#1°3 + 14*a~4*ArcTan[Sin[c + d*x]/(Cosl[c + d*x] - #1)]1*#1°4 + 7
4xa~2x%b " 2xArcTan[Sin[c + d*x]/(Cos[c + d*x] - #1)]*#174 + 2xb~4*xArcTan[Sin[
c + dxx]/(Cos[c + d*x] - #1)]*#174 - (7*I)*a"4*Log[l - 2*Cos[c + d*x]*#1 +
#1721 x#174 - (37xI)*a"2xb"2xLog[1 - 2*Cos[c + d*x]*#1 + #172]*#174 - Ixb"4x
Logl[l - 2*Cos[c + dxx]x#1 + #172]*#174)/(bx#1 - (4*I)*a*x#172 - 2xb*#173 + b
*#175) & 1 + (3*Sec[c + d*x] 3*(48*a~b*xb + 568*a”3*b"3 + 14*axb”5 + (78*a”5
*b + 606*a~3*b~3 + 81*a*b”5)*Cos[2x(c + d*x)] + 18*a*b~3*(4*a”2 + b~2)*Cos[
4x(c + d*x)] + 2*a~bxbxCos[6x(c + d*x)] - 30%a~3*b~3*Cos[6x(c + d*x)] - 17%
axb~5*Cos[6*(c + d*x)] + 48*a”6*Sin[c + d*x] - 244*a~4*b~2*Sin[c + d*x] + 2
0*a~2%b~4xSin[c + d*x] - 4*b"6*Sin[c + d*x] + 16*a~6*xSin[3*(c + d*x)] - 194
*a"4*xb"2xSin[3*(c + d*x)] - 86*a~2*%b " 4*Sin[3*(c + d*x)] - 6*b~6xSin[3*(c +
d*x)] - 14*a~4*b~2*xSin[b*(c + d*x)] - 74*a~2+%b~4*Sin[5*(c + d*x)] - 2*b~6*S
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in[5x(c + d*x)]))/(4*%a + 3*xb*Sin[c + d*x] - b*Sin[3*x(c + d*x)]))/(72*xa*x(a"2
- b"2)73%d)

4.5.2 Maple

Integral number [399]

dx

f cos*(c + dx)
(

2
a+b sin3(c + dx))

[B] time = 0.244 (sec), size = 550 ,normalized size = 22.
2 dx o\ dx  c\\° N
—aﬂ(mn(3~+§» Hum(3~+§» a+3 (tan (1/2dx + ¢/2))* a + 8b (tan (1/2dx + ¢/2))° + 3 (tan (1/2dx + ¢/2))*a + a

[In] int(cos(d*x+c)~4/(a+b*sin(d*x+c)~3)72,x)

[Out] -2/3/d/(tan(1/2*d*x+1/2%c) ~6*a+3xtan(1/2xd*xx+1/2*c) “4*a+8*b*tan(1/2*d*x+1/2
*c) "3+3xtan (1/2*xd*xx+1/2%c) "2*a+a) /axtan(1/2*xd*xx+1/2*c) "5+2/3/d/ (tan(1/2*d*x
+1/2*c) “6*a+3*xtan (1/2*d*x+1/2%c) “4*a+8xb*tan (1/2xd*x+1/2*c) ~3+3*tan(1/2*xd*x
+1/2%c) "2*a+a) /bxtan(1/2*xd*x+1/2%c) ~4+8/3/d/ (tan(1/2*xd*x+1/2%c) “6*a+3*tan (1
/2%d*x+1/2%c) “4*a+8xbxtan (1/2xd*x+1/2*c) “3+3*tan(1/2xd*x+1/2*c) “2*a+a) /axta
n(1/2xd*x+1/2*c) ~3+4/3/d/ (tan(1/2*d*x+1/2%c) “6*a+3*tan (1/2*xd*x+1/2%c) “4*a+8
*bxtan (1/2xd*x+1/2*c) "3+3*tan (1/2*xd*x+1/2*c) "2*a+a) /bxtan (1/2*d*x+1/2*c) "2+
2/3/d/ (tan(1/2xd*xx+1/2*c) ~6*a+3*tan (1/2*xd*x+1/2*c) “4d*xa+8*b*tan (1/2*d*x+1/2x*
c) "3+3xtan(1/2*xd*xx+1/2%c) "2*a+a) /axtan(1/2xd*x+1/2*c)+2/3/d/ (tan(1/2xd*x+1/
2%c) “6xa+3*tan(1/2*%d*x+1/2*c) “4*a+8*bxtan (1/2*xd*x+1/2%c) “3+3*xtan (1/2*xd*x+1/
2%c) "2xa+a) /b+2/9/d/a/b*sum((_R"4*b+ R~3*a+ R*a+b)/( R"5*a+2* R™3*a+4d* R™2%
b+ _R¥a)*1n(tan(1/2*d*x+1/2%c)-_R), R=RootOf (_Z 6*a+3x Z 4*a+8% Z 3%b+3% Z~2
*xata))

Integral number [400]

dx

f cos?(c + dx)

(a +bsin’(c + dx))2

[B] time = 0.247 (sec), size = 236 ,normalized size = 9.44
-1

5 6
2 (tan (d_x + E)) [(tan (d_x + £)) a+3 (tan(1/2dx + c/2))4 a+8b(tan (1/2dx + c/2))3 +3 (tan(1/2dx + c/2))2 a+a
3da 2 2 2 2

[In] int(cos(d*x+c) 2/ (a+b*sin(d*x+c)~3)"2,x)

[Out] -2/3/d/(tan(1/2*d*x+1/2%c) “6*a+3*tan(1/2xd*x+1/2*c) "4*a+8*b*tan (1/2xd*x+1/2
*c) "3+3xtan (1/2*xd*x+1/2%c) "2*a+a) /axtan(1/2*xd*x+1/2*c) ~5+2/3/d/ (tan(1/2*xd*x
+1/2%c) "6*a+3xtan(1/2xd*xx+1/2*c) ~4*a+8+b*tan (1/2xd*x+1/2*c) "3+3*tan (1/2*d*x
+1/2%c) "2xa+a) /axtan (1/2*xd*x+1/2%c)+2/9/d/a*xsum((_R~4+1)/(_R~5*a+2*_R"3*a+4

* R™2*%b+ R#*a)*1n(tan(1/2*d*x+1/2*c)-_R), R=Root0f (_Z 6*a+3* Z 4*xa+8* Z  3*xb+
3%_Z"2%a+a))

Integral number [401]

f ! dx
(a+bsin’(c +dx))’

[B] time = 0.198 (sec), size = 658 ,normalized size = 41.12

5 5 6
Wi_m (tan (d?x + g)) [(tan (% + g)) a+3 (tan(1/2dx + c/2))4 a+8b(tan(1/2dx + c/2))3 + 3 (tan (1/2dx + c/2))2 a
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[In] int(1/(a+b*sin(d*x+c)~3)7~2,x)

[Out] 2/3/d/(tan(1/2*d*x+1/2xc) ~6*a+3*tan(1/2*d*x+1/2xc) “4*a+8*b*tan(1/2xd*x+1/2%
c) "3+3xtan (1/2*xd*xx+1/2%c) "2*a+a)*b~2/a/(a"2-b"2) *tan (1/2*d*x+1/2*c) ~5-2/3/d
/ (tan(1/2*d*x+1/2*c) ~6*a+3*tan (1/2xd*x+1/2*c) “4*a+8*b*tan (1/2*d*x+1/2*c) "3+
3xtan (1/2xd*x+1/2%c) "2*a+a)/(a~2-b"2) *b*tan (1/2*d*x+1/2%c) ~4+8/3/d/ (tan(1/2
*d*x+1/2*xc) “6*a+3xtan (1/2*xd*x+1/2%c) “4d*a+8*b*tan(1/2*d*x+1/2*c) ~3+3*tan(1/2
*d*xx+1/2*%c) "2*a+a) ¥*b~2/a/(a”2-b"2) *tan (1/2*d*x+1/2%c) "3+8/3/d/ (tan(1/2*d*x+
1/2*xc) “6*a+3*xtan (1/2*d*x+1/2%c) “4d*a+8*b*tan(1/2*xd*x+1/2*c) ~3+3*tan(1/2*d*x+
1/2%c) "2*a+a)/(a"2-b"2) *b*tan (1/2*d*x+1/2*c) "2-2/3/d/ (tan(1/2*d*x+1/2%c) "6*
a+3xtan (1/2*d*xx+1/2%c) "4*a+8xb*tan(1/2xd*x+1/2*c) ~3+3*tan(1/2xd*x+1/2*c) ~2%
a+a)*b~2/a/(a”2-b"2) *tan(1/2*d*x+1/2%c)+2/3/d/ (tan(1/2*d*x+1/2%c) “6*a+3*tan
(1/2*xd*x+1/2*c) “4*a+8+bxtan (1/2xd*x+1/2*c) "3+3*tan (1/2*d*x+1/2*c) "2*a+a) /(a
~2-b"2)*b+1/9/d/a/(a”"2-b"2) *sum (((3*a~2-2*b~"2) * _R"4-2%_R™3*axb+6x_R"2*a”~2-2
*_Rxaxb+3*xa~2-2xb"2) /(_R"5*a+2*_R~3*a+4*_R™2*b+_Rx*a)*1n(tan(1/2xd*x+1/2%c) -
_R), _R=Root0f (_Z"6*a+3*_Z 4*xa+8*_Z 3*b+3*_Z 2*a+a))

Integral number [402]

f ( sec?(c + dx) i

a+bsin’(c + dx))2

[B] time = 0.269 (sec), size = 1276 ,normalized size = 51.04

result too large to display

[In] int(sec(d*x+c)~2/(a+tb*sin(d*x+c)~3)72,x%)

[Out] -4/3/d*b"2/(a-b) "2/ (a+b) "2/ (tan(1/2*d*x+1/2*c) “6*a+3*xtan (1/2*xd*x+1/2*c) "4x*a
+8*b*tan (1/2xd*x+1/2*c) "3+3*tan (1/2+«d*x+1/2*c) "2*a+a) *a*tan (1/2*d*x+1/2*c)”
5-2/3/d*b~4/(a-b) "2/ (a+b) "2/ (tan(1/2*d*x+1/2*xc) “6*xa+3*xtan (1/2*d*x+1/2%c) ~4x*
a+8*b¥tan (1/2xd*x+1/2*c) "3+3*tan (1/2+d*x+1/2xc) "2*xa+a) /a*xtan (1/2*d*x+1/2*c)
~5-2/3/d*b/(a-b) "2/ (a+b) "2/ (tan(1/2*d*x+1/2%c) ~6*a+3*xtan (1/2*xd*x+1/2*c) “4*a
+8*b¥tan (1/2xd*x+1/2*c) "3+3*tan (1/2+«d*x+1/2xc) "2*xa+a) *tan (1/2*d*x+1/2%c) ~4x*
a~2+8/3/d*b~3/(a-b) "2/ (a+b) "2/ (tan(1/2*d*x+1/2*c) “6*a+3*tan (1/2*d*x+1/2%c) "~
4xa+8*b*tan (1/2+%d*x+1/2xc) "3+3*xtan (1/2*d*x+1/2%c) "2xa+a)*tan (1/2*xd*x+1/2%*c)
~4-8/3/d*b~2/(a-b) "2/ (a+b) "2/ (tan(1/2*xd*x+1/2*c) ~6*xa+3*tan(1/2xd*x+1/2*c) "4
*xa+8xbxtan (1/2+d*xx+1/2xc) ~3+3*tan (1/2xd*x+1/2*c) ~2*a+a) *a*xtan (1/2*d*x+1/2xc
)"3-16/3/d*b~4/(a-b) "2/ (a+b) "2/ (tan(1/2*d*x+1/2*c) ~6*xa+3*xtan(1/2*xd*x+1/2*c)
“4xa+8xbxtan (1/2*xd*x+1/2%c) ~3+3*tan(1/2xd*xx+1/2*c) ~2*a+a) /a*xtan (1/2xd*x+1/2
*c)~3-4/3/d*b/(a-b) "2/ (a+b) "2/ (tan(1/2*d*x+1/2*c) “6*a+3*tan (1/2xd*x+1/2*c)”
4xa+8*b*tan (1/2*d*x+1/2xc) "3+3*xtan (1/2*d*x+1/2%c) "2xa+a)*tan (1/2*xd*x+1/2%*c)
~2%a~2-20/3/d*b"3/(a-b) "2/ (a+b) "2/ (tan(1/2*xd*x+1/2*c) “6*a+3*tan (1/2xd*x+1/2
*c) "4*xa+8xb*tan (1/2xd*x+1/2*xc) ~3+3*tan(1/2*%d*x+1/2*c) "2*a+a)*tan (1/2*xd*x+1/
2%c) "2+4/3/d*b"2/ (a-b) "2/ (a+b) "2/ (tan (1/2*xd*x+1/2*c) “6*a+3*tan (1/2*«d*x+1/2*
c) "4*xa+8xbxtan (1/2xd*x+1/2*c) “3+3*tan(1/2*xd*x+1/2*c) “2*a+a) *axtan (1/2*d*x+1
/2*c)+2/3/d*b~4/(a-b) "2/ (a+b) "2/ (tan(1/2*xd*xx+1/2*c) “6*a+3*tan (1/2xd*x+1/2*c
) “4xa+8*bxtan (1/2*xd*x+1/2%c) ~3+3xtan (1/2*xd*x+1/2*c) ~2*a+a) /a*tan(1/2*d*x+1/
2%c)-2/3/d*b/ (a-b) "2/ (a+b) "2/ (tan(1/2*d*x+1/2xc) “6*xa+3*tan (1/2*d*x+1/2%c) "4
*a+8*bxtan (1/2*xd*x+1/2%c) ~3+3*xtan(1/2*xd*x+1/2%c) ~2*a+a)*a~2-4/3/d*b~3/ (a-b)
~2/(a+b) "2/ (tan(1/2*d*x+1/2%c) “6*a+3xtan (1/2*xd*x+1/2%c) ~4*a+8+bxtan (1/2*d*x
+1/2*c) ~3+3*tan(1/2*d*x+1/2*xc) "2*a+a)-1/9/d*b/(a-b) "2/ (a+b) "2/a*sum( (b* (11%
a"2-2*xb"2) * R74+2xa* (-5*a"2-4%b"2)* R73+54* R™2*a " 2*b+2*ax(-5%a”~2-4*xb"2)* R
+11%a"2%b-2xb~3) /(_R"5*a+2* R"3*a+4*_R™2xb+_R*a)*1n(tan(1/2*d*x+1/2*c)-_R),
_R=Root0f (_Z"6*a+3*_Z 4*a+8* Z 3*b+3*_Z 2*a+a))-1/d/(a+b) "2/ (tan(1/2*xd*x+1/
2%c)-1)-1/d/(a-b) "2/ (tan(1/2*d*x+1/2%c)+1)

Integral number [403]

f sect(c + dx)

d
(a+bsin’(c +dx))’ i
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[B] time = 0.323 (sec), size = 1549 ,normalized size = 61.96

result too large to display

[In] int(sec(d*x+c) 4/ (a+b*sin(d*x+c)~3)7"2,x)

[Out] 2/3/d*b~2/(a-b)~3/(a+b) "3/ (tan(1/2*d*x+1/2*c) “6*a+3*tan(1/2*d*x+1/2xc) ~4*xa+
8xbxtan (1/2*xd*x+1/2%c) ~3+3xtan (1/2*xd*x+1/2*c) ~2*a+a) *a”~3xtan (1/2*xd*x+1/2%*c)
~5+14/3/d*b~4/(a-b) "3/ (a+b) "3/ (tan(1/2xd*xx+1/2*c) “6*a+3*tan (1/2xd*x+1/2*c) "
4xa+8*b*tan (1/2*xd*x+1/2*c) ~3+3*tan(1/2*d*x+1/2*c) "2*a+a) *axtan (1/2xd*x+1/2*
c)~5+2/3/d*b~6/(a-b) "3/ (a+b) "3/ (tan(1/2*d*x+1/2%c) "6*a+3*tan(1/2*d*x+1/2%c)
“4xa+8*bxtan(1/2*xd*x+1/2*c) "3+3*xtan(1/2*d*x+1/2*c) ~2*xa+a) /axtan(1/2*xd*x+1/2
*c) ~5-6/d*b~5/(a-b) "3/ (a+b) "3/ (tan(1/2xd*x+1/2*c) “6*a+3*tan (1/2xd*x+1/2*c) "~
dxa+8*b*tan (1/2*xd*x+1/2*xc) ~3+3*tan(1/2*d*x+1/2*c) "2*a+a) xtan (1/2*d*x+1/2%*c)
~4+16/d*b~4/(a-b) "3/ (a+b) "3/ (tan(1/2xd*x+1/2*c) ~6*a+3*tan (1/2*xd*xx+1/2*c) ~4x*
a+8*b¥tan (1/2xd*x+1/2*c) "3+3*tan (1/2*d*x+1/2*c) "2*a+a) *a*tan (1/2*d*x+1/2*c)
~3+8/d*b~6/(a-b) "3/ (a+b) "3/ (tan(1/2*d*x+1/2%c) ~6*a+3*xtan (1/2*xd*x+1/2*c) “4*a
+8*b¥tan (1/2xd*x+1/2*c) "3+3*tan (1/2+%d*x+1/2xc) "2*xa+a) /a*tan (1/2*d*x+1/2xc)”
3+12/d*b~3/(a-b) "3/ (a+b) "3/ (tan(1/2*xd*x+1/2*c) “6*a+3*tan(1/2*xd*x+1/2*c) “4*a
+8*b¥tan (1/2xd*x+1/2*c) "3+3*tan (1/2*d*x+1/2xc) "2*xa+a) *tan (1/2*d*x+1/2%c) ~2x%
a~2+12/d*b~5/(a-b) "3/ (a+b) "3/ (tan(1/2*d*x+1/2*c) “6*a+3*tan(1/2*d*x+1/2*c) "4
*xa+8xbxtan (1/2*d*x+1/2xc) ~3+3*tan (1/2xd*x+1/2*c) ~2*a+a) *tan (1/2xd*x+1/2*c) "~
2-2/3/d*b"2/(a-b) "3/ (a+b) "3/ (tan(1/2*d*x+1/2%c) “6*a+3*xtan (1/2*xd*x+1/2*c) ~4x*
a+8*bxtan (1/2xd*x+1/2*c) "3+3*xtan (1/2*d*x+1/2%c) "2*a+a)*a~3*tan (1/2*d*x+1/2%
c)-14/3/d*b~4/(a-b) "3/ (a+b) "3/ (tan(1/2*d*x+1/2*c) “6xa+3*tan(1/2*d*x+1/2*xc) "~
4xa+8*bxtan (1/2*%d*x+1/2%c) "3+3*tan (1/2*d*x+1/2xc) ~2*a+a) *axtan (1/2xd*x+1/2%*
c)-2/3/d*b”"6/(a-b) "3/ (a+b) "3/ (tan(1/2xd*x+1/2*c) ~6*a+3*tan (1/2*d*x+1/2*c) "4
*a+8*b*tan (1/2*xd*xx+1/2*c) ~3+3*tan (1/2*d*x+1/2*c) "2*a+a)/a*tan (1/2*d*x+1/2*c
)+4/d*b~3/(a-b) "3/ (a+b) "3/ (tan(1/2*xd*x+1/2*c) “6*a+3*tan (1/2xd*x+1/2*c) "4*a+
8*xbxtan (1/2*d*x+1/2%c) ~3+3xtan (1/2*xd*x+1/2*c) ~2*a+a)*a”~2+2/d*b~5/(a-b) ~3/(a
+b) "3/ (tan(1/2xd*x+1/2*c) ~“6*a+3*tan (1/2*%d*x+1/2*c) “4*xa+8*b*xtan (1/2*d*x+1/2x%
c) "3+3*xtan (1/2*d*x+1/2*c) "2*xa+a)+1/9/d*b~2/(a-b) "3/ (a+b) "3/a*xsum( ((19*a~4+2
8*a~2*xb~2-2*%b~4)*_R™4+18*a*b* (-4*a~2-b"2)*_R"3+6%a” 2% (11*%a~2+34*b"2)*_R"2+1
8*axbx (-4*%a~2-b~2)*_R+19%a~4+28%a~2%b~2-2%b~4) / (_R~5*a+2*% R~3*a+4* R 2%b+ R
*a)*1n(tan(1/2*d*x+1/2*c)-_R), R=Root0f (_Z " 6*a+3*_Z 4*a+8+*_Z 3*b+3*_Z 2*xa+a
))-1/3/d/(a+b) "2/ (tan(1/2*d*x+1/2*c)-1)"3-1/2/4d/ (a+b) "2/ (tan(1/2*xd*x+1/2%*c)
-1)72-1/d/(a+b) "3/ (tan(1/2*d*x+1/2*c)-1)*a-4/d/ (a+b) “3/ (tan (1/2*d*x+1/2%*c) -
1)*b-1/3/d/(a-b) "2/ (tan(1/2xd*x+1/2*c)+1) "3+1/2/d/ (a-b) "2/ (tan(1/2*xd*x+1/2%
c)+1)"2+4/d/(a-b) "3/ (tan(1/2*d*x+1/2*c)+1)*b-1/d/(a-b) "3/ (tan(1/2*d*x+1/2*c
)+1)*a

4.6 Test file Number [151] 5-Inverse-trig-functions/5.3-Inverse-
tangent/5.3.5-u-a+b-arctan-c+d-x-"p

4.6.1 Mathematica

Integral number [65]

tan™!(a + bx)

V1 + a2 + 2abx + b2x2

dx

[B] time = 0.363002 (sec), size = 163 ,normalized size = 7.41

1 1
6 7 (a+bx)’

5 %\/ﬁGamma(g)HypergeometricPFQ({l,%, % },{ %,g } ;)

-1 . c ﬁ
e 4(a+bx) tan (u+bx)Hyperge0metr1ch1(l, 3/
(a+bx)2+1

+6Gmnma(%)Gmnma(Q(

3 (a+bx)2+1

20bGamma (%) Gamma (g) Va2 + 2abx + b2x2 + 1

[In] Integrate[ArcTan[a + bxx]/(1 + a™2 + 2*axb*x + b72%x72)7(1/3) ,x]
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[Out] (6*Gamma[11/6]*Gamma[7/3]*(15 + 10*(a + bxx)*ArcTan[a + b*x] + (4x(a + b*x)
xArcTan[a + b*x]*Hypergeometric2F1[1, 4/3, 11/6, (1 + (a + b*x)"2)"(-1)]1)/(

1+ (a + b*x)72)) + (5*%27(1/3)*Sqrt [Pi]*Gamma [5/3] *HypergeometricPFQ[{1, 4/

3, 4/3}, {11/6, 7/3}, (1 + (a + bxx)"2)"(-1)1)/(1 + (a + b*x)"2))/(20xb* (1

+ a”2 + 2*%axb*x + b72%x72) " (1/3)*Gamma[11/6]*Gammal[7/3])

Integral number [66]

tan™!(a + bx)

f dx
\/ 1+ a2 c + 2abex + b%cx?

[B] time = 0.0728054 (sec), size = 165 ,normalized size = 6.88

4(a+bx) tan (ll bx)HmeIgec m i ( ’376 ’(
a
(a+bx)2+1

1 7

1
5\F\fGamma( )HypergeometrlcPFQ({l = *} {?'5}’m) + 6Gamma (%) Gamma (g) (

(a+bx)2+1

20bGamma(6)Gamma(Z) f/c (a2+2abx+b2x2+1)
[In] Integrate[ArcTan[a + b*x]/((1 + a”2)*c + 2kaxbkc*x + b~ 2xc*x~2)~(1/3),x]

[Out] (6*Gamma[11/6]*Gamma[7/3]*(15 + 10*x(a + b*x)*ArcTan[a + b*x] + (4*x(a + b*x)
xArcTan[a + b*x]*Hypergeometric2F1[1, 4/3, 11/6, (1 + (a + b*x)"2)"(-1)1)/(

1+ (a + b*x)72)) + (5%27(1/3)*Sqrt [Pi]*Gamma [5/3]*HypergeometricPFQ[{1, 4/

3, 4/3}, {11/6, 7/3}, (1 + (a + b*x)"2)"(-1)])/(1 + (a + b*x)72))/(20*%b*(c*

(1 + a™2 + 2%a*b*x + b~2*x72)) " (1/3)*Gamma[11/6] *Gamma [7/3])

Integral number [69]

(a +bx)*tan (a + bx) "
V1 + a2 + 2abx + b2x2

[B] time = 1.43275 (sec), size = 181 ,normalized size = 6.24

1 7 1

5 %x/ﬁGamma(%)HypergeometricPFQ({l,%,g },{ %3 }, m) 7 24(a+bx) tanfl(u+hx)
a+ox,
5 + Gamma ( ) Gamma( )

((a+bx)2+1) 6 3

Hy,

(

140bGamma ( A ) Gamma

3((a+bx)? + 1)2/3[

[In] Integrate[((a + bx*x) 2+ArcTan[a + b*x])/(1 + a”2 + 2%axbxx + b~2xx72)~(1/3)

,x]

[Out] (-3*(1 + (a + b*xx)~2)~(2/3)*((6%x27(1/3)*Sqrt [Pi] *Gamma [5/3] *HypergeometricP
FQL{1, 4/3, 4/3}, {11/6, 7/3}, (1 + (a + b*x)"2)"(-1)1)/(1 + (a + b*x)~2)"2
+ Gamma[11/6]*Gamma[7/3]*(15 + 90/(1 + (a + b*x)72) + (24*(a + b*x)*ArcTan
[a + b*x]*Hypergeometric2F1[1, 4/3, 11/6, (1 + (a + b*x)"2)"(-1)1)/(1 + (a
+ b*x)72)72 + bxArcTan[a + b*x]*(-4*(a + b*x) + 6*Sin[2*ArcTan[a + b*x]])))

)/ (140%b*Gamma [11/6]*Gammal[7/3])

Integral number [70]

1 + a2 c + 2abcx + b%cx?

f (a + bx)? tan™(a + bx) i

[B] time = 0.312256 (sec), size = 225 ,normalized size = 7.26

5 %\/ﬁGamma( §)HypergeometricPFQ({l, é,é },{ E, 7 }, ;)
3 373J"1 6 "3/ (a+bx)2+1 7
+ Gamma | — | Gamma 3

23
3Va2 + 2abx + b2x2 +1((a+bx)2+1) / -
((a+Dbx)2+1)

140bGamma ( ) Gamma (
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[In] Integrate[((a + b*x) 2xArcTan[a + b*x])/((1 + a™2)*c + 2*axb*c*x + b~ 2*c*x”
2)7(1/3) ,x]

[Out] (-3*x(1 + a”2 + 2xaxb*x + b™2*x72)"(1/3)*(1 + (a + b*x)~2)7(2/3)*((5x27(1/3)
*xSqrt [Pi] *Gamma [5/3] *HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3}, (1 + (a
+ bxx)"2)"(-1)1)/(1 + (a + b*x)"2)"2 + Gamma[11/6]*Gamma[7/3]*(15 + 90/(1 +

(a + b*x)"2) + (24x(a + bxx)*ArcTanla + b*x]*Hypergeometric2F1[1, 4/3, 11/
6, (1 + (a + bxx)"2)"(-1)1)/(1 + (a + b*x)~2)"2 + 5*xArcTan[a + bxx]*(-4*(a
+ b*x) + 6xSin[2*ArcTan[a + b*x]]))))/(140xbx(cx(1 + a”2 + 2*a*b*x + b~ 2xx~
2))7~(1/3)*Gamma[11/6] *Gamma [7/3])

4.7 'Test file Number [154] 5-Inverse-trig-functions/5.4-Inverse-
cotangent/5.4.1-Inverse-cotangent-functions

4.7.1 Mathematica

Integral number [116]

cot™(a + bx)

dx
V1 + a2 + 2abx + b2x2

[B] time = 0.37931 (sec), size = 177 ,normalized size = 8.05

411 1
737 67 a?2+2bxa+b%x2+1

6Gamma ( - ) Gamma ( ) (4(a + bx) o F; ( ) cot™Ha +bx) +5 (a2 + 2abx + b?x* + 1) (2(11 +bx)cot ™ Ha+b

20bGamma ( ) Gamma (;) (az + 2abx + b2x°
[In] Integrate[ArcCotl[a + bxx]/(1 + a™2 + 2xaxbxx + b™2xx72)7(1/3),x]

[Out] (6+*Gamma[11/6]*Gamma[7/3]*(5%(1 + a”2 + 2xaxbxx + b™2*x"2)* (-3 + 2x(a + b*x
)*¥ArcCot[a + b*x]) + 4*x(a + b*x)*ArcCot[a + b*x]*Hypergeometric2F1[1, 4/3,

11/6, (1 + a™2 + 2*axb*x + b~ 2*x72)7(-1)]) - 5x27(1/3)*Sqrt [Pi]*Gamma [5/3] *
HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3}, (1 + a™2 + 2%a*b*x + b~2*x"2)
~(-1)1)/(20%b* (1 + a~2 + 2xa*bxx + b~2*x"2) " (4/3)*Gamma[11/6]*Gammal[7/3])

Integral number [117]

cot™ (a + bx)

f dx
\/ 1+ a2 c + 2abex + b2cx?

[B] time = 0.0850221 (sec), size = 180 ,normalized size = 7.5

411 1
737 67 a2+2bxa+b2x2+1

(6Gamma( A ) Gamma( ) (4(a + bx) ,F; ( ) cot™}(a+bx) +5 (az + 2abx + bPx* + 1) (Z(a + bx) cot™(a A

ZObGamma( ) Gamma (Z) (c (az + 2abx + b

[In] Integrate[ArcCotl[a + bxx]/((1 + a”2)*c + 2*axb*c*x + b ™2*xc*x”2)~(1/3) ,x]

[Out] (c*(6*Gammal[11/6]*Gamma[7/3]*(5%(1 + a~2 + 2*axb*x + b"2*x"2)* (-3 + 2x(a +
b*x)*ArcCot[a + b*x]) + 4*(a + b*x)*ArcCot[a + b*x]*Hypergeometric2F1[1, 4/

3, 11/6, (1 + a™2 + 2*axb*x + b™2%x"2)7(-1)]) - 5*27(1/3)*Sqrt [Pi] *Gamma [5/

3] #*HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3}, (1 + a”2 + 2xaxbxx + b~2%x
~2)7(-1)1))/(20%bx(cx (1 + a™2 + 2*axbxx + b"2*x72)) " (4/3)*Gamma[11/6] *Gamma
[7/31)

Integral number [120]

(a + bx)? cot™Ha + bx)
dx
V1 + a2 + 2abx + b2x2
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[B] time = 0.920116 (sec), size = 198 ,normalized size = 6.83

(5\/_\/_Gamma( )HypergeometrlcPFQ({ /5 3} {161, g} , m) + Gamma (%) Gamma (g) (5 ((a +bx)? +
140bGamma( - ) Gamma (Z) Va2 +

[In] Integrate[((a + bx*x) 2%ArcCot[a + b*x])/(1 + a”2 + 2%axbxx + b~ 2xx72)~(1/3)
»X]

[Out] (3*(Gamma[11/6]*Gamma[7/3]*(5%(1 + (a + b*xx)"2)*(3*(7 + (a + bxx)~"2) + 4x*(a
+ b*x)* (-2 + (a + b*xx)~2)*ArcCot[a + b*x]) - 24*(a + b*x)*ArcCot[a + bxx]x*
Hypergeometric2F1[1, 4/3, 11/6, (1 + a™2 + 2*axb*x + b™2%x72)7(-1)]) + 5x2~
(1/3)*Sqrt [Pi] *Gamma [6/3] *HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3}, (1

+ a”2 + 2xaxb¥x + b72%x72)"(-1)]1))/(140%b*x (1 + a~2 + 2*axb*x + b"2*xx"2)"(1/

3)*(1 + (a + bxx)~2)*Gamma[11/6]*Gammal[7/3])

Integral number [121]

1+ a2 c + 2abex + b2cx?

2 np-l bx)
f (a + bx)“cot™ " (a +
Rl

[B] time = 0.204658 (sec), size = 200 ,normalized size = 6.45

(5\/_\/_Gamma( )HypergeometrlcPFQ({ , ;, %} , {%, g} , m) + Gamma (%) Gamma (g) (5 ((a +bx)? +

140bGamma ( ) Gamma( ) ((a + bx

[In] Integrate[((a + bxx) 2xArcCot[a + b*x])/((1 + a"2)*c + 2*a*b*c*x + b™2*c*x"
2)7(1/3) ,x]

[Out] (3*(Gamma[11/6]*Gamma[7/3]*(5x(1 + (a + b*x)"2)*(3*(7 + (a + b*x)"2) + 4x*(a
+ b*x)* (-2 + (a + b*xx)”"2)*ArcCot[a + b*x]) - 24*x(a + b*x)*ArcCot[a + bxx]*
Hypergeometric2F1[1, 4/3, 11/6, (1 + a™2 + 2*axb*x + b™2%x72)7(-1)]) + 5x2~
(1/3)*Sqrt [Pi] *Gamma [6/3] *HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3}, (1

+ a”2 + 2xaxbxx + b72xx72)"(-1)1))/(140*bx(cx(1 + a2 + 2*a*b*x + b~ 2*xx72))
~(1/3)*(1 + (a + b*x)"2)*Gammal[11/6]*Gamma[7/3])

4.8 Test file Number [173] 6-Hyperbolic-functions/6.3-Hyperbolic-
tangent/6.3.7-d-hyper-"m-a+b-c-tanh-"n-"p

481 Mathematica

Integral number [74]

dx

f sinh’(c + dx)

a+b tanhS(c + dx)

[B] time = 0.483965 (sec), size = 826 ,normalized size = 25.81

cosh(3(c + dx))a® + 27bsinh(c + dx)a® — bsinh(3(c + dx))a® - 9 (a2 + 3b2) cosh(c + dx)a — b? cosh(3(c + dx))a — 2bRootSurr

[In] Integrate[Sinh[c + d*x]73/(a + b*Tanh[c + d*x]~3),x]

[Out] (-9%ax(a"2 + 3*b~2)*Cosh[c + d*x] + a~3*Cosh[3*(c + d*x)] - ax*xb~2*Cosh[3*(c
+ d*x)] - 2*a*b*RootSum[a - b + 3*a*x#172 + 3*b*#172 + 3*xa*x#174 - 3*xb*#174
+ ax#176 + b*#176 & , (3*a~2%c + 3*kaxbxc + 3*b"2xc + 3*ka"2xd*x + 3kaxbkxd*x
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+ 3*%b"2*d*x + 6*a”2xLog[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c +
d*x) /2] *#1 - Sinh[(c + d*x)/2]*#1] + 6*a*b*Log[-Cosh[(c + d*x)/2] - Sinh[(c
+ d*x)/2] + Cosh[(c + d*x)/2]*#1 - Sinh[(c + d*x)/2]*#1] + 6*b~2*xLog[-Cosh
[(c + d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c + d*x)/2]*#1 - Sinh[(c + dx*x)/2
T*#1] + 2%xa™2xcx#172 — 2xb72*c*#172 + 2xa"2xdxx*#172 — 2%b72*d*x*#172 + 4x*a
~2xLog[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c + d*x)/2]*#1 - Sinh
[(c + d*x)/2]*#1]1*#17°2 - 4%b~2xLog[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2] +
Cosh[(c + d*x)/2]*#1 - Sinh[(c + d*x)/2]*#1]*#172 + 3xa™2kc*#174 - 3xaxbxc
*#174 + 3xb72xcx#174 + 3*xa”2kd*x*x#174 - 3kaxbxdxx*#174 + 3xb " 2xdxx*#174 + 6
xa~2xLog[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c + d*x)/2]*#1 - Si
nh[(c + d*x)/2]*#1]*#17°4 - 6*xa*xb*Log[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2]
+ Cosh[(c + d*x)/2]*#1 - Sinh[(c + d*x)/2]*#1]*#174 + 6*b~2xLog[-Cosh[(c +
d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c + d*x)/2]*#1 - Sinh[(c + d*x)/2]*#1]
*#174) / (ax#1 + bx#1 + 2%a*#173 - 2xb*#173 + ax#175 + b*#175) & ] + 27*a"2*b
*Sinh[c + d*x] + 9*b~3xSinh[c + d*x] - a”2%b*Sinh[3*(c + d*x)] + b~3%Sinh[3
x(c + d*x)])/(12x(a - b)"2x(a + b)~2xd)

Integral number [76]

dx

f sinh(c + dx)

a+ btanh3(c + dx)

[B] time = 0.226157 (sec), size = 409 ,normalized size = 13.63

a1a log|-#1sinh 1(c+dx) +#1 coshl 1(c%—dx) —sinh 1(c+dx) —cosh 1(c+
bRootSum |#1% + 3#1%a + 3#1%a + #1°b — 3#1*b + 3#1%b + 1 - b, ( (zcri0) (scein]singtcn)-eoi(

[In] Integrate[Sinh[c + d*x]/(a + b*Tanh[c + d*x]~3),x]

[Out] (6*a*Cosh[c + d*x] + b*RootSum[a - b + 3*a*#172 + 3*xb*#172 + 3*ax#174 - 3*b
*#174 + a*x#176 + bx#176 & , (2%axc + b*c + 2%axd*x + b¥d*x + 4xaxLog[-Coshl[

(c + d*x)/2] - Sinh[(c + d#*x)/2] + Cosh[(c + d*x)/2]*#1 - Sinh[(c + d*x)/2]

*x#1] + 2xb*Log[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c + d*x)/2]*#

1 - Sinh[(c + d*x)/2]*#1] + 2*axc*#174 - b¥c*#174 + 2xaxdxx*#174 - bkxd*x*#1

~4 + 4xaxLog[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c + dx*x)/2]*#1

- Sinh[(c + d*x)/2]*#1]*#174 - 2%b*Log[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/

2] + Cosh[(c + d*x)/2]*#1 - Sinh[(c + d*x)/2]*#1]1*#174)/(a*#1l + b*#1l + 2xax

#17°3 - 2%b*#1°3 + a*#1°5 + b*#1°5) & ] - 6*b*Sinh[c + d*x])/(6*x(a - b)*(a +

b)*d)

Integral number [77]

f csch(c + dx)

dx
a+b tanhe’(c + dx)

[B] time = 0.158439 (sec), size = 319 ,normalized size = 10.63

2414 10g(—#1 sinh( % (c+dx))+#1 cosh( % (c

6log (tanh (%(c + dx))) ~ bRootSum l#l% T 3140 + 34120 + #15b — 3#1%b + 3412 + 0 — b,

[In] Integrate[Cschlc + d*x]/(a + b*Tanh[c + d*x]~3),x]

[Out] (6%LoglTanh[(c + d*x)/2]] - b*RootSuml[a - b + 3*a*#172 + 3*bx#172 + 3*a*#1”
4 - 3xb*#174 + ax#176 + b*#176 & , (c + d*x + 2*xLog[-Cosh[(c + d*x)/2] - Si

nh[(c + d*x)/2] + Cosh[(c + dx*x)/2]*#1 - Sinh[(c + d*x)/2]*#1] - 2*cx#172 -
2xd*x*#172 - 4*Log[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c + d*x)
/2]1*#1 - Sinh[(c + d*x)/2]*#1]*#172 + cx#174 + d*x*#174 + 2+Log[-Cosh[(c +
d*x)/2] - Sinh[(c + d*x)/2] + Cosh[(c + d*x)/2]*#1 - Sinh[(c + d*x)/2]*#1]*
#174) / (ax#1l + bx#l + 2*xa*x#173 - 2%b*#173 + ax#1°5 + b*x#175) & ])/(6*axd)
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Integral number [79]

dx

f csch3(c + dx)

a+ btanh3(c + dx)

[B] time = 0.361888 (sec), size = 201 ,normalized size = 6.28

2#1 log(—#1 sinh( 2 (c+dx) | +#1 cosh( 2 (c+dx))—sinh( £ (c+dx) | ~cos
16bRootSum |#1% + 3#1%a + 3#1%a + #1° — 3#1% + 3#1%b + a - b&, ( (z+) (stcva0)-sinh{Gc140)

#1%a+28120+#1*0-2#1%b+a+b
24ad

[In] Integrate[Cschl[c + d*x]~3/(a + b*Tanh[c + d*x]~3),x]

[Out] -(16*b*RootSum[a — b + 3*a*#172 + 3*xb*#172 + 3*ax#1”4 - 3*b*#174 + a*x#176 +
b*#176 & , (c*#1 + d*x*#1 + 2xLog[-Cosh[(c + d*x)/2] - Sinh[(c + d*x)/2] +
Cosh[(c + d*x)/2]*#1 - Sinh[(c + dxx)/2]*#1]1*#1)/(a + b + 2%a*x#172 - 2xbx*#

172 + a*x#174 + b*#174) & ] + 3%(Csch[(c + d*x)/2]72 + 4xLog[Tanh[(c + d*x)/

211 + Sech[(c + d*x)/2]72))/(24*a*d)

4.8.2 Maple

Integral number [74]

f sinh3(c + dx)

a+ btanh3(c + dx)

[B] time = 0.11 (sec), size = 346 ,normalized size = 10.81

1 16 dx ¢ -3 a dx ¢ -
8 5 + tanh{—+ = |+1|] - ———(tanh|—+>]+1] --
d(16a —16b) (tanh (1/2dx + ¢/2) +1)° 3d(16a-16b) 2 2 2d(a-b) 2 2 c
[In] int(sinh(d*x+c) 3/ (a+b*tanh(d*x+c)~3),x)

[Out] -8/d/(16*a-16x*b)/(tanh(1/2*d*x+1/2*c)+1)"2+16/3/d/ (tanh(1/2*d*x+1/2*c)+1)"3
/(16*a-16*b)-1/2/d/ (a-b) "2/ (tanh (1/2*d*x+1/2*c)+1) *a-1/d/(a-b) "2/ (tanh (1/2*
d*x+1/2%c)+1)*b-16/3/d/ (tanh (1/2*d*x+1/2%c)-1) "3/ (16*a+16*b)-8/d/ (16*a+16*Db

)/ (tanh (1/2*d*x+1/2%c)-1) "2+1/2/d/ (a+b) "2/ (tanh(1/2*d*x+1/2*c)-1)*a-1/d/ (a+

b) "2/ (tanh(1/2*d*x+1/2*c)-1)*b-1/3/d*a*b/ (a+b) "2/ (a-b) "2*xsum (((2*a~2+b"2) * _
R™4-6%_R™3*axb+2* (4*a~2+5xb~2) * R™2-6*a*b* R+2*xa~2+b~2)/(_R"5*a+2* R~ 3*a+4x*
_R™2xb+_R*a)*1n(tanh(1/2*d*x+1/2*c)-_R),_R=Root0f (_Z"6*a+3*_Z 4*a+8*_Z  3*xb+
3%_Z"2%a+a))

Integral number [76]

sinh(c + dx)
f 3 dx
a+ btanh’(c + dx)
[B] time = 0.108 (sec), size = 164 ,normalized size = 5.47
1 b R*%-2_R%+6_R%-2_

A @ b (tanh (2dx+ 2 -1 3d@=b) @+ b R°2+2 Roa+4 Rb+

_R=RootOf(a_z°+3a_2*+8b_7°+3 a_7*+a)

[In] int(sinh(d*x+c)/(a+b*tanh(d*x+c)~3),x)

[Out] -4/4/(4*xa+4xb)/(tanh(1/2*d*x+1/2*c)-1)+1/3/d*b/(a-b)/(a+b)*sum(( _R"4*a-2*% R
~3*b+6*x_R"2%a-2*_Rxb+a)/(_R~5*a+2%_R™3*a+4* R™2*b+_R#*a)*1n(tanh(1/2*xd*x+1/2
*c)-_R), R=RootOf(_Z 6%a+3*_Z 4*a+8% Z~3%b+3%_Z 2%a+a))+4/d/(4*a-4%b)/(tanh
(1/2*%d*x+1/2%c)+1)
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Integral number [77]

f csch(c + dx)

a+b tanhS(c + dx)

[B] time = 0.105 (sec), size = 98 ,normalized size = 3.27

1 d 4b z d

(o3 05) 5 2 e v Gl e
4 a}h&mO@JﬁwJ%%J%wJ%@—R”+2—Ra+4—Rb+—R”

[In] int(csch(d*x+c)/(at+b*tanh(d*x+c)~3),x)

[Out] 1/d/a*1ln(tanh(1/2*d*x+1/2%c))-4/3/d/a*bxsum( R"2/(_R~5*a+2* R™3*a+4* R™2*b+
_R*a)*1n(tanh(1/2*d*x+1/2*c)—-_R), R=Root0f (_Z 6*a+3*_Z 4*a+8*_Z 3*b+3*_Z 2%
ata))

Integral number [79]

f csch3(c + dx)

3 dx
a + btanh’(c + dx)
[B] time = 0.125 (sec), size = 144 ,normalized size = 4.5
2 -2
1 dx ¢ 1 dx ¢ 1 dx ¢ b
— |tanh|— + =|] — — [tanh|— + = ——In|tanh|—+ = || - — Z =
8da 2 2 8da 2 2 2da 2 2 3da 6 . 5 » \ _R’a+
_R=RootOf(a_z°+3a_Z"+8b_Z°+3a_Z*+a) =
[In] int(csch(d*x+c)~3/(atb*tanh(d*x+c)~3),x)
[Out] 1/8/d/a*tanh(1/2xd*x+1/2*c)~2-1/8/d/a/tanh(1/2*d*x+1/2xc)~2-1/2/d/a*x1n(tanh
(1/2*xd*x+1/2*c))-1/3/d/a*xb*sum((_R~4-2*_R~2+1)/(_R"b*a+2*_R~3*a+4*_R™2*b+_R
*a)*1n(tanh(1/2*%d*x+1/2%c)-_R), R=Root0f (_Z 6%a+3%_Z 4*a+8%_Z 3%b+3% Z 2%a+
a))
4.8.3 Giac
Integral number [74]
f sinhS(c + dx) p
X
a+b tanh3(c + dx)
[B] time = 2.05765 (sec), size = 473 ,normalized size = 14.78
(9.0e24x+20) 49 pe2x+20) 1 p)e(-3d0)  ;2,(3dx+300) 49 4ppBdr+300) 2,(Bdx+30) _g 2,(dx+28¢) g 2,(dx+280) 6 (¥bet+a20Pe +ab%e )dx (b +aPbRe +abPet) L
_ a2¢39-2 abe(39)+42¢(3¢) _ 336279 +3 a25e(27 ) 1.3 gh2e(27 )+ 3e(27 ) _ ad-bd B
24d

[In] integrate(sinh(d*x+c)~3/(atb*tanh(d*x+c)~3),x, algorithm="giac")

[Out] -1/24x((9*axe™ (2*xd*x + 2%c) + 9xbxe” (2xd*x + 2*c) - a + b)*e” (-3xdxx)/(a”~2x*
e” (3%c) - 2xaxbxe”(3*c) + b"2*xe”(3*c)) - (a”2xe” (3xd*x + 30*c) + 2*axb*e” (3
*d*xx + 30%c) + b72*e”(3*d*x + 30%c) - 9*xa~2xe” (d*x + 28%c) + 9*b"2xe” (d*x +
28xc))/(a~3*%e” (27*c) + 3*a~2xbxe” (27*c) + 3*axb~2*xe” (27*c) + b~ 3*e”(27*c))
)/d - (6x(a~3%b*e”c + a~2%b"2*e"c + a*b"3*e"c)*d*x/(axd - b*d) - (a"3*b*e"c
+ a"2*b"2*e”c + a*b~3*e”c)*log(abs(axe” (6xd*x + 6*c) + bxe” (6xd*x + 6*xc) +
3*xaxe” (4*d*x + 4*xc) - 3*bxe” (4*d*x + 4xc) + 3*kaxe” (2*d*x + 2xc) + 3*xbxe” (2
*d*¥x + 2*c) + a - b))/(axd - b*d))/((a"4 - 2%¥a"2*b"2 + b~4)*d)

Integral number [76]

dx

f sinh(c + dx)

a+b tanh3(c + dx)
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[B] time = 1.62107 (sec), size = 263 ,normalized size = 8.77
oldx+8¢) el=dx) 6 (2 abec+bzec)dx (2 abec+hzec) log(|ue(6 Ax+6¢) 1 pp(6dx+6¢) 4 3 go(ddxtdc)_3 pelddr+dc) 13 4p(2dx+20) 3 ppl2dx+2 C)+a—b|)
795579 | bt + ad—bd B ad—bd
2d 3 (az - bz)d

[In] integrate(sinh(d*x+c)/(at+bxtanh(d*x+c)~3),x, algorithm="giac")

[Out] 1/2%(e”(d*x + 8*c)/(axe”(7*c) + bxe”(7*c)) + e~ (-d*x)/(a*xe”c - bxe~c))/d +
1/3% (6% (2*a*bxe”c + b~ 2*e”c)*d*x/(axd - b*d) - (2%axbxe”c + b~2*e"c)*log(ab
s(axe” (B6xd*x + 6%c) + bxe  (6xd*x + 6%c) + 3*axe” (4d*dxx + 4*c) - 3xbkxe” (4xdx*
X + 4%c) + 3*axe” (2xdxx + 2*c) + 3*b*e”(2*d*x + 2xc) + a - b))/(axd - bx*d))

/((a”2 - b~2)*d)

Integral number [77]

csch(c + dx)
f 3 dx
a+ btanh’(c + dx)

[B] time = 1.45323 (sec), size = 207 ,normalized size = 6.9
log(e(dx+c)+1) log(le(dx+c)_1|) 6 bdxe® be€ log(|ae(6dx+6 ) 4 hel6dx+60) 4 3 fo(ddx+dc) g ppddx+dc) 43 5o(2dx+20) | 3 p(2dx+2 E)+ﬂ—b|)
B a B a _ ad—bd ad—bd
d 3ad

[In] integrate(csch(d*x+c)/(atb*tanh(d*x+c)~3),x, algorithm="giac")

[Out] -(log(e”(d*x + c) + 1)/a - log(abs(e”(d*x + c) - 1))/a)/d - 1/3*(6*b*dxx*e”
c/(axd - bxd) - b*e c*log(abs(axe” (6*xd*x + 6%c) + bxe” (6*d*x + 6%c) + 3xaxe
“(4xd*x + 4*c) - 3xbke” (4xd*x + 4*c) + 3*xaxe” (2k%d*x + 2*c) + 3xbxe” (2*d*xx +

2%xc) + a - b))/(axd - bxd))/(axd)
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Chapter 5

Listing of grading functions

The following are the current version of the grading functions used for grading the quality of the
antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading Sympy and
version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

5.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: %)

(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx*)
(x "F" if the result fails to integrate an expression that*)
(* is integrablex)

(x "C" if result involves higher level functions than necessaryx)
(x "B" if result is more than twice the size of the optimalx)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
"A“,
"B"],
"Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
ncu’
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational functionx*)

(*2 = algebraic functionx)

(¥3 = elementary functionx)

(x4 = special functionx)

(*56 = hyperpergeometric functionx)

(x6 = appell functionx)

(%7 = rootsum functionx)

(*8 = integrate functionx*)

(*9 = unknown functionx)
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ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]1] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]1],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head[expn]l],
Max [3,ExpnType [expn[[1]1]1]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head [expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71],
If [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType, Apply [List,expn]],81],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1}, func]

90

5.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
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see problem 156, file Apostol_Problems

GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,debug:=

#
#
#
#
#
#
#
#

false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal :=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",ExpnType_optimal
)5
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns
"F" if the result fails to integrate an expression that
is integrable
"C" if result involves higher level functions than necessary
"B" if result is more than twice the size of the optimal
antiderivative
"A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2xleaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do not as
well");
fi;
if leaf_count_result<=2xleaf_count_optimal then
if debug then
print ("leaf_count_result<=2xleaf_count_optimal");




79 fi;

80 return "A";

81 else

82 if debug then

83 print("leaf_count_result>2*leaf_count_optimal");
84 fi;

85 return "B";

86 end if

87 end if

88 else #ExpnType(result) > ExpnType(optimal)

89 if debug then

90 print ("ExpnType(result) > ExpnType(optimal)");

91 fi;

92 return "C";

93 end if

94
95 | end proc:

97 | #

98 |# is_contains_complex(result)

99 | # takes expressions and returns true if it contains "I" else false
100 | #

101 | #Nasser 032417

102 | is_contains_complex:= proc(expression)

103 return (has(expression,I));

104 | end proc:

105

106 |# The following summarizes the type number assigned an expression
107 | # based on the functions it involves
108 |# 1 = rational function

109 |# 2 = algebraic function

110 |# 3 = elementary function

111 |# 4 = special function

112 |# 5 = hyperpergeometric function

113 |# 6 = appell function

114 |# 7 = rootsum function

115 |# 8 = integrate function

116 |# 9 = unknown function

117

118 | ExpnType := proc(expn)
119 if type(expn, 'atomic') then

120 1

121 elif type(expn,'list') then

122 apply (max ,map (ExpnType, expn) )

123 elif type(expn, 'sqrt') then

124 if type(op(1l,expn),'rational') then

125 1

126 else

127 max (2,ExpnType (op(1,expn)))

128 end if

129 elif type(expn,' " ') then

130 if type(op(2,expn), 'integer') then

131 ExpnType (op(1,expn))

132 elif type(op(2,expn),'rational') then

133 if type(op(1l,expn),'rational') then

134 1

135 else

136 max (2,ExpnType (op(1,expn)))

137 end if

138 else

139 max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
140 end if

141 elif type(expn,' + ') or type(expn,' * ') then
142 max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
143 elif ElementaryFunctionQ(op(0,expn)) then

144 max (3,ExpnType (op(1,expn)))

145 elif SpecialFunctionQ(op(0,expn)) then

146 max (4,apply (max,map (ExpnType, [op(expn)])))
147 elif HypergeometricFunctionQ(op(0,expn)) then
148 max (5,apply (max,map (ExpnType, [op(expn)])))

149 elif AppellFunctionQ(op(0,expn)) then
150 max (6,apply (max,map (ExpnType, [op(expn)])))
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elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA ,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E11lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply (op(0,u),op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u);
end proc:

93

5.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum . See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This ts approzimation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False
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is_elementary_function(func):

return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

is_special_function(func):

return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma, loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

is_hypergeometric_function(func):
return func in [hyper]

is_appell_function(func):
return func in [appellf1i]

is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

expnType (expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type (expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(maz,map (ExpnType, expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), 'rational’)

return 1
else:
return max(2,expnType(expn.args[0])) #maz (2, EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn, '~ ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer’')
return expnType(expn.args[0])  #EzpnType (op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), 'rational’)
return 1
else:
return max(2,expnType(expn.args[0])) #maz (2, EzpnType (op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #maz(3,
EzpnType(op (1, expn)),ExpnType (op (2, expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(ezpn,' + ') or type(expn
)
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #maz(EzpnType (op(1,expn)),maz (ExpnType(rest (expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionf(op(0,ezpn))
return max(3,expnType(expn.args[0])) #maz(3,EzpnType(op(1,expn)))
elif is_special_function(expn.func): #SpecialFunction@(op (0, expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #maz (4, apply (maz, map (ExpnType, [op (expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionf(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1) #maz (5, apply (maz, map (ExpnType, [op (expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1) #maz (5, apply (maz, map (ExpnType, [op (expn)])))
elif isinstance(expn,RootSum):
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ml = max(map(expnType, list(expn.args))) #A4pply[Maz,Append[Map [ExpnType,Applyl

List,expn]],7]],

#ma1
def

return max(7,m1)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1) #maz (5, app ly (maz, map (ExpnType, [op (expn)])))
else:

return 9

n function
grade_antiderivative(result,optimal) :

leaf_count_result leaf_count(result)
leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is mot
return "C"
else: # result do not contain complex, this assumes optimal do mnot as well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"

5.4 SageMath grading function

#Dec
#
#
#Dec
#

from
from

def

def

24, 2019. Nasser: Ported original Maple grading function by
Albert Rich to use with Sagemath. This ts used to
grade Fricas, Giac and Mazima results.

24, 2019. Nasser: Added 'exp_integral_e' and 'sng',
'arctan2', 'floor', 'abs’', 'log_integral’

'sin_integral’

sage.all import *
sage.symbolic.operators import add_vararg, mul_vararg

tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #spectial check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:
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if debug: print ("round(1.35*len(flatten(tree(anti))))=",round(1.35%len(
flatten(tree(anti)))))
return round(1l.35xlen(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what 1t should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance (expr, Pow) :
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2?', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf','erfc',6 'erfi', 'fresnel_sin', 'fresnel_cos',6'Ei',
'Ei','Li','Si', 'sin_integral','Ci','cos_integral',6 'Shi','sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_£f','elliptic_e',
'elliptic_pi','exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric'] #[appellf1] can't find this in sagemath

is_atom(expn) :

#thanks to answer at htips://ask.sagemath.org/question/49179/what-is-sagemath-
equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
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return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()
return False

except AttributeError as error:

return False

expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance (expn, list):
return max(map(expnType, expn))  #apply(maz,map (ExzpnType, expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],Rational

return 1
else:
return max(2,expnType(expn.operands() [0])) #maz (2, expnType (expn.args[0]))
elif expn.operator() == operator.pow: #isinstance (expn, Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType (expn.operands() [0])) #maz (2, expnType (exzpn.args
[o1))
else:
return max(3,expnType(expn.operands() [0]),expnType(expn.operands() [1])) #
maz (3, expnType (expn.operands () [0]), expnType (expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #isinstance(
expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #ezpnType(exzpn.args[0])
m2 = expnType(expn.operands() [1:]1) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType (op(1,expn)),maz (ExpnType(rest (expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(exzpn. func)
return max(3,expnType(expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn. func)
ml = max(map(expnType, expn.operands())) #maz (map (expnType, list(expn.
args)))
return max(4,ml) #maz (4,m1)
elif is_hypergeometric_function(expn.operator()): #is_hypergeometric_function (expn.
func)
ml = max(map(expnType, expn.operands())) #maz (map (exzpnType, list(expn.
args)))
return max(5,m1) #max (5, m1)
elif is_appell_function(expn.operator()):

ml = max(map(expnType, expn.operands())) #mazx (map (expnType, list(ezpn.
args)))

return max(6,ml) #mazx (6, m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it

#1s5 checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx (map (ezpnType, list(expn.
args)))
return max(8,m1) #maz (5, apply (maz, map (ExpnType, [op (expn)])))
else:
return 9

#main function

def

grade_antiderivative(result,optimal) :
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")




165
166
167
168
169

170
171
172
173
174
175

176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192

leaf_count_result = leaf_count(result)
leaf_count_optimal = leaf_count(optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "leaf_count_optimal=",

leaf_count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do nmot contain complex, this assumes optimal do mot as well
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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