My solution for final practice exam. Math 320

Nasser M. Abbasi (Discussion section 383, 8:50 AM - 9:40 AM Monday)

December 30, 2019

Contents

(0.1 My solution for final exam practice,| . . . .. ... ... .. ... o L oL

0TI Problem 1. . . . . . o ot e e e




0.1 My solution for final exam practice.

0.11 Problem1

(a) Find general solution to x?y” —3xy + 4y = 0 with x > 0. (b) For initial conditions y(2) =a,y’ (2) =b
give a 2 X 2 matrix-vector equation to determine the coeflicients of the unique solution. Solve the
system them write the solution to the initial value problem. (c) Show that general solution contains
two L.I. solutions y7,y, with x >0

Solution

Part(a) Lety=x"theny = Arx™"!,y”’ = Ar(r — 1) x"~2. Substituting these into the ODE gives
¥2r(r=1)x"2-3xrx 1 +4x" =0
r(r=1)x"=3rx" +4x" =0
Since x > 0, we can cancel x" and obtain the characteristic equation

rr—-1)-3r+4=0

?—4r+4=0
(r-2y°=0
Hence r = 2 double root. Therefore
y1 =2
Yo = x?Inx
And the homogenous solution is
Y (%) = 2% + cpx? Inx (1A)
Part(b) Applying y(2) = a gives
a=4c;+4cyIn2 1)

Taking derivative of y;, (x)
Yy, (x) = 2c1x + 2cox Inx + cpx
Applying v’ (2) = b gives
b=4c;+c;(4In2 +2) (2)

Using (1,2), we write them in matrix form to solve for ¢y, c,
4 4In2 ci| [a
4 4ln2+2)\c,) (b
4 4ln2i(c;| | a
0 2 o) “\b-a

R2=R2—R1

From second row,




From first row

4c; +41In2¢c, =a

a—4cyIn2
(= —"——
1 4
4(Z%)n2
_ll— 7 n
B 4
a b-a In2
=——(——]In
4 2
Therefore
a (b—a)
cg=--|—]In2
4 2
b-a
2=

Pugging these into the yj, (x) = c;x% + ;3% Inx found in part(a) gives

yp (x) = (Z - (b%a) 1n2) x% + (b%a)xz Inx

Part (c) We found that
2

=%
Yo =x?Inx
Hence the Wronskian is
W) = 1 Ya| _ x> K2lnx
vi sl |2x 2xInx+x

=28 Inx+x3-2x3Inx
=3

Since x > 0, hence W (x) never zero. Therefore y,,y, are L.I.

0.1.2 Problem 2

Given one solution vy, (x) = x, find general solution of x?y”" —x (x +2)y + (x +2)y = 0 for x > 0
Solution
Assume solution is y (x) = vy (x). Hence
y =vn oy
Y’ ="+ vy + oy oy
= 0"y + 201 oy
Plugging the second solution into the original ODE gives
Xy —x(x+2)y +(x+2)y=0
x2 (U”y1 + 20’y + vyi’) -x(x+2) (v’y1 + Uy’l) +(x+2) <0y1> =0



Collecting terms on v,v’,v"” gives
0

v’ (xzyl) +v (2x2yi -x(x+2) yl) +0 (xzyi’ —x(x+2y)+(x+2) yl) =0
Hence
v (¥Py) + 0 (2225 - x (x + 2)y1) = 0
But y; = x, hence y; =1 and the above becomes
v + v (2x2 - x%(x + 2)) =0
¥ =30 =0

Since x > 0 then above reduces to

v -v' =0
dz . . s .
Let o' = z then the above becomes z’ -z = 0 or — = z which is separable. Hence the solution is
In|z| = x + ¢; or z = ¢1e*. Therefore
v = cie”
Integrating
v=ce"+cy

Hence, since
Yy=un
= (168 + ) x
Therefore the solution is

Y (x) = cyxe* + cpx

0.1.3 Problem 3

Find general solution to x*y” — 3xy’ + 4y = x?In (x) with x > 0
Solution We first solve the homogenous part
X2y = 3xy’ +4y =0

We solved this in problem 1, the solution is

Y (%) = 2% + cpx? Inx
To find particular solution, we will use variation of parameters since In (x) is not one of the good
functions to guess for. Writing the ODE in standard form

y' - 391}1/ + %y = In (x)
We see from the homogeneous solution that y; (x) = x?,y, = x?In (x). Hence we assume the complete

solution (including particular solution) is

Y =yiug + Yoty (1A)



Where
w=- [1L0y 5

w= [10g @)

Where in the above, f(x) = In(x) and not x?In (x) since we divide by x? in order to make the ODE
standard form. W is the Wronskian. We found the Wronskian for this ODE in part(c) problem 1,
which is W = x3, Hence (1) becomes

2In? In®
Mz_fzjgﬂﬂz_ffjﬁw
x x
Let z = In (x) hence % = }( or dx = xdz., Hence the integral becomes

2 3

ulz—f%xdz:—fzzdz:—%+cl

1
U = 3 In’® x)+ 1

Replacing back gives

And from (2)

2
M2=fx ln(x)dx:fln(x)dx

X3 X
Let z = In (x) hence % = % or dx = xdz., Hence the integral becomes

2

u2=f§xdz=fzdz=%+cz

1
Uy = E 1112 (X) + Cy

Replacing back gives

Hence from (1A)
Y =Yt + Yolip
= x2 (—% n® (x) + cl) +x%1n (x) (% In? (x) + cz)
_ 1,3 2,123 2
= —gx In” (x) + c1x= + Ex In” (x) + cox“ In (x)

Hence

Y () = 012 + 022 In (x) + 222 In° (x)

0.1.4 Problem 4

Consider the equation 2y — 5y" + cy = 0 with —co < x < oo for ¢ real and constant. (a) For what
values of ¢ does characteristic equation have 2 different real roots? (b) for what values of ¢ does the
characteristic equation have 1 real repeated root? (c) Find general solution for ¢ = 2. (d) for c = 2
and initial conditions y (xg) = p,y’ (xo) = g write a 2 X 2 matrix equation to determined the coefficients
of general solutions.

Solution



Part (a) Assuming y = Ae’ and substituting into the ODE gives the characteristic equation is
212 —5r+cr=0

The roots are

_-b . Vb2 - 4ac

"= 20~ 2a
5 1
= A_L + 41 V25 - 8¢
For two different real roots we want 25 — 8¢ > 0. Therefore 25 > 8¢ or
=
€< 3

Part (b) For repeated real root, we want r = Z. Which means we want 25 -8c =0 or

R
8

Part (c) When ¢ =2 the ODE becomes
2y" -5y +2y =0

The characteristic equation is

212 -5r+2=0
1

~2)[r-z|=0

o-2(r-3)

Hence the solution is

X
yp, (%) = 1% + cpe

Part(d) From above,
1 2
vy, = c12e + 5C2e?
Applying first initial conditions gives the equation
5 o
p =c1e70 4+ cpe 2

Applying second initial conditions gives the equation

X
= ¢12¢2%0 1 70
q = C1z€ + 2C2€

20 o2 ca| (p
2¢%%0 %e%o ) g

We are asked not to solve if. Solution of the above gives c;,c, which completes the solution.

Writing (1,2) in matrix form gives

1)

2)



0.1.5 Problem 5

Consider

. (-3 5
X = X
-5 3

(a) find general solution. (b) Write the solution in terms of real functions only. (c) using method of
undetermined coefficients, write the particular solution for

A I tett
x' = x
-5 3 et
(d) Find the algebraic equation that given the undetermined coefficients. Do not solve.

Solution

Part (a) The first step is to determine the eigenvalues from

A= All=0
3.1 5
5 o3-a7
A2116=0
A =240

For Ay = 4i we solve (A-A)v; =0
—3—A1 5 01 _ 0
5 3-A;) ) O
3-4i 5 \(uv) (0
-5 3-4i)lv,] |0

From first equation we find (-3 — 4i)v; + 5v, = 0. Let v; =1 then v, = %M, hence

(1] 5 ]
U1 =344 | = .
T 3+ 4

—3—A2 5 01 _ 0
-5 3-A,)lv) |0
3+4i 5 (o) (0
-5 3+4illo,) |0

From first equation we find (-3 + 4i) v; + 5v, = 0. Let v; =1 then v, = %, hence

(2

For A, = —4i we solve (A-Al)v, =0




Therefore, the homogenous solution is

xp, (1) = 11 () + o2 (1)

= clvle}llt + C202€A2t

5 . 5 )
=0 . e41t +cy ‘ e—4zt
3+ 4i 3-4i

x1 () = Re (x (1)

=Re > ekt
3+4i

Convert to new basis.

~ Re 5 (cos 4t + isin 4t) )

(3 + 4i) (cos 4t + isin 4¢f)

5 (cos 4t + isin 4t)
3 cos4t + 3isin 4t + 4i cos 4t — 4 sin 4t

5 (cos 4t + isin 4t)
(3cos4t —4sin4t) + i (3sin4t + 4 cos 4t)

_ 5cos 4t
(3cos4t —4sin4t)

5 (cos 4t + isin 4t)
(3cos4t —4sin4t) + i (3sin4t + 4 cos 4t)

3 5sin 4t
" |3sin4t + 4cosat

Hence the solution using the new basis is

5 cos 4t 5sin 4t
Xy (t) = Cl + Cz
(3 cos 4t — 4 sin 4f) 3sin 4t + 4 cos 4t

And

X (t) = Im(

4t
part (c) Since the RHS is [ it] then we try to see what we would do in the scalar case and then
e

convert it to vector form. In scalar case, when RHS is te*, then the guess for t is (2 + bt) and the
guess for ¢* is ce*. Therefore for the product, it will be (a + bt) (ce‘”) = ace* + chte*. Let ac = A,cb = B,
then the guess will becomes Ae* + Bte*! or (A + Bt) e*. We convert this to vector form now



Therefore

Plugging this into the ODE

bl e4t 4 a; + blt e4t _
bz a, + bzt
bl 4 a; + blt _
bz ap + bzt
4611 + b1 + 4b1t

4a, + by + 4byt
4ay + by + 4Dt
4a, + by + 4byt
4ay + by + 4Dt
4a, + by + 4byt

5
3

4
5 a, +b1t g4t+ tet
3 ap +b2t €4t
5
3

byt t
ap +0; +
a, + bzt 1
502 - 3a1 - 3tb1 + 5tb2 + t
3(12 - 5{11 - Stbl + 3tb2 1
5(12 - 3[11 - Stbl + Stbz +t
3{12 - 5{11 - Stbl + 3tb2 +1

502 - 301 + t(5b2 +1- 3[71)
3{12 - 501 +1+ t(3b2 - 5b1)

From first row in the above, we get two equations. And from the second row in the above, we get

two equations. These are

401 + bl = 5[12 - 3!11
4b1 = 5b2 +1- 3b1
4{12+b2 =3ﬂ2—5[11 +1

4b, = 3b, — 5b,
Or
7a; —5a,+b; =0
7b; —5by =1
5a1 +a,+ by, =1
by +5b; =0
In system form, these equations are
7 51 0|(my 0
0 0 S5|laz| |1
5 1 1|6 |1
0 0 5 1)\h 0



10

We are asked not to solve this. But to verify the solution with computer solution, here is the complete
solution. Solving the above gives

23
i 128
. 33
2] _ 128
’5

b -
2 32

Using these values, the particular solution becomes
ay + byt
xp — 1 1 e4t
a, + bzt
E + it
= [128 kY ]e4t

33 5

128 32
And the full solution is

x () = x;, (H) + x, ()

23 1
5cos 4t 5sin 4t — + —t
X(t) = Cl( )+C2[ ]4‘[13232} %zt]€4t

3 cos4t —4sin 4t 3sin4t + 4 cos 4t 5

23 1
t) = 4t + indt + | — + —t|e*
x1 (t) =5C; cos 5C, sin (128 o )e

33 5
X, (t) = Cq (3 cos4t — 4sin4t) + C, (3sin 4t + 4 cos 4t) + (@ - 3—2t) lid
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0.1.6 Problem 6
Consider
) [2 —4] [48]
X =11 X +
; 4 9t

(a) find homogeneous solution. (b) using undetermined coefficients, find particular solution. (c) find
Wronskian (fundamental matrix). (d) Derive the variation of parameters formula for the solution
x (b).

Solution

Part (a) The first step is to determine the eigenvalues from

A=Al =0
2-14 4|
RV
A2-61+9=0
(A-3°=0

Hence A = 3 repeated. Let us see if complete eigenvalue or defective. We solve (A - Al)v; =0
2-1 -4 \[w)) (0
i 4-A Uy - 0

. . . . 1
First row gives —v; —4v, = 0. Assuming v; = -1 gives v, = "t hence

v = {_14] (1A)

We see that we can only get one eigenvector since the second row gives same result. Therefore we
need a way to find the second eigenvector v,. We start by assuming

x, (1) = vytet + vyelt
We plug this back into the ODE and by comparing terms we find that
(A - AI) Uy = 01

And now we solve for v, from the above equation (since we know v; already)
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First row gives —v; —4v, = —4. let v; =0, then v, =1 Hence

o

Which is the same as book method. Now that we found x; (f) and x;, (f) (using either method), then
xp, (t) = c1x1 (£) + cox (). Or

At

x5, (1) = cyo1e™ + ¢y (vt + vy) M

—4 -4t
=c S+ c et 2
(1) z[m] ©)

48| (48] (0O
part (b) The RHS is (9t) = [ 0 ) + (9) t. Hence the guess is

=a+ bt
Therefore
x; =b

Substituting into ODE and balancing terms, we solve for a,b as follows

S
oo

—
B, N - N

Balance constants




—_—
=
N =
~———
Il
= N = N
I |
i
———
—_—
SR
N —_
N——

Balance t

—_
o O
~———— —
Il
BN R= N
H; I
N
——
—_—
S~
N =
N——
+
—_—
O O
N—————

b
Solve for (bl] by elimination. R, = R; — %Rl

| S

Hence gbz = -9, or by, = -2, from first row 2b; — 4b, = 0 or b; = —4. hence

)-C)

Substituting this in (1) above gives equation to solve for a

From second row a, =1 and from first row 2a; — 4a, = =52 or a; =

2 —4\(q —4—48]
l =
Z 4 ar -2
2 —4)\(g —52]
l =
Z 4 ar -2
2 —4\(a —52)
9 =1 9
0 3 Nx) 3

5244

—24, hence

13

1)



Hence the particular solution is

And the complete solution is

part (c)

part (d)

X=X, +%,
-4 —4t —24 — 4t
=0 et +ey et +
1 t+1 1-2t
x1 (f) = —4cq3 — deyte® — 24 — 4t
X () =cre¥ +cy(1+1)e3 +1 -2t

The fundamental matrix @ (¢) is

q)(t) = (.X'1 x2)
B —4¢3  —4te3t
Sl 1)

The derivation is given in textbook at 498.

14
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0.1.7 Problem 7

Write down the form of the solution including homogenous and particular parts to the following
ODE’s

Y =2y +4y =¢* (x sin (\/gx) + e\/§x)
y// _ 6]/, = xz + x cosh (6X)

solution

For the first ODE

Y’ =2y + 4y = e*xsin (\/gx) + e 1+)

We start by finding the homogenous solution for y” — 2y’ + 4y = 0. The characteristic equation is
r> = 2r + 4 = 0, which has roots

71 =1+i\/§
rp=1-iV3

Hence
Y1 Y2

Yn (x) = c1€* cos (\/gx) + cpe¥ sin (\/gx)

To find particular solution, we need to find a guess. since the RHS is ¢*xsin (\/gx) + 1) , the

(1) i 1)

guess for ¢* is Cpe* and the guess for x is ¢ + ¢4x and the guess for sin (\/gx) is ¢5sin (\/gx) +

cs cos (V3x). Hence the guess for e*x sin (V3x) term only is
e¥x sin (\/gx) — ¥ (c3 + cgx) (c5 sin (\/gx) + C4 COS (\/C;x))
— (c3e* + cyxe®) (c5 sin (\/gx) + ¢ COS (\/gx))
= 305" sin (\/Ex) + c3c4e* COS (\/gx) + cyC5xe* sin (\/Ex) + c4cqxe” cos (\/gx)
Rename the constants, and the hence the guess for e*xsin (V3x) term only
¢¥xsin (V3x) — Cre¥sin (V3x) + Coe* cos (V3x) + Caxe® sin (V3x) + Cyxe” cos (V3z)

Now that we found the initial guess, we have to look at it again and see if y; or y, are in the guess
just made. If so, we add x. We see that since e*xsin (\/gx) is y1, and xe* cos (\/§x) is i, so we need to
multiply these terms in the guess by x, therefore the above becomes

e¥xsin (V3x) — Cyxesin (V3x) + Cyxe® cos (V3x) + Cax%* sin (V3x) + Cyae* cos (V3x)
Therefore the final guess is
Yy = Coex(lﬂ/g) + Cyxe¥ sin (\/gx) + Cpxe* cos (\/gx) + C3x2e* sin (\/gx) + Cyx%e* cos (\/gx)
= Coe" ) 4 (€ + Cax) xe*sin (VBx) + (C; + Cyx) xe* cos (V32)

We are asked to stop here and not solve for the coefficients. (good, since this is hard). Another option
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to find y, is to use the Wronskian. But this generates hard to evaluate integral. The Wronskian is
Y1 Y2 e* cos (\/gx) e“sin (\/gx)

Vi Yo e* cos (\/gx) - \/5 sin (\/gx) e* e*sin (\/gx) + \/5 cos (\/gx) er

=e*cos (\/gx) (e" sin (\/gx) +V3cos (\/gx) e") —e*sin (\/gx) (e" cos (\/éx) - V3sin (\/gx) e
= ¢*¥sin (\/gx) cos (\/gx) + V36X cos? (\/gx) - (62" cos (\/gx) sin (\/§x> — V/3¢2* sin? (\/gx))
= V/3¢2* cos? (\/gx) + V36 sin? (\/C;x)

— e

Assume now y, is

W=

)

Yp = Y1th1 + Yolip
Where

U = —fy—zxx)dx
Uy = f y—lj;\;x) dx
Where f (x) = ¢* (x sin (\/gx) + exp (\/f;x)) Hence

e sin (\/§x) e¥ | xsin (\/éx) +eV3x
= _f (\/§ex )dx
= _% f xe* sin? (\/gx) + sin (\/gx) Pl V3 gy

And
e* cos (\/gx) er (x sin (\/gx) + e‘ﬁ")
Uy = f dx
V3er

= % fxex sin (\/Ex) coS (\/gx) + el +V3x cog (\/gx) dx

For the second ODE

y” — 6y’ = x? + x cosh (6x)
We start by finding the homogenous solution for y”” -6y’ = 0. The characteristic equation is > —6r = 0,
or r(r— 6) = 0 which has roots r; = 0,7, = 6 hence
Y = cq + cpe®™
Therefore y; =1,y, = €. Since RHS is
f (x) = x? + x cosh (6x)
eb% 4 6%

2
=x"+x
2

1

1
= x% + —xe® + —xe ™o
2 2

Then we see that y, which is solution of the homogenous solution is part of the forcing function. Let
us find y, now.
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For x? we guess c; + c,x + c3x%. But now we see that ¢; which is constant, is just y; = 1 (scalar multiple
of). So we have to multiply the whole guess by x, resulting in (clx + oo + c3x3) .

For xe® we guess (¢4 + c5x) ¢ but since y, = ¢°* we have to multiply the guess by x giving (c4x + c5x2) es*.
For xe”%* the guess is (cs + c;x) e”®". Hence we collect all these and obtain the guess y, as

Yy = (clx + X% + c3x3) + (g + c5x) X% + (cg + Cyx) €70F
Another option to find y, is to use the Wronskian. The Wronskian is

1 e6x

0 6¢*

Y1 Yo
Vi Vs

W = = 6e*

Assume now y, is

Yp = Y1th1 + Yolip
Where

Uy = —fy—zxx)dx

Up = f y—lj;\;x) dx
Where f (x) = x> + x cosh (6x). Hence
1  x% + xcosh (6x)
Ui =—— f—dx
6 e~

And

X

o (xz + x cosh (6x))
2= f 6e*

=- fe(’x (x2 + x cosh (6x)> dx

N =

0.1.8 Problem 8

Find general solution to
y© +4y® + 8y@ + 16y + 20y + 16y’ + 16y = 0
The characteristic equation is
o +4y° + 84 + 167 + 20r% + 167 +16 = 0
Using the hint
(r+ 2)2 (1,2 + 2)2 =0

(r+2)(r+2) (2 +2)(2+2)=0

Hence the roots are r; = —2 multiplicity 2 and r, = +iV2 multiplicity 2. hence the solution is
Yp = c1672F + cpxe 2 + 36V + ue IV + x (c5ei X 4 cge” Zx)

Or as real functions, using Euler relation

Y = c167% + cpxe™? + ¢z cos (\/Ex) + ¢y sin (\/Ex) + C5X COS (\/Ex) + cgx sin (\/Ex)
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Where constants labels kept the same for simplicity (in practice these are not the same). The solution
is analytic everywhere, hence range of solution is —co < x < oo
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