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HW 11, Math 320, Spring 2017

Nasser M. Abbasi

(Discussion section 383, 8:50 AM - 9:40 AM Monday)

December 30, 2019
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0.1 Section 5.2 problem 12 (page 311)

Problem: Use the Wronskian to prove that the given functions are linearly independent on the given
interval. f (x) = x,g(x) = cos(lnx),h (x) = sin(Inx) for x > 0

e ¢)

11 solution The Wronskian is

14 fos h
15 W =|f ¢ I
16 g
17
18
19
20 0 —cos(lnx)xlz+sin(ln)xl2 —sin(lnx)xl—z—cos(lnx)xl—2

X cos (In x) sin (In x)

=1 —sin (Inx) % cos (Inx) ;1_(

x sin(lnx)

1

1
2/t cos(lnx) "

X

1 1 1 1
= —|-cos(Inx) = + sin (In) +|-sin(Inx) = —cos(Inx) = x C?S( nx)l
x x? /1 -sin(nx) -

21 Expanding along the last row
22
W (x) = Wap (-1)°*2 Ay + Wi (-1)°° Ay
24
25
. . . 1 1), .
97 = (cos (Inx) — - sin(In) —2) (cos (Inx) — sin (In x)) + (sm (Inx) = + cos(Inx) —2) (sin (In x) + cos (In x))
X X X X
28

23
26
99 Let sin (In) le = A,cos(Inx) le = B, cos(Inx) = a,sin (Inx) = b then the above is

30 W) =(B-A)(@a-b)+(A+B)®+a)

ol = 2Ab + 2Ba

392

33 Transforming back

34

35

36 PR 2 1
=2sin” (In) — + 2cos” (Inx)

37 X X

38 _2

39 X2

40

42 0.2 Section 5.2 problem 16

43

1 1
W (x) = 2sin (In) 2 sin (In x) + 2 cos (In x) 2 cos (In x)

Hence, for x > 0 the Wronskian is not zero. Therefore the functions are L.I.

Problem: A third order ODE is given, and three L.I. solutions are given. Find a particular solution
satisfying the given initial conditions y"” — 5y + 8y’ —4y = 0 and y(0) =1, (0) = 4,y” (0) = 0 and

45 — X — p2x — 2x
Vi=¢e,Yya=¢€¢",Yyz=xe

46
47 solution The general solution is
49

50

51 Hence

Y =C1Y1 T Yo + C3Y3

= 16" + cpe?* + c3xe™

52 Y =" + 2006 + c5 (ezx + 2xe2x)

53
3 And
54

55 Y’ = cie" +4ce® + ¢y (Zezx + 202" + 4xe? )

56 From first initial condition we obtain

57
58
59 From second initial condition we obtain

1=C1 + 0 (1)

60 4=c;+2c+c;3 (2)
61
62
63 0 =cq+4cy +4cs (3)

And from the third initial condition
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We have three equations (1,2,3) to solve for ¢y, ¢y, c3.

Augmented matrix is

11 01 110 1 1 10 1
R2=R2—R1 R3=R3—3R2

1 21 4 — 101 1 3 — 011 3
R3=R3-R;

1 4 40 3 4 -1 0 01 -10

We see that |A| =1, since reduced matrix is upper diagonal matrix. Hence the solution is unique.
From last row we obtain c3 = =10 and from second row ¢, + ¢c3 = 3 or ¢; =3 +10 =13 and from first
row ¢; +¢; =1 or ¢; =1-13 = -12, hence the particular solution is

Y (x) = c1€* + 6% + cyxe?™

= —126* + 13¢%* — 10xe?*

0.3 Section 5.2 problem 24

Problem: A nonhomogeneous ODE, homogeneous solution y;, and particular solution y, are given.
Find solution that satisfy the initial conditions. y” — 2y’ + 2y = 2x with y(0) = 4,5’ (0) = 8 and
Yp = €1 cosx + cpe¥ sinx and Yp=x+1

solution The general solution is
Y=Yty
=ciefcosx +cefsinx +x+1
Therefore
Yy =c1(efcosx —e*sinx) + ¢, (e¥sinx + e cosx) +1

First initial conditions gives

4=c+1

c1=3
Second initial conditions gives

8=c;+cp+1

Hence c, =7 — c; = 4. Therefore the general solution becomes

y=3e"cosx +4e*sinx +x+1

=e*(3cosx +4sinx)+x+1

0.4 Section 5.2 problem 28

Problem: Show that 1,x,x2, -, x" are L.I.

solution Using the Wronskian

1 x x2 i X"

0 1 2x 3x% - nx1

00 2 6x - n(n—-1)x"2
W(x) =1, 3

: 0 6 - nmn-1)(n-2)x"

0 0 O 0 n!

Therefore, the resulting Wronskian is an upper diagonal. The determinant of an upper diagonal
matrix is the product of the diagonal. We see that there can be no zero element on the diagonal.
Hence the determinant is never zero. Therefore 1,x,x%, -+, x" are L.I

0.5 Section 5.2 problem 30

2 are L.I. solutions on the entire line of the equation

Problem: Verify that y; = x and y, = «x
x?y” —2xy +2y = 0 but that W(x, xz) vanishes at x = 0. Why does these observations not contradicts

part (b) of theorem 3?
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solution To verify that y,,y, are solution of the ODE, we plugin each into the ODE and see if they
satisfy it. For y;, we obtain
Xy = 2xy; + 2y, = 0
But y; =1,y{ = 0, therefore the above becomes
—2x+2x=0
0=0
Verified. For y,, where y; = 2x,y; = 2, we obtain
XYy = 2xyy + 2y, = 0
2% —4x2 +2x2 =0
0=0
Hence verified. Now we need to show that y;,y, are L.I.
ciy1+c2y2 =0
We now solve for ¢, ¢y
c1x+cx? =0
Comparing coefficients on the LHS and RHS, we see that c; = 0,c, = 0. Hence this shows that y,1,
are L.I. We now find the Wronskian
x x?

1 2x

Y1 Y2

Y1 Y2

2 _ 2

W(x) = = =22 -2 =x

Hence W (x) = 0 at x = 0. This does not contradicts part (b) of theorem 3, because when we write
the ODE in the standard form
L, 2 2
n _;y1+;y1=0

We see that p; (x) = —E,pz (x) = xz_z These functions are not continuous at x = 0 (there is singularity at
x = 0). But theorem 3 applies only to the interval where p; (x) are continuous. Hence does not apply
in this case. If W(x) was zero at location other than x = 0, only then this will be a contradiction.

0.6 Section 5.3 problem 9 (page 323)
Problem: Find the general solution of the ODE y”” + 8y’ + 25y = 0

solution This is constant coefficient, linear, second order ODE. The characteristic equation is
2 + 8r + 25 = 0. The roots (using quadratic formula) are

r=-4+3i

1y =—4-3i
Hence the general solution is

Y = 1" + cpe2*

(—4+3i)x (—4-3i)x

= (1€ + e

= ¢¥ (¢, cos 3x + ¢, sin 3x)

0.7 Section 5.3 problem 16

Problem: Find the general solution of the ODE y® +18y” + 81y = 0

solution This is constant coefficient, linear, second order ODE. The characteristic equation is
# +182 +81 = 0. Let 72 = z, hence z2 + 18z + 81 = 0. This can be factored to (z + 9)* = 0. Hence the
roots are -9 repeated. Therefore 7~ = -9 or r = +3i. Therefore, the 4 roots are

{3i,-3i,3i, -3i}
Hence the solution is
y= Cle3ix + 026—31'3: + C3X€3ix + C4xe‘3i"
Or
Yy =c1co83x +cpsin3x + x (c3e3"x + c4e—3iX)

= 1 COS 3X + ¢, sin 3x + x (c3 cos 3x + ¢4 sin 3x)

y = (c1 + xc3) cos 3x + ¢ sin 3x (¢, + xcy)
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0.8 Section 5.3 problem 23
Problem: Solve the initial value problem y”” — 6y’ + 25y =0,y (0) =3,y' (0) =1
solution This is constant coefficient, linear, second order ODE. The characteristic equation is
12— 6r + 25 = 0. Using quadratic formula, the roots are

r=3+4i

rp=3-4i
Hence the general solution is

y (x) = €% (c; cos4x + ¢, sin 4x)
Hence
Y (x) = 3¢% (c1 cos 4x + ¢y sin 4x) + €3 (—c14 sin 4x + cp4 cos 4x)

Applying first initial conditions gives

3=0
Applying second initial conditions gives
1=3(3) +4c,
1-9
Cp = T =-2

Hence the solution is

y (x) = 3* (3 cos 4x — 2 sin 4x)

0.9 Section 5.3 problem 26
Problem: Solve the initial value problem y(3) +10y” + 25y’ =0,y(0) =3,y (0) =4,y (0) =5

solution This is constant coefficient, linear, second order ODE. The characteristic equation is
P +10r2 +25r =0 or r (1’2 +10r + 25) =0, orr(r+ 5)2 = 0. Hence the roots are {0,-5,-5}. There are
repeated root. Hence the solution is

Y (X) = c1€"* + e + cyxe’?”
=1 + pe™ + caxe™>
Hence
Y = —5ce™ + ¢3 (6‘5" - 5xe‘5")
And
Y’ =250 + c3 (—56*5" -5 (6*5" - 5xe*5x))
Applying first IC gives
3=c1+0
Applying second IC gives
4 =-b5cy) +c3
Applying third IC gives
5 =25¢, + c3(-5-5)
= 25¢; —10c;
We have three equations to solve for ¢y, ¢y, c3.
1 1 0 |l 3
0 -5 1 [lca|=1]4
0 25 -10){cs3 5
Therefore R; = R3 + 5R; gives

Therefore, from third row, —5¢3 = 25 or
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From second row

—5cy +c3=4
-5¢c,=4+5=9
9
CZ__E
From first row
c1+c=3
9
C1:3+§
24
5

Hence the general solution is

Y =01 + e + czxe™>

24 9
=5 - 56‘5" — 5xe™>*

= é (24 —9¢™5x _ 25xe‘5x)

0.10 Section 5.3 problem 35

Problem: One solution of the differential equation is given, find the second solution 6y® + 5y +
25y” + 20y’ + 4y = 0, and y; = cos2x

solution The characteristic equation is 67 + 5r° + 257 + 20r + 4 = 0. Since cos2x is solution, then
this implies the roots for this solution must be r = +2i, since this is what will give cos 2x solution.
Therefore, there must be factor (r2 + 4). Doing long division

6r* + 53 + 25¢2 + 20r + 4

)
(r2+4) =6r-+5r+1

Hence characteristic equation is
(r? +4) (6r2 +5r +1)
(+4)(2r+1)(3r +1)

. . -1 -1 L
Hence the roots are r| = 2i,7, = -2i,r3 = S Ta= 5 Therefore the solution is

1 -1
Y = 1% + cpe 2% + c3e 2" +cue3
1, 1,
=1CO82X + CpSIN2x +c3¢ 27 +4e3

0.11 Section 5.3 problem 38

Problem: Solve y® —5y” +100y’ —500y = 0 with v (0) = 0,1’ (0) = 10, " (0) = 250 given that y; (x) = >
is one particular solution of the differential equation.

solution The characteristic equation is * — 5/ + 1007 — 500 = 0. Since y; (x) = ¢ is one solution,
then (r — 5) is one of the roots. Hence by long division
13 = 5r% + 1007 — 500
r—5
Therefore the factoring of the characteristic equation is
(r=5)(r? +100) = 0

Therefore the roots are r; = 5,r, = 10,73 = —=10i and therefore the solution is

=72 +100

Y = c18 + ¢ cos10x + c3 sin 10x
Hence

¥’ = 5c1e> —10c, sin 10x + 10c3 cos 10x
y"" = 25¢16> — 100c, cos 10x — 100c3 sin 10x

Applying first IC gives

0:C1+C2
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Second IC gives
10 = 5¢1 4+ 10c3
Third IC gives
250 = 25¢; —100c;
We have three equations to solve for cy, ¢y, c3.
1 1 0)fc 0
5 0 10|[cy| =] 10
25 -100 0 J\c3 250
R, =Ry, —5R; and R3 = R3 — 25R, gives
1 1 01cy 0
0 -5 10(|c|=]10
0 -125 0)lcs 250
R3 = R3 — 25R,; gives
1 1 0 c1 0
0 -5 10 [|e|=]10
0 0 -250/\c; 0

Hence from last row c3 = 0. From second row —5¢, =10 or ¢, = -2 and from first row ¢; + ¢, = 0 or
¢1 = 2. Hence the solution is
Y = 1€ + ¢, cos 10x + c38in 10x

=25 — 2 cos10x

0.12 Section 5.3 problem 40

Problem: Find linear homogeneous constant coefficient equation with the given general solution

y(x) = Ae* + Bcos2x + Csin2x

solution From the solution, we see that the roots are r; = 2,r, = 2i,73 = —2i. Hence the characteristic
equation is

(r-2)(r2+4)=0
P -2 +4r-8=0
Therefore the original ODE is
¥y (x)-2y" +4y' -8y =0

0.13 Section 5.3 problem 49
Problem: Solve y® —y® —y” -y’ — 2y = 0 with y (0) = 0, (0) = 0,y (0) = 0,y® = 30
solution The characteristic equation is
AP —r-2=0
By inspection, we see that r = -1 is a root. Hence by long division, we have

H-r-r-r-2

=r-2r2+r-2
(1’+1) r r r

Therefore characteristic equation is
(r+1)(r3—2r2+r—2) =0
By inspection, one of the roots of 7> — 212 + r =2 = 0 is 2, hence by long division
P=22+r-2
r=2
Therefore characteristic equation becomes

(r+1)(r-2)(+1)=0

=r2+1

Hence roots are ry = -1,7, = 2,73 = —i,r4, = i and therefore the solution is

y=ce*+ c26% + c3COS X + g Sin X
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Initial conditions are now applied to find the constants.
Y = —cie7* + 20,%" — czsinx + ¢4 cOS X
Y’ = cre™ + 4cpe® — c3co8x — ¢y sinx

y

/7

"= —c1e7" + 8c,6% + c38in x — ¢4 cOS X
From y (0) = 0 we obtain

O=c1+cy+¢3
From " (0) =0

0=—c1+2c+¢y
From y” (0) =0

0=cy+4c)—c3
And from y"”’ (0) = 30
30 =—c; +8cp — ¢4

The 4 equations are solved for ¢;

1 11 0)fa
12 0 1fle|_
1 4 -1 0||es|

11 1 0)fg) (O
03 1 1l
03 =2 0||es|
09 1 -1le) |30

R3 = R3 - Rz, R4 = R4 - 3R2 giVCS

1 1 Cy
C3 0
2 -4)le) |30

o o o =
oS O W =
|
W
|
—_

Ry =Ry - 2R; gives

11 1 0)(g
03 1 1 ||ef_
00 -3 -1|les| |0
00 0 —3)le) (30
Hence from last row —§c4 = 30,then
g =-9
From 3rd row
=3c3—c4 =0
c3=3

From second row
3co+c3+c4 =0
3¢, +3-9=0
=2
From first row
c1+c+c3=0
c1+2+43=0
c1=-5
Hence solution is
Y =c1e7* + cpe?* + c3C08 X + ¢y Sinx

= —5e7* +2¢2* + 3cosx — 9sinx
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