Homework 2, Math 322

1. Solve the wave equation uy = Uy, for —oo < x < oo, t > 0 with initial

conditions
1

1422’
Plot the solutions u(x,t) for t =0,t =1, ¢t = 2.
Solution: The d’Alembert solution is

u(z,0) = ug(x,0) = 0.
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u(x>t):g(f(x"i't)"i'f(x_t)):i<(1+(x_t)2+1+(x_t)2>'

2. Apply the method of separation of variables to the damped wave equation
Ug + 2up = Uy, u(0,t) = u(m,t) = 0, u(z,0) = f(z), u(z,0) = 0.
Determine the first term in the solution u(z,t) =Y 02 ...

Solution: By separation of variables we obtain the solutions

yn(x,t) = sin(nx)T,(t),
where T, is the solution of
T/ 42T +n*T,, =0, T,(0) =1,7T"(0) = 0.
Thus
Ti(t) = (1+t)e "
and, for n > 2,

in(tvn? —1
To(t) = et% + e teos(ty/n2 —1).
n p—

By superposition, we obtain the solution

y(x,t) =Y bpT(t) sin(na)
n=1



where b, are the Fourier sine coefficients of f(z). The first term in the
solution formula is

g ! s)sinsds | et inzx
W(/o f(s)s d> (t+1)sinz.

3. Solve the Dirichlet problem wu,; + uy, = 0 on the square 0 < z,y < 1 if
u(0,y) = u(z,0) = u(x,1) =0 and u(1l,y) = y(1 — y). Find an approximate
value for u(3, 3).
Solution: The Fourier sine series for y(1 —y), 0 <y <1, is
8 — 1
-y == S sin(imy).
n=1,n odd
According to Section 10.8, the solution of the Dirichley problem is

o0

8 Z 1 sinhnrx

u(x,y) = 3 sin(nmy).

n3 sinhnw
n=1,n odd
Then - .
=2 1 sinhny -y
272 3 n3 sinhnm
n=1,n odd
Taking two terms of the series, we find

u(3,3) ~0.05132...

4. Solve the Dirichlet problem

Upy +uyy =0 if 2 +y? <1,

u(z,y) =xy? if 22 +9% =1
Express the solution u(z,y) in terms of z,y.
Solution: We use the terminating Fourier series

3 1 1 1
cos fsin® § = cos §—cos® @ = cos H— <Z cos 0 + 1 cos(3¢9)> = cos H—Z cos(30).
Then from Section 10.8
v(r,0) = u(rcosf,rsinf) = 7 cos 60— ng cos(36),

or
1 1
v(r,0) = d cos 6 — Zr3(—3 cos 0 + 4cos> 6).

1 3 1 1 3
u(z,y) = Vi Zx(:c2 +y?) a2 = Y ng + Za:yQ.

Then



