Homework 4, Math 322

1. Solve the the partial differential equation
Ut = Uge +axt, 0<2x<1,t>0
with boundary conditions
u(0,t) =u(l,t) =0
and initial condition
u(x,0) = sinmx.

Solution: The eigenvalue problem —y” = Ay, y(0) = y(1) = 0 has eigen-
values )\, = n?7? and normalized eigenfunctions ¢, (z) = v/2sin(nz), n =
1,2, ... Therefore, we are looking for a solution in the form

u(xv t) = Z bn(t)a)n(x)
n=1

We know from the textbook, Section 11.3, that b,,(¢) is determined by
bl (1) + Mabn(t) = u(t), bn(0) = By,

where
1
n = An d
1(0) = [ ot (o) da

and the sequence B,, is determined by
e ~
U({E, 0) = Z Bngz)m(x)
n=1

Therefore, in our problem, B; = % and B, =0 for n > 2. Moreover,

Yn(t) = t\@/ol zsin(nmx) dr = t\/i(_l)”ﬂi'

nm
Solving the differential equation for b, (t) we find
2 1
by(t) = £5 <7r2t —lqe ™t (775 + 1)> .
T 2

and, for n > 2,

2(—1 n+1
b (t) = 7\[< ) <7r2n2t -1+ e_"2”2t> .

mond
1



The solution is

2 1
u(x,t)= 5 <7r2t —l4e Tt <27T5 + 1)> sin e

1
+ E Dl < It —1+ 67"2”%) sin(nmzx)
7r5n5

n=2

1)ntt
—e ™sinrx + Z A=) <7r2n2t -1+ e_"QWQt) sin(nmz).
T

— 5 5
2. Show that
1
(=) [ /X)) da = V(oY) = VAR VAV
for A, u > 0.

Solution: Let y = Jo(VAz) and z = Jy(y/fiz). Then

—(zy) = vy, —(x2) = paz.
We multiply the first equation by z, the second by y, subtract and integrate,
to find

1 1
[ @y w2 de= 0= [y

Integration by parts gives

1
xzy—:nyz‘o (A= ,u)/ xyzdx
0
which is the desired identity.

3. By letting p — A in the formula of Problem 2, derive a formula for
fol zJo(vVAx)?dz. Then show that the normalized eigenfunctions of the
eigenvalue problem in Section 11.4 are

n _\/§JO(JH$)
P = Rl

where 0 < 71 < j2 < j3 < ... denote the positive zeros of Jy.
Solution: We divide the identity from problem 2 by A — u, and let y — .
Using L’Hospital’s rule we find

/ (V) d i V7 T/ o (VA = VATV N) o /)
0

H—A A—p

=~ lim S IR + 3 B AR = VAR g (/)

A RRVAIVA) — SR VAI(VA) + S R(VA

Now we use

VAT (VA + TN +VAJo(VA) =0



Then we obtain
/01 2 To(Vz)? d = %JO(\FA)Q + %J()(\FA)?
If A = j2 then this formula simplifies to
[ e htia? e = Sai*

The normalized eigenfunctions are
Jo(jn7) _ \@JO (Jnr)

(i wdolupar) a0

4. Solve the inhomogeneous differential equation
—((1=2*)y) =y+2® —-1<z<1
with boundary condition
y(z),y (z) bounded as x — —1" and 2 — 1™.

Solution We use the method from Section 11.3. It is stated for regular
Sturm-Liouville problems but it works equally well for our singular Sturm-
Liouville problem. We look for the solution in the form

y= Z bn P ().
n=0

The b,, satisfy

The sequence ¢, is determined by

oo
x3 = chPn(m).
n=0

Since P3(z) = 22% — 32 and Pi(z) = z, we find
2 3
5 T
and all other ¢, = 0. The eigenvalues are A\, = n(n + 1) and p = 1.
Therefore,

C3 —

C1 C3 3 21 5! 3 3 6 1 3
_ P Pyz) =S4+ == (223 - 22) = —2 + —23.
s @ B =grt gy <2x ") Tt ”




