Homework 3, Math 322

1. Find the eigenvalues and normalized eigenfunctions of the regular Sturm-
Liouville problem

v+ Ay =0, y(0)—y'(0) =0, y(r) —y(m) = 0.
Solution: Let A\ = —w? with w > 0, and y(z) = c¢1e*% + coe™*?. Then the
boundary conditions give

(c1+c2) —w(er —c2) =0, (c1€¥" + c2e™“™) = (crwe”™ — cowe™ ™) = 0.

In order to get a nontrivial solution ¢y, co we need
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The only solution w > 0 is w = 1. Then cg = 0. Therefore, A = —1 is an

eigenvalue and ¢g(z) = kpe® is a corresponding eigenfunction.
If A =0 then y(x) = ¢; + cox. The boundary conditions give

cp—co=0, ci+com—co=0.
It follows that ¢y = co = 0, so A = 0 is not an eigenvalue.
Let A = w? w > 0, and y(z) = cicoswx + cosinwr . The boundary
conditions give
1 —wee =0, (¢pcoswm+ easinwr) — (—ciw sinwn 4 cow cos wm) = 0.
In order to get a nontrivial solution we need
1 —w

. . = (1 + w?)sinwn.
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The solutions w > 0 are w = n = 1,2,.... Then ¢; = ncy. Therefore, we
found the eigenvalues A\, = n? with corresponding eigenfunctions ¢, (x) =
kn(ncosnx 4+ sinnz). We calculate
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and find the normalized eigenfunctions
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2. Expand the function f(z) =1 in a series of eigenfunctions of problem 1.
Solution: For general f(x) the expansion is
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where .
en = /O F()dat) dt.
If f(z) =1 then
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cn =k (ncosnt + sinnt) dt = ky,
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Therefore,
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1= €ﬂ+1ex+; Z m(ncosnac—i—smnx).
n>1 odd

3. Consider the regular Sturm-Liouville problem

y'+ Ay =0, y(0)=0, 2y(1)—-y'(1)=0.
Show that this problem has exactly one negative eigenvalue and compute it
numerically.
Solution: We set A = —w? with w > 0. The condition y(0) = 0 gives
y(z) = csinhwz. The boundary condition at z = 1 shows that A is an
eigenvalue if and only if

2sinhw = w cosh w

or

1
tanhw = —w.
anh w 2w

The function tanh w is concave for w > 0 so it is clear from the picture that
there is exactly one positive solution w = 1.9150... The negative eigenvalue
is A =—3.66725...
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4. Solve the inhomogeneous boundary value problem

' =py+1, y(0)—y(0)=0,y(m) -y (r)=0
for £ = 0 and g =1 by the method of Section 11.3.
Solution: If u is not an eigenvalue, then the solution is

(e}
Cn
T) = On(x).
o) = 3 5l
Therefore, if ¢ = 0 the solution is
2 4 1
y(r) = o e + - Z m(ncosnm + sinnx).
n>1 odd

1 =1 agrees with the eigenvalue A;. There exists a solution only if ¢; = 0.
But in our example, ¢; # 0 so there is no solution.



