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1 Chapter 10.1, Problem 9

Problem Either solve y”’ + 4y = cos x with y’ (0) = 0,y’ () = 0 or show it has no solution.
Solution The homogeneous solution yj can be easily found to be

Yp = ¢1 €08 (2x) + ¢, sin (2x)

Therefore the basis solutions are

Y1 = COS2x
Yy, = sin 2x
And
y; = —2sin2x
Y, = 2C08 2x
Hence

Yy, (x) = —2c1 sin 2x + 2c; cos 2x

To find particular solution, let
yp = Acosx

The original ODE becomes

—Acosx +4Acosx = cosx

3Acosx = cosx
1

A=-
3

Hence the full solution is

y(x) =yn+1p
1
= —2c¢ sin 2x + 2¢, cos 2x + 3 CcoS X
Therefore 1
y’ (x) = —4c; cos 2x — 4c; sin 2x — 3 sin x
First B.C. gives
y’ (0) =0 =—4c,
Cc1 = 0
Therefore the solution now becomes y (x) = 2¢; cos 2x + % cosx and y’ (x) = —4c, sin 2x — % sin x.

The second B.C. gives

Y’ (mr) =0 =—4c;(0)
0 = —4c, (0)

Hence c; can be any value. Therefore, there is no unique solution. There are infinite number of
solutions.
Final solution is

1
y(x) = 2¢co cos 2x + 3 CosX

Since 2¢, is constant, we can rename it to A and write the above as

y(x) = Acos2x + %cosx

To verify that there is no unique solution, we set up W where y; = cos 2x, y, = sin 2x, and y, y»
as found above. These are the two basis solutions for the homogeneous ODE.

Y, (0) 4, (0)
yy (1) y; ()

0 2
=0

Since W = 0, this implies there is no unique solution. Therefore the ODE can has no solution, or

it can have an infinite number of solutions. In this case, as shown above, it has infinite number

of solutions.



2 Chapter 10.1, Problem 12

Problem Either solve x?y” + 3xy’ + y = x? with y (1) = 0,y (e) = 0 or show it has no solution.

Solution The homogeneous solution is first found. This is a Euler ODE. Let y, = x", then
y, =rx" Ly =r(r-1) x" 7% and the homogeneous ODE becomes

rr—=1)x"+3rx"+x" =0
rr—=1)+3r+1=0
rP—r+3r+1=0

P +2r+1=0

r+D)(r+1)=0
Hence double roots. Therefore the solution is
1 1
yp=c1—+c;—Inx
X x
To find particular solution, let y, = ¢1 + ¢x + c3x%. Plugging this in original ODE gives

x%(2¢3) + 3x (cz + 2c3x) + (c1 + €2 + 03x2) = x*

x?(2c3) + 1 + x 3¢y + ¢2) + x% (605 + ¢3) = x°

Comparing coefficients gives

C1:0
4c =0
9C3:1

Hence solutionis ¢ = 0,¢; =0, ¢35 = %. Therefore y, = %xz and the full solution is

y(x)=01%+02%lnx+%x2 (1)

Boundary conditions are now applied to find ¢y, c;. First BC gives

1
0201+Czh’11+5

1
O0=c+ -
9
1
C1 = ——
T
Second BC y (e) = 0 gives
1 1
0=c— +cy—Ine + —¢?
e e
1 2
0=—-——+c—+ —e
9e e
1 1,
Cp=———e
‘9 9
_1—63
9

Therefore the solution (1) becomes

y() = -+ 3+ (52) Lnx

Therefore solution exist and is unique. This is verified using W where now y; = 1,7, = Inx.
These are found above as the bases solutions for the homogeneous ODE.

1

e

1

y1 (1) y2(1) _1.,
e

yi1(e) v2(e)

®= O

This confirms that a unique solution exists.



3 Chapter 10.1, Problem 14

Problem Find eigenvalue and eigenfunction of y” + Ay = 0 with y (0) = 0,y’ («) = 0.
Solution
Assuming the solution is y = Ae", then the characteristic equation is

rP+A=0
r=+V-4
Case A <0

In this case —A is positive and hence V-2 is also positive. Let V-1 = p where p > 0. Hence
the roots are +y. This gives the solution

y = ¢1 cosh (ux) + ¢ sinh (ux)

First BC gives
0= C1

Hence solution becomes
y (x) = ¢ sinh ()
Second BC gives
y’ (x) = pcy cosh (ux)
0 = picy cosh (urr)

But cosh pmr # 0, hence only other choice is c; = 0, leading to trivial solution. Therefore A < 0 is
not eigenvalue.
Case A = 0, then the homogenous solution is

y(x) =cq +cox

First BC gives

0= C1
Hence solution becomes
y(x) = cox
Second BC gives
y' (x) =cy
0= Co

Leading to trivial solution. Therefore A = 0 is not eigenvalue.
Case A > 0, then the homogenous solution is

y (x) = c; cos (\/Ix) + ¢, sin (\/Ix)

First BC gives
0= C1

Hence solution becomes

y (x) = ¢, sin («/Ix)
Second BC gives
y' (%) = Vicy cos («/Zx)
0 = Ve, cos (\/Zn)

Non-trivial solution requires cos (\ﬁﬂ) =0or Vir = % forn=1,3,5,--. Therefore

Viuz = =5
Vii=2  m=135--

Hence the eigenvalues are
n\ 2
A,,:(E) n=1,3,5,-

And the corresponding eigenfunction is sin (gx) forn=1,3,5,---. The solution is
[ee) ) n
y(x) = Z cp sin (—x)
n=1,3,5, 2

6



4 Chapter 10.1, Problem 20

Problem Find eigenvalue and eigenfunction of x?y”’ — xy’ + Ay = 0 withy (1) = 0,y (L) = 0,L > 1
Solution
This is Euler type ODE. Using standard substitution, ley y = x". The ODE now becomes

rr—=1)x"?—xrx" L+ 2x" =0
r(r=1)—r+A=0
rP—2r+1=0

The above is called the characteristic equations. Its roots give the solution. The roots are

— Vh2 — V4 —
bi b 4ac:21L 4 4Azlim

2a 2

r =

case1-A>0
Let 1 — A = p? for some real p. Then the roots are 1 + y and hence the solution is

Yy =c1x + cox™
= c1x1TH 4 cpxTH
1
- iz _
x (clx + ¢y xl’)
At first BC y (1) = 0 the above gives
0=c1+cy
At second BCy (L) =0
1
0=1L (ClL‘u + Cz—)
LH

0=c L+ !
=C Cthu

c1L?* + ¢,
= T
Hence
Cley +c=0
But ¢, = —cy, therefore

Cleu —C = 0

i (L —1) =0

For arbitrary L > 0 the above can only be satisfied if ¢; = 0. This means both ¢y, c; are zero. Hence
1— A > 0is not possible.

case1 -1 =0

Hence the roots now are r = 1. Double root. We now in the case of double root the solution
can be written as

y=cx" +cx Inx

c1x +coxlnx

At first BC y (1) = 0 the above gives
0= C1

Therefore the solution now becomes y = cyx In x. At second BC y (L) =0

0= chlnL
0= Czh’lL

Since L > 0 then only possibility is that c¢; = 0.This means both ¢y, ¢, are zero. Hence 1 — A = 0 is
not possible.

case 1 -1 <0

Let 1 — A = —p? for some real p. Then the roots are 1 + iy and hence the solution is

Yy =c1x + cox
= cyx T 4 epx 1T

=x (clxi” + C2x_i“)



The above can be written as
ip —ip
y=x (clelnx + cpel™X )
= x (Clel,ulnx + Cze—zylnx)

iplnx —iplnx

Hence cqe can be written as C; cos (u1nx) + C; sin (1 In x). This is done using
Euler relation and the new constants C;, C, are not the same as ¢y, ¢z. The solution becomes

+ coe

y = x(C; cos(pInx) + Cy sin (u1n x))
First BC y (1) = 0 the above becomes
0=Crcos(ulnl)+Cysin(ulni)
=G

Therefore the solution is

y = xC; sin (uIn x) (1)
For second BC y (L) = 0 the above becomes

0=LCysin(ulnL)

0=Cysin(ulnl)
Non-trivial solution requiressin (uInL) = 0 or pInL = nx forn = 1,2, 3, - - - . This means

nr 12,3
= —_— n: . , ’--.
K InL

But1—A=—p? or A =1+ p?, therefore
nr )2

Ap=1+ (—
InL

n=123,--- (2)
These are the eigenvalues. The corresponding eigenfunctions are from (1)

Yn (x) = cpx sin (pp, Inx)

= cpX Sin (\/mln x)

1+ (;—”L)z— llnx)

Hence the solution is

5 Chapter 10.1, Problem 22

22. Consider a horizontal metal beam of length L subject to a vertical load f (x) per unit length.
The resulting vertical displacement in the beam y(x) satisfies the differential equation

d*y
Elﬁ = f(x)7

where E is Young’s modulus and [ is the moment of inertia of the cross section about
an axis through the centroid perpendicular to the xy-plane. Suppose that f(x)/EI is a
constant k. For each of the boundary conditions given below, solve for the displacement
y(x), and plot y versus x in the case that L =1 and k = —1.

(a) Simply supported at both ends: y(0) = y"(0) = y(L) = y"(L) =0
(b) Clamped at both ends: y(0) = y'(0) = y(L) =y’ (L) =0
(c) Clamped atx =0, free atx = L:y(0) = y'(0) = y"(L) =y" (L) =0

This is standard ODE with constant coefficients. Just integrating and substitutions.

8



6 Chapter 10.2, Problem 13 (With interactive animation)

Problem Sketch the graph of f (x) = —x,—L < x < L where f (x + 2L) = f(x) and find the
Fourier series of the function
Solution

Sketch of function

A

This is an odd function. Only b,, needs to be evaluated.
by = —
T/2 )_1),
T is the period of f (x) which is 2L. The above becomes

1 J‘L . T
b, = - —x sin (n—x)
LJ_ L

Since x is odd and sin is odd then the product is even and the above simplifies to

. 2m
f(x)sin (nTx)

b, = %2 OLxsin (n%x) (1)

Using integration by parts fudv =uv — Jvdu where u = x,dv = sin (nFx), therefore du = 1
and

Integral (1) becomes

L L
-2 —L
by = — ([—x cos )] - — cos (nzx) dx)
L 0 0o nrw L
-2 T
= — ([— cos(nm)—0| + —J cos —x) dx)
L L
-2 (—L* -L 1 L
= — (— cos (nm) + —— [sm( ”x)] )
L nir nL L 0
-2 (—L? -L?
= — (— cos (nr) + —— [sin (nr) — 0])
L \nr n2m?
-2 -L?
=7 st
2L
= — cos (nx)
nr
Forn=1,2,3,---.Looking at few n values gives
2L 2L
by = —( ) — —( 1),
== <—1)"
nr

Therefore the Fourier series is

f(x)= i % (=1)" sin (n%rx)

n=1

- 2575 i ()

The following is an animation showing how the Fourier series converges to the function as
more terms are added. This animation runs inside the PDF (need to use standard PDF reader to
run the animation. Might not run inside Chrome or Firefox own browser PDF reader).

9
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7 Chapter 10.2, Problem 18 (With interactive animation)

Problem Sketch the graph and find the Fourier series of the function

0 -2<x<-1
flx)=1 x -1<x<1
0 1<x<2

And f(x+4)=f(x)
Solution

Sketch of function

1.01

0.5¢

-0.5F

-1.0f,

f (x) is an odd function. Therefore only b, needs to be evaluated.
1 (L
b, = I J_Lf(x) sin (%x)

2L is the period of f (x) which is 4. Hence L = 2. The above becomes

r2

b, = s f(x)sin (%Tx)

f__: £ (x)sin (%x) + fl £ (x)sin (%x) ) Lz s (%x))

"_11 f (x)sin (%x)

r1

e

3

N—= NIV N= DN -

. (nrx
xsin|—x
Joa 2

Since x is odd and sin is odd then the product is even and the above simplifies to

b, = J: x sin (%x)

10



Using integration by parts Iudv = uv — fvdu where u = x,dv = sin (2 x), therefore du = 1
and

v=- = —cos|—x
T ni
Integral (1) becomes
-2 T 1 1_2 T
b, = — [x cos (n—x)] — | —cos (n—x) dx
nr 2 0 o hr 2
-2 n 2 (! T
= — [cos (—71')] + — | cos (n—x) dx
nr 2 nr Jo 2
— n 2 1 . T 1
=|—cos (—n) + —— [sm (n—x)]
nr 2 nmwny 2 0
- n 4  (n
=|—cos (—77.') + sin (—ﬂ')
(nﬂ 2 n?m? 2

Therefore
2
2 . (n 2 n
b, = (—) sm(—n) - —cos(—n) n=1273,---
The Fourier series is
> 2\? n 2 n nmw
x) = — | sin{=mw) — —cos|— sin [ —x
fx) ;[(mr) (2”) nir (Zﬂ)] ! (2 )

The following is an animation showing how the Fourier series converges to the function as
more terms are added. This animation runs inside the PDF (need to use standard PDF reader to
run the animation. Might not run inside Chrome or Firefox own browser PDF reader).

number of terms 881
f(x)
1.0

&
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o |
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8 Chapter 10.3, Problem 2

Problem Assume the function is periodically extended outside the original interval. (a) Find the
Fourier series of the extended function. (b) Sketch the graph of the function to which the series
converges for three periods.

-T<x<0

0<x<mrm

f<x>={ 0

Solution
This is plot of the above function for one period, and then for 3 periods

11



Sketch of function over one period

2.0
= 1.5;
1.0
0.5-
0.0}

Sketch of function over 3 periods

3.0

25

20

f(x)

051

00

L L L L L L L L L L L L
-6t -5m -4m -3 -2m -1 0 T 2rr 3w 4w 5m 6

8.1 parta

The calculation of the Fourier series will have a,,, b,, and will follow same methods as before. The
period here is 27.

8.2 parth

Since both f (x) and f’ (x) are piecewise continuous, then the Fourier series will converge to the
function f (x). But at the points where f (x) has jumps (such as at x = +) the Fourier series will
converge to the average value of f (x) at these points.

9 Chapter 10.3, Problem 4

Problem Assume the function is periodically extended outside the original interval. (a) Find the
Fourier series of the extended function. (b) Sketch the graph of the function to which the series
converges for three periods.

flx)=1-x* -1<x<1

Solution
This is plot of the above function for one period, and then for 3 periods

Sketch of function over one period

12



Sketch of function over 3 periods

1.0

9.1 parta

The calculation of the Fourier series will have only a, since f (x) is even, and will follow same
methods as before. The period here is 2.

9.2 parth

Since both f (x) and f’ (x) are piecewise continuous, then the Fourier series will converge to the
function f (x) for all x.

10 Chapter 10.4, Problem 17

Problem (a) Find the Fourier series of the given function (b) Sketch the graph of the function to
which the series converges for three periods.

fx)=1 0<x<m

Use cosine series, with period 2s.
Solution
Extending this as even function gives

fe(x)=1 —-T<x<T

Hence, since period is 27, then L = 7 now and

1t 1 (" 2 (™
ao=zI_Lfe(x)dx=—I dx=;J dx =2

TJ-x 0
And

1 (L 2 (T 2
on = [ orcos (Fox) = 2 [ costamran = - csimtuat <o

Therefore the cosine extension Fourier series is

a (o8]
f(x)= 24 Z ap, cos (nx)
2 n=1
2
=1

11 Chapter 10.4, Problem 18 (With interactive animation)

Problem (a) Find the Fourier series of the given function (b) Sketch the graph of the function to
which the series converges for three periods.

fx)=1 0O<x<mrm

Use sin series, with period 2.
Solution
Extending this as odd function gives

1 O<x<m

fO(x):{—l —-T<x<0
13



Hence, since period is 27, then L = 7 now and, since this is an odd function, only b, terms will
show up

1 (F . ni
b, = I J_L fo (x) sin (Tx) dx
1 T
=— J fo (x) sin (nx) dx
T J-n
But now f;, (x) sin (%£x) is even, therefore the above simplifies to

bn

2 ‘[ﬂ fo (x) sin (nx) dx
T Jo

2 J sin (nx) dx
7

0

_ 2 (cos(nx))”

T n 0
-2

= — (cos(nr)—1)
nm
-2

= (1 -
nm

Therefore the sine extension Fourier series is

f(x)= i b, sin (nx)
n=1

231
= —Z—(—l” — 1) sin (nx)
T i=in

The following is an animation showing how the Fourier series converges to the function as
more terms are added. This animation runs inside the PDF (need to use standard PDF reader to
run the animation. Might not run inside Chrome or Firefox own browser PDF reader).

number of terms 81

f(x)
14,

1.2]

|

1.0F

0.8
0.6

0.4}
02¢f

K>

12 Chapter 10.5, Problem 7

Problem Find solution to u; = 100uy, with 0 < x < 1,¢ > 0 and boundary conditions u (0, t) =
u (1,t) = 0 and initial conditions u (x, 0) = sin (27x) — sin (57x)

Solution

The fundamental solution for this problem with homogenous B.C. was derived in earlier
problem and it is given as

u(x,t) = i cne Kt sin (\/Ex)
n=1

Where in this problem k = 100 and 4,, = (mr)2 ,n=1,2,3,.... The ¢, terms is the Fourier sine
coefficients of the initial conditions. But the initial conditions is already expressed as sum of
sine terms. Therefore the ¢, coeflicient can be read directly from f (x), giving ¢c; = 1,¢5 = —1.
Therefore only two terms exist in the sum above, leading to the solution

u(x,t)= cze_(z”)z(wo)t sin (27x) + cse _(6m)* (100t iy (57x)

— o—d00m%t —250007 £

sin (2zx) —e sin (57x)

14



13 Chapter 10.5, Problem 10 (With interactive animation)

Problem Solve u; = uyy, with 0 < x < L and L = 40cm and boundary conditions u (0,t) =
u (L, t) = 0° with initial conditions

X 0<x<20

0) =
u(x,0) {40—x 20 < x < 40

Solution
The fundamental solution for this problem with homogenous B.C. was derived in earlier

problem and it is given as

u(x,t)= i cne Kt sin (\/Ex)
n=1

Where in this problem k = 1 and 4, = ("T) 2 ,n=1,2,3,....and L = 40 cm. To find c,, initial

conditions are used. Att =0

fx)= 2 ¢y sin (\/Zx)

Applying orthogonality result in
2 L
Cp = —J f(x)sin (\Mnx) dx
L Jo
2 ([
=% (I x sin (\/Anx) dx + J

0 2

_ 2 (3200 . [nm
_E —nzﬂz sm(;)

160 . (mt)
= sin | —
n2m? 2

40

(40 — x) sin (\/Zx) dx)
0

Hence the solution is

160 had 1 ni nm )2 ni
u(x,t)=— —sin(—) e_(W) tsin(—x)
Get) m? ,,Z;; n? 2 40

The following is an animation of the above solution for 510 seconds. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome or Firefox
own browser PDF reader).

time BEE seconds

u(x,t)

oL

1EI_'

10¢

]
T

e e S S
i 10 20 30 40

I
tn
j =

K>

14 Chapter 10.5, Problem 11 (With interactive animation)

Problem
Solve u; = Uy, with 0 < x < L and L = 40cm and boundary conditions u (0,¢) = u (L, t) = 0°

with initial conditions
0 0<x<10

u(x,0)=14 50 10 < x <30
0 30 <x <40

Solution

15



The fundamental solution for this problem with homogenous B.C. was derived in earlier
problem and it is given as

u(x,t) = i cpe 'kt gin (\/Zx)
n=1

Where in this problem k = 1 and 4, = ("T) 2 ,n=1,23,....and L = 40 cm. To find ¢,, initial

conditions are used. Att =0

f(x)= 2 cp Sin (\/Zx)

Applying orthogonality result in

cp = % LL f (x) sin (\/Zx) dx

9 (10 30 40
= — (J 0 sin (\/Zx) dx + J 50 sin (\/Zx) dx + ‘[ 0 sin (\/Zx) dx)
40 \ Jo 10 30
2 (30
=7 N 50 sin (\/A—nx) dx
200 . nmr . nm
= — sin — sin —
nit 4 2

Hence the solution is

200 1 nr nr n )2 nr
u(x,t) = — > —sin (—) sin (—) e Vi) ! sin (—x)
T ofoin 4 2 40

The following is an animation of the above solution for 510 seconds. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome or Firefox
own browser PDF reader).

time BE0E seconds

u(x,t)
60

5['5— {\/\M—«n’\/\/\

40 ¢

30}

20}

10

o A
: 0 20 3 40" ™

K>

15 Chapter 10.6, Problem 5

Problem Find steady state solution that satisfies the given boundary conditions u; = a*u,, with
u(0,t) = 0,uy (L,t) =0
solution at steady state

v’ (x)=0
v(0)=0
v (L)=0

Solution to the above ODE is v (x) = ¢;x + ¢3. At x = 0, this leads to ¢; = 0. Therefore the solution

now becomes v (x) = c¢;x and v’ (x) = ¢;. Second boundary condition implies ¢; = 0 as well.
Therefore
v(x)=0

is the steady state solution.

16



16 Chapter 10.6, Problem 7

Problem Find steady state solution that satisfies the given boundary conditions u; = a®u,, with
uy (0,1) —u(0,t) =0,u(L,t)=T
solution at steady state

0" (x)=0
2 (0)—v(0)=0
v(l)=T

Solution to the above ODE is v (x) = ¢;x + cz. At x = 0, this leads to ¢; — ¢z = 0. Second boundary
condition implies ¢;L + ¢; = 0. Two equations in 2 unknowns

ci—¢c2=0
citL+c, =T

From first equation, ¢; = c;. Second equation becomes ¢, (1 +L) =T or ¢; = % Therefore the
steady state solution

T T
v(x)= —x+——
1+L 1+L

T
=—— @1+
1+L( x)

17 Chapter 10.6, Problem 9 (With interactive animation)

Problem Let L = 20 cm, with initial temperature 25°C, an initial conditions u (0, x) = 0, u (L, 0) =
60°C. (a) Find u (x, t). (b) Plot initial temperature distribution, final steady state solution and
solution are two intermediate times on same axes. (c) Plot u vs. t for x = 5, 10, 15. (d) determine
how much time has elapsed before the temperature at x = 5 cm comes and remains with 1% of
the steady state value. Use o = 0.86

solution

2

Uy = O Uxyx
u(0,x)=0
u(L,0) =60

Let solution be u (x,t) = w(x,t) + v (x) where v (x) is solution to v’ (x) = 0 with boundary
conditions v (0) = 0, v (L) = 60. Hence the solution is

v(x)=c1x+co

At x = 0, this leads to ¢, = 0. Therefore solution is v (x) = ¢;x. At x = L, 60 = c;Lorc; = & =

L
g—g = 3. Therefore

v(x)=3x

Hence the complete solution is
u(x,t) = (Z cne_“zl”t sin (\/Ex)) +3x
n=1
Where A, = (%) ®forn = 1,2,3,---. ¢, is now found from initial conditions. Att = 0
25 = (Z ¢, Sin (\/A_nx)) + 3x
n=1
25 —3x = Z ¢, Sin (\/Zx)
n=1
Applying orthogonality gives
L L
J (25 — 3x) sin (\/Zx) dx = tnsy
0
2 L
tn =7 J (25 — 3x) sin (\/Zx) dx
0
2 L
=% J (25 — 3x) sin (\/Zx) dx
0

17



50+70(—1)"

Integrating gives ¢, = —_——. Therefore the solution is
> 50 + 70 (—1)"
u(x,t)= (Z #6_“21’” sin (\Mnx)) +3x
n=1 nrx

The following is an animation of the above solution for 20 seconds. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome or Firefox
own browser PDF reader).

time B.88 seconds

u(x,t)
60

S0F

a0f
30}

10}

ob o v v Lo v vwdu gy
: T

NEIEEE

18 Chapter 10.6, Problem 10

¥ {cm)
20 &

th

10. (a) Let the ends of a copper rod 100 cm long be maintained at 0°C. Suppose that the
center of the bar is heated to 100°C by an external heat source and that this situation is
maintained until a steady state results. Find this steady state temperature distribution.
(b) Atatimer = 0 [after the steady state of part (a) has been reached], let the heat source
be removed. At the same instant let the end x = 0 be placed in thermal contact with a
reservoir at 20°C, while the other end remains at 0°C. Find the temperature as a function
of position and time.

(c) Plot u versus x for several values of ¢. Also plot u versus ¢ for several values of x.

(d) What limiting value does the temperature at the center of the rod approach after a
long time? How much time must elapse before the center of the rod cools to within 1°C
of its limiting value?

solution
To do.

19 Chapter 10.7, Problem 3 (With interactive animation)

Problem Consider elastic string of length L with ends held fixed. Let initial position u (x, 0) = f (x)
and u; (x,0) = 0. Let L = 10,a = 1. (a) Find u (x, t). (b) Plot u (x, t) vs x for 0 < x < 10 and for
several values of time between t = 0 and t = 20 (c) Plot u (x, t) vs. t for 0 < ¢ < 20 and for several
values of x (d) Construct an animation of the solution for at least one period. (e) Describe the
motion of the string. Let f (x) = 8x(i—§x)z

solution Since domain is finite, it is easier to use the series solution for wave equation than

D’Alembert solution. This is given by

u(x,t)= i Cpn COS (\/Zat) sin (\//l—nx)
n=1

Where A, = (”T”)z,n =1,23,--- and ¢, = %J()Lf(x) sin (\//Tnx) dx. Hence, since a = 1 and

18



L = 10, the solution becomes

> nw nw
u(x,t) = c cos(—t) sin(—x)
(.00 = S encos (77

10
2 Jlo 8x(L—x)* . (nm
Cp = — ———~sin (—x) dx
10 J, I3 10
2 Jlo 8x (10 —x)* . (nm
= — —————~sin (—x) dx
10 Jo 103 10

Integrating gives
322+ (=17
" n3m3

Hence solution is

32 2+ (-1 ni nmr
u(x,t)=— —cos(—t) sin (—x)
(1) 3 nz;{ n’ 10 10
The following is an animation of the above solution for 50 seconds. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome or Firefox

own browser PDF reader).

time B.88 seconds
ufx, t)

0

(a3

0.4

0.2

NEIEEE

20 Chapter 10.7, Problem 7 (With interactive animation)

Problem Consider elastic string of length L with ends held fixed. Let initial position u (x, 0) = 0
and u; (x,0) = g(x). Let L = 10,a = 1. (a) Find u (x, t). (b) Plot u (x,t) vs x for 0 < x < 10 and
for several values of time between ¢ = 0 and t = 20 (c) Plot u (x, t) vs. t for 0 < t < 20 and for

several values of x (d) Construct an animation of the solution for at least one period. (e) Describe

the motion of the string. Let g (x) = M(Ii—;x)z

solution Since domain is finite, it is easier to use the series solution for wave equation than
D’Alembert solution. The eigenvalue ODE is gives solution for A > 0 as

X, (x) = ¢ sin (\/Zx)

Where A,, = ("T”) 2 ,n=1,2,3,- - The time solution is T,, (t) = A, cos (\//Tnat) + B, sin (\//Tnat).

At t = 0, this gives 0 = A,,. Therefore T, () = B, sin (\/)L_nat) . Hence the complete solution is
w0 = ST ()X, ()
n=
= i Cp Sin (\/Zat) sin (\/Ex)
n=1
To find ¢, time derivative of the above is taken giving

%u (x,8) = i cnVAn cos (\/Zat) sin (\/Ex)

=1
At t = 0 the above becomes

66 = S sin (V)

=1
19



Applying orthogonality

rg(x) sin (VAnx) dx = \/,Tncnﬁ
0

cp = L\/_ g(x)sm \/_x)

2
Hence since g (x) = 8"%—;"’, L =10, a = 1 the above becomes
2 0 8x(10-x)* . (nx
ch = — e sin (Ex) dx
10 (43) Jo

Integrating the above gives
3202+ (-)M)
" ntmt

Therefore the solution is

wiop = 3 320E (-1)")

T (0 X ()

n=1

3;;2;)224-( Ol s1n(\/_at)sm(\/—x)

n=1

Where A,, = (%)z,n =1,2,3,-
The following is an animation of the above solution for 40 seconds. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome or Firefox

own browser PDF reader).
time B.88 seconds

u(x.t)

1.0

=
[y
T

02z 04 04 o8 10

[ y]

1
=
[y

T

1
N
=
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NEIEEE

21 Chapter 10.7, Problem 9

9. If an elastic string is free at one end, the boundary condition to be satisfied there is that
u, = 0. Find the displacement u(x,?) in an elastic string of length L, fixed at x = 0 and
free at x = L, set in motion with no initial velocity from the initial position u(x,0) = f(x),
where f is a given function.

Hint: Show that the fundamental solutions for this problem, satisfying all conditions
except the nonhomogeneous initial condition, are

u,(x,t) = sin A,x cos A,at,

where A, = 2n — 1)n/(2L),n = 1,2,.... Compare this problem with Problem 15 of Sec-
tion 10.6; pay particular attention to the extension of the initial data out of the original
interval [0, L].

20



solution
The eigenvalue ODE is

X (x) = Acos (\ﬁx) + Bsin (\ﬁx)

Boundary condition at x = 0 gives
0=A

Therefore the solution becomes X (x) = Bsin (\/Ix) And X’ (x) = BVAcos (\/Zx) Applying

boundary conditions at x = L gives

0 = BV cos (\/EL)

Therefore
VAL = {2,3_”,5_”,}
2 2 2
Hence
=2 p=1,35,
2L
2n—1
ﬂ)[n:u n:1’2’3,...
2L
Therefore ( )
. 2n—-1)nm
X, (x) = ¢ sin (Tx)
And

T, (t) = A, cos (\/Eat) + B, sin (\/Eat)
T, (t) = —Ana\/Z sin (\/Eat) + Bna\/Z cos (\/Zat)
Since initial velocity is zero, the above gives

0= Bnax/z

Which means B,, = 0. Hence

T, (t) = A, cos (\/Zat)

Therefore the complete solution becomes

u(x,t) = g Cp COS (%at) sin (%x)

cn is found from initial position by applying orthogonality.

22 Chapter 10.7, Problem 10

10. Consider an elastic string of length L. The end x = 0 is held fixed, while the end x = L
is free; thus the boundary conditions are u(0,¢) = 0 and u,(L,t) = 0. The string is set in
motion with no initial velocity from the initial position u(x,0) = f(x), where

o) = 1, L2—-1<x<L/2+1 (L>2),
Y= 0, otherwise.
(a) Find the displacement u(x, ).

(b) With L = 10 and a = 1, plot u versus x for 0 < x < 10 and for several values of ¢. Pay
particular attention to values of ¢ between 3 and 7. Observe how the initial disturbance is
reflected at each end of the string.

(c) With L =10 and a = 1, plot u versus ¢ for several values of x.
(d) Construct an animation of the solution in time for at least one period.
(e) Describe the motion of the string in a few sentences.

Solution
Straight forward.

21



23 Chapter 10.8, Problem 3

3. (a) Find the solution u(x, y) of Laplace’s equation in the rectangle 0 < x <a,0 <y < b,
that satisfies the boundary conditions

u(0,y) =0, u(a,y) =f(», 0<y<b,
u(x,0) = hx), u(x,b) =0, O<x<a.
Hint: Consider the possibility of adding the solutions of two problems, one with homo-

geneous boundary conditions except for u(a,y) = f(y), and the other with homogeneous
boundary conditions except for u(x,0) = h(x).

(b) Find the solution if #(x) = (x/a)? and f(y) =1 — (y/b).
(c) Leta =2 and b = 2. Plot the solution in several ways: 1 versus x, & Versus y, i versus
both x and y, and a contour plot.

Solution
To do.

24 Chapter 11.1, problem 12

Convert to form (py’) + q(x)y =0

Yy’ —2xy" + Ay =0

Solution
Writing the ODE as p (x) y” + Q (x)y” + R(x) y = 0, hence
px)=1
Q(x) =-2x
R(x)=41
Then the new form is (u (x) p (x) y’)" + p(x) R (x) y = 0, where
1 x Q(s) ds
(x) = _eJ. P(s)
g p(x)
— ejx —2sds
= e_x2

Therefore the new form is ,
2 2
(e_x y’) +e ¥ Aly=0

25 Chapter 11.1, problem 13

Convert to form (py’) + q(x)y =0
Py’ +xy’ + (P -0f)y=0
Solution
Writing the ODE as p (x) y” + Q (x)y” + R(x) y = 0, hence
p(x) = x*
Qx)=x
R(x) = (x2 - vz)
The new form is (u (x) p (x) y’)" + p (x) R (x) y = 0, where

" Sas
p(x)

_ iefx %ds
xZ

p(x) =



Therefore the new form is

26 Chapter 11.1, problem 18

18. Consider the boundary value problem
Y +4y 4+ (44 90)y =0, y(0) =0, y(L)=0.

(a) Determine, at least approximately, the real eigenvalues and the corresponding eigen-
functions by proceeding as in Problem 17(a, b).

(b) Also solve the given problem directly (without introducing a new variable).

Hint: In part (a) be sure to pay attention to the boundary conditions as well as the differential
equation.

Solution

26.1 part (a)

Lety(x) =s(x)u(x). Theny’ =s'u+su’ andy” =s"u+s'v" +s'u" +su” =s"u+2(s'u") +su”.
Therefore the original ODE becomes

s"u+2G6u)+su”’ +4Gu+su’ )+ (@ +9)su=0
Collecting terms in u gives

su” +u (28" +4s)+(s" +4s" +(4+9)s)u=0

Making u’ term vanish requires that 2s” + 4s or s’ + 2s = 0. Hence % (se?*) = 0ors = e ¥,
Hence s’ = —2¢72*, 5" = 4¢~2*. Substituting these into the above gives
e U + (467 +4(-2e7) + 4+ ) e P )u=0
U +(4+4(-2)+(4+9)u=0
u'+(4-8+4+90)u=0
u’ +9u=0
Let 91 = 1 so the above becomes
u +Au=0
With boundary conditions u (0) = % =0andu’ (L) = z:((f)) = 0. This was solved before, the

eigenfunctions of the above are

@, (x) = sin (\/Zx)

N n 2
Anz(—”) n=13,5---
2L

But /in = 9], therefore the above becomes
®, (x) = sin (3\/Zx)

1 /nm\2
/1,1:—(—) n=1273,---
9 \2L

Or

®, (x) = sin (gx)

Now the eigenfunction is normalized

f (kn®p (X)) dx = 1

0

1
k2 J @, (x)*dx =1
0

1
kij sin® (n_nx) dx =1
0 2L

L
k,zlgzl

23



Hence

2
kn= z

d, (x) = \/%sin (%x)

Mapping back to y (x) = s (x) u (s), and since s (x) = e™2* then the eigenfunction in y space is

2 nr
d, (x) = e_zx\/;sil’l (EX) n=13,5,---

And

26.2 Partb

Now the ODE is solved directly. y”" + 4y’ + (4 + 94) y = 0. The characteristic equation is
r+4r+(4+91) =0

Hence roots are

_ —bx Vb2 —dac —4£+16-4(4+91)

r =

2a 2
—4 + V16 — 16 — 364
= 5 =-2+3V-1

We know that A > 0. So the roots are r = —2 + iV and the solution is
y(x)=e > (A cos (\ﬁx) + Bsin (\/Zx))
Applying boundary conditions y (0) = 0 leads to A = 0. So the solution becomes
y(x) = e *Bsin (\/Ix)

Hence

y’ (x) = —2¢"**Bsin (\/Ix) + e 2BV cos (\ﬁx)
Applying second B.C. y’ (L) = 0 the above becomes
0 = ~2¢™Bsin (VAL) + e BV cos (VAL)
=B (—2 sin (\/ZL) + VAcos (\/ZL))
Non-trivial solution requires that
—2sin (\/XL) + VAcos (\/XL) =0
—2tan VAL + VA =0
tan VAL = l‘ﬁ

2

Hence the direct method finds that the eigenvalues A, are the solutions to the above nonlinear

equation and the corresponding eigenfunctions are e 2~ sin (\Mnx) .

27 Chapter 11.1, problem 19

Determine the real eigenvalues and eigenfunctions.

y'+y + Ay +y)=0
y' (0)=0
y(1)=0
Solution

Writing the ODE as
' +(1+A)y +Ay=0

Case A =0
y// + y/ - 0
The characteristic equation is
rP4r=0
r(r+1)=0

24



The roots are r = 0, —1. Hence the solution is y = ¢; + c;e™*. Hence y’ = —cye™*. First BC gives
Y’ (0) = 0 — 0 = —c;,. Therefore the solution becomes y = ¢;. Second BC gives y (1) =0 — 0 = ¢;.
Therefore trivial solution and A = 0 is not eigenvalue.

Case A < 0 Let A = —m? for some real m. The ODE becomes

y'+(1-m?)y -mPy=0
The characteristic equation is
r2+(1—m2)r—m2 =0
The roots are
~(1-m?)

5 (1 - m?)* + 4m?

V1 +m* - 2m? + 4m?

V(a+ m2)?

(1 +m2)

Il Il
H+ H

1
[\
H
Nl= N~ N = DN -

~(=m)
2

~(1-m)
2

- % (1 + mz) = —1. Therefore

Hence roots are r| = + % (1 + mz) =m’andr, =

the solution is

2 _
y=ce" +ce”

Hence y’ = m2c,e™* — cye~*. First BC gives y’ (0) = 0 — 0 = m®c; — ¢, or ¢; = m?c;. Therefore
the solution becomes

2 _
y=cie™* + micie™

2 _
=c (emx+mze x)

Second BC gives y(1) =0 — 0 = ¢4 (e’"2 + mze_l) therefore ¢; = 0 and trivial solution. Hence

A < 0 is not eigenvalue.
Case A > 0 The characteristic equation is

PrA+)r+1=0

The roots are

=1+
2
—(1+/1)+
— %
=1+
2
=1+
2

A1+ )% — 41

V1+2A2+21 -4

V(- 2)?

(1-4)

|
H

N = N = DN = DN =

|
H

|
H

Hence roots are r; = _71 1+A)+ %(1 —-A)=-Aandr, = _71 1+4) - %(1 — A) = —1. Therefore

the solution is

—-Ax

y=cre ™ +ce”

Hence y’ = —Acie™™ — cpe™. First BC gives y’ (0) =0 — 0 = —Ac; — ¢ or ¢c; = —Acy. Therefore
the solution becomes

y= cre ™ = deje™

=c (e_“ - )Le_x)

Second BC gives y (1) =0 — 0 = ¢; (e™* — Ae™!) For non-trivial solution, we need e™* — e~! = 0.
The solution to thisis A = 1.
When A = 1 the eigenfunction is

y(x) = (e —e™)=0

But eigenfunction can not be zero. Therefore there is eigenvalue when A > 0. Hence for all cases,
there is no eigenvalue with corresponding nonzero eigenfunction.
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28 Chapter 11.1, problem 20

Determine the real eigenvalues and eigenfunctions.

Xy = A(xy' —y) =0
y(1)=0
y(@2) -y (@)=0

Solution
This is a Euler ODE. x?y” — Axy’ + Ay = 0. Lety = x", theny’ = rx""Ly” = r(r—1)x"2
The ODE becomes

r(r=1D)x"" = dxrx™ '+ Ax" =0
rr—=Dx"—Arx"+2x" =0
rr=1)—-Ar+1=0

CaseA=0
The characteristic equation becomes

rir=1=0
The roots are r = 0, r = 1, hence the solution is
Yy=-c +cx

AtBCy(1) =0 — 0 = ¢y + c2. Hence ¢; = —c; and the solution becomes y = ¢; —¢;x = ¢1 (1 — x).
Hence y’ = —c;. Second BC y (2) — y’ (2) = 0 gives

0=C1(1—2)+Cl
0=—c1+c
0=0

Therefore any c; will work. Giving a solution
y=c(1-x)

Therefore A = 0 is an eigenvalue with eigenfunction ®, (x) = 1 — x.
Case A < 0 Let A = —m?. The characteristic equation becomes

r(r—1)+m2r—m2:0
Per+mr-m?>=0

r2+r(m2—1)—m2:O

The roots are

_ 2_1
r= (m )11\/(m2—1)2+4m2
2 2
2
—(m? -1
= (m2 )i%‘/m4—2m2+1+4m2
2
—(m?-1
_ o) 1 ey
2 2
=—%(m2—1)i%(1+m2)
Rootsarer:—%(m2—1)+%(1+m2)zlorr:—%(mz—l)—%(l+m2):—mz.Hence

solution is
y=cix+cx ™

AtBC y(1) = 0 — 0 = c;. Therefore the solution is y = ¢;x and y’ = c¢;. Second BC gives
y(2) -y’ (2)=0or

0= 201 —C

0= C1
Hence trivial solution. So A < 0 is not an eigenvalue.

Case A >0
The characteristic equation becomes

PP—r—r+A=0
rP—-r(1+M)+1=0

26



The roots are

1 1
N N P
2 2
=¥i%\/l+/12—2/1
1+ 1
= 2o Ja -2y
3 (1-4)
=1+Ai%(1_/1)

> ‘

_ 1 1 _ _1 1 _ L
Rootsarer = 5 (1+A)+3;(1-A)=1orr=35(1+4) -5 (1-4)=A Hence solution is
y = c1x + coxt

This is similar to the case above for A < 0. Hence there is no eigenvalue for A > 0.

29 Chapter 11.2, problem 1

Determine the normalized eigenfunction for

v +Ay=0 (1)
y(0)=0
y(1)=0

Solution
The eigenfunction for the above problem can be easily found using chapter 10 methods to be

@n(x):sin(\/Zx) n=1,3,5---

Where

The normalized &, (x) = k,®,, (x). Where

1
J (iDi(x)dx=1
0

Hence solving the above for k, gives

Ll (ko (X)) dx = 1

1
kﬁj % (x)dx =1
0

But fol % (x)dx = Jol sin? (\//Tnx) dx = fol sin® (%£x) dx = 3. Hence the above becomes

k2= =1
kn =2

N | =

S

Therefore

b, (x) = V20, (x)

. (nm
= Zs1n(7x) n=135--

- {\/Esin(%x) ,\/Esin(%rx) ,\/Esin(%rx),---}

30 Chapter 11.2, problem 2

Determine the normalized eigenfunction for

v +Ay=0 (1)
y' (0)=0
y(1)=0

27



Solution
The eigenfunction for the above problem can be found using chapter 10 methods to be

CD,l(x):cos(\/Zx) n=13,5,---
Where
The normalized ®,, (x) = k,®,, (x). Where
1 A
J &% (x)dx =1
0
Hence solving the above for k, gives
1
GRS
0
1
k,zlj % (x)dx =1
0

But J; % (x)dx = fol cos? (\/)L_nx) dx = L: cos? (HTEX) dx = % Hence the above becomes

Therefore

(i)n (x) = \/Eq)n (x)

nm
= 2005(7x) n=135,:--

_ {ﬁ (Zx) . Vacos (37”3() VZcos (%”x) }

31 Chapter 11.2, problem 3

Determine the normalized eigenfunction for

y' +Ay=0 (1)
y' (0)=0
y' (1) =0

Solution
The eigenfunctions are first found. Let the solution be y = Ae”™. This leads to the characteristic
equation

|

r= VA

Case A <0
In this case —A is positive and hence V—A is also positive. Let V-4 = p where p > 0. Hence
the roots are +p. This gives the solution

y = ¢1 cosh (ux) + ¢ sinh (ux)
y’ = cypsinh (ux) + cop cosh (ux)

First B.C. y’ (0) = 0 gives

0=cou
Cy = 0
Hence solution becomes
y (x) = ¢; cosh (px)
Second B.C. y’ (1) = 0 gives
0 = ¢y sinh (p)
But sinh () can not be zero since p # 0, hence ¢; = 0, Leading to trivial solution. Therefore A < 0

is not eigenvalue.
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Let A = 0, The solution is

y(x) =c1 +cox

First B.C. y’ (0) = 0 gives

0= Co
The solution becomes
y(x)=c
Second B.C. y’ (1) = 0 gives
0=0

Therefore ¢; can be any value. Therefore A = 0 is an eigenvalue and the corresponding eigenfunc-
tion is any constant, say 1.
Case A > 0, The solution is

y (x) = ¢y cos (‘/Zx) + ¢y sin (\/Zx)
Y (x) = —¢; V2 sin (\/Ix) + ¢y VA cos (\/Zx)
First B.C. y’ (0) = 0 gives

OZCZ\/I

C2:O

The solution becomes

Y (x) = c; cos (\ﬁx)

Second B.C. y’ (1) = 0 gives
0= —cl\asin (‘ﬁ)

For non-trivial solution, we want sin (\ﬁ) =0orVA=nxforn= 1,2,3,--- Therefore
Ap = (nr)? n=1273,---
And the corresponding eigenfunctions are
@n(x):cos(\/ix) n=1273,---
Hence

(I)o (x) =1
CDn(x):cos(\/Ex) n=12.3,---

The normalized &, (x) = ko®, (x). Where

rr(x)cbg (x)dx =1

0

But r (x) = 1. Therefore solving the above for k, gives

jl (koo () dx = 1
0

1
kg‘[ dx =1
0

ko =1
Andforn=1,2,3,--- we obtain
1 A
J % (x)dx =1
0
1
CENCIRES
0
1
kiJ % (x)dx =1
0
1
ki[ cos® (Vnzx) dx = 1

0
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1
But Jo cos? ( nﬂx) = % Hence the above becomes

Therefore

Andforn=1,2,3,---

b, (x) = V2, (x)
= V2 cos (nx)
= {\/Ecos (mx), V2 cos (27x) , V2 cos (37x) , - - - }

32 Chapter 11.2, problem 4

Determine the normalized eigenfunction for

y"+Ay =0 ey
y (0)=0
Yy ()+y(1)=0
Solution

The eigenfunctions for the above problem are first found. Let the solution be y = Ae”. This
leads to the characteristic equation

rP+1=0
r=+V-171

Case A <0
In this case —A is positive and hence V-2 is also positive. Let V-1 = p where p > 0. Hence

the roots are +p. This gives the solution
y = ¢q cosh (ux) + c; sinh (ux)
y’ = cypsinh (ux) + cp cosh (ux)

First B.C. y’ (0) = 0 gives

0 =cop
Cy = 0
Hence solution becomes
y (x) = ¢; cosh (ux)
Second B.C. y (1) + y’ (1) = 0 gives

0 = ¢y (cosh () + p sinh (p))

But sinh () can not be negative since its argument is positive here. And cosh y is always positive.
In addition cosh (i) + u sinh (1) can not be zero since sinh (p) can not be zero as 1 # 0 and cosh (p)
is not zero. Therefore ¢; = 0, Leading to trivial solution. Therefore A < 0 is not eigenvalue.
Case A = 0, The solution is
y(x) =c1+cox

First B.C. y’ (0) = 0 gives

0= Co
The solution becomes
y(x)=rc
Second B.C. y (1) + y’ (1) = 0 gives
0= C1

This gives trivial solution. Therefore A = 0 is not eigenvalue.
Case A > 0, The solution is

y(x) = ¢y cos (\ﬁx) + ¢y sin (\ﬁx)
Y (x) = —c; VA sin (\/Zx) + ¢y VA cos (\/Zx)
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First B.C. y’ (0) = 0 gives
0= Cz\/i
Cy = 0

The solution becomes

y(x) = ¢; cos («/Ex)
Second B.C. y(1) + y’ (1) = 0 gives
0= ¢ cos (\/I) — ¢;VAsin (\/Z)
- e cos (V) — VTsin (V)
For non-trivial solution the above implies
cos (\/Z) — VAsin (\/Z) =0 (1)

Therefore the eigenvalues are the solution to the above nonlinear equation. And the corresponding

eigenfunctions are
®, = cos (\/)Lnx) n=123,---

Where A,, are the roots of equation (1).
The normalized @, = k,®, eigenfunctions are now found.

1
J‘ r(x) <i>,21dx =1
0

Since the weight function is r (x) = 1, then

1
J P2dx =1

0

1
J@ﬁw=1

0

1
@Jﬁﬂ:l
0

k2 Jl cos® (\/Ex) dx =1
0

+

1
2

1
‘ in( 2V,

But L: cos? (ax)dx = (3 + —Smé“x); = (% + —Sm(‘fm x)) = (

0

sin(zm) 2\/E+sin(2\/ﬂ)
a2, = a2, ’

Hence the above becomes

R —
" 2m+sin(2\/ﬂ)
Wi,

= 4\//1_'1
2\//1_n + sin (2\//1_,1)

But sin (2a) = 2 sin a cos a and the above can be written as

_ Wi,
zﬁhmmwmeE

kZ

n

But from (1) earlier, we found cos (\ﬁ) —VAsin (\/X) = 0 or cos (\/I) = VA sin (\/I) . Substitut-
ing this into the above gives
Wa

k2 =
! wzuﬁ;wwm

And since A, # 0 the above simplifies to
2

1 + sin? (\//1_,,)
4

4 + sin? (\//1_,,)
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Therefore
2

= 1 + sin? (\/A_n)

Since there is no closed form solution to A, as it is a root of nonlinear equation YA, tan (V/lnL) =
1.
Hence the normalized eigenfunctions are

d, = k,®,

= V2 cos (\/A—nx)
1 + sin® (\//1_,1)

33 Chapter 11.2, problem 5

Determine the normalized eigenfunction for

y' =2y +(1+ )y =0 (1)
y(0)=0
y(1)=0

Solution
Lety(x) = s(x)u(x). Theny’ = s'u+su’ and y”’ = s"u+s"v’+s'v'+su” = s"u+2(s'u")+su”.
Therefore the original ODE becomes

s"u+2G6u)+su”" -2 u+su )+ (1 +AD)su=0
Collecting terms in u the above becomes

su” +u' (28" =28)+u((1+A)s+s”"—=2s")=0

To get rid of u” we therefore want 2s” —2s = 0 or s’ —s = 0. Hence the integrating factoris I = e™*

and the solution is obtained from % (se™) = 0 or s = e*. Therefore, if s = e* then the original
ODE becomes

eu’ +u((1+2A)e* +e*—2e*)=0
u +u((1+A)+1-2)=0

u +u((1+A)-1)=0

u +Au=0

With the boundary conditions u (0) = % = % =0andu(1) = % = 0. Hence we need to find
the eigenfunctions for

u’ +Au=0
u(0)=0
u(1)=0

But this we did before. It has @, (x) = sin (nzx) for n = 1,2, - - -. And the normalized &, (x) =
V2 sin (n7rx). Mapping this normalized eigenfunction back to y(x) using the transformation
y (x) = s (x) u (x) gives the normalized eigenfunction in y space as

d, (x) = e V2 sin (n7x) n=123,---

34 Chapter 11.2, Example 1 redone. page 690

Here, example 1 is solved again, but without using normalization. Showing that one does not
need to normalize the eigenfunctions as the book shows and will get same answer. Solve

y' +2y =—x (1)

With boundary conditions y (0) = 0,y (1) + y’ (1) = 0. Using the method of eigenfunction expan-
sion without normalization.

Solution

The idea behind solving using eigenfunction expansion, is that

= (py") +q(x)y (x) = pr (x)y (x) + f (x) (14)
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Is solved using the eigenfunctions of the corresponding homogeneous eigenvalue ODE

= (py") +q(x)y (x) = Ar (x) y (x) (2A)

Where in (1A) p is just a constant. And in (2A), A is an eigenvalue. Writing (1) in same form as
(1A) leads to

) -2y =x
-) =2y +x (3A)
Therefore y = 2 and r (x) = 1. The corresponding homogeneous eigenvalue problem is
— () =2y (x)

Or
y' +Ay(x)=0

With boundary conditions y (0) = 0,y (1) + y’ (1) = 0. The solution of the above is used to solve
(3A), which is the original ODE. The solution to the above eigenvalue problem was done before.
The result is that A, is the solution of nonlinear equation

sin (\/Zx) + VA cos (\/zx) =0
Solving this numerically for the first 10 eigenvalues gives

An = {4.116,24.139, 63.659, 122.889, 201.851, 300.55, 418.987, 557.162, 715.077, 892.73}

And the eigenfunctions are

C1>n(x)=sin(\/Zx) n=1,23,--

Notice that the eigenfunction above is not normalized as in the text book. Now assuming that
the solution of the original nonhomogeneous ODE (3A) is given by

Yy (x) = Z bnq)n (x)
n=1

Where b,, is unknown as of now and substituting the above into (3A) gives

(o)

d2 [ (o]
_W Z b,®, (x) =2 Z bn®p (x) + Z qnq)n (x)
n=1 n=1 n=1

Where X7 | P, (x) is the eigenfunction expansion of the forcing terms —x. In this expression
qn is still not known. Now assuming that differentiation can be moved inside the summation
above (this needs conditions which assumed valid here). The above equation now becomes

- Z bnq);,, (x)-2 Z bp®, (x) = Z qn®y (x) (1A)
n=1 n=1 n=1

gn is now found. This is done by applying orthogonality as follows. Let x = X7 | g, ®, (x).
Multiplying both sides by ®,, (x) and integrating over the domain gives

Jl x®p, (x)dx = i qn Jl D, (x) Dy, (x) dx
0 =1 0

1 1
j x®,, (x)dx = q, J % (x)dx (2)

0 0

Since @, (x) is not normalized, one can not replace the integral by 1 as in the book. But since
®, (x) = sin (\//Tnx), the integrals can be evaluated as follows. The right side of (2) is

1 1 sin (2\//1_;1)
sin? (VA,x)dx==- - ——1~ 3
Jo (\/— ) 2 4V, R
And the left side of (2) is found by integration by parts
1 1
J‘ x®p, (x)dx = J x sin (\/Zx) dx

0 0

_sin VI - Vigcos Vi “

An
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Using (3) and (4) in (2) g, is solved for giving

in VI~ VIpeosyT, (1 sn(2vA)

A L PR,
_ sin VA, = VA, cos Vi, )
o anevm)
Mo (% - —7

Now that g, is known, b, is found from (1A)
- Z bnq);,/ (x) -2 Z bnq)n (x) = Z qncbn (x)
n=1 n=1 n=1

Since ®,, (x) = sin (\/)L_nx) then @/, (x) = VA, cos (\/)L_nx) , @/ (x) = —A, sin (\//Tnx) =-1,0, (x)

and the above simplifies to

i buAn®, (x) -2 i bn®p (x) = i qn®n (x)
n=1 n=1 n=1

Canceling summations and also @, (x) since ®, (x) # 0 the above simplifies to

budn — 2bp = qn
dn
b —
A -2

n =

Hence the solution to the original ODE is
y(x) = Z by @y (x)
n=1
_ > qn .
= ; ()Ln — 2) sin (\/A—nx)

Using the value found for g, in (5), the above becomes

y(x) = HZ:; I (ﬂi — sin \//j_n Si:/(;T:i/;S Vin sin (\/Zx) (6)
2 aa,,
The above is the solution, found without normalization. The book solution is
y(x) = 42.0: 7 (Al =2 ! sin (\/Zx) (7)
n=1/tn/tn (1 + cos? (\/ﬂ))

To show that (6) and (7) are actually the same, they are plotted against each others, using 10 terms
in the sum, which is more than enough. The result shows identical plots.
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Find eigenvalues numerically

ClearAll[y, z, X, ]

eigenvalues = x /. NSolve[Sin[x] + xCos[x] == ©&&0 < x < 30, x];

z = eigenvalues”~2

{4.11586, 24.1393, 63.6591, 122.889, 201.851, 300.55, 418.987, 557.162, 715.077, 892.73}

This is the solution without normalization

max = Lengthez;

sin[VX] - VX cos[VX]

yApproxNoNormalization[x ] := Sum[A =z[[n]];

Plot [yApproxNoNormalization[x], {x, @, 1}, GridLines - Automatic, GridLinesStyle - LightGray, PlotStyle -» Red, PlotLabel -» "No normalization"]

No normalization

A(X-2) [

(, sinzﬁ)
27 T ava

0.2 04 06 08

1.0

This is the solution using normalization (book solution)

yApproxBook [x_] :=4$um[)&=z[[n]]; (
A@-2) (1

Plot [yApproxBook [x], {x, @, 1}, GridLines - Automatic, GridLinesStyle - LightGray, PlotStyle - Red, PlotLabel » "Using normalization"]

Using normalization

Sin[ﬁ]

+c°s[\/7]2) Sin[\/; x], {n, 1, max)];

y:

They also plotted against the solution found using standard methods, which is

sin (\/Ex)

x
2

sin (\/5) + V2cos (\/5)

Sin['\/Tx], {n, 1, max)]

And both (6,7) matched exactly the above solution.

35 Chapter 11.2 Problem 14

Determine if the given boundary value problem is self-adjoint

Solution

The ODE can be written as (y’ + y)” + 2y = 0. Hence the operator is

The ODE is self-adjoint if

of the above equation and see if the right side can be arrived at. By definition

(L[u],v)

vy +y +2y=0
y(0)=0
y(1)=0

Llyl=@ +y) +2y

(L{u],v) = (u,L[v])

For any two functions u, v that satisfy the ODE. One way to proceed, is to start from the left side

rl

L[u] vdx

rl
[(u’ +u) + Zu] vdx

rl
(u +u) v+ uvdx
0
dv u
rl —— _. 1
’ 4
W +u) v dx+ | uvdx
0 0
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integration by parts of the above gives

1 1

w +u)v'dx + ‘[ uvdx
0

(Llul,0) = [(u'+u)v]é—j

0

1 1
= [ +u)v]; - J (u'v" +uv’)dx + j uvdx
0

0

1 1 1
= [ +u)v]; - (J u'v'dx + J uv'dx) + J‘ uvdx

0 0 0

Integrating by parts the term f; w'v'dx = [uv']y - f; uv” dx the above becomes

(L[u],v) = [( +u)v]} - ([uv'](l) - Il uv” dx + Jl uv’dx) + Jl uvdx

0 0 0

1 1 1
= [ +u)v—uv]y— (—J uv” dx + J uv'dx) + J uvdx

0 0 0

1 1 1
=[( +u)v—uv]y+ I uv” dx — I uv’dx + J uvdx

0 0 0

1
= [ +u)v—ud]y+ ‘[ (0" —v" +v)udx
0

The above can never be (u, L [v]) even if the boundary terms vanish, since f; " =0 +v)udx #

Io (v” + v’ + v) udx. There is a different sign in the operator obtained. Hence the ode is not self adjoint.

36 Chapter 11.2, Problem 15

Determine if the given boundary value problem is self-adjoint

(1+x%)y" +2xy’ +y=0
y'(0)=0
y()+2y (1) =0

Solution
The ODE can be written as

(1+x%) y) +y=0
The operator
Llyl = ((1+x%) y') +y
The ODE is self-adjoint if
(L[u],v) = (u, L[v])
For any two functions u, v that satisfy the ODE. One way to proceed, is to start from the left side
of the above equation and see if the right side can be arrived at. By definition

(L[u],v) = [ L[u] vdx

= (! [((1 +x%) u'),+u] vdx
= (! ((1+x%) u')/v + uvdx

rl 1
=1 ((1+x%) u’)'vdx+f uvdx (1)

JO 0

Starting with the first integral in (1) and using integration by parts

dv
u
1,__—__-/&_—\

f ((1+x2) ') vdx = L (1+x) w) o dx

0

By integration by parts, where judv = |uv| — fvdu, the above becomes

Ll ((1+x%) ') vdx = [ (1 +x%) u’v](l) - Ll (1+x2) u'v'dx

u dv
1] —m

= [(1+x2) u’v]é—J‘O (1+x2) v u dx
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Doing integration by parts again. But notice the choice of u and dv made above. This is important
in order to get to the form needed. The above becomes

Ll ((1+x%) ') vdx = [ (1 +x%) u'v](l) - ([u (1+x%) v’](l) - Jol ((1+x?) v')'udx)

=[(1+x%) w'v—u(1+x? v’]é + L ((1+x?) v’)/udx

Going back to (1) and adding the second integral which is left there gives

1 1

((1+ xz) v’)'udx + J uvdx

(Lu],v) = [(1 +x%) uw'v—u(1+x% v’](1)+J
0

0
1

= [(1 +x2) u'v—u(l +x2) v'](1)+ J‘o [((1 +x2) U')’ +v] udx

But JOI [((1 +x%) V) g v] udx = (u, L [v]), hence the above becomes
(L[u],v) = [(1+x%) v'v—u(1+x?) v'](l) + (u, L[v]) (2)

We are almost there. If the boundary terms above all go to zero, then it is self-adjoint. If the
boundary terms do not vanish, then the problem is not self adjoint. Evaluating the boundary
terms in (2)

A=[(1+x*) u'v—u(l+x? v'](l)
=[2v’ (D)o (1) - 2u (D) 0" (D] = [w (0)v (0) —u(0) v (0)]
Since u’ (0) = 0 and v’ (0) = 0, from the given boundary conditions, then above simplifies to
A=2w (1)ov1)-u(1)o' (1)
But u (1) = —2u’ (1) and v (1) = —20’ (1), hence the above becomes

A=2((1)(=20" (1) - (-2u" (1)) 2" (1))
=4(-u' ()" (D) +u' (Do’ (1))
=0

Since the boundary terms A vanish, then from (2)

(L[ul,v) = (u,L[v]) (3)

Hence the ODE is self-adjoint.

37 Chapter 11.2, Problem 16

Determine if the given boundary value problem is self-adjoint

y'+y=2y
y(0) -y (1)=0
y' (0)-y(1)=0

Solution
The operator is

Llyl=y" +y
The ODE is self-adjoint if
(L[u],v) = (u,L[o])
For any two functions u, v that satisfy the ODE. One way to proceed, is to start from the left side
of the above equation and see if the right side can be arrived at. By definition

rl

(L[u],v) = | L[u]vdx

o1
= | W' +u)vdx

rl 1
= | u’vdx+ J uvdx
Jo 0
do u
rl /"I\/ N 1
= u v dx+ | uvdx (1)
Jo 0
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Integrating by parts

dv u
1 —" " 1
(Lu],v) = [u'v]} - j u v odx+ J‘ uvdx
0 0

Integrating by parts again

1 1
(Lu],v) = [u'v]} - ([uv'](l) - J‘ uv"dx) +J‘ uvdx
0 0

1 1

uv' dx + J uvdx

0

= [u'v —uv']) + J

01
=[u'v - uv'](l) + J‘ (v + v)udx
0
= [w'v - uv']y + (u,L[v]) ()

Hence if the boundary terms vanish, then it is self adjoint else it is not. Evaluating the boundary
terms in (2)

A =[u'v—ud'];

= [ D)o @)-u@)o (D] - [u'(0)v(0) —u(0)v' (0)]

But u’ (1) = u(0) and v’ (1) = v (0) and u’ (0) = u (1) and v’ (0) = v (1) from the given boundary
conditions. Substituting these into the above gives

A=Tu(0)v(1)-u(1)v(0)]-[u)v(0)-u(0)v(1)]
=2u(1)v(0)
£0

Since the boundary terms A do not vanish, then from (2)
(L{u],v) # (u,L[v])

Hence the ODE is not self-adjoint.

38 Chapter 11.2, Problem 17

Determine if the given boundary value problem is self-adjoint
(1+x*) y" +2xy’ +y=21(1+x%)y
y(0) -y’ (1)=0
y' (0)+2y(1)=0

Solution
The ode can be written as

(1+x*) y) +y=2(1+x%)y

Hence the operator is
Llyl = ((1+x%) y') +y
The ODE is self-adjoint if
(L[u],v) = (u, L[o])
For any two functions u, v that satisfy the ODE. One way to proceed, is to start from the left side
of the above equation and see if the right side can be arrived at. By definition

rl1
(L[u],v) = | L[u]vdx

= : (((1 +x7%) u’)/+u) vdx

dv u
o1 P —— 1

= ((1+x2)u')' v dx+J uvdx

JO 0

Integrating by parts

1 1

(1 + xz) u'v'dx + J uvdx

0

(Lu],v) = [(1 +x%) u'v](l) - L
1f—’u%,—/\dv 1

= [(1+x2) u'v]é—f (1+x2) v ou dx+J‘ uvdx
0 0
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Integrating by parts

(L[u],v) = [(1 +x%) u'v]; - ([u (1+x%) U'] (1) - Ll ((1+x% U’)’udx) + Ll uvdx

[+ wo—u(14x) o] + Jl (1 +x2) o) udx + L wods

= [(1 +x%) u'o—u(1+x?) U'](1)+ 01 [((1 +x%) U’), +v] udx

= [(1 +x%) u'v—u(1+x?) v'] (1) + {u, L[v])
Therefore, if the boundary terms vanish, then the ODE is self adjoint.
A=[2v (Do) -2u1)0" (D] -[u (0)v(0) —u(0)v' (0)]
But ' (1) = u(0) and v’ (1) = v(0) and v’ (0) = 2u(1) and v'(0) = 2v(1), from the given

boundary conditions. Substituting these in the above gives
A=12u(0)v(1)-2u(1)v(0)] - [2u(1) v (0) —u(0)2v(1)]
=2u(0)v(1)—2u(1)v(0) —2u(1)v(0)+u(0)2v(1)
=4u(0)v (1) —4u(1)v(0)
=0
Hence (L [u],v) = (u, L[v]), therefore the ODE is self-adjoint.

39 Chapter 11.2, Problem 18

Determine if the given boundary value problem is self-adjoint
vy +Ay=0
y(0)=0
y(m)+y'(m)=0

Solution
The ode can be written as

Hence L [y] = y”. The ODE is self-adjoint if
(L[u],v) = (u, L[o])

For any two functions u, v that satisfy the ODE. One way to proceed, is to start from the left side
of the above equation and see if the right side can be arrived at. By definition

T

(L[u],v) :‘[ L[u] vdx

0

T
= J u vdx
0

T

(L[u],v) =[u'"v]y — L u'v'dx

Integrating by parts once

Integrating by parts again

T

(Llul. o) = [w'o]f - ([m/]g -

uv”dx)
0

= [v'v-ud]y + J uv” dx
0
= [u'v—ud']§ + (u,L[v])

Now we will check if the boundary terms vanish or not.

A =[u'v—udv']y

=[u' (m)v(m) —u(r) v (m)] = [u' (0) v (0) — u (0) " (0)]

Since u (0) = 0, (0) = 0 then the above simplifies to

A=u (m)v(n)—u(r)v (n)
But v’ (1) = —u () and v’ (r) = —v (;r) the above becomes

A=—-u(m)v(r)+u(r)o(r)

=0
Hence (L [u],v) = (u, L[v]) and the ODE is self adjoint.
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40 Chapter 11.3, Problem 1

Solve by method of eigenfunction expansion

Yy +2y=—x
y(0)=0
y(1) =0

Solution

The corresponding homogeneous eigenvalue ODE is y” + Ay = 0 with y (0) = 0,y (1) = 0.

This was solved before.

®, (x) = V2sin (\/Zx)

/1,,:(rm)2 n=123,---

Hence eigenvalues are A, = {nz, 472 972, . .. } None of the eigenvalues is 2. Therefore the

solution to the original ODE can be assumed to be
y= Z bnci)n (x)
n=1
Substituting this into the original ODE gives
Z bn(i);z/ (x)+2 Z bnqsn (x) =-
n=1 n=1
Expanding —x using same basis function as the solution gives
D ba®) (%) + 2D ba®y (x) = D gubn (1)
n=1 n=1 n=1
Where ¢, is found by applying orthogonality on
X = Z qn(i)n (x)
—J x®,, (x)dx = anj d,, (x) Dy (x) dx
—gn [ 8, ax
0

Since normalized, fol ®2 (x)dx = 1 and the above simplifies to

1
—I x®p, (x) dx = g
0

But &, (x) = V2 sin (n7rx) and the above becomes
1
—\/EJ x sin (nzx) dx = qp
0

Using f x sin (ax) dx =

siigx _ XCOSAX the above gives

V3 ( sin (nrx)  x cos (nr[x))

(n”)z 0
N (sm (nm)  cos (mr )
(nm)?
( cos (mt)) _

e

Now that g, is found, then b,, can be solved for form (2) above giving

Zb fI>"(x)+ZZb<D (x)—Z\/_( )CI) (x)

(1)

(2A)

But &/ (x) = —A,®, (x) since the eigenfunction satisfy the ode y”” = —Ay and the above simplifies

to

—Zb/ld)(x)+22b<b(x) Z‘/_( )cb(x)
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Since ®, (x) # 0 the above simplifies to

niw

—byA, + 2b, = x/é(_l )

Therefore

V2 ()
A
VZ(-1)"

- (2- (mt)z) nr

b, =

Therefore the solution from (1) is

)

V2(-1)" *)

But &, (x) = V2®,, (x) = V2 sin (n7x) and the above becomes

[e6] ( 1)”
Y= 2n:1 2~ (o) ) ”sm(nﬂx)

Or +1
y=2>

2 —((nﬂ>2 gy sin (nzx)

41 Chapter 11.3, Problem 2

Solve by method of eigenfunction expansion

Yy +2y=—x
y(0)=0
¥y (1)=0

Solution
The corresponding homogeneous eigenvalue ODE is y”’ + Ay = 0 with y(0) = 0,3’ (1) = 0.
This was solved before.

®, (x) = sin (\/A—nx)

nm\ 2
A,,:(T) n=13,5,--

Or, to keep the sum continuous, it can be written as

)Ln=((2n—1)§)2 n=1273,---

The normalized eigenfunctions weight k,, is found from solving J k2 sin ( x) dx = 1 which
results in kj, =12
Hence

Ci)n(x):\/isin((Zn—l)gx) n=123,---

The eigenvalues are 1, = {(%) 2 ,9 (%) 2 , 25 (%) 2 S } None of the eigenvalues is 2. There-

fore the solution to the original ODE can be assumed to be

= by, (x) 1)

n=1

Substituting this into the original ODE gives
D ba®) (x) + 2> by (x) = -
n=1 n=1

Expanding —x using same basis function as the solution gives

Z bn(i);; (x) +2 Z bn(i)n (x) = Z qn(i)n (x) (2)
n=1 n=1 n=1
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Where ¢, is found by applying orthogonality on

—XIanCi)n(x)
—J‘ x®,, (x)dx—an‘[ d, (x) d,, (x) dx

on [ o
0

Since normalized, fol @2 (x)dx = 1 and the above simplifies to

1
—J x®,, (x)dx = qm

0

But &, (x) = V2sin ((2n — 1) Zx) and the above becomes

_\/Ejl x sin ((Zn -1) %x) dx = qy
0

Sln ax

Using Ix sin (ax) dx = — X24% the above gives

N sin ((2n - 1) %x) _ xcos ((2n-1) %x) ' _q
(2n-1)%)° 2n-1)% "
_ sin ((2n - 1) %x) _ cos ((2n-1) %x) ' B
ﬁ( (@-vg”  @-vf |
N el (s A
(@-n=? | "

Using sin ((2n — 1) Z) = —cos (nr) which for n = 1,2,3, - - can be written as — (—1)" or (-1)"*".
The above simplifies to
\/_ ( ( l)n+1 )

((2n - )5

\z =Dt 1)”
((2n - )%

Now that g, is found, then b, can be solved for form (2) above giving
i (-D" V2
n=1 ( n— ) )

But &’ (x) = —A,®, (x) since the eigenfunction satisfy the ode y”” = —Ay and the above simplifies

to
_ibn/lnq}\)n (x)+2ibnci)n (X) = i ( 1) \/_
n=1 n=1

n=1 (2n-1)% )

i b, ® (x) + 2 i badp (x) = D —————&, (x) (2A)
n=1 n=1

b, (x)

Since ®, (x) # 0 the above simplifies to

—byA, + 2b, = L\&z
(en-1)%)

Therefore

(=D"V2
_ (en-1%)°
2— A,
(-D"V2
((2n-1)Z)*

(2 ~((2n-1) g)z)
_ (-1)" V2
(2-@n-12(3)°) (en-13)?
Therefore the solution from (1) is
S (-=D" V2 :
i Zf (2 —(2n—1)? (g)z) ((2n-1)Z)
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But ®, (x) = V2®, (x) = V2sin ((2n—1) Zx) and the above becomes

)= Zi (_1)n+1
n=1 ((Zn — 1) (%)2 - 2) (en-1)%)

; sin ((Zn -1) %x)

Since 2n-1)7% = (n- %) 7, the above can also be written as (to match back of book solution)

=3 ((n- %)2;—1)2")7('1— =)=

42 Chapter 11.3, Problem 3

Solve by method of eigenfunction expansion

Yy’ +2y=—x
y' (0)=0
y'(1)=0

Solution
The corresponding homogeneous eigenvalue ODE is y”” + Ay = 0 with y’ (0) = 0,y (1) = 0.
This was solved above in Chapter 11.2, problem 3. The eigenvalues are

An = {0’ 7[2, (2”)2’(371.)2’ ot }
:(n”)z n:0,1,2,"'

The normalized eigenfunctions are
@ (x) =1

Andforn=1,2,3,---

@, (x) = V20, (x)
= V2 cos (nrx)

= {\/E cos (1x), V2 cos (27x), V2 cos 37x), - - - }
Since none of the eigenvalues is 2, the solution to the original ODE can be assumed to be
y= > bpdy (x) (1)
n=0
Substituting this into the original ODE gives
Db () +2 D bp®y (x) = —x
n=0 n=0
Expanding —x using same basis function as the solution gives
D bn @y () +2 37 bun (1) = 3 eabr (x) (2)
n=0 n=0 n=0
Where ¢, is found by applying orthogonality on

—-X = Z CnciDn (x)
n=0

—rxé)m(x)dx= S [ o () by )

0 n=0 0

1
=cp I & (x)dx
0

Since normalized then f; @2 (x)dx = 1 and the above simplifies to

1
—J x®, (x)dx = ¢,
0
For n = 0 the eigenfunction is ®, (x) = 1 and the above gives ¢y = —% [xz] (1) = —% and forn > 0
the eigenfunction is ®, (x) = V2 cos (n7x) and the integrals becomes

1

—\/EJ x cos (nrx)dx = ¢,
0
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cos ax

Using Jx cos (ax)dx = + % the above gives

¢, = V2 (cos (nmx) i sin (mrx))

(nﬂ)z nit
_ 3 (cos (no) N sin(nr) 1 )

(nm)? o (nr)

3 _\/E(cos(mr) 1 )
(nr)*  (nm)

-V2
:%(cos(nﬂ)—l) n=12---
nr
When n is odd then ¢, = % and when n is even it is zero. Now that g, is found, then b, can

be solved for form (2) above giving
Z bp® (x) + 2 Z b,d, (x) = Z cn®y, (%) (24)
n=0 n=0 n=0

But & (x) = —1,®, (x) since the eigenfunction satisfies the ode y”” = —Ay and the above simpli-
fies to

=S by (042 babn (1) = S e ()
n=0 n=0 n=0

Since ®, (x) # 0 the above simplifies to

—byAn +2b, =y,
Cn
b, =
T2,
Therefore the solution from (1) is
y = Z d, (x)
:o n
-9 % (x) + i _n_ % (x)
2-1o ’ n= 1,3,5,---2_/1'1 "
But Ay = 0,¢y = —%and d, (x) = 1, therefore the above becomes
2v2

y(x) = —i + Z () \/_COS (nrx)

neiss,.. 2— (nm)?
> 2V2
=——+ \/2— 2\/§cos (nmx)
n=1,3,5,--- (2 - (n]'[) ) (Tlﬂ.’)
1 > 1
=——--4 > > cos (nzx)
4 n=1.3.5, ((mt) - 2) (nm)

To make the sum continuous, let m = (2n — 1) and now m runs from 1, 2, 3, - - - and above becomes

~ _1 ~ a cos((2n—1) rx)
vt ="y 42 ((2n - 1)m)* —2) ((2n - 1) )’

43 Chapter 11.3, Problem 10

Determine if there is any value of the constant a for which the ODE has a solution. Find the
solution for each such value

y”+7r2y:a+x

y(0)=0
y(1)=o0
Solution
The eigenvalues of the corresponding homogenous eigenvalue ODE y”’ + Ay = 0 with same
homogenous boundary conditions are A, = (mr)2 forn = 1,2,---. Therefore one can see that

A, is eigenvalue in the original ODE y”” + 7%y = a + x. This means there is a solution (which
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will be non unique) only if the forcing function is orthogonal to the specific eigenfunction ®; (x).
Therefore the condition is

1
[ Feemar=o
0
Jl (a+x)sin(rx)dx =0
0

1 1
J asin (rx)dx + J xsin (rx)dx =0
0 0

T 2 T

. 1
cos x\ ! sinTtx xcosmx

al- + - =0
0 0

a sinm cosmw
——(cosTt—1)+ — = ]:0
7T T 7T
a -1
—(-1-1D)+|-—| =0
/2 b2
2a 1
Z+Z=0
T
Hence
-1
a=—
2
Only when a is the above value, is there a solution. The original ODE is now solved using the
direct method (meaning, not eigenfunction expansion) when a = _71 as follows. Solve

1
y"+ﬂ2y=—5 + X
y(0)=0
y(1)=0

The homogeneous solution is easily found to be y;, = Acos (x) + Bsin (rx). Since the RHS is a
polynomial, let the particular solution be y,, = ¢1 + ¢2x. Then y;, = c; and y/ = 0. Then

1
72 (¢ + cox) = —o ¥
2 2 1
it + " x = —E + X
Therefore c,m2 = 1 or ¢y = # and ¢; 712 = —% orc; = —#. Hence y, = —# + ﬁx. The solution
is
Y=Yn+1Yp
. 1 1
= Acos(7nx) + Bsin(nx) — — + —x
2m% gl
Applying boundary conditions, at y (0) = 0 the above becomes
0=A !
B 2m?
A= —
272
Hence the solution becomes
(x) = = cos (nx) + Bsin (7x) - — + —
x) = — cos (7x sin(rx) — — + —x
y 272 2m2 ;2
At y (1) = 0 the above gives
0 = — cos (x) + Bsin () :
= —cos(m sin(r) — — + —
272 2m2
-1 1 1
0= —-— +—
272 27?2 g2
0=0

Therefore B can be any value. Hence the final solution is

Y (x) = 525 cos (x) + Bsin (7x) + % (x - 3)

The solution is not unique as expected. Any arbitrary value of B gives a solution.
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44 Chapter 11.3, Problem 11

Determine if there is any value of the constant a for which the ODE has a solution. Find the
solution for each such value

Yy’ +4r’y=a+x
y(0)=0
y(1)=0

Solution

The eigenvalues of the corresponding homogenous eigenvalue ODE y” + Ay = 0 with same ho-
mogenous boundary conditions are A, = (nx)? forn = 1,2, - -. Therefore A, = 47 is eigenvalue
in the original ODE y”” + 472y = a + x. This means there is a solution (which will be non unique)
only if the forcing function is orthogonal to the eigenfunction ®, (x). Therefore the condition is

1
t[f@Mh@Mx=0
0

J‘l (a+x)sin(2rx)dx =0

0

1 1
J asin (2zx)dx + J xsin(2zx)dx =0
0 0

( cosZ;rx)1 [sin(an) XCOS(ZT[X)]l
al-—————| + - =

=0
21 472 21

0 0

sin 27 cosZ:r} o

452 2

-]
- :O
2r

1
—— =0
21

a
——(cos2r —1) + [
27

a
-—(1-1+
271( )

But this is not possible. Hence there is no a which makes f; (a + x) sin (27x) dx = 0. This means
there is no solution for any a.

45 Chapter 11.3, Problem 12

Determine if there is any value of the constant a for which the ODE has a solution. Find the
solution for each such value

y' + 1’y =a
y'(0)=0
y'(1)=0

Solution

The eigenvalues of the corresponding homogenous eigenvalue ODE y”” + Ay = 0 with same
homogenous boundary conditions are Ay = 0 and A, = (m'[)2 forn=1,2,---. Therefore A; = 72
is eigenvalue in the original ODE y”’ + 7%y = a + x. This means there is a solution (which will be
non unique) only if the forcing function is orthogonal to ®; (x). The eigenfunctions in this case
are @, (x) = cos (nzx). Therefore the condition is

1
[ eoo@an=o
0

1
j acos(mx)dx =0

0

. 1
sin rx
a =0
T Jo

Z=0
T

Hence any a will satisfy this. Therefore there is a solution for any a. The solution is
y = Acos (nx) + Bsin (nx) + y,
Since the RHS is a constant, let y, = k. This leads to m’k=aork = % Hence the solution is

y = Acos(7x) + Bsin (7x) + %
b
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Or
y’ (x) = —wAsin (nx) + B cos (7x)

At y’ (0) = 0 the above becomes
0=Br

Hence B = 0 and the solution now becomes
y = Acos (7x) + %
T
Yy’ = —Ar sin (7x)
At y (1) = 0 the above becomes

0=-Arsinm
=-A(0)

Therefore A is arbitrary. Any A will give a solution. Hence the final solution is

y = Acos(mx) + =5

For any A and where a is the given a in the original ODE which can take in any value.

46 Chapter 11.3, Problem 13

Determine if there is any value of the constant a for which the ODE has a solution. Find the
solution for each such value

y” + 7°y = a — cos wx

y(0)=0
y(1)=0
Solution
The eigenvalues of the corresponding homogenous eigenvalue ODE y”’ + Ay = 0 with same
homogenous boundary conditions are Ay = 0 and A, = (mr)2 forn=1,2,---. Therefore A; = 7°

is eigenvalue in the original ODE y” + 7%y = a — cos 7x. This means there is a solution (which
will be non unique) only if the forcing function is orthogonal to ®; (x). The eigenfunctions in this
case are @, (x) = sin (nzx). Therefore the condition is

1
[ oo @ax=o

0

1
J‘ (a —cosmx)sin(rx)dx =0
0

1 1
J asin (zrx)dx — J cos (rx) sin (rx)dx = 0
0 0

Using sin Acos B = % (sin (A — B) + sin (A + B)) then sin (rx) cos (7x) = % (sin (0) + sin (27x)) =
% sin (27rx) and the above becomes

1 1t
J asin (zx)dx — = J sin (27x)dx =0
0 2 Jo

a 1
—— [cos mx]y + — [cos (22x)]; = 0
T 41

a 1
——(cost—1)+ —(cos(2r)—1)=0
T 4
2a
-0
7T
Hence a = 0. Therefore there is a solution only when a = 0. The original ODE then becomes
y" + 7’y = —cos x
The homogenous solution is
yp = Acos (7x) + Bsin (x)
Since the forcing function matches one of the basis solution, then the particular solution guess is
multiplied by extra x. Therefore
Yp = x (c1 cos (mx) + ¢z sin (7x))
yl') = ¢y cos (7rx) + ¢y sin (rx) + x (—cy 7 sin (7rx) + ¢y cos (7x))
yj',’ = —cy7 sin (7x) + c27r cos (7x) + (—c17 sin (7x) + ¢27 cos (x)) + x (—¢y 7% cos (mx) — co” sin (7x))
= sin (7x) (—2¢17m — czﬂzx) + cos (mx) (2com — clxn'z)
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Substituting back into the ODE gives

sin (7x) (=217 — c3m*x) + cos (x) (2¢27 — e1x7?) + 7 (x (c; cos (7x) + ¢ sin (7x))) = — cos 7x
sin (7x) (=217 — cam®x + mxcy) + cos (mx) (2c27 — c1x7® + wPxc;) = — cos wx
—2¢q7 sin (7rx) + 2¢om cos (mx) = — cos Tx
Hence
—2cir =0
2com = —1
Or
c1 = 0
1
cg = ——
2 21
Therefore
~xsin (%)
= ——xsin (7x
Yp 27

And the general solution is
1
y (x) = Acos (rx) + Bsin (rx) — - sin (7x)
T

At y (0) = 0 the above becomes
0 = Acos (rx)

Hence A = 0 and the solution now becomes

y (x) = Bsin (nx) — ﬁx sin (7x)

One can stop here, since it is known that the solution is not unique and must contain an arbitrary
constant. It is not possible to solve for B using the second boundary conditions.

47 Chapter 11.3, Problem 16

Show that the problem y”’+ 72y = w2x,y(0) = 1,y (1) = 0 has solution y = ¢; sin rx+c; cos Tx+x
also show that the solution can not be obtained by splitting the problem as suggested in problem
15 since neither of the two subsidiary problems can be solve in this case.

Solution

To attempt to solve the problem by splitting, the solution is first assumed to be y = u + v
where u is the solution to u”" + 7%u = 0,u (0) = 1,u (1) = 0 and v is the solution to v”’ + v =
%x,v(0) = 0,0 (1) = 0. Let us now try to solve the u ODE. The solution is

u(x) = Acos rx + Bsin rx

Applying first BC u (0) = 1 gives A = 1. Hence the solution becomes u = cos 7x + Bsin zx.
Applying second BC u (1) = 0 gives

0=cosm+ Bsinx

0=1+Btannm
-1 -1

" tans 0

Therefore there is no solution for u. Hence no solution is possible by splitting it was suggested
in problem 15 for this problem. Now the problem is solved using the direct method. The homoge-
neous solution is

yp = Acos x + Bsin rx

Since the forcing function 7%x is a polynomial, let y, guess be y, = kxsubstituting this back into

the ODE gives k = 1. Hence the solution becomes

Y=Yn+Yp

= Acosx + Bsinzmx + x
Applying first BC y (0) = 1 gives 1 = A. Hence the solution now becomes y = cos 7x + B sin 7x+x.
Applying second BC y (1) = 0 gives

0=cosm+Bsinz +1

0=-1+Btanm +1

0=Btannm

0=B(0)
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Therefore, any B will work. Hence the solution is not unique. Let B = 1. Therefore the final

solution is
Yy = cosx + sinwx + x

This is solution is not unique. This is also a solution y = coszx + 3sinzx + x and also this

y = cos x + 100 sin x + x and also y = cos 7x + x and so on.

48 Chapter 11.3, Problem 19 (With interactive animation)

Use eigenfunction expansion to solve

U = Uxx — X

With initial condition u (x, 0) = sin (%) and boundary conditions u (0,%) = 0,u, (1,) =0

Solution

The homogenous PDE is first solved to find the eigenfunctions, and these are used to expand
the non-homogenous term —x in the PDE. By separation of variables, the spatial eigenvalue ODE

is

X"+AX =0
X (0) =0
X' (1)=0

The eigenfunctions for this ODE are @, (x) = sin (\/_ x) with A, = ("” ) forn=1,3,5,"
A= (2n-1)>° (7) forn=1,2,3, - . with now ®, (x) = sin ((2n - 1) Ex).

The normalized eigenfunctions are &, (x) = V2sin (\Mnx) . Using these, the original PDE is

now solved by assuming the solution is

u(x,t) = i by (1) &y (x)

The coefficient b, (t) must be a function of time, since it includes all time contributions to the

solution. Substituting the above back into the original PDE gives

o0 R d2 o) . [e%s) .
Z by, (£) @y (x) = Ix? Z by (1) @p (x) + Z cn®p (%)
n=1 n=1 n=1

Where >3, ¢n®, (x) is the eigenfunction expansion of —x. Assuming term by term differentiation

is allowed (can be shown to be justified here), the above becomes
Db (D) 0n (x) = Db () D)) (%) + D en®p ()
n=1 n=1 n=1

But &/’ (x) = —1,®,, (x) then the above becomes

3 (bl () + Anby (1)) D, (x) = Z cn®y, (%)
n=1
Now ¢, is found. Since —x = X", ¢n®,, (x), then applying orthogonality gives
- J‘Ol r (x) x®,, (x)dx = i Cn 01 r(x) &, (x) Ddx
n=1
But the weight r (x) = 1, hence the above simplifies to

1 1
—J x®,, (x)dx = an ﬁ)fn (x)dx
0

0

. . . . 1 2
Since eigenfunctions are normalized, then Jo r (x) @2 (x)dx = 1 and the above reduces to

1
Cp = —j x®,, (x)dx
0

= —le 2sin ((Zn -1) %) dx

o\ [sin (2n—1)Zx) xcos((2n—-1)%x) ] '
0

(en-1nz)>  @-13%
N sin ((2n - 1) %) _ cos ((2n—1) %)
(en-1)Z)° (2n-1)%
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But cos ((Zn -1) %) = 0 for all n, and the above now simplifies to
2sin (2n-1) %)
(2n-1)Z)°
sin ((2n — 1) %)
((2n - 1) m)?
But sin ((2n - 1) Z) = (-1)""' for n = 1, 2,3, - - -, hence the above becomes
(_1)n71
((2n-1)m)*
(=1)"
((2n-1)n)?
Now that ¢, is found, (1) is used to solve for b, (t)

Cp = —

cp=—4

Z (b;; (t) + Anby (t)) (i)n (x) = Z Cn(i)n (x)
n=1 n=1
The above simplifies to

b, (t) + Anby (1) = ¢y

The integrating factor is e/ An9!

t
b, (t) et = b(0) +cy, j e’ Sds
0
t

by (t) = b(0)e "t + cpent J e ds
0

(et - 1)
An

_ Apt , Cn (L At

= b0 + < (1 e )

n

= b(0)e ! + c e Mt

Therefore the solution becomes

u(x,t) = ib" (t) D, (x)
n=1

= i (b(O) e Mt 4 ;—n (1 - e_A"t)) o, (x)

n=1 n
At t = 0, the initial conditions is u (x, 0) = sin (%) therefore the above becomes

. (TxN > Cn .
sin (7) - ; (b 0)+5- 01 1)) b, (x)
= 2 b(0)D, (%)
n=1
= S1b(0) Vzsin ((zn ~1) zx)
n=1 2
Hence only n = 1 gives a solution for b (0), and therefore the above becomes

sin (%) = b(0) V2sin (gx)

b(o):\/iE

Therefore the solution (2) now becomes

At [
u(x,t) = (b(o) oMt cle_’mu) by () + > ;— (1 - e—ﬂnf) b, (x)

P 247,
Where
-1 n
b(0) = —

V2

An:((Zn—l)%)z n=1,23,---
d, (x) = V2sin ((Zn -1) %x)
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Hence the solution (3) becomes

(o8]

+ C—nz (1 - e_((zn_l)%)zt) V2 sin ((Zn -1) zx)
n=2 (2n - 1)2 ”T 2

To make it the same as back of the book solution, some more manipulation is needed.

2

u(x,t)=e 7t s1n(2 ) +4\/_—e s ( S 1) sin (%x)
+ \/_Z e~ (@n-n%)" (e((zn_l)%)zt - 1) sin ((Zn -1) %x)

2 (2n — 1)2 ”2
Or
2 2
u(x,t)=e 1" sin (Ex) + 4\/56—1 (1 - e_Tt) sin (zx)
2 2 2
> 4c, (o iy x)2 T
+V2 —(1—e ((2n l)z)t) sin((Zn—l)—x)
,g; (2n —1)* 72 2
Or
71'2 2 T
u(x,t)=e *'sin ( 5 ) + 4\/_ sm( ) - 4\/_—e “Tlsin (Ex)
> 4c, (9N T
+ V2 —(1—6 (@n-13F) t) sin((2n—1)—x)
HZ; (2n —1)* n2 2
Or

u(x, t)=V2 [4;—1 + (i - 40—1) e_ﬁzt] sin (zx)

2
+V2 e~ (@n=D3) ) ((Zn - 1) x)

nzz (2n - 1)2 2 (1

The back of the book uses ¢,, = 4\/_((; ™ )Z instead of ¢, = 4\/_ﬁ as was done in this

solution. Therefore, changing ¢, to be as the back of the book means flipping the sign of each c,.
(or multiplying by —1). Hence the solution becomes now the same as the back of the book

u(x,t) = V2 [—4% + (i + 4;—1) e_ﬁzt] sin (%x)
> 4c x\2 T
— _ [ e (@n-DF)7t) —-1)=
V2 nE:z o1 (1 e ) sin ((Zn 1) 5 x)

Where in the above,
)n+1

Y- )
((2n-1)n)°
Both solutions are the same. The sign is either added to ¢, or left outside. This completes the
solution.
The following is an animation of the above solution for 1.8 seconds. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome or Firefox
own browser PDF reader).

time BEE seconds

u(x,t)
1.0

08|
06}
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02
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49 Chapter 11.3, Problem 20 (With interactive animation)

Use eigenfunction expansion to solve
— -t
U = Uyx + €

With initial condition u (x, 0) = 1 — x and boundary conditions u, (0,¢) = 0, uy (1,t) +u(1,t) =0
Solution
The homogenous PDE is solved first to obtain the eigenfunctions. These are then used to ex-

pand the non-homogenous term e~* in the PDE. By separation of variables, the spatial eigenvalue
ODE is

X"+AX =0
X' (0)=0
X' (1)+X@1)=0
The eigenfunctions for this ODE were found earlier in problem 4, Chapter 11.2. They are
®, =k, 0,

= V2 cos (\/A—nx)
1 + sin® (\//1_,1)

Where A,, are the roots of
cos (\/E) - \/Zsin (\//1—,,) =0

Forn=1,2,3,---. Using these, the original PDE is now solved by assuming the solution is

wGet) = S by (08, ()
n=1

The coefficient b, (t) must be a function of time, since it includes all time contributions to the
solution. Substituting the above back into the original PDE gives

0 2 0
DB (00 () = o Db (0 ba () + > e (1) ()
n=1 n=1 n=1

Where .7 ¢, (t) ®,, (x) is the eigenfunction expansion of e~*. In the above ¢, (¢) is now a func-
tion of time, since the forcing function depends on time in this problem. Assuming term by term
differentiation is allowed the above becomes

S (O (1) = S bn (DL () + > e (1) b ()
n=1 n=1 n=1

But &/’ (x) = —A,®,, (x) therefore

(o)

(b7, (1) + Anbn (1)) & (x) = ch (1) &, (x) (1)
=1

n

Now cj, (t) is found. Since e = 2% ¢, (1) &, (x), then applying orthogonality gives

1 =) 1
J r(x)e ' &p (x)dx = > cn (t)J r (x) @, (x) D,dx
0 n=1 0
But the weight r (x) = 1, hence the above simplifies to
1 1
-t J O, () dx = ¢, () J &% (x)dx
0 0
Since eigenfunctions are normalized, then fol r(x) éfn (x)dx = 1 and the above reduces to

- j By () dx = 4 (1)
0

Hence

cn(t)=¢e" tJ ky cos \/Ex)

)

(
(

[Sll’l




To make it match the way the back of the book expressed the above, let us write

cn(t)=elc,

Where now

kn .

T sin (\/Z)

This makes it easier to verify the final solution found here is the same as the back of the book.
Now that ¢, (¢) is found, (1) is used to solve for b, (t)

Cpn =

35 (5, 6)+ 2aba (1) ) = 35 e, ()

The above simplifies to
bl (t) + Anby (1) = ey

[Andt _

The integrating factor is e e’nt, therefore 4 (b, (t) e*n?) = e~!c,e’n?. Integrating gives

t
b, (t) et = b(0) + ¢y J e S ds
0
t

by (t) = b(0)e ! + cneﬂnfj eAn=D)s g

0

=b(0) e Ant 4 cne_’l'lt
=b(0)e M 4 et —— (3)

Using the above in u (x,t) = 25, by (t) o, (x) gives the solution as

- —Ant “Ant€ en—Dt —q
u(x,t) = Z b(0)e " + e 1 b, (x) 4)
n=1 n

At t = 0, the above simplifies to

1-x= ib(o)én(x)
n=1

Applying orthogonality gives
r r(x) (1 =x)d,, (x)dx = i b (0) 1r(x) d,, (x) D,y (x) dx
0 n=
1 A 1 1 ’ A
J r(x)(1—x)®, (x)dx = b(O)J r (x) @2, (x) dx
0 0
But 7 (x) = 1 and J; r(x) ®?, (x)dx = 1 therefore
1
b(0) = J (1-x)®, (x)dx
0

= Ll &, (x)dx — Jl x®y, (x) dx

0

=k, (Ll ®, (x)dx — J: x®, (x) dx)

But @, (x) = cos (\//Tnx), hence the above becomes

b(0) = k, (Ll cos (\/A—x) dx — Ll X cos (\/)L_x) dx)

ke —sin (\//Tnx) 1 ) cos (\//Tnx) . X sin (\//Tnx) 1
VA, An V.
0
ke sm ‘ lcos sin (\//1_,,) ) l
Vi A
sm cos \//1_,, sin (\//1_n) 1
=kp - - + —
\//1_” An VA, An




Now that b (0) is found, then the solution (4) becomes

u(x,t)= i (;—n (1 — cos (\/Z)) e Mt 4 e tnt e(/l; 1)_t1 ) o, (x)

n=1
_i( (l—cos(\//l_))e_l"t+% e _At)k cos \/_x)
But k,, = L, hence the above becomes
1+sin2(m)

cos (V/l_nx)
1 + sin® (\//1_,,)

u(x,t)= «/Ei (ane_A"t = (e—t _ e—/lnt))

Where
oy = % (1 — Cos (\/E))
)
Anal1 + sin? (\//1_,1)
And

Cnp = \I/C;_n sin (\/Z)
\/5 sin (\//1_,[)

\/_ 1 + sin® (\/)L_n)

The following is an animation of the above solution for 6 seconds. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome or Firefox
own browser PDF reader).

time BE@ seconds
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50 Chapter 11.3, Problem 22 (With interactive animation)

Use eigenfunction expansion to solve
_ -t
U = Upy + € (1 —x)

With initial condition u (x, 0) = 0 and boundary conditions u (0, t) = 0, u, (1,£) =0
Solution
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The homogenous PDE is solved first to obtain the eigenfunctions. These are then used to
expand the non-homogenous term e~ (1 — x) in the PDE. By separation of variables, the spatial
eigenvalue ODE is

X"+AX =0
X (0) =0
X' (1)=0

The eigenfunctions for this ODE were found earlier. They are
(i)n = kn®,

= V2sin (\/Zx)
Where A, = (%)2 forn=1,3,5---.0r
o, = V2 sin (\/Zx)
An=((2n—1)g)2 n=1,23--
The original PDE is now solved by assuming the solution is

wGet) = S by (08, ()
n=1

The coefficient b, (t) must be a function of time, since it includes all time contributions to the
solution. Substituting the above back into the original PDE gives

o) . d2 [eS) . [ .
Z by, (£) @, (x) = dx? Z b (t) @ (x) + Z cn (t) Pp (x)
n=1 n=1 n=1

Where > ¢, (t) ®,, (x) is the eigenfunction expansion of e~! (1 — x). In the above ¢, () is now
a function of time, since the forcing function depends on time in this problem. Assuming term
by term differentiation is allowed the above becomes

D2 b () ®n (x) = D ba () D) () + D en (1) D (%)
n=1 n=1 n=1
But <i>;1’ (x) = =1, ®,, (x) therefore
D3 (b7 (1) + Anbn (1) @ (x) = D cn (1) D (%) (1)
n=1 n=1
Now cj, () is found. Since e (1 —x) = X ¢, (¢) ®,, (x), then applying orthogonality gives
1 . =) 1 . .
J r(x)e'(1-x)d,, (x)dx = Z Cn (t)f r(x) @, (x) ®pdx
0 n=1 0
But the weight r (x) = 1, hence the above simplifies to
1 R 1
e’ J (1-—x)D, (x)dx =cp (t)j % (x)dx
0 0

. . . . 1 A
Since eigenfunctions are normalized, then Io r (x) @% (x)dx = 1 and the above reduces to

1
e_tj (1 —x) Dy, (x) dx = ¢ (1)
0
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Hence

cn(t) = et Ll (1= x)kn sin(\//l—nx) dx
t\/_(J sm(\/_x) dx — J xsm(\/_x) dx)

N —cos ( M,,) N 1 sin VA, | cos Vin
—e _
VAn VAn An VAn

— sin /1,,) (2)

But A, = (2n— 1) Z, therefore sin ((2n - 1) %) = {1,-1,1,-1,---} or (-1)""! and the above
becomes

e (1) = e (\/— (1)
= (VA + -17)

(\/_+( ")

To make it match the way the back of the book expressed the above, let us write

>‘“|<| >‘“|<| >“I

cn(t)=etc,
Where
= % (VA + (=17 (2)

Now that ¢, (t) is found, (1) is used to solve for b,, ()
Z (b, () + Anby (1)) <I> (x) = Ze cn®p ()
n=1
The above simplifies to
bl (t) + Anbp (1) = e ¢y
The integrating factor is eJ #29 = etnt_ therefore L (b, (t)e*nt) = e~'c,e’n’. Integrating gives
t

b, (t) et = b(0) + ¢y J‘ e S ds
0

t
b (t) =b (O) e_/l”t + Cne_/lnt J e(ﬂn—l)sds

0

=b(0) e Ant 4 cne_’lnt
=b(0)e Mt + cpe it ——— 3)

Using the above in u (x,t) = X7 by (t) d, (x) gives the solution as

o eAn=Dt _ 4

u(x,t) = Z b(0)e Mt + cne_’l"tﬁ d, (x) (4)
n=1 n

At t = 0, the initial conditions are zero, and above simplifies to

= 315(0) &, ()
n=1
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Which implies b (0) = 0. Now that b (0) is found, then the solution (4) becomes

0 (An=Dt _
u(x,t) = Z cne_A”te Fa. 1<I>n (x)
n=1 n
\/_ 00 et — e—/lnt )
=V2 Z Cn ﬁ sin (\/ZX)
n=1 n

Where ¢, = X—E (\//1_,1 + (—1)") and A, = ((2n - 1) %) ? This completes the solution.

The solution was animated and verified it is correct against a numerical solution.

The following is an animation of the above solution for 5 seconds. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome or Firefox
own browser PDF reader).

time B.88 seconds
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51 Chapter 11.3, Problem 24 (With interactive animation)

Solve
Up = Uyy — 2

With initial condition u (x, 0) = x* — 2x + 2 and boundary conditions u (0,) = 1,u(1,t) = 0
Solution
Let
u(x,t) =wix,t)+ov(x)

where v (x) is steady state solution which only needs to satisfy the non-homogenous boundary
conditions and w (x, t) is the transient solution which needs to satisfy the homogeneous boundary
conditions.

At steady state, the PDE becomes an ODE

0=0"(x)-2
This has the solution
v(x) = ¢1 + cx + x°

Where x? is the particular solution. From boundary conditions v (0) = 1,v (1) = 0, the solution
becomes
v(x)=1-2x+x*

Hence u (x,t) = w(x,t) + 1 — 2x + x?. Substituting this into the PDE u; = uy, — 2 results in
Wi = wyye + 07 (x) — 2

=Wy +2—-2

= Wxx

Hence the PDE to solve is w; = wy, with w(0,¢) = 0,w(1,¢) = 0. This heat PDE was solved
before. Its solution is

w(x, )= i cne ! sin (\/Ex) (1)
n=1

57



Where A, = (mr)2 forn =1,2,3,---. At t = 0, since u (x,0) = w(x,0) + v (x) then w(x,0) =
u (x,0) — v (x) which gives

w(x,0) = (x* —2x +2) — (1 -2x +x?)
=1

Hence at t = 0, (1) becomes
1= Z ¢y sin (\/Zx) (1A)
n=1

Applying orthogonality gives

J: sin (\/Zx) dx = %cn

7 [os (V) 1]

= ——|cos|(vVA,) -1
Vi, "
-2

= — [cos (nr) — 1]
nmw

For even n the above is zero. And for odd n the above becomes
Ch = — n=13,5"---
nmw

Therefore from (1) the solution to w (x, t) is

4 i 1
w(x, t) = — Z —e Mt sin (\M,,x)
T p=1,35, 1
The above can also be written as
w(x,t) = i i ;e_(zn_l)zﬂzt sin ((2n — 1) x)
m i (2n-1)

Now, since u (x, t) = w (x, t) + v (x), then the final solution is

4 1
u(x,t)=x*—2x+1+— —_—
(x:8) ﬂZ(Zn—l)

e~ (Gn=1"m’t iy ((2n - 1) nx)
n=1

The following is an animation of the above solution for half second. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome browser
PDF reader).

time BP@ =zeconds

uix, t)
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52 Chapter 11.3, Problem 25 (With interactive animation)

Solve

Up = Uyy — T2 COSTX

With initial condition u (x, 0) = cos (%”x) —cos (7rx) and boundary conditions u, (0,t) = 0,u (1,t) =
1

Solution

Let

u(x,t) =wi(x,t)+o(x)

where v (x) is steady state solution which only needs to satisty the non-homogenous boundary
conditions and w (x, ) is the transient solution which needs to satisfy the homogeneous version
of boundary conditions.

At steady state, the PDE becomes an ODE

0=10"(x)— n°cosmx
This ODE can be easily solved giving
v(x) = —cos(x)
Hence u (x,t) = w(x, t) — cos (rx). Substituting this into the PDE u; = uy, — 7% cos 7x results in
Wi = Wy + 0”7 (x) — % cos x
But v’ (x) = 7 sin (rx) and v (x) = 72 cos (nx). The above becomes
Wi = Wxx

With boundary conditions wy (0, t) = 0, w (1, t) = 0. This was solved before. It has the solution

w(x,t) = i cne Mt cos (\/Zx) (1)

n=1,3,5, -

Where A, = (”7”)2Withn =1,3,5---. At t = 0, from u (x,0) = w(x,0) + v (x), then w(x,0) =

u(x,0) —v(x)or

w(x,0) = cos (?ﬂx) — cos (7x) + cos (7x)

=cos|—x
2

Therefore, from (1) and at t = 0 we obtain

(o)

w(x,0) = Z Cp COS (\/Ex)

n=1,3,5,---

3 > nmw
cos (?x) = Z Cp COS (?x)

n=1,3,5,---

Therefore, only for n = 3 is there a solution. Therefore c¢; = 1. Hence (1) becomes

w(x, t) = e M cos (\//1_3x)
= e_(%”)zt cos (3—ﬂx)
2
Therefore the final solution is
u(x,t) =wix,t)+o(x)

2 3
= —cos(7mx) + e T cos (?x)

The following is an animation of the above solution for half second. This runs inside the PDF
(need to use standard PDF reader to run the animation. Might not run inside Chrome browser
PDF reader).
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53 Chapter 11.3, Problem 28

Part (a) Show that by method of variation of parameters that general solution to y”’ (x) = —f (x)
can be written as

y=01+6’zX—Ix(x—s)f(s)ds
0

part (b). Let the solution required to satisfy boundary conditions y (0) = 0,y (1) = 0. Show that
c1=0,¢c = fol (1-x)f(s)ds
part (c). Defining G (x, s) = {

asy(x) = f; G(x,s) f(s)ds

Solution

s(1—x) 0<s<x

show that the solution can be written
x(1-5) x<s<1

53.1 Part (a)
The solution is y = yj, + y,. Where y;’ = 0. This has the solution
Yp = C1 + C2X

In this expression, the basis solutions are

Y1 =1

Yz = X.
The particular solution is now found using variation of parameters, where it is assumed that

Yp = Y1ty + Yol (1)

And uq, uy are two functions to be determined. Using the standard formulas for finding uq, u,
gives
Uy = Y —yoF (s)
o W(s)
Where in the above, F (s) is the forcing function in the RHS of the original ODE which is — f (x)
here, and W is the Wronskian. The Wronskian is found as follows

ds (2)

Y1 Y2
Yi Y

Substituting y; = 1, y; = x in the above gives

1 x

=1
0 1

w-|

Therefore (2) becomes

w=[ =seronas

0

= r sf (s)ds (3)

0
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Similarly, u; is found using

w = Y Y1F(s)
’ 0o W(s)

- L £ (s)ds @

ds

Using (3,4) in (1) gives the particular solution as

w=u [ s @ds-u[ roras
- [(sroas-x[ roa
= r'ox sf(s)ds— Lx xf(s)ds

- [(s-wfes)ds
0

oJ

[ w-9reas

Now that particular solution is found, the complete solution is found from y = y;, + y, giving
X
yzcl+c2x—J (x—s)f(s)ds (5)
0

53.2 Part (b)
Using the BC y (0) = 0 on (5) gives

0=1¢c —Jo—sf(s)ds

0
(31:0

Hence c¢; = 0 and the solution (5) now becomes
yzczx—J (x—s)f(s)ds (6)
0
Using the second BC y (1) = 0 the above becomes
1
OZCZ—J (1-5s)f(s)ds
0
1
& =j (1=5) £ (5)ds
0

Hence the solution (6) now becomes

S
Il

xLlu—s)f(s)ds—Lx@—s)f(s)ds

Jlx(l—s)f(s)ds—Jx(x—s)f(s)ds
0 0

X

Writing Iol x(1=s)f(s)ds= Io x(1—s)f(s)ds+ Li x (1 —s) f (s)ds then the above becomes

Y= Lxx(l—s)f(s)ds+£x(l—s)f(s)ds—Lx(x—s)f(s)ds

Combining the first and third integrals gives

X

1
y= . [x(l—s)—(x—s)]f(s)ds+f x(1=3s)f(s)ds

= [x—xs—x+s]f(s)ds+rx(l—s)f(s)ds

Jo

= :)x(—xs+s)f(s)ds+j x(1=s)f(s)ds

= ”xs(l—x)f(s)ds+‘[1x(l—s)f(s)ds (7)
0 x

oJ

Which is the result required to show.
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53.3 Part (c)
From part (b) above, the solution in (7) can be written as

x 1
Y= J Gr (x,s) f(s)ds +‘[ Ggr(x,s) f(s)ds (8)

0 x

Where (x.) ( )
G (x, x s(1—-x 0<s<x
G(x,s):{ Gr (x,s) :{x(l—s) x<s<1

Hence (8) can be combined into one integral

1
sz G(x,s) f(s)ds
0

54 Chapter 11.3, Problem 29

By using procedure in problem 28 show that solution to y”" + y = —f (x),y (0) = 0,y (1) =0 is

y= folc;(x,s)f(s)

Where

sin(s) sin(1—x)

_ sin(1) ss=
G (X, S) - sin(x) sin(1-s) x<s

sin(1) =2 =

Solution
Lety = yn+yp. Where yj, is solution to y;’+y, = 0. This has the solution yj, = ¢; cos x+c; sin x.
Hence the bases solutions are

Y; = COS X

Yy = sinx

And therefore the Wronskian is

1 U cosx sinx .
:y, y, = . =cos’x +sinx =1
vy, —sinx cosx
Hence
¥ —yaF (s)
U = ds
0o W(s)

Where in the above, F (s) is the forcing function in the RHS of the original ODE which is — f (x)
here, and W is the Wronskian. Therefore

w=[ s F 6nds

0

- [Csime £ eas

0

Similarly, u, is found using

u = Y Y1F(s)
? 0o W(s)

- [Ceoso)=r onas

0

ds

Hence the particular solution is

Yp = Y1Us + Yoz

= cos (x) Lx sin(s) f (s)ds — sin (x) ‘[Ox cos(s) f(s)ds

= JX cos (x)sin(s) f (s)ds — J sin (x) cos (s) f (s)ds
0 0

= Jx (cos (x)sin(s) — sin (x) cos (s)) f (s)ds
0

Applying (sin Acos B — cos Asin B) = sin(A — B) to the integrand above, where A = x,B = s
gives

yp = —Jx sin(x —s) f (s)ds

0
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Therefore the solution is
Y=Yn+Yp
X
= (cq cos x + ¢y sinx) —J sin(x —s) f (s)ds (1)
0

Applying BC y (0) = 0 the above becomes

0
0=c — J sin(-s) f (s)ds
0
Cc1 = 0
And the solution (1) simplifies to

y(x) = cpsinx — JX sin(x —s) f (s)ds (2)
0

Applying BC y (1) = 0 the above becomes

y(x) =cysinl —Jl sin(1—s) f(s)ds
0

Hence

= sir111 J: sin(1—s) f(s)ds

The solution in (2) now becomes

Siffzmu-gf@Merﬁn@—ﬂfGMs
0

0

y(x)=

S

. Jl sinxsin (1—s) f (s)ds — Jx sin (x — 5) f (s) ds
0

sinl J,
Writing L: sinxsin(l—s) f(s)ds = f;c sinxsin(1—s) f(s)ds+ _[; sinx sin(1 —s) f (s)ds then

the above becomes

y(x) = — (J: sinxsin(1—s) f (s)ds + Jl sinx sin (1 —s) f (s) ds) - JX sin(x —s) f (s)ds

x 0

- Lx %&‘”ﬂs)— Lxsin(x—s)f(s)ds+ Jl %(il)_s)f(s)ds
_[*[sinxsin(1-s) Usinxsin (1 —s)

= L sm—(l) —s1n(x—s)] f(s)ds+L sin—(l)f(s)ds

= sinl(l) ‘Lx (sinx sin (1 —s) —sin (1) sin (x —s)) f (s)ds + Ll %]‘ (s)ds (3)

Using sin (A — B) = sin Acos B — cos Asin B, where now A = 1, B = s, then
sin(1—s)=sin1coss — cos1sins

And also
sin(x —s) = sinx coss —cosx sins

Using the above two relations in first integral of (3) whichis I = f(')x (sinx sin (1 —s) — sin (1) sin (x — s)) f (s)ds
gives

rX

I=| (sinx(sinlcoss—cos1lsins)—sinl(sinxcoss— cosxsins)) f (s)ds

Jo

rX

= | (sinxsinlcoss—sinxcoslsins —sin1sinxcoss + sin1cosxsins) f (s)ds
Jo

X

= | (—sinxcoslsins+sinlcosxsins) f (s)ds

Jo

rX

= | (sins(sinlcosx —sinxcos1))f(s)ds

JO
rX

= | (sinssin(1-x)) f(s)ds
0

oJ

Substituting the above result in (3) results in

* sinssin (1 — x) Usinxsin (1 —s)
y(x)zj ,—f(s)ds+J ———f(s)ds (4)
0 sin 1 . sin (1)
Let S
G( ) { sm(ss)iil(nl()l—x) <s<x
x,s) = . :
’ in(x) sin(1—s)
% <s<1

Then the solution (4) can be written as

1
wszGqu@w
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55 Chapter 11.3, Problem 31

By using procedure in problem 30 find Green function and express solution as definite integral
for

-y = f(x)
y' (0)=0
y(1)=0

Solution

The first step is to determine y; (x), y» (x). These are the two fundamental solutions of y” = 0.
As the book says, to simplify the derivation, y; (x) is selected to be the solution that satisfies the
boundary conditions at the left end of domain (x = 0 in this problem) and y, (x) satisfies the
boundary condition on the right end (x = 1).

The homogeneous solution to y” = 0 is

Yn (x) = ¢y + cox

Therefore y; (0) = 0. This gives c; = 0. Hence

y1(x) =1
The second boundary conditions y, (1) = 0 gives 0 = ¢; + ¢z, or ¢; = —cz and this leads to
Y2 (x) = c2 (-1 +x). Or
Yy (x)=x-1

Given y;, y, found above, the next step is to determine the Wronskian as follows

Y1 Y2

Wi(x) = p
Yy Y

0 1

_‘1 x—1‘_

Therefore, Green function is now computed using equation (iv) on page 701 of text book giving

Glr,s)= — {yl(S)yz(x) 0<s<x

POW() | y1(x)y2(s) x<s<1

But p (x) = 1 and W (x) = 1, and using values found earlier for yy, 1, the above becomes

_ ) =1 0<s<x
G(x,s) = 1{(3_1) x<s<1
) x=-1 0<s<x
Tl os—1 x<s<1
Hence the solution is .
v = | o s s 1)
0

To verify this solution, it is compared to solution to same ODE using the direct method. Let
f (x) = x. Hence the ODE is

_yll :x
y' (0)=0
y(1)=0

The solution found above in (1) can now be found as

y(x) = jx G (x,s)sds + Jl G (x,s)sds

0 x

x 1
:J (1—x)sds+J (1—s)sds
0 x

0 \T (2 8!
=l=-x=| +|=-=
[7-5), 7 (55,

x° (2)

I
—_——
| R,

|
| %,
N —

+
—_——
—_——
DN | =

|
[SSE
N —

|
—_——
0| %,

|
m|><W
N —
N —

Verification The solution is verified by solving the same problem using the direct method. The
homogenous solution is y, = ¢; + czx. Since the forcing function is —x, let the particular solution
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be y, = kx3,y1’, = 3kx?,y” = 6kx. Therefore 6kx = —x or k = _?1. Therefore the particular

solution is y, = Ztx> and the general solution is

1
y(x) =c1 +cox — gx3
Applying BC ¢y’ (0) = 0 gives
Cy = 0

Hence the solution becomes y (x) = ¢; — %x3. Applying BC y (1) = 0 gives 0 = ¢; — % orcy =
Therefore the solution is L
3

y(x) = 5 ¥ 3)
Which is the same answer found using Green function method. Of course in this case the direct
method is much simpler and easier to find. The advantage of Green method, is that once the
G (x, s) is found, then for any new f (x) only integration is needed to find the new solution, since
G (x, s) does not change when f (x) changes. The direct method requires one to find the particular
solution each time, and to determine the constants cy, ¢; again from boundary conditions each
time f (x) changes since the particular solution changes when f (x) changes. With Green function
method, all the work in using G (x, y) is done in the integration step only. The solution found

using Green function already incorporated the boundary conditions in it.

56 Chapter 11.3, Problem 32

By using procedure in problem 30 find Green function and express solution as definite integral
for

-y = fx)
y(0)=0
y(M+y' (1)=0

Solution

The first step is to determine y; (x), y, (x), where these are the fundamental solutions of
y” = 0 where 1, (x) satisfies the boundary conditions at the left end of domain (x = 0) and y, (x)
satisfies the boundary condition on the right end (x = 1).

Since the homogeneous solution to y”” = 0 is

Yn (x) = c1 + c2x
Then y; (0) = 0 gives ¢; = 0. Therefore
yi(x) =x
And to satisfy y, (1) + y; (1) = 0 then

0:(01+C2)+Cg

Cc1 = —202
Therefore
Yz (x) = —2¢5 + cox
=ca(x—2)
Hence
Yy (x) =x—2

Now that y1, y, are found, the next step is to find the Wronskian.

X x—-2
1 1

Yyr Yo

w =
(x) "y

‘:x—(x—Z)ZZ

Therefore, Green function is, using equation (iv) on page 701 of text book

_—1{y1(s)y2(x) 0<s<x
POWE) [ y1(x)y2(s) x<s<1

But p(x) = 1 and W (x) = 1, and using values found earlier for y;, y,, then the above becomes

G(x,s) =

-1 s(x-2) 0<s<x
G(x’s)_Y{x(s—Z) x<s<1

s(2—x)

_{(ZT) 0<s<x
x(2-s
XD x<s<1

65



And the solution is )
yw9) = [ Glus) fe)ds 1)
0

To verify this solution, it is compared to solution to same ODE using the direct method. Let
f (x) = x. Hence the ODE is

_y//:
y' (0)=0
y(1)=0

The solution found above in (1) is now found as

1

y(x) = Jox G(x,s)sds + j G (x,s)sds

X

x _ 1 _
= J $(2 x)sds + J x (2 s)sds
0 2 X 2

1

=l (252—xsz) ds+1j (2xs—xsz) ds
2 ), 2 ),
1(233 s) 1( ) s3)1
=—— —-x— xs“ —x—
2|3 2 3/,
_1 s EEANN R
—6(2x x) ((x 3) (x 3))
=%(2x—x3) (2)

Verification The solution is now verified by solving the same problem using the direct method.
The homogenous solution is y, = ¢; + czx. Since the forcing function is —x, let the particular
solution be y, = kx?, Y, = 3kx%,y"” = 6kx. Therefore 6kx = —x or k = %1 Therefore the
particular solution is y, = %lx3 and the general solution is

1
y(x) =c1 +cpx — ng

Applying BC y (0) = 0 gives
Cc = 0

Hence the solution becomes
1
y(x) = cox — gxg
1
y' (x) =c; - Exz

Applying BC y (1) + y’ (1) = 0 gives

fo-g o)

0=2 2
= Co — —
273
1
Cy = —
73
Therefore the solution is
14
X)=—-x——-x
y (x) X7 .
1
=< (2x — x3) (3)

Which is the same as (2) using Green function.

57 Chapter 11.3, Problem 33

By using procedure in problem 30 find Green function and express solution as definite integral
for

y' +y) = f(x)
y(0)=0
y(1)=0
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Solution

The first step is to determine 1 (x), y2 (x), where these are the fundamental solutions of
y” + y = 0 where y; (x) satisfies the boundary conditions at the left end of domain (x = 0) and
Y2 (x) satisfies the boundary condition on the right end (x = 1).

Since the homogeneous solution to y”’ + y = 0 is

yp (x) = ¢y cosx + ¢y sinx
Then y] = —c; sinx + ¢, cos x and y; (0) = 0 leads to ¢, = 0, therefore
Y1 (x) = cosx

And to satisfy y, (1) = 0 then 0 = ¢; cos 1 + ¢ sin 1, hence ¢; = —¢; cosl) therefore

sin(1)
cos(1) .
Yz (x) = c; cos x — ¢1— sinx
sin (1)
cos(1) .
=c;|cosx — — sin x
sin (1)
Hence
cos(1) .
Yz (x) = cosx — — sin x
sin (1)
Now that y;, y; are found, the next step is to determine the Wronskian.
W(X) — Uy Y2
i Y
cos(1) .
cosx (cos X = S Sin x)
—sinx - (sinx + 2?;8; cos x)
. cos (1) ) cos(1) .
= —cosx |sinx + — cosx| +sinx |cosx — — sin x
sin (1) sin (1)
, cos(1) . cos(1) . ,
= —cosxsinx — — Cos“ x + sinx cos x — — sin” x
sin (1) sin (1)
cos (1
= —— ) (coszx+sin2x)
sin (1)
_cos(1)
~ sin(1)

Therefore, Green function is, using equation (iv) on page 701 of text book

POW() | y1(x)y2(s) x<s<1

But p(x) = 1 and W (x) = 1, and using values found earlier for v, y,, then the above becomes
(using p(x) =1)

G(x,s) = ‘—1{ yi () (x)  0<s<x

-1 cos s (cosx - 2?;211)) sinx) 0<s<x

G(x’ S) = cos(1) _cos(l) . <s<1
~sm | cosx (coss— G sins x<s

sin(1) | coss (cosx - zﬁf((ll)) sinx) 0<s<x

cos(1) | cosx (coss - zfj((g sin s) x<s<l1

COsS X

_ | & Gin(M)cosx —cos()sinx)  0<s<x
cos(1) (sin(1) coss — cos (1) sins) r<s<1

Using sin Acos B — cosAsin B = sin (A — B) then sin (1) cosx — cos(1)sinx = sin(1 — x) and
sin (1) coss — cos (1) sins = sin(1 — s) and the above becomes

G(x,s) = s Sin(1-x)  0<s<x
s cos x Sil’l(l—s) x<s<1
cos(1)

And the solution is .
y(x,s) = J G(x,s) f(s)ds
0

To verify this solution, it is compared to the solution to same ODE using the direct method. Let
f (x) = x. Hence the ODE is

- +y) =x
y' (0)=0
y(1)=0
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The solution found above in (1) is now computed as

y(x) = Lx G(x,s)sds + Jl G (x,s)sds

x
1

= L cf)oss(i) sin (1 — x) sds + L CCOOSS(?) sin (1 — s) sds

= Il +12 (1)

The first integral is

sin(1—x) (*

L=————
1 s Js scos sds
_ sin(1 - x) .y
= ~eos (D) (coss + ssins),
(1 —
= M(cosx+xsinx— 1)
cos (1)
The second integral is
I = cosx jl in(1-s)d
2_cos(1) xssm s)ds
- fo°X (scos(s — 1) —sin (s — 1))%
cos (1)
= 2% ((cos(1=1) = sin(1 = 1)) = (xcos (x — 1) — sin (x — 1))
cos (1)
- 08X (1-(xcos(x—1)—sin(x —1)))
cos (1)

Hence (1) becomes

sin(1—-x Ccos X
y(x) = # (cosx + xsinx — 1) + (1-(xcos(x—1)—sin(x —1)))
cos (1) cos (1)
1
= D (cosxsin(1 —x) +xsinxsin(1 —x) —sin(1 —x) + cosx — xcosx cos(x — 1) — cos x sin (x — 1))
cos
1
= (xsinxsin(1 —x) —sin(1 — x) + cosx — x cosx cos (x — 1))
cos (1)
1
= N (x (sinxsin (1 — x) — cos x cos (x — 1)) — sin (1 — x) + cos x)
cos

But sin Asin B—cos Acos B = — cos (A + B), using this in the above, where now x = A, B = (1 — x)
gives

y(x)= (x(—cos(x+1—x))—sin(l—x)+ cosx)

cos1

1
= (—x cos (1) — sin (1 — x) + cos x)
cos1

cosx  sin(1-—x)
cos(l)_ cos (1) B

(2)

Verification The solution is now verified by solving the same problem using the direct method.
The homogenous solution to y” +y = 0is y = ¢1 cos x + ¢, sin x. Since the forcing function is —x,
let the particular solution be y, = kix,y, = k1,y” = 0. Therefore k1x = —x or k = —1. Therefore
the particular solution is y, = —x and the general solution is

y(x) =cicosx +cysinx — x
Now BC y’ (0) = 0 is applied. y’ (x) = —cy sinx + ¢; cos x — 1, therefore

0= Cy — 1
Cy = 1
Hence the solution becomes
y(x) =cicosx +sinx — x

Applying BC y (1) = 0 gives

o
|

=cycos(1) +sin(1) -1
1—sin(1)
cos (1)
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Therefore the solution is

1—sin(1
y(x) = % cosx + sin(x) — x
_ Cosx cos x sin ( )+sin(x)—x
cos (1) cos (1)
_cosx  sin(x)cos(1)— cosxsin(1)
"~ cos(1) cos (1)
But sin (x) cos (1) — cos x sin (1) = sin (x — 1) = —sin (1 — x), hence the above becomes
y() = 555 - S X ®)

Which is the same solution in (2) found using Green function.

58 Chapter 11.3, Problem 34

By using procedure in problem 30 find Green function and express solution as definite integral
for

-y" = f(x)
y(0)=0
y'(1)=0

Solution

The first step is to determine y; (x), y2 (x), where these are the fundamental solutions of
y” = 0 where 1 (x) satisfies the boundary conditions at the left end of domain (x = 0) and y, (x)
satisfies the boundary condition on the right end (x = 1).

Since the homogeneous solution to y”” = 0 is

Yyn (x) = c1 + cox
Then y; (0) = 0 gives ¢; = 0. Therefore
yi(x) =x
And to satisfy y; (1) = 0 then 0 = c,. and this leads to
Y2 (x) =1
Now that y1, y, are found, the next step is to find the Wronskian.

x 1
1 0

Y1 Y2

T T4

W (x) =

‘Z—l

Therefore, Green function is, using equation (iv) on page 701 of text book

-1 Y1 (s)y2 (s) 0<s<x
Glx,s)= ———
o) p(x>w<x>{ B  x<s<l
But p(x) = 1 and W (x) = —1, and using values found earlier for y;, y,, then the above becomes
S 0<s<x
G(x’s)_{ x x<s<1
And the solution is 1
y(x,s) = J G(x,s) f(s)ds (1)
0

To verify this solution, it is now compared to the solution to same ODE using the direct method.
Let f (x) = x. Hence the ODE now is

_y// =x
y(0)=0
y' (1)=0
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The solution found above in (1) is now computed as

y(x) = Lx G(x,s)sds + Jl G(x,s)sds

X

x 1
:J (s)sds+J. (x) sds
0 x
AN s2\!
[5), (%)
0 x

= —x——-X (2)

Il
|
2
+
I
=
|
Y
\—[/\)

Verification The above solution is now verified by solving the same problem using the direct
method. The homogenous solution to y”’ = 0 is y, = ¢1 + cpx. Since the forcing function is —x,
-1

the particular solution is y, = ?x3 and the general solution is

1
y(x) =c1 +cox — gx3

BC y(0) = 0 gives ¢; = 0. The solution becomes y (x) = c;x — %x3 and y’ (x) = ¢; — %xz. BC
y’ (1) = 0 gives

0 1
=Cy — —
279
1
Cy = —
27
Hence the solution becomes
( ) 1 14
X)=—x— —-Xx
y 2 6

Which is the same solution in (2) found using Green function.

59 Chapter 11.4, Problem 1

Find formal solution to
—(xy’) = pxy + f (x)

where y, y’ bounded as x — 0and y (1) =0
Solution
The given ODE can be written as

~ Ly =gy + AL
X X

The corresponding homogeneous ODE
() = A (2)
— —(x —
oY y

Where p = x, g = 0, r = x. This was solved in the textbook at page 707. The fundamental solution
is given by y, = @, (x) = Jo (\//Tnx) where the eigenvalues A, are the roots of J, (\/Z) = 0.

These eigenfunctions are not normalized. Therefore, the solution of the inhomogeneous ODE (1)
can be now written as

y(x) = Z bp®p (x)
n=1
Using this in (1) gives
1 N [e6] [ee]
_; (xy') =p Z by @y, (x) + Z cn®n (x)
n=1 n=1

But from (2), —% (xy’)" can be replaced by Ay, so the above becomes

i Anbn®, (x) = p i by®, (x) + i cn®, (x) (3)
n=1 n=1 n=1
Where - )
x
nzz} cn®n (x) = T
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¢n is now found by orthogonality. Multiplying both sides of the above by r (x) ®,, (x), where the
weight r (x) = x, and integrating gives

f( )q) (x )dx—ZCn 1xCI>n(x)q)m(X)dx

0 0

J f(x) Py, (x)dx = Z Cn de (x) Dy, (x) dx
0
Due to orthogonality of the eigenfunctions, the above simplifies to

[} F ()@, (x) dx
e =20 (4)
IO x®? (x) dx

Since @, (x) is not normalized, f; x®?% (x) dx can not be replaced by 1. The above is left as is.
Substituting (4) in (3) and simplifying gives

Anbn = by + ¢y

Cn
b, =

(An - :u)

Where A,, # p1. Hence the formal solution y = 37" | b,®,, (x) can be written as

1= 5 ()

Using (4) in the above gives

f(: f(x) @, (x)dx Jo (\//Tnx)
Jol x®% (x) dx (An = p)

y(x)=§](
n=1

60 Chapter 11.4, Problem 2

Consider BVP
= (xy)" = Axy
where y, y’ bounded as x — 0 and y’ (1) = 0. (a) Show that 1y = 0 is eigenvalue corresponding

to &y = 1. If A > 0 show formally that the eigenfunctions are given by &, = J; (\//Tnx) where

VA, is the n*" positive root in increasing order of J; (\//1_,1) = 0. It is possible to show there are
infinite sequence of such roots.

(b) Show thatif m = 0,1,2,--- then Iol x®p (x) @y, (x)dx = 0,m # n.

(c) Find formal solution to nonhomogeneous problem — (xy’)’ = uxy + f (x), where y,y’
bounded as x — 0 and y’ (1) = 0, where f is given continuous function on 0 < x < 1 and y is
not eigenvalue of the corresponding homogeneous ODE.

Solution

60.1 Part(a)

The given ODE can be written as
xy”" +y +Axy =0 (1)

- dy _ dyde _ dy ey _ d (dy — g Lydt _ Ly d’y
Let t = VAx, then gf = 2245 = PVAand 35 = L (FVA) = VAR & = VAgEVA = 2.

Hence (1) becomes

t t
=y () + Ay (1) + A==y (1) = 0
VI VI
VY (1) + YAy’ (1) + VAty (t) = 0
Since problem says that A > 0, then dividing by VA the above simplifies to
ty” (1) +y' () + 1y (1) = 0

This is Bessel ODE of zero order. Its solution is y (t) = ¢ Jy (t) + c2Y, (t). Where J, (0) = 0 and
lim;_,o Yy (f) — oo. Hence a bounded solution requires that c; = 0. Therefore the solution becomes

y(t) =cilo(t)
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or in terms of x

y(x) = eulo (Vix)

To satisfy the second boundary condition, since y’ (x) = ¢1J; (\/Ix) =—c1 )y (\/Ix) Therefore
the eigenvalues are roots of

]1 (\ﬁx) =0
Plotting J; (\/zx) shows that the first roots are A = 0. Numerically, the first few eigenvalues are
A = {0, 14.682,49.2185, 103,499, 177.532, - - - } ()

Hence the fundamental solution is y (x) = Jo (\//Tnx) where A, is given by above. When 1 =
0, Jo (0) = 1. Therefore the eigenfunction associated with A = 0 is ®, (x) = 1. Since there are infi-

nite eigenvalues (2), there are infinite eigenfunctions &, (x) = J, (\Mnx) wheren =0,1,2,3, -

60.2 Part (b)

Let @, (x),®,, (x) be any two eigenfunctions of (xy’)" + Axy = 0. Therefore each satisfies the
ODE. Hence

(x®@,)" + Apx®y (x) = 0 (3A)
(x®@,)" + Amx @y, (x) = 0 (3B)

Multiplying (3A) by ®,,, and (3B) by ®,, and subtracting gives

Dy (X)) + Apx @y @y, (x) = @ (xD),) " = A x @@y (x) = 0
Dy (x@)" = @y (x@),) " + (A = A) X @y (x) = 0

Integrating from 0 - - - 1 gives

1 1 1
J Dy (x@)) dx - J @, (x@),) dx + (A, — Am)j x®,®,, (x)dx =0 (4)
0

0 0
Integrating Jol @, (x@),)  dx by parts gives

u dv

1 —r— ) 1
J O (x@}) dx = [Dpx )] —J @, (x®},) dx (5A)
0 0

And similarly, Integrating L: @, (x®},)" dx by parts gives

u dv
1 —r—_—" . 1
J ®, (x®p,) dx = [©nx®),], —j @), (x®,,) dx (5B)
0 0

Substituting (5A,5B) back in (4) gives

[@mx®)], - J

0

1 1

1
o), (x®),) dx — [CanCD;n](l) + f P (x®),) dx + (An — Am)J x0,®,, (x)dx =0
0

0

The above simplifies to
1
[@mx®), — q>,,xq>;n]; +(Ap — Am)J x®, P, (x)dx =0 (6)
0

The boundary terms above simplifies to

[©x®), — @, x®) |5 = [ (1), (1) = D, (1) D, (1)]

m

But @/, (1) and @, (1) are zero. This is because of the given boundary conditions y’ (1) = 0. Hence
[®x®], — ©,xD),,] (1) = 0. Therefore (6) now simplifies to

1
An - Am)j x0, P, (x)dx =0
0

But since A,, — A, # 0, since these are different eigenvalues, then one concludes that
1
J x®,®,, (x)dx =0
0
Which is the result asked to show.
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60.3 Part (c)

The problem to solve is written as

+ fx) (A)
X

1 AN
-=(xy) =y
X

The solution to the corresponding homogeneous ODE —% (xy’)" = Ay was found in part (a). Using
eigenfunction expansion, the solution of the nonhomogeneous ODE (A) can then be written as

y(x) = D> bp®y (x) (7)
n=0

Where @, (x) = Jo (\//Tnx) ,n = 0,1,2,--- and A, are roots of —J; (\ﬁ) = 0. Using (7) in
—(xy')" = pxy + f (x) gives

1 [ [Se]
X (xy,), =X Z by @y, (x) + Z cn®n (x)
n=0 n=0

But since —}C (xy’)" = Ay from part (a), then the above becomes

i/lnbnq)n (x) = ,Uibncbn (x) + icnq)n (x) (8)
n=0 n=0 n=0
Where . )
X
nZ:;) cn®n (x) = X

¢n, is now found by orthogonality. Multiplying both sides of the above by r (x) ®,, (x), where the
weight r (x) = x, and integrating gives

1 x—f (X)q)m (x)dx = ¢ r x®g (x) py () dx + i Cn 1 x®@p (x) Oy (x) dx

0 X 0 n=1 0

J F ) () dx = oy J 1y (1) By () + D [ 0, (1), () ©
0 0 n=1 0

For m = 0, the eigenfunction is ®; (x) = 1, and the above becomes

1 1
Jf(x)dx:cojxdx
0 0
51,73
=Cy|— = —
2], 2

1
co = ZJ f(x)dx (10)
0

Therefore

For m > 0, (9) becomes
1 [} 1
[ Foomdr=Sen [ 20 )0m (0)ax
0 n=1 0

Due to orthogonality of the eigenfunctions from part (b) f; x®, (x) @y, (x)dx = 0form # n, and
the above simplifies to

o f ()@ () dx
f; x®? (x)dx

(11)

Cn

Since ®, (x) is not normalized, fol x®?2 (x) dx can not be replaced by 1. The above is left as is.
Substituting (10,11) in (8) and simplifying gives

Z Anbn®y (x) = p Z bp®y (x) + Z cn®n (x) (12)
n=0 n=0 n=0
For n = 0 only, and since A, = 0 then (12) gives
0 = pbo®o (x) + coPo (x)

But @, (x) = 1, hence

O=,ub0+co
boz—@
U

73



For n > 0, then (12) gives

i Anbn®@p (x) = H i bn®, (x) + i cn®y (x)
n=1 n=1 n=1

Anbp = by + ¢y
Cn

b, =
" (An = p)
Where A,, # p. Hence the formal solution y = 3" | b,®, (x) can be written as

Y () = by (x) + > by (x)

n=1

Z(/l - (‘/’1—")

L L@ (\//Tnx) dx
J f(x)dx+Z(/1 — ) I xJ2 (\/_x) dx

But f; xJ? (\//Tnx) dx = % (]g (\//1_,,) + ]12 (\//1_,1)), hence the above becomes

L e F @ (\/?TnX) dx] (\/A_x)
Hafe g

Jo (VAax

2 1
y(x)=—;Lf(x)dx+ZZ

61 Chapter 11.4, Problem 3

Consider — (xy’)" + k;zy = Axy. with y,y’ bounded as x — 0 and y (1) = 0, where k is positive
integer. (a) using t = VAx show the ODE reduces to Bessel of order k. (b) show formally that
the eigenvalues A, A, -+ of the given differential equation are the squares of positive zeros
of Ji (\/z) and that the corresponding eigenfunctions are &, (x) = Ji (\/zx) It is possible to

show there as infinite sequence of such zeros. (c) Show that the eigenfunctions ®,, (x) satisfy the
orthogonality relation

1
J x®,, (x) P, (x)dx =0 m#n
0

(d) Determine the coefficients of the formal series expansion f (x) = X, a,®, (x). (e) Final
formal solution of the nonhomogeneous problem

k2
—(xy’)" + ~y=pxy+ f(x)

With y, y’ bounded as x — 0 and y (1) = 0, where f is given continuous function on 0 < x < 1
and y is eigenvalue of the corresponding homogeneous problem.
Solution

61.1 part (a)
The ODE to solve is
, K
—(xy") + —y—-Axy =0
x

Note: The problem seems to not have mentioned that A > 0 here as well, as in the problem above
it. This condition is needed to fully solve this problem with y, y” bounded as x — 0 and y (1) = 0.
The ODE can be written as

k2
-xy’ -y +y(——/1x) =0
kz
xy"+y’+y(/1x—;) =0 (1)
d

Lett = Vix, then 3 = $4t = VT and $4 = £ (9VI) = VATH 4L = VITHVI = A4,

;
Hence (1) becomes

%Ay" (1) + VAy' (1) +y (1) (A% - "—: X

kZ
tNAy” (1) + YAy’ (t)+\/_y(t)( —) 0
tly” +ty’ + (t - kz) y
This is Bessel ODE of k order.
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61.2 Part (b)

The solution to the above ODE is known to be

y (1) = e () + 2k (1)

Where Ji (0) = 0 and lim,_, Y () — 0. Hence a bounded solution requires that ¢, = 0. Therefore
the solution becomes

y (1) = ek (t)

Or in terms of x

y () = e (Vix)

To satisfy the second boundary condition y (1) = 0 gives
C1]k (\/I) =0

Non-trivial solution implies Jj (\/I) = 0. Therefore the eigenvalues are the square of positive

roots of this equation. Even though there are negative and positive roots for Ji (\/I) = 0 but for
real root, A must be non-negative. It assumed A > 0. There are infinite number of positive roots
for Ji (\/1) = 0. Hence the eigenfunctions are

q)n(X):]k(\/l—nx) n=123--

Where A,, are square of the all positive zeros of Jj (\/I) =0.

61.3 Part(c)
Show that the eigenfunctions @, (x) satisfy the orthogonality relation
1
J x®p, (%)@, (x)dx =0 m#n
0
Let @, (x),®,, (x) be any two eigenfunctions of — (xy’)" + k;zy = Axy where now &, (x) =

Tk (\/)L_nx) and @, (x) = Ji (\/Amx) . Therefore each satisfies the ODE. Hence

— (x®}) " + k;CD,, (x) = Apx®, (x) = 0 (3A)

- (x@.,) " + k;ztbm (x) = Aux®,, (x) = 0 (3B)

Multiplying 3A by ®,,, and 3B by &, and subtracting gives

/ k? , kK
=@y (x@),) " + Py — Dy (x) = Anx @@y (x) — | = (Pnx®),) + —Pp @y (X) = Ay x PPy, (x)] =0
x x

, k? , k?
=@, (xP) + — 0Py (x) = Apx P, @y (x) + @y (xD),) = — PPy (%) + Ay x P Py, (x) = 0
X X

= (x®@) + (x®,) " + (A — Ap) x®p By, (x) = 0

Integrating from 0 - - - 1 gives

1 1 1
j D,y (x@7,) "dx — J D, (x®),) "dx + (Ay - /lm)J x®, D, (x)dx =0 (4)
0 0 0

Integrating JOI D, (xD),) " dx by parts gives
u dvu

1 —r—_— ) 1
J O (x@) dx = [Dpx®) |, —J @, (x®},) dx (5A)
0

And similarly, Integrating f; @, (x®/,)" dx by parts gives

u dv
NN ) 1
J D, (x@),) dx = [©nx®),] - j @), (x®;,) dx (5B)
0

Substituting (5A,5B) back in (4) gives

1 1 1
[(Dmx@;l](l) - J @), (x@),) dx - [cpnxcp;n]; + J @), (x@),) dx + (A, — }Lm)J x®,®,, (x)dx =0
0 0 0
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The above simplifies to
1
[@mx®), — <I>nx<I>;n](1] +(An — Am)J x®, P, (x)dx =0 (6)
0

LetA = [CImed);l - <I>nx<l>;n] (1), then the boundary terms above simplifies to
A= [@p (1)@} (1) = @n (1) @7, (D] = lim [x0p, (x) P, (x) = xPp (x) D, (x)]

But @, (1) and ®,, (1) are zero. This is because of the given boundary conditions. Hence the above
simplifies to

[CI)mx(D;l O, xP;, ]0 hm (D (x) @), (x) — @, (x) D), (x)))

But since both @, (x), ®, (x), @}, (x), @, (x) are bounded as x — 0 then the above vanishes. This
means the all the boundary terms are zero and (6) simplifies to

1
An - Am)j x®, P, (x)dx =0
0
But since A,, — A, # 0, since these are different eigenvalues, therefore

1
J x®,®,, (x)dx =0
0

Which is the result asked to show.
61.4 Part(d,e)

This is both parts combined. To solve — (xy’)" + k;zy = pxy + f (x), we start with dividing by x to
get the ODE to the form
1, K (x)
- Gy)+ Gy = uy+f— (1)

The homogeneous ode —= (xy ) + 2 y Ay was solved in part (a,b). And since the problem says
that A # p, then the solutlon to the above nonhomogeneous ODE is

y(x) = D ba®y (x) (1)
n=1
Where @, (x) are eigenfunctions of the homogeneous ODE found above to be

‘Pn(X)=Jk(\/A_nx) n=1,23-

Substituting (2) in RHS of (1) gives
1 NG k2 = s
_; (xy ) + Fy = 'UZ bn(bn (x) + Z cn®n (x)
n=1 n=1

Where X7, ¢, ®, (x) = @ But —% (xy") + i—zy = Ay from part (a,b). Therefore the above
becomes

i Anbn®@p (x) = p i bn®y (x) + i cn®p (x)
n=1 n=1 n=1

Anbn = by + ¢y

Cn

_}Ln_y

What is left is to to find ¢, (called a, in this problem). Since >, ¢, ®, (x) = fx) ( ), then applying
orthogonality gives

. r1r<x><1>i<x>dx=J (I

Jo

d, (x)dx
But r (x) = x, and the above becomes
rl 1
Cn x],? (\/Zx) dx = J f(x) Jk (\/Zx) dx
0

| o £ 6 (V) d
" fol x]li (\/)L_nx) dx
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This complete the solution.

y(x) = an (\/—x)

)L Jk (\/—x)

f () Jk (\/_x) dx Jk (\/_ )
1 fo x],f (\//Tnx) dx An =

Mg

3
Ul

62 Chapter 11.4, Problem 4

Consider Legendre equation — ((1 — x?) y’) " = Ay subject to boundary conditions y (0) = 0 with
y,y’ bounded as x — 1 and ®; (x) = P; (x), O, (x) = P5(x), D, (x) = P31 (x) corresponding
to eigenvalues 4 = 2,1, =4-3,--- , 4, = 2n(2n—1). (a) Show that the eigenfunctions ®@,, (x)
satisfy the orthogonality relation

chbm(x)d)n(x)dxzo m#n
0

(b) Final formal solution of the nonhomogeneous problem — ((1 — x?) y’) "= uy + f (x) where
y (0) = 0 with y, y’ bounded as x — 1 where f (x) is continuous function on 0 < x < 1 and p is
not eigenvalue of — ((1 — x?) y’) "=y

Solution

62.1 Part(a)

Let @, (x), @, (x) be any two eigenfunctions of — ((1 — x?) y’) " = )y associated with eigenvalues
Ans Am, where @, (x) = P, (x) and ®,, (x) = P,, (x). Therefore each satisfies the ODE. Hence

((1-x%) @, (x))" + 2@ = 0 (3A)
((1=x%) @), (%)) + Am@pm = 0 (3B)
Multiplying 3A by ®,, and 3B by ®,, and subtracting gives
Dy ((1=5%) ), () + 3P = (@ (1= %) @, (1) + A @p®p ) = 0
Dy ((1=x7) @ (x)) = @ (1= %) @), (%)) + (A = Am) @@y =

Integrating from 0 - - 1 gives (all upper limits below show be lim,_,,- f; ~ instead of J; but to
simplify notation, the latter is used and at the end, it is switched back to former.

[ (1) @) - |

0 0

1

D, ((1-x%) @, (x)) dx + Ay — Am) Jl O, D, (x)dx =0 (4)
0

u dv

—~
The first integral in (4) f; @, ((1-x?%) @, (x)) dx is integrated by parts, giving

1

Ll D ((1-x%) @, (x)) dx = [®n (1-x%) @), (x)](l) - L @), ((1-x%) @, (x)) dx
1

= [ @ (1 - %) @, (0] j o (1-x2) @, (1) dx  (4A)

0

u dv

—
Similarly, the second integral in (4) f; @, ((1-x%) @, (x)) 'dx is integrated by parts, giving

r@n((l—xz) @), (x)) dx = [@, (1 - %) @), (x)], qu> ) 7, (x)) dx

0 0

—_

= [@m (1-x%) @), (x) Jcp ) @, (x)) dx  (4B)

Substituting (4A) and (4B) back into (4) gives

(=}

[ (1) 2, 0] = [0} (1= 00, ) o=
([@m (1- x2) o) (x)] (1) - Ll @, ((1- x%) @, (x)) dx)

1
(n - M)L By (x) dx = 0
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Terms cancel and the above reduces to
1
[@ (1—x7) @), (x)](l) — [@m (1-x%) @, (x)]; + (A, - Am)J ®,d,, (x)dx =0
0
1
(@ (1 - x%) @, (x) = Py (1= x7) @), (x)] (1) + (A, = /1,,,)‘[ ®,P,, (x)dx =0 (5)
0

Let A = [@m (1—x%) @ (x) = Dy (1 - x%) D, (x)] (1). The boundary terms above are evaluated as
follows

A = lim [@p, (x) (1 = ) @, (x) = P (x) (1 = x%) @, (x)] = (O (0) ¥}, (0) = P (0) P, (0))
Since @, (0) = 0, ®,, (0) = 0, the above simplifies to
A = lim [@m (x) (1= x%) @), (x) = Ppy (x) (1 = x%) @}, (x)]
= lim (1=x%) [@m (x) @), (x) = D (x) D}, (x)]

Since @, (x), @}, (x), Dy, (x) D), (x) are all bounded as x — 1 then the above goes to zero in the
limit. Which means all boundary conditions term vanish. Hence (5) reduces to

1
(- M)L BBy (x) dx = 0

But since A, — 4, # 0, since these are different eigenvalues, therefore

1
J D, D, (x)dx =0
0

Which is the result asked to show.

62.2 Part (b)

Since A # p, then the the solution to nonhomogeneous ODE is
y(x) = D ba®y (x) (1)
n=1

Where @, (x) are eigenfunctions @, (x) = P(3,-1 (x). Substituting (1) in — ((1 - x?) v’) "=y +
f (x) gives

(1= y) = p D bn®p (x) + > cn®p (x)
n=1 n=1

Where ¥ ¢,®, (x) = f (x). But — ((1 - x?) v/') " = Ay, therefore the above becomes
Z Anbn®p (x) = p Z b,®, (x) + Z cn®p (x)
n=1 n=1 n=1
Anbn = pby +cpy

Cn

by, =
An — H

What is left is to to find c,. Since X} ¢,®, (x) = f (x), then applying orthogonality gives

r1

n jl F)® (x)dx = | r(x) f(x) B, (x) dx
0

JO
But r (x) = 1, and the above becomes

rl

1
e j by () = | f () P () d

_ fo f (%) Pan-1) (x) dx
J; P(zzn_1) (x) dx

This complete the solution.

8

y(x)= Zb Pion-1) (x)

n

Cn

M i

P(Zn 1) (x)

An —
f (%) Pan-1) (x) dX P(yp_1) (x)
(x) dx An = H

3
Il
—_

Mg

S
Il
-

1
JO (2n-1)
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63 Chapter 11.4, Problem 5

Equation (1 —x?) y”” — xy’ + Ay = 0 is Chebyshev’s equation. (a) show it can be written as

: A
_(myf) - = —1<x<1
V1 —x

(b) consider boundary conditions y, y’ bounded as x — —1 and x — +1. Show that the problem
is self adjoint. (c) Show that

' T (%) Ty (x)

—————dx =0
-1 V1-—x?
Where T, (x) are the eigenfunctions :Ty (x) = 1, T; (x) = x, Tp (x) = 1 — 2x?, - - and eigenvalues
are A, =n’forn=0,1,2,---
Solution

63.1 Part(a)
Writing the ODE (1 - x%) y” — xy’ + Ay = 0 as
P(x)y" +Q(x)y" +R(x)y=0

Where P (x) = (1 - x?),Q (x) = —x, R(x) = A, then the integrating factor is

1 jde
= — P(x)
H Pe
B 1 eJ (liiz)dx
S (1-x?)

But f (1_x—xz)dx = %lnfl — x2|, therefore e%1n|1_x2| = V1 — x? and the above becomes y = L

1-x2°
Hence the SL form is

(uPy’)" + uR(x)y = 0

1
Ay=0
V1 —x2
’ 1
(V1 -2y =
(1 xy) 1_x2)Ly

63.2 Part (b)

A problem is self adjoint if
(L[u],v) = (u, L[o])

Where u, v are any two arbitrary eigenfunctions of the ODE which therefore by definition satisfy
the ODE and the boundary conditions as given. Starting with (L [¢], v) and it is evaluated to see
if it leads to (u, L [v]). The operator is defined as (from part (a)) as

L[y] =—(V1—x2y/),= vll_—xziy

Therefore

Integrating by parts gives

(L[u],v) = [— (mu') v] 1_1 - le - (mu') v'dx

Integrating by parts again gives

(L[u],v) = i— (\/1——x2u') v] 1_1

_ ([_ (Vi) u|’

-1

- J_ll - (mv')'udx)

r 1 1 ’
= [-V1-x2u'v+V1- xzv'u] + J - (Vl - xzv/) udx
I -1 J

= >\/1 - x2(v'u - u’v)] il + (u, L [v])
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1
Therefore the ODE is self adjoint if the boundary terms vanish. Let A = [ V1 — x2? (v'u — u’v)

Evaluating this gives
A= lim1 V1-x2(@0 (x)u(x)—u (x)v(x)) — lirr_l1 V1-x%(0 (x)u(x)—u (x)v(x))

But since u,u’ are bounded as x — —1 and x — +1 and also v, v’ are bounded as x — —1 and
x — +1, then this shows that A — 0. Therefore

(L[u],v) = (u,L[v])

Hence the ODE is self adjoint.

63.3 Part(c)

Since Ty, (x), Ty, (x) are two eigenfunctions of — (Vl - xzy’) =
ODE. Hence

1
Vi-x?

Vi) + L AT, =0 (3A)
(Vi=2T) ¢
(\/1——x2T,;1) "y

- T = 0 (3B)
- X

Multiplying 3A by T,,, and 3B by T}, and subtracting gives

- (V1 - xZT,;) "y \/;_zanTan - (Tn (WT,;)' + —)LanTm) =0

1—-x 1—x2

Tm(\/1—x2T,;)'—Tn (Vl—sz,'n),+(/1n Am) \/_xT T

Integrating from —1- - - 1 gives

dx=0 (1)

fl Ty (WT,;)'dx —J

-1

(WT ) dx + (A, —Am)J

1—x2

Integrating by parts the first integral in (1) above gives

J_ll T (WT;)/dx = [Tmmm] il - fl T,, (VI=¥°T;) dx (1A)
Integrating by parts the second integral in (1) gives

J_ll T, (Vi=x7T;,) “dx = [Tn\/l——sz,'n] il - J_ll T, (VI=7Ty,) dx (1B)

Substituting (1A) and (1B) back into (1) and simplifying gives

1 11 1 T T
[Tm\/l - xZT,;] - [Tn\/l | =) | \/;”_”zdx =0
_ |- b Vi

11 rl T.T
TuV1—x2T, - T,V1 - 2T, | +Au—2A T2 dx=0
[m X1y, n X m|_, (n m)u—lmx

11 rl T.T
V1 -x% (T, T, - T, T/ +An=Am) | dx =0 (1C)
[ (TwT, ’")_ -1 Jaovi—x2

Let A= [VT=x2 (T, T; - TuT;,) | 1_1, then
A= Iim1 V1—x% (T (x) T, (x) = T, (x) T, (x)) — Iirr_l1 V1 —x2 (T (x) T, (x) = T,y (x) Ty, (x))

But since T, (x), Ty, (x), T, (x), T,, (x) are all bounded as x — —1 and as x — +1, then A — 0.
Therefore (1C) becomes

o '")Jm

But since A,, # A, since m # n, then

LT, T
J R _dx =0

Which is what we are asked to show.
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64 Chapter 11.5, Problem 2 (With interactive animation)

Find displacement u (r, t) in vibrating circular elastic membrane of radius 1 that satisfies the
boundary conditions
u(l,t)=0 t>0

And initial conditions

u(r,0)=0
u (r,0) = g(r)

For 0 < r <1, where g(1) = 0.
Solution
The wave equation is u;; = a? (uxx + uyy). In polar coordinates this becomes
1 1 1

— Ut = Upr + —Ur + —Ugg
a r r

Due to circular symmetry, the above simplifies to

1

Ut = Urr + —U,
a r

Applying separation of variables. Let u = T (t) R (r). Substituting this in the above PDE gives
l 144 rn” l ’
—T"R=R"'T +-RT
a r

Dividing by RT results in
1 TII RN 1R/
—_—— - =
a® T R rR
Where A is the sepration constant. For A > 0 (it is known A = 0 is not eigenvalue, as well as there
are no negative eigenvalues.) The above gives two ODE

)2

T" + Aa*T =0
And
"R’ (r)+ R (r)+ A*rR(r) =0 (1)

With the boundary conditions R (1) = 0 and to R (0) is bounded. This comes from physics, since
one expects the vibration not to blow up in the center of the membrane. The ODE (1) is now
transformed to Bessel ODE using

E=Ar
Hence Z—f = d—lgd—'f = Ad—g and ZZTI; = AZ%. Therefore (1) becomes
£

’” ’ § _
z)LZR (&) + AR’ (&) + AZIR & =0

The above simplifies to
ER" () +R(E)+ER(E) =0

The above is Bessel ODE of order zero. Its solution is
R(&) =cilo (§) + e2Yo (§)
Converting back to r the above becomes
R(r) = c1)o (rd) + c2Yo (rd)

Since R(r) is bounded as r — 0, then ¢; = 0 as Y, (rA) blows up at r = 0. Therefore the radial
solution becomes

R(r)=ci)o(rd)
At boundary conditions R (1) = 0 the above becomes

0=cifo(A)

Non trivial solution requires Jy (1) = 0. Therefore the eigenvalues are the the positive roots of
Jo (A) = 0. The first few eigenvalues are A; = 5.78319, A, = 30.4713, A3 = 74.887, - - - . Hence

R, (r) = cuJo (Anr) n=1273,---

Now the time ODE is
T + 22a*T =0
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Since A > 0 then the solution is
T, (t) = A, cos (A,at) + B, sin (A,at)
Therefore the fundamental solution is
up (r,1) = Tn (t) Ry (1)

And by superposition, the general solution is
u(r,t) = Z (A, cos(Apat) + By, sin (Ayat)) Jo (Apr) (1A)
n=1

Where the ¢, is merged into A,, B, due to the product. At t = 0 and since u(r,0) = 0, the
above becomes

0= Z AnJO (/1,,?’)
n=1

Hence A, = 0. The solution simplifies to
u(r,t) = i By sin (Apat) Jo (A1)
n=1
Taking time derivative gives
u (r,t) = i BpAnacos (Anat) Jo (Anr)
n=1
At t = 0, and from initial conditions, the above becomes
9= 3 Budualy ()
n=

Applying orthogonality, and since the weight is r, therefore

1 1
J rg (r) Jo (Anr)dr = anlnaj r]o2 (Apr)dr
0 0
5 1ﬁ?mhamm "
Ana Io rJ3 (Aur)dr

Therefore the final solution is
u(r,t) = Z By sin (Anat) Jo (A1)
n=1
With B, given by (2).
The following is an animation of the above solution. a = 0.2 and ¢g(r) = r was used. This

runs inside the PDF (need to use standard PDF reader to run the animation. Might not run inside
Chrome browser PDF reader).
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65 Chapter 11.5, Problem 3 (With interactive animation)

Find displacement u (r, t) in vibrating circular elastic membrane of radius 1 that satisfies the
boundary conditions
u(l,H)=0  t>0

And initial conditions

u(r,0)=f(r)
ur (r,0) =g(r)
For 0 < r <1, where g(1) = 0.
Solution
The same steps are used to reach the general solution as was done in the above problem. The

difference is when initial conditions are used to determine the coeflicients.
The general solution from the above problem was found to be

u(r,t) = i (Ap cos (Anat) + By sin (Anat)) Jo (Anr) (1A)
n=1

Att=0 .
f(r) = ZAnJO (Anr)
n=1

Applying orthogonality, and since the weight is r results in

r rf(r)Jo(Apr)dr = A, Jl r]O2 (Apr)dr
0 0
L L f0h O

1 ()
Jo rTE Qr)dr
Taking time derivative of the solution (1A)
us (r,t) = Z —An\/Za sin (A, at) + ByApacos (Ayat) Jo (Anr)
n=1
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At t = 0, and from initial conditions, the above becomes
g(r)= Z BnAnajo (Anr)
n=1

Applying orthogonality, and since the weight is r, therefore

1 1
J rg (r) Jo (Aur)dr = Bn/lnaj r]O2 (Apr)dr

0 0
P /5 9 () Jo (Anr) dr "
Ana 1 rJ2 (Aur) dr

The two coefficients A,,, B,, are now found. Therefore the final solution is

u(r,t) = Z (An cos (\/Zat) + B,, sin (\/Eat)) Jo (\/Er)
n=1
With A, given by (2) and B, given by (3)
The following is an animation of the above solution. a = 0.2, g(r) = r and f(r) = 1 — r was
used. This runs inside the PDF (need to use standard PDF reader to run the animation. Might not
run inside Chrome browser PDF reader).
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66 Chapter 11.5, Problem 4

The wave equation in polar coordinates is

1
Ut = Urr + —Ur + —Ubo
a r r

Show that if u(r,0,t) = R(r)©(0) T (¢) then R, ®, T satisfy the ODE’s

r’R” +rR + (A*r* —=n*) R=0
0" +n’@ =0
T"” + X2a*T =0

Solution
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Letu(r,0,t) = R(r)© (0) T (t). Substituting in the wave PDE gives

1 1 1
—T"RO =R'TO+ ~R'TO + —O”RT
a? r r2

dividing by ROT gives
lT//_RI/+1RI+1®/I_AZ
2T R rR r2e
Where A is separation constant. The above now become
1 TII
—— =) 1
T (1)
R/I 1R/ 1 @//
— =+ =—=-22
R rR r2e
The second ODE above can now be written as
R// R/ 144
rPe— +r—+ — = —r?}?
R R <]
rn” R’ @//
rPPe— tr— +r2) = —— = p?
R R e

Where n is the new separation constant (I do not like using n for this, but this is what the book
did). The above now gives the ODE’s

’”
®_2

= 2
= @
rz? + rZ +rPA% =n? (3)

Therefore (1,2,3) becomes
T” +a*2*’T =0 (1A)
0" +n*0 =0 (2A)
rR” +rR + (r*A* =n*) R=0 (34)

Which is what the problem asked to show.

67 Chapter 11.5, Problem 5

In the circular cylindrical coordinates r, 0, z defined by

x =rcosd
y=rsinf
z=1z
Laplace equation is
1 1

Uy + ;u, + r—zugg +uUy;; =0
(a) Show that if u (r,0,t) = R(r)© (0) Z (z) then R, ©, Z satisfy the ODE’s
r*R” +rR + (A*r* —=n*) R=0
0" +n*0 =0
Z'-2Z=0

(b) Show that if u (r, 8, z) is independent of 6 then the first equation in (a) becomes
r’R” + rR + A*r’R =0

The second is omitted altogether and the third is unchanged.
Solution

67.1 Part(a)

Letu(r,0,z) = R(r)© () Z (z). Substituting in the wave PDE u,, + %ur + r%ugg +u,, = 0 gives
144 1 ’ 1 144 144
R"®Z + -R'0Z+ —O"RZ+Z"RO =0
r r

dividing by R®Z gives
R// 1 RI 1 @// Z// )
—t-—t+t—=—-—=-1
R rR r2e z
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Where A is separation constant. The above now become

Z"-NZ=0
R// 1Rl 1 @l/ 3

o+ S—=-1%
R rR r20
The second ODE above can now be written as
R// R/ @//
rPe— +r—+ — = —r?}?
R R 0
144 R’ @//
FP—tr—+rill=——=n?
(S

Where n is the new separation constant. The above now gives the ODE’s

@//
_— = nz
C)
14 ’

rP—t+r—+r’=n
R R

2

Therefore (1,2,3) becomes

Z"-NZ=0
0" +n*@ =0
r’R” +rR' + (r*2* = n*) R=0

67.2 Part (b)

(1A)
(2A)
(3A)

When no dependency on 6 then the ODE becomes u,, + %ur +u,, =0.Letu(r,z) = R(r) Z (2).

Substituting into the wave PDE
1’ 1 ’ 44
R"Z+-R'Z+Z"R=0
r

dividing by RZ gives
R// 1 RI B Z/I B

+-— = ~A?
R rR Z

The above gives

R” 1R
— t—— =)

R rR
_Z_”:_AZ

Z

1
R"+ =R +2*R=0
r

zZ"-Z=0

68 Chapter 11.5, Problem 6

Find steady state solution in semi-infinite rod 0 < z < 00,0 < r < 1 if the temperature is

independent of 6 and approaches zero as z — co. Assume u (r, z) satisfies boundary conditions

u(1,z)=0 z>0
u(r,0)=f(r) 0<r<1

Solution
The PDE is

1
Upp + —Upr +Uzz =0
r
By separation of variables, as was done in problem 5 above, this gives
7" 1 ’ 2
R"+-R' +A"R=0
r

R(1)=0
lin}) R(0) — bounded
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And

Z"-XZ=0 (2)
Z(0) = f(r)
;EEOZ(r) —0

The solution to (2) is known to be
R(r) = cnJo (Anr)
Where A, are the positive roots of Jy (1,) = 0. The solution to (2) is

Z(z) = A,,e)‘"z + Bne_’l"Z
Since u goes to zero as z — oo, then this implies A, = 0. Hence
Z (z) = Bpe *n?

Hence the overall solution becomes
u(r,z) = > | Bue "% Jo (Anr)
n=1

Where ¢, is combined with B,,. To find B,,, using the final boundary condition u (r,0) = f(r)
gives

fr)= i BnJo (Anr)
n=1

Applying orthogonality and using the weight of r gives

Jl rf(r)Jo(Ayr)dr = By Jl r]o2 (Apr)dr
0

0
o rf @) Jo Gy
[3 7J2 (Aar) dr

Hence the solution is now complete. It is given by

1
& (r) Jo(Anr)d

u(r,z) = >, ) r{ Vz il re_A"zfo (Anr)
n=1 fo rJs (Apr)dr

69 Chapter 11.5, Problem 7

7. The equation
Uy + Vyy + Kv=0

is a generalization of Laplace’s equation and is sometimes called the Helmholtz!? equation.

(a) In polar coordinates the Helmholtz equation is
Uy + (1/1) v, + (1 /1) vy + k*v = 0.
If v(r,0) = R(r)® (), show that R and ® satisfy the ordinary differential equations
PR'+rR + (kK —2)R=0, 0" +:’°0=0.

(b) Consider the Helmholtz equation in the disk r < c. Find the solution that remains
bounded at all points in the disk, that is periodic in 6§ with period 27, and that satisfies the
boundary condition v(c, 6) = f(6), where f is a given function on 0 < 6 < 2.
Hint: The equation for R is a Bessel equation. See Problem 3 of Section 11.4.

Solution
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69.1 Part (a)
Substituting v (r, 8) = R(r) © (0) into the PDE gives

12 1 ’ 1 ’” 2
R"®+ -R'©+ 0"R+k"RO =0
r r
Dividing by RO gives

RN 1 Rl 1 @Il

to—+S—+k*=0
R rR r2e
R// R/ @//
rP—+r—+r’k?=- =%
R R (S

Where A is the separation constant. This gives

R// R/
rP—tr—+r’k*-2*=0
R R
And o
= )2
(€]
Hence

rR” +rR +R(r’k* —n®) = 0
0" +20 =0

69.2 Part (b)

Starting with ®” + A?@ = 0. The eigenvalue A can not be negative. The following two cases are
considered.
Case A =0
Solution is
00)=c0+c

The boundary conditions are periodic with period 2z, meaning
©(0) =0 (27)
0’ (0) = 0" (27)
Applying first BC gives
Cy3 =127 + ¢y (1)

Applying second BC gives
1 =C (2)

So ¢ can be any value. But to solve (1) ¢; must be zero. Hence first BC now gives
Cy = C2

Which means c; can be any value, say 1. Therefore A = 0 is an eigenvalue with eigenfunction
CI)() (9) =1
Case A >0
The solution now is
©(0) = Acos (A6) + Bsin(A0)

The boundary conditions are periodic with period 2, meaning
©(0) =0 (2r)
Q' (0) = 0" (27)
Applying the above boundary conditions gives

A = Acos(A2r) + Bsin (A27)
BA = AAsin (A2) + BA cos (A27)

This means A must be an integer n = 1, 2, - - - for the above relations be satisfied. Since only when
n is an integer, the above gives A = A and BA = BA. Hence the eigenfunction in this case is

®, (0) = Ay, cos (nf) + By, sin (nd) n=12---

Now that the eigenvalues are found, the solution to the R ODE is found. Summary of the above
result: The eigenvalues are n = 0 with eigenfunction ®, (f) = 1 and n = 1,2,3,--- with eigen-
function @, () = A,, cos (nf) + B,, sin (n0).
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CaseA=n=0
In this case, the R ODE above r?R” + rR’ + R (rzk2 - /12) = 0 reduces to

r’R” + rR’ + Rrék? = 0
let
t=rk
Therefore R’ (r) = R’ (t) k and R” (r) = R” (t) k. Substituting these in the above ODE gives
Err 1 kR () 4 REK = 0
k? k k2o
t*R” (t) + tR' (t) + t*R(t) = 0

This is now Bessel ODE of order zero. Its solution is
Ry (t) = AoJo (t) + BoYo (t)
Converting back to r, the above becomes
Ry (r) = AoJo (rk) + BoYo (rk)
Since R is bounded at r = 0, this implies By = 0, since Y; (rk) blows up at r = 0. Hence

Ry (r) = AoJo (rk)

This is the solution for eigenvalue n = 0.
CaseA=n>0
The Bessel PDE now has the form r?R” (r) + rR’ (r) + (r?k? — n®) R(r) = 0. To convert the
ODE to standard Bessel form let
t=rk

Therefore R’ (r) = R’ (t) k and R” (r) = R” (t) k. Substituting these in the above ODE gives

k2 k2
t°R” (t) + tR () + R(t) (t* —n*) =0

t? t t2
—K*R" (1) + EkR/ (r)+R (—k2 - nz) =0

This is now Bessel ODE of order n. Its solution is
Ry (t) = AnJn (t) + BnYn (1)
Converting back to r, the above becomes
Ry (r) = AnJn (rk) + Bp Yy, (rk)

Since R is bounded at r = 0, this implies B, = 0, since Y,, (rk) blows up at r = 0. Hence R(r) =
ApJy (rk). This is the solution for eigenvalue n > 0.
Hence the fundamental solution is

vy (r,0) = @9 (0) Ro ()
= AoJo (rk)
Since @, () = 1 and
Uy (r,0) = @, (0) R, (1)
= (A, cos (n) + By, sin(nh)) J, (rk)

Where the constants are combined. Therefore the general solution becomes
v(r,0) =AJo (rk) + Z (A, cos (nb) + B, sin (nh)) J, (rk) (3)
n=1

Constants Ay, A,, B, are found from boundary conditions. At r = ¢, u (c, 8) = f (0) and the above
becomes

f(0)=AJ (ck)+ i (Ap cos (nb) + By, sin (nh)) J, (ck)

n=1
For n = 0 only and applying orthogonality

2

2
£(0)do = L Aoy (ck)do

2

27
£(0)d6 = AqJy (ck) L a6
= 21 AoJo (ck)
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Hence .
_ Io f(6)do
O 21y (ck)
Andforn >0

2

f(0)sin(mb)do = i 7 (A, cos(nb) + By, sin (nh)) sin (m0) J, (ck)do
n=19J0

0

0 2 00 2
= > J.(ck)A, J cos (nf) sin (m6) do + B, Z Tn (ck) J sin (n6) sin (m0) do
n=1 n=1 0

0

But fj” cos (n#) sin (m0) df = 0 for all n, m and the above now is solved for B,

2 00 2
f(0)sin(m6)dé = B, Z Tn (ck) j sin (nf) sin (m0) do
n=1 0

0
2
= By Jm (ck) I sin? (m@) d
0
= BmJm (Ck) T

Hence
) [27 £ (6)sin (n§) d6
" 7 Jn (ck)

Similarly, to find A,

2 ) 2

f(0) cos(mB)do = Z (A}, cos (n) + By, sin (nf)) cos (mO) J, (ck) do
n= 0
ool 2 00 2
= > Jn(ck) A, J cos (n6) cos (mB)do + B, Z T (ck) J sin (nf) cos (m6) d6
n=1 0

0 n=1
But Lf” sin (nf) cos (mf) d6 = 0 for all n, m and the above now is solved for A,
2 ) 21
f(0)sin(mb)db = A, Z Tn (ck) J cos (nf) cos (mf) do
n=1 0
2
= A Jm (ck) J cos® (mf) df
0
=AmJm (Ck) T

Hence ,
B o f(0)cos(n)do
" 7 Jn (Ck)

The complete solution from (3) becomes

v(r,0) = Aoy (rk) + i (Ap cos (nf) + By, sin (nf)) J, (rk)
n=1

) [ de
°7 2y (ck)

[27 £ (6) sin (n6) d6
" 7] (ck)

o™ £(8) cos (nd) df
7 Jn (ck)

n:
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70 Chapter 11.5, Problem 8

8. Consider the flow of heat in a cylinder 0 <r < 1,0 <6 < 2%, —o0 < z < oo of radius 1
and of infinite length. Let the surface of the cylinder be held at temperature zero, and let
the initial temperature distribution be a function of the radial variable r only. Then the
temperature u is a function of r and ¢ only and satisfies the heat conduction equation

ol + (1/)u,] = uy, O<r<l1, t>0,
and the following initial and boundary conditions:
w(r,0) =fr), 0<r=<l,
u(l,r =0, t>0.
Show that .
u(r,y =y Cudohr)e 2t

n=1

where Jy(A,,) = 0. Find a formula for ¢,,.

Solution
Let u (r,t) = R(r) T (t). Substituting into the PDE gives

1 1
—T'R=R'T+-R'T
a r
Dividing by RT gives
1T R’ 1R
_—— = — 4+ —— =
a>T R rR
Where A is the separation constant. This gives the ODE

)2

1

R’"+-R+A*R=0
r

rR” +R+A*rR =0

(rR"Y + A*rR=0 (1)
With BC
R(1)=0
li_r)r(l)R (r) — bounded
And

T’ +a’A*R=0 (2)

ODE (1) is Sturm Liouville ODE where p = r, ¢ = 0 and the weight is r. The eigenvalue can not
be negative. Two cases to consider.

Case A =0

The ODE becomes (rR’)" = 0 which has solution rR’ = ¢; or r% = cyordR = <dr.Integrating
gives

R(r)=ciInr+c;

Since R is bounded at r = 0, then ¢; = 0. The solution becomes R (r) = ¢,. Since R (1) = 0 then
¢z = 0. Hence trivial solution. Therefore A = 0 is not an eigenvalue.

Case A >0

The ODE now becomes rR” (r) + R(r) + A>rR(r) = 0. Let t = Ar. Hence R’ (r) = AR’ (t) and
R” (r) = A?R” (t) and the ODE becomes

%AZR” () + AR’ (t) + AZ%R (t) =0
tAR” (t) + AR"(t) + AtR(t) = 0
tR"(t) +R (1) +tR(t) =0

This is Bessel ODE of order zero. Its solution is

R (t) =c1)o (t) + Y, (t)

Converting back to r

R(r) = c1Jo (Ar) + c2Y, (Ar)
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Since R is bounded at r = 0 then ¢, = 0 and the solution becomes

R(r) = c1)o (Ar)
Since R(1) = 0 then
0=ciJo(A)
For nontrivial solution, J, (1) = 0. This gives the eigenvalues as the positive roots of J, (1) = 0.
Hence the solution is

R, (r) = cuJo (Anr)
Where A,, are roots of J, (1) =0 forn = 1,2,3,---. The Time ODE (2) has solution

T, (t) = Ape 4t
Hence the final solution is

u(r,t)= > cne % Iy (Anr)
n=1

Where constants A, ¢, are combined into ¢,. ¢, is now found from initial conditions. At ¢t = 0
the above becomes

w(r.0) = )= > enlo (Aar)
n=1

The weight is r, since the R ODE in S.L. form s (rR’)’+A%rR = 0. Therefore, applying orthogonality
gives

J‘l I’f (r) Jo (Apr)dr = cy Jq r]02 (Anr)dr
0 0

o [37F () Jo Qunr) dr
j; rJe (Anr)dr

This completes the solution.

ary = $ o7 OB ) dr

n=1 JOI rJ¢ (Anr)dr

e_/liaz tJO (Anr)

71 Chapter 11.5, Problem 9

9. In the spherical coordinates p,0,¢ (o > 0,0 < 6 < 27,0 < ¢ < n) defined by the equations
X = pcosfsing, y = psinésin ¢, 7 = pcos ¢,
Laplace’s equation is
pzupp +2pu, + (csc? P)ugy + Ugy + (cotP)uy, = 0.

(a) Show that if u(p,6,¢) = P(p)®(0)P(¢), then P, ©, and ® satisfy ordinary differential
equations of the form

0" P +2pP — *P =0,
O+ 120 =0,
(sin® ¢)®" + (sin ¢ cos P) D' + (u?sin’ ¢ — A*)d = 0.

The first of these equations is of the Euler type, while the third is related to Legendre’s
equation.

(b) Show that if u(p,60,¢) is independent of 6, then the first equation in part (a) is
unchanged, the second is omitted, and the third becomes

(sin’ §) D" + (sin ¢ cos §) D' + (u? sin’ p)d = 0.

(c) Show that if a new independent variable is defined by s = cos ¢, then the equation for
® in part (b) becomes

Note that this is Legendre’s equation.

Solution
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71.1 Part (a)

Let
u(p,0,¢)=P(p)©(0)2(9)

Substituting the above in the Laplace PDE given results in
p°P"@d + 2pP’'@® + (csc® ¢) ©”PD + &”'PO + cot () &'PO = 0

Dividing by PO® gives
144 7 @/I 1 (D/
pz? + Zp? + (csc® ¢) ey + T + cot (@) e 0
P// Pl @// @//

CI)/
Pz? +2pp = (csc” ¢) o o @y = p

Where u is the first separation constant. The above gives
44 ’
2
— t2p— =
Pp Pp =H
@// @// @/

_— = t ——2:()
S "o 00(¢)(D H

2

~(esc? )

The first ODE above becomes

p*P” + 2pP’ — Py = 0

And the second equation is now separated again into two additional ODE’s as follows
Q" 1 @ cotyp @’ u? 3
© csc2p & csc2hp D csctgp

1 ®” cot(p)d’ u? e

csc2p @ csc2p @ csc2p 0 O

/12

Where A is the second separation constant. The above gives the following two ODE’s

Q" +10=0

And, since csc? ¢ = Sinlz p and cot (¢) = ﬁ, the third ODE is

o sin®¢ @’
.2 2 :.2 2
sin® g— + — 4+ u°sin“g = A
¢ ® tang @ a ¢

124 ’

d P
sin® ¢E + sin ¢ cos ¢6 + 1% sin® ¢ = A*
(sin® @) ®” + (sin g cos ¢) @’ + (psin* ¢ — A%) @ =0

71.2 Part (b)
If u is independent of 8 then the PDE simplifies to

pzupp +2pu, + ugg + cotpug = 0 (1)

Let
u(p,¢)="P(p)@(¢)

Substituting the above in the Laplace PDE (1) results in
p*P"® + 2pP'® + ®"'P + cot (¢p) 'P = 0

Dividing by P® gives

124 ’ 7 ’

P )
2
— +2p—+—+cot(p) —=0
Pptpt g 00(95)@

124 ’ 124

@
2 2
pP— +2p— = —— —cot () — =

P P g ot F =k

Where p is the first separation constant. The above gives

14 ’

2
— t+2p— =
P+ 2 = g
o @’ 9
g oL@ g —H

2

The first ODE above becomes
p*P” + 2pP’ — I*P = 0
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And the second ODE becomes
~®" —cot(¢p) D' — p*® =0

1
"+ — + Pd =0
tan ¢ H

cos ¢
sin ¢
(sing) @ + (cos #) @’ + (u*sing) @ =

Multiplying again by sin ¢ to get it to the form needed gives

" +

O+ pfd =0

sin® p@”’ + (sin ¢ cos #) @’ + (u*sin® ¢) @ = 0 (2)

Therefore the first PDE in P (p), the second ODE in © () is now eliminated, and the third ODE
changes to the above.

71.3 Part (c)

The equation for ® found in part (b) is

sin ¢d¢2 + (sin ¢ cos (/)) ¢ + (p?sin® ¢) @ =0 (1)
Let s = cos ¢, then
dd d®ds
¢~ ds dg
d
= 22 (-sing) @)
And
d*® d (do
g~ dg (_¢)
_ d :
7% ( —sin ng))
2
= C;T (sin2 gb) - Z—f (cos @) (3)

Substituting (2,3) into (1) gives

2

sin ¢ ZT? (sin® ¢) — Z—T (cos ¢)) + (sin ¢ cos ¢) (% (—sin ¢)) + (pPsin* @) @ =0

Dividing by sin® ¢ gives

d*® do do
Iz sin ¢—Ecos¢—cos¢)—+,u =0
2P d®
—d251 ¢—2d—cos¢+,u2CI>:
s
But cos ¢ = s and sin ¢ = 1 — cos? ¢ = 1 — s2, therefore the above reduces to
d*® do
2 2 —
(1 ) ) W ZSd— +u d=0

Which is Legendre’s equation.

72 Chapter 11.5, Problem 10

10. Find the steady state temperature u(p, ¢) in a sphere of unit radius if the temperature is
independent of 6 and satisfies the boundary condition

ul,¢) =f(p), O=¢=m

Hint: Refer to Problem 9 and to Problems 22 through 29 of Section 5.3. Use the fact that
the only solutions of Legendre’s equation that are finite at both £1 are the Legendre
polynomials.

Solution
TO DO
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