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0.1 Section 3.6 problem 4 (page 216)

Problem Use cofactor expansion along row of column which minimize the amount of
computation to find determinant of

5 11 8 7

3 -2 6 23
A=

0 0 0 -3

0 4 0 17

solution Since the 3™ row has most zeros(as well as first column), expansion is carried on
the last row. Therefore

det (A) = a3 Az + a3 Az + a33Aszz + a34A34
But a3, = a3, = as3 = 0. Hence the above simplifies to
det (A) = a33Azy
= 234 (-1 My,
= -3(-1) My,
= 3May (1)

Now we need to find M3y, which is determinant of the matrix obtained from A by removing
the third row and fourth column. Let this new matrix be called B

5 11 8

B=[3 -2 6

0 4 0
Ms, = det (B)

We expand this along the 3™ row of B, since that is the one with most zeros.
M3y = det (B) = b31 B3y + b3yBsp + b33Bss
But b3 = bz = 0. So the above simplifies to
M3y = b3pBs,

= bay (-1 M,

= 4(-1)° M3,

= —4Msz, (2)
But

5 8
3 6

=30-24
=6
Therefore from (2), M3y = —4(6) = —24 and from (1)
det (A) = 3M3y
=3(-24)

32 =

Hence

det (A) = -72
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’ 0.2 Section 3.6 problem 8

Problem Evaluate determinant of
10

11

12 2 3 4
18 A=|-2 -3 1
" 3 2 7

15

16 after first simplifying the computation by adding multiple of some row of column to another.
17

solution The determinant of matrix do not change by adding multiple of one row or
multiple of a column to another row or to another column. In the above, we see that

adding the second row to the first row gives

21 0 0 5
22 B=|—2 =3 1
3 2 7

19

25 Now, expanding on the first row, since that is the one with most zeros, gives
det(B) = by1B1y + b12B12 + b13B13

98 But bll = b12 = 0, hence

29 det(B) = b13B13

=5(-1)"" My

32 = 5My3

33 But

-2 -3

36 3 2

37 Hence det(B) = 5(5) = 25. But since det (B) = det (A), then

39 det (A) = 25
40

N
N =
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0.3 Section 3.6 problem 19

Problem Use the method of elimination to evaluate the determinant of

1 0 0 3
o 1 20
|2 3 23

0 -3 3 3

solution The idea is to use Forward elimination to produce an upper triangle matrix. The

determinant of upper triangle matrix is then easily found as the product of elements on
the diagonal. Since determinant do not change when adding multiple of a row to another,
this method works. So we need first to produce the Echelon form (triangle matrix)

1 0 0 3 1 0 0 3
0 1 -2 O0|Rs=R3+2R;|0 1 =2 0] R3=R3-3R,
— —>

2 3 23 0 3 -2 9|Ra=Rr+3R,
0 -3 3 3 0 3 3 3

10 0 3 10 0 3

01 -2 O|Re=Re+3Rs|0 1 -2 0

—>
00 4 9 0 0 9
00 -3 3 00 0 %

Hence
39
det (A) =1x1x4x 1
=39
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0.4 Section 3.6 problem 46
Problem Verify the property

ay +kap ap a3 a1 a2 413
g1 +kay Gy Ay = Ay axp a3
a3 +kasy az as| a4z 4z
solution This property is saying that adding k times the second columns of A to the first
a1 42 413
column of A do not change the determinant. This is property 5. Let A = |ay; a5 a3
a3 dzp ds3
ap +kayp a4y a3
and let B = |ay; + kay, ayp ay3;|- Then

az +kazy az; ass

a1 +kayp app a3
det (B) =|ap + k(lzz apy dr3

az +kazy az;  asz

a;p A4 413 112 4o 43

=lay ayp ay|tklay ay ax

az; dzp a3 dzp d3p 433
a1p A1 d13
But kay, a5, ay3| =0 since the first column is the same as the second column. Hence

d32 a3y A3z
det (B) = det (A). Now we will show this is true by actual expansion, since this is what the
problem is asking. Expanding B along the first column, gives

det (B) = by1B1q + by By + b31B3
= (a1 +kay) (-1)"" Myg + (a1 + kag) (-1)* Myy + (az; + kazp) (-1)*"" My,
= (a1 + kagp) My — (ag1 + kag) Moy + (a3 + kazp) M3y
= (a11My1 — an My + a3 Mzq) + k (a12My1 — apMy1 + a3Ms;)

But (a;;My1 — ay1Myq + a31M3;) = det (A), hence above becomes

det (B) = det (A) + k (a1,M11 — a3pMp1 + azMs;) (1)
But
gy A3 a2 a13 a2 413
a1pMyq — apMyy + azxMs; = ayp — ap
a3y 033 a3y 4d33 apy a3

= aqp (Ap833 — Ap3a37) — Ao (A12433 — A1332) + a3 (A12893 — A13422)

= (12090033 —(1202303p — fppl12033 +22013A37 + A3012023 — (32013022
We see from the above, that all terms cancel out, and we obtain

a1pMyy — apMoy + azMz; =0
Hence (1) becomes
det (B) = det (A) + k(0)
= det (A)

QED.
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0.5 Section 3.6 problem 49

Problem Let A = (al-]-) be 3 X 3 matrix. Show that det (AT) = det (A) by expanding det (A)

along its first row and det (AT) along its first column.

solution Let

an a2 413
A=lay axp ax
a3 dzp ds3
Expanding det (A) along first row gives
det (A) = ay1Ay1 + appArp + a13Ag3
= ay (1) My + agp (1) My + a3 (1) My,

_ Ay A3 az1 43 dy1 Az
=an —dyp + a3

A3y ds3 a3z sz a3 4as
= a1q (033 — A23032) — A1z (A21433 — A3a31) + Ay3 (A2143p — A2031)
But
a1 a1 4z
B=AT= A2 A a3
M3 a3 433
Finding det (AT) by expanding along first column gives
det (B) = by1Byq + by1Byy + b3 B3y
= ayy (1) My + 4y (1) My + 435 (1) My,
= a11Myq — a1oMyy + a13Mz;

_ 4y Az a1 4z a1 431
=dan —ai +a13

a3 As3 a3 ds3 az Adz
= a11 (2033 — A32023) — A1 (A21033 — A31423) + A13 (A21437 — A31422)

Examining (1) and (2) shows that they are the same expression. Hence

det (A) = det (AT)

QED.

(1)

(2)
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0.6 Section 3.6 problem 52

Problem The square matrix A is called orthogonal provided that AT = A~1. Show that the
determinant of such matrix must be either +1 or 1.

solution
We are given AT = A71. Premultiplying both sides by A gives
AAT = AA7!
AAT =1
Taking the determinant of both sides gives
det (AAT) = det (I)
But det (I) =1 hence
det (AAT) =1

But det (AAT) = det (AT) det (A) by property of determinant of products, therefore the
above becomes

det (AT) det (A) =1
But by property of determinant, we know that det (A) = det (AT), therefore the above
becomes

det (A) det (A) =1

(det (A)* =1
Therefore
det (A) = +1

QED
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0.7 Section 3.6 problem 53

invertible matrix P. Show that if A and B are similar then |A| = |B]

solution
Since
A=PBP
Pre multiplying both sides by P gives
PA = PP~'BP
= (pP) BP
=IBP
=BP

Now, taking determinant of both sides gives
det (PA) = det (BP)
det (P) det (A) = det (B) det (P)

Problem The matrices A, B are said to be similar provided that A = P7'BP for some

(1)

Since P is invertible, then det (P) # 0, therefore, we can divide both sides by det (P) and

this gives
det (A) = det (B)
QED.
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