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0.1 Section 5.1 problem 52 (page 299)

Problem Make the substitution v = Inx to find general solution for x > 0 of the Euler equation
xzy” +xy' -y=0
dy _dydo _ dy1

solution Let v = Inx. Hence = = = =-and
_— dx dv dx dov x

d>y d (dy1l
@—a(%;)
_dPydvl dyd (1
_dvzdxx+%ﬂ(_)
Py 1 dy 1
T dvl? dva?

X

Hence the ODE becomes
X2y +xy —y=0

2
x2(d_yl — @l)+x(d_y1)_y(y) =0

dv? x2  dox? do x
d>y dy dy
A TR A
d2
Tz V@) =0

This can now be solved using characteristic equation. 7> -1 = 0 or > = 1 or r = +1. Hence the
solution is

Yy (v) = c1€” + cpe7™”
But v = Inx, hence

Y (x) = c1e™¥ + cpem ¥

1
=Cx+C1—
X

The above is the solution.

But an easier method is the following. Let y = x". Hence y’ = rx"%,y”” = r(r — 1) x’"2. Substituting
this into the ODE gives

rr-Dx" +rx"—x"=0
X(r@r-1)+r-1)=0
Since x" # 0, we simplify the above and obtain the characteristic equation

r(r=1)+r-1=0

”-1=0
=1
r=+1
Hence
Y (xX) = c1x™ + cpx"2
=X+ cpx!
For x > 0.

0.2 Section 5.1 problem 54

Problem Make the substitution v = Inx to find general solution for x > 0 of the Euler equation
4x%y” +8xy’ -3y =0
dy _dydo _ dy1

solution Let v = Inx. Hence T ok dox and
dy d (dy1l
dx2  dx \dox

_dzydvl+dyd 1
T dv?dxx  dodx \x
_ Pyl dy1

T dv? 2 doa?
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Hence the ODE becomes
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észz(d—yl - d_yl) +8x(d—y)1—c)—3y(v) =0
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15 This can now be solved using characteristic equation. 412 + 4r -3 = 0, whose roots are r; = 2=

. 2
16 Hence the solution is
17 3
18 y(©) =cie 29+ czez
19 But v = Inx, hence
20 =3 1
91 y(x) =cie? Inx | oyez 0¥

3 1

22 =(1x2 +cqx2
23
24 )
95 0.3 Section 5.2 problem 40 (page 311)
26
27
28
929 solution Let y = vy;, hence

Problem Use reduction of order to find second L.I. solution y,. x?y” —x(x +2)y’ + (x + 2) y = 0 with
yip=xand x>0

Y y =o'y + oy
31 y// — v//yl + v/yi + vly:/l + ,vylll
32 77 Yows 74

= 0"y +20'y] + vy
34 Therefore the original ODE becomes
35 Xy —x(x+2)y +(x+2)y=0
i;) x? (U”y1 + 20’y + vyi’) -x(x+2) (v’yl + in) +(x+2) (vyl) =
- 0
38
39 v’ (xzyl) (2x x(x+2)y1) +v<x2 f-x(x+2)y; + (x+2)y1) =
40 Hence
ii v’ (xzyl) (2x -x(x+2) yl)
43 But y; = x, hence the above becomes
44 v+ v (2x —x(x+2) x) =0
45 30"
46
47
48 v -0 =0
49
50
51 ;
59 Therefore z/ —z =0 or = (ze¥) = 0 or ze* = ¢; or z = cie”*. Therefore the above becomes

-3 =0

Since we are told x > 0 when we can divide by x> and obtain

To solve the above, let

z=0

o
53 v =cre "

54
55
ra — _ —X
56 U =Cy—Ce

Integrating

o
[

o/ Since y = vy, therefore

58

59 Yy=mn (¢ —cre7™)
60 But y; = x, hence the complete solution is

61 Y = Cpx —cpxe”™
Therefore, we see now that the two basis solutions are
64 y1=x

65 Yo = xe*

These can be shown to be L.I. using the Wronskian as follows
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Y1 Y2

Vi Vs

X xe*

W(x) =

1 e+ xe*

= xe* + x%e* — xe*
= x2¢*
Which is not zero since we are told x > 0. Hence indeed the second basis solution y, found is L.I.

to Y.

0.4 Section 5.5 problem 9 (page 351)

Problem Find the particular solution for y”” + 2y’ - 3y =1 + xe*

solution First we find the homogenous solution. This will tell us if ¢* is one of the basis solutions
of not, so we know what to guess. The characteristic equation is

2 +2r-3=0
r-1D(@r+3)=0
. € is a solution to the homogeneous ODE. The guess is therefore
Yp = A+ (B + Cx)xe
= A+ (Bx+ Cx?)e* 1)

Hence y; = ¢y, =¥

Hence
v = (B+2Cx)e" + (Bx + sz) e
=ex(B+2Cx+Bx+Cx2)
yy = (2C + B +2Cx)e* + ¢* (B + 2Cx + Bx + C2?)
= ¢ (2C + B+ 2Cx + B+ 2Cx + Bx + Cx?)
= ¢*(2C + 2B + 4Cx + Bx + Cx?)
Plugging into the ODE
¢* (2C + 2B + 4Cx + Bx + Ca2) + 2¢* (B + 2Cx + Bx + Ca2) - 3(A + (Bx + Cx?) ¢*) =1 + xe*
¢ (2C + 2B + 2B) + x¢* (4C + B + 4C + 2B — 3B) + x2¢* (C + 2C = 3C) =3A =1 + xe*
e (2C +4B) + x¢* (8C) - 3A =1 + x¢e*

Hence -3A=1o0or A = —% and

8C =1

Or
C_l
8

And

2C+4B =0

Or
1
B=-—
16

3 16 8
= —% +11—6(2x2—x)ex

0.5 Section 5.5 problem 10

Problem Find the particular solution for y”” + 9y = 2 cos 3x + 3 sin 3x
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solution First we find the homogenous solution. The characteristic equation is

”2+9=0
2 =-9
r==3i

Hence y; = €%, y, = ¢7* or y;, = ¢; cos 3x + ¢, sin 3x. We see that cos 3x and sin 3x are already in the
homogeneous solution. Therefore the guess is

Y, = Ax cos 3x + Bx sin 3x

Hence

Yp = Acos3x — 3Axsin 3x + Bsin 3x + 3Bx cos 3x

y, = —3Asin3x - 3Asin 3x — 9Ax cos 3x + 3B cos 3x + 3B cos 3x — 9Bx sin 3x
Substitution into the ODE gives

(-3Asin3x — 3Asin 3x — 9Ax cos 3x + 3B cos 3x + 3B cos 3x — 9Bx sin 3x)
+ 9 (Ax cos 3x + Bxsin 3x) = 2 cos 3x + 3sin 3x

Or

—6Asin3x — 9Ax cos 3x + 6B cos 3x — 9Bx sin 3x + 9Ax cos 3x + 9Bx sin 3x = 2 cos 3x + 3 sin 3x
sin 3x (—6A) + cos 3x (6B) + xsin 3x (-9B + 9B) + x cos 3x (-9A + 9A) = 2 cos 3x + 3sin 3x
—6Asin 3x + 6B cos3x = 2 cos 3x + 3 sin 3x

Hence -6A =3 or A= _?1 and 6B=2or B = %, therefore the particular solution is

-1 1
Yp = 5 xcoS 3x + 3 sin 3x

1 .
=2 (2x sin 3x — 3x cos 3x)

0.6 Section 5.5 problem 16

Problem Find the particular solution for y” + 9y = 2x%¢* + 5

solution From the above problem, we found y, = c; cos3x + c, sin 3x. Therefore there are no basis
solutions in the RHS which are in the homogenous solution. The guess for the constant term is A.
The guess for 2x2¢3* is (BO +Byx + Bzxz) ¢, hence
yy=A+ (BO +Byx + Bzxz) e
Yy = (By + 2B,x) e + 3 (By + Byx + Byx?) e
Yy = 2Bye* + 3 (By + 2Bx) e + 3 (By + 2Bx) e +9 (BO +Bix + Bzxz) e
Simplifying
Y, =€ (2B, + 3By + 3By + 9By) + xe* (6B, + 6B, + 9B1) + x*¢>* (9B,)
= % (2B, + 6B + 9B,) + xe* (12B, + 9B;) + x%¢> (9B,)
Substitution into the ODE gives
€3 (2B, + 6By + 9By) + xe* (12B, + 9B,) + x2¢% (9B,) + 9 (A + (By + Byx + Bpx?) %) = 2x2¢% + 5
3 (2B, + 6B; + 9By) + xe* (12B, + 9B;) + x2¢3* (9B,) + 9A + (9B0 +9Bx + 9B2x2) e = 2x%e% + 5
¢ (2B, + 6B; + 18By) + xe* (12B, + 18B;) + x%¢* (18B,) + 9A = 2x%¢3* + 5
Comparing coefficients gives
9A =5
2B, + 6B, +18By = 0
12B, +18B; =0
19B, =2

From last equation B, = %. Hence from third equation 18B; = —%, or B; = —%. And from second



N O O W0 N

= -
BB oo

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

45
46
47
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70

N
N =

equation

2B, + 6B, +18By = 0

2 ! +6 2 +18By =0
9 27 0~

And A = g. Therefore

5 (1 2 1

=24 =——- x4+ = 2| ,3x
9 (81 27" 9x)e
5 (1 6 9

=+ |—-— 7 42 3x
9 (81 81 81x)€
5 (1 6 9

= —+|= - —x+ —x*|e¥
g1 |81 81" "8l
1

=5 (45 + €3 — pxe* + 9x2e3* )

0.7 Section 5.5 problem 25

Problem Setup the form for the particular solution but do not determine the values of the coefficients.
Y’ + 3y + 2y = xe ¥ — xe 2
solution First we find the homogenous solution. The characteristic equation is
?+3r+2=0
r+1)(r+2)=0

Hence y; = ¢, y, = ¢72*. We see that the basis solutions are part of the RHS. Therefore the guess
solution is

Yp = x(Ay + Apx) e + x (A3 + Agx) e

0.8 Section 5.5 problem 26

Problem Setup the form for the particular solution but do not determine the values of the coefficients.
Y’ — 6y’ +13y = xe>* sin 2x

solution First we find the homogenous solution. The characteristic equation is

?—6r+13=0

3% cos 2x + c,e3* sin 2x. We see that

The roots are 3 + 2i. Hence the homogenous solution is y;, = cye
¢3* sin 2x is already in the homogenous solution. Hence the guess is

X guess sin 2xe® guess

Yp = (Aq + Apx)x (A sin2x + A4 cos 2x) e

= (Alx + Azxz) e cos 2x + (A3x + A4x2) e sin 2x

0.9 Section 5.5 problem 37
Problem Solve the initial value problem y"”” -2y + 4’ =1 + xe* with y(0) = 0,4’ (0) =0,y (0) =1
solution First we find the homogenous solution. The characteristic equation is
P =2 +r=0
r(r2—27+1) =0
For r> - 2r +1 = 0, it factors into (r—1) (r — 1), hence roots are r; = 0,7, = 1,r; = 1. Since double
roots, the homogenous solution is
Yp = C1 + cpe* + c3xe”
We notice that both ¢* and xe* is in the RHS. Therefore we need to multiply by x2. The guess is
therefore
yp = Ax +x* (B + Cx)e"
= Ax + (sz + Cx3) e*
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Therefore

yy=A+ (ZBx + 3Cx2) e + (sz + Cx3) e

yy = (2B + 6Cx) e* + (2Bx +3Cx2) ¢ + (2Bx + 3C22) e + (Bx? + Cx®) e
Simplifying gives

Y, = A+ xe* (2B) + x%¢* (3C + B) + x°¢* (C)
y, = e*(2B) + xe* (6C + 4B) + x%¢* (6C + B) + x°¢* (C)
Yy’ = e (2B) +¢* (6C + 4B) + xe* (6C + 4B) + 2xe* (6C + B) + x%* (6C + B) + 3x%¢* (C) + x°¢* (C)
=¥ (6B + 6C) + xe* (6C + 4B + 12C + 2B) + x%¢* (6C + B + 3C) + Cx3¢*
= ¢* (6B + 6C) + xe* (18C + 6B) + x2¢* (9C + B) + Cx3¢*
Substitution into the ODE gives
vy =2y +y, =1+xe
Hence

¢* (6B + 6C) + xe* (18C + 6B) + x%¢* (9C + B) + Cx3e*
—2 (e (2B) + xe* (6C + 4B) + 2% (6C + B) + x°¢* (C)) +
A + xe* (2B) + x%¢* (3C + B) + x3¢* (C) =1 + xe*
Or
e* (6B + 6C) + xe* (18C + 6B) + x%¢* (9C + B) + Cx3e*
— ¥ (4B) — xe* (12C + 8B) — x%¢* (12C + 2B) — x%¢* (2C) +
A + xe* (2B) + x%¢* (3C + B) + x%¢* (C) =1 + xe*
Or

¢* (6B + 6C — 4B) + xe* (18C + 6B — 12C — 8B + 2B) +
x%¢*(9C + B-12C -2B+3C+B) +x3*(C-2C+C)+ A =1+ x¢*

Or
e (2B +6C) + xe* (6C) + A =1+ xe*
Hence
6C =1
2B+6C =0
A=1
Therefore, C = é,B = —%, and the particular solution is

Yp = Ax + x* (B + Cx) ¢*

1 1
=x+|-=x*+=x3| &
2 6

Hence the complete solution is
Yy=yntyp
1,153
=c1+ e +ogxet +x+|—zxt+ =x7 e
2 6
Applying initial conditions. y (0) = 0 gives
0= c1+Cy (1)
And
7 X X X 1 2 1 3
Y =" +c3ef +ogxet +1+ —x+§x e+ |—=x"+=x7|]e
Applying second initial conditions y’ (0) = 0 gives
0= Cr +C3+ 1 (2)
And

1" o_ X X X X X 12 X 12 X 12 13 X
Y’ = cpe" 4 cze" + et + caxet + (-1 +x) et + —x+§x e’ + —x+Ex e+ |-=x"+-x’e
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3
4
5
0 Applying initial conditions y” (0) =1 gives
7
8 1= Cy + 2C3 -1
9 2= Cy + 2C3
10 The solution is ¢; = 4,¢; = —4,c3 = 3, hence the general solution is
11 1 1
12 Y =01+ e" + c3xe’ + x + (—Ex2 + 6x3) e
13 1 1
14 =4 46" + 3xe* +x — Exzex + 6x3ex
15
16 .
17 0.10 Section 5.5 problem 49
ii Problem Use method of variation of parameters to find particular solution y” — 4y’ + 4y = 2¢**
20 solution We need to first find the homogenous solution. The characteristic equation is
21 rP—4r+4=0
22 (r-2)(r-2) =
23
94 Hence r; = 2, double root. Therefore
25 Y1 (x) = e
26 Yy (x) = xe*
27
. Let
28
29 Yp = U1y1 + U2l
30 Where
31 o (Re0f®
32 1 W (x)
33 f @,
34 W (x)
j() Where f (x) = 2¢%* and
o0
2X 2X

37 e xe
37 W (x) = Y1 2| _
38 vi | |26 e+ 2xe®
39 = (ezx + 2xe% ) — 2xe®*
40
41 = ™ + 2xet* — 2xet
42 = e
43 Hence
44 xe2x 2623:
45 Uy = —f 64" fodx =-
46
, _) And
;; 2 (2)

Uy = f — g dx=2x
49 e
50 Therefore
51 Yp = Y1 + U2ly2
52 = 3202 4 Dx2p2%
53 2 2y
54 e
55
56 0.11 Section 5.5 problem 50
57
58 Problem Use method of variation of parameters to find particular solution y”” — 4y = sinh 2x
59 solution We need to first find the homogenous solution. The characteristic equation is
00 r2-4=0
61
62 r==2
63 Therefore
64 vy (x) = o2
65 o

x)=e

66 Y2 (%)
67
68
69
70
71

~J
\}
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Let
Yp = U1y1 T UsY>
Where
_ Yo (x) f (x)
“= f W
f y1 () f (X)
W (x)
Where f (x) = sinh2x = e and
er —2x
W (x) = Y1 Y2 _ e
i ovs| [ —2e
=-2-2=-4
Hence
_ox er_e—Zx
b f@d
1= 1 X
1 o er _ e—2x
= Zfe (—2 )dx
1
_ —4x
= gf(l -e )dx
B 1 e—4x
-8 4
And
ox er_e—Zx
Ur = ]\de
2- -4
— _%febc (er e—2x) dx
1
=-3 f(e4" 1)dx
~ _1 e4x ~
“glz 7
Therefore

Yp = trl1 + UsY>

1 e—4x 1 e4x
- _ + 2x _ |- —2x
: ( h ) : ( - )
1 o . e—Zx 1 er xe—Zx
=|-xe — === -
8 32 8132 8
—2x
1 sz + e—2x 1 e—Zx _ er
= — —_— + -
4x( 2 ) 16 ( 2 )

1 e2x + e—2x 1 er _ e—2x
Y

1 1 .
= Zx cosh 2x — T sinh 2x

1
=1 (4x cosh 2x — sinh 2x)

0.12 Section 5.5 problem 53

Problem Use method of variation of parameters to find particular solution y”” + 9y = 2 sec 3x
solution We need to first find the homogenous solution. The characteristic equation is
?+9=0
r=+3i
Therefore
y1 (x) = sin3x

Yo (x) = cos3x
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Let
Yp = U1y + Uy
Where
_ y2 (x) f (x) (x)
U = W) dx
(i) f )
Uy = W ) dx
Where f (x) =2sec3x = CO;X and
W (x) = Y1 Yo _ sin 3x cos 3x
v, v,| |3cos3x —3sin3x
= —3sin?3x - 3cos? x
=-3
Hence
cos 3x (co§3x)
Uy == f dx
1
= ngdX
2
=-x
3
And
sin 3x( 2 )
U = f cos 3x dx
2 -3
-2
= 3 f tan 3xdx
21 1 1
~ 3 |6 " cos? (3x)
Therefore

Yp = U1y1 + UsY>

2 . -
= gx (sin 3x) + cos 3x

2 (1 1 1
— — n —
3 16 cos?(3x)

2 1 1
= Zx(si -z In|——
3x (sin 3x) 5 cos (3x) In (cos2 (3x))

2 . 1
= 3% (sin 3x) + g Cos (3x)In (cos2 (3x))

2
= gx (sin 3x) + 5 cos (3x) In |cos (3x)|

0.13 Section 5.5 problem 61
2,11

Problem Find a particular solution to the Euler ODE x“y”” + xy’ +y = In x with homogenous solution
Yp = ¢1c0s (Inx) + ¢, sin (In x)
solution We see that
y1 = cos (Inx)
Yo = sin(Inx)
Using variation of parameters on the ODE
, 11 Inx
yry eV 2
Where now we use f (x) = —-. Let

Yp = UiY1 + U2l2
Where
Ry AL ©f )
W (x)
j‘ y1(x) f (x)
W(x)
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And
1 in (1
W) = y} yf _ a:o§(nx) 1sm(nx)
vi ya| |-ysin(nx) -cos(Inx)
1 1
= = cos? (Inx) + — sin? (In )
x X
_1
S x
Hence
sin (In x) (lj—;)
U =— f fdx
In x sin (In x)
- [
x
= In (x) cos (In x) — sin (In x)
And
cos (Inx) (lil—zx)
Uy = f —dx
X
cos (In x) (In x)
- [
X
=In (x)sin (Inx) + cos (In x)
Therefore

Yp = til1 + Ul
= (In (x) cos (In x) — sin (In x)) cos (In x) + (In (x) sin (In x) + cos (In x)) sin (In x)
= In (x) cos? (In x) — sin (In x) cos (In x) + In (x) sin® (Inx) + sin (In) cos (In x)
= In (x) cos? (In x) + In (x) sin? (In x)

=Inx

0.14 Section 5.5 problem 62

Problem Find a particular solution to the Euler ODE (x2 - 1) ¥ —2xy’ +2y = x> —1 with homogenous
solution y;, = c1x + ¢ (l + xz)
solution We see that

h=x

Yo = 1+ x2

Using variation of parameters on the ODE
x 2

y” —Z(xz _l)y’ + (x2 _1)y =1

Where now we use f(x) =1. Let

Yp = U1y1 + UsY>
Where

C (Rr®fE

Uy = W dx
(1) f(x)
2= ) T >
And
we =" 2= Lt
y1i Y2 T 2

=2x? - (1 + xz)

=x?-1
Hence

2
mz_fgiiﬂﬁw

2 -1
=—x-In(x-1)+In(x+1)
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And

Therefore

u

Yp = trly1 + Uy

= (—x—ln(x—1)+1n(x+1))x+(%ln(x—1)+ %ln(x+1)) (1+22)

=-x2+xln
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