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Manual Verification of 3.4.28 in Bender and Orszag
textbook

Nasser M. Abbasi

December 30, 2019

Current rules I am using in simplifications are
1. §;>> 5]
2
2. 581 > (S1)
3. S>> 5;

4. (Sp)" >> SE)") (the first is power, the second is derivative order).

Verify the above are valid for x — 0" and well for x — co. What can we say about (S’)
compared to (S’)Z?

0.1 problem (a), page 88

s 1
Y :;y

Irregular singular point at x — 0*. Let y = 5™ and the above becomes

y (x) = €50
v (x) = Spe®
Y’ = Sfe% + (56)2 %
= (s + (55)") e
Substituting back into ;—;y = x 7Oy gives
(SE,’ + (56)2) ¢S = x5e50

sy +(sp) =x°
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6 Before solving for Sy, we can do one more simplification. Using the approximation that

~

2
(56) >»> S for x — xg, the above becomes

9 AR
10 Q)
11 Now we are ready to solve for S,

c 5

i Sy~ wx 2
5

14 So~w | x 2dx
15
16 X
17 3
18 2
20
21 To find leading behavior, let

22 S (x) = So () + 51 ()
2 Then y (x) = e5®+510 and hence now
25 Yy (%) = (S (x) + Sy (x))" e%0+51

2
y/l (X) = ((SO + Sl)/) 350+51 + (SO + Sl)// eSO+Sl

N

¢ 2
28 Using the above, the ODE %y = x°y now becomes
2

30 ((So+51)") €50%51 4 (Sp + )" e50%51 ~ xBe50+51

’ 2 144 -5
32 ((So+81)) +(So+8)" ~x

2
(Sh+81) +Sy +Sy ~x®
2 2

35 (S)” +(S1) +256S; + S + Sy ~ x5

36 5 )
37 But Sj = wx 2, found before, hence (S(')) = x7° and the above simplifies to

2
39 (s;) +25)81 + Sy + 5/ =0

40 . . . 2 . .
Using approximation 53S] >> (Si) the above simplifies to

49 284S, + Sy + Sy =0
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Finally, using approximation Sj > S

25,8, + Sl

S|~ -

’

1

1
SO

28]

, the above becomes
=0

1
Sl N—EIHSE)-FC

5

Si~—-=-lnx2+¢
1 5

3
2

3 5
wx 2+Zlnx+c

1
5
S~ -Ilnx+
1~ ylnx+e
Hence, the leading behavior is
y(x) — eSO(x)+Sl(x)
2 3
= exp (—g
5 2 3
= 4 - —
cx eXp( WX

To verify, using the formula 3.4.28, which is

¥~ Q7 exp(w [~ Qe at)

In this case, n = 2, since the ODE y”” = xy is second order. Here we have Q(x) = x

(a) fx (t‘S)% dt)

|

therefore, plug-in into the above gives

y(x)~c (x‘5)T exp

~ cx4 exp[ [

1-

-1
~C (x‘5) 4 eXp w

2

~ cx4 exp (

><
I\JIUJ N,w

| N

le

Comparing (1) and (2), we see they are the same.

)

|

X 5
t Zdt)

|

(1)

-5
)

(2)

0.2 problem (b), page 88

244
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Irregular singular point at x — +o0. Let y = ¢%® and the above becomes
8 y (x) — eSO(x)
9 Yy (x) = Spe™
2

Y’ = Sfe% + (56) %

( 2
12 = (SE{ +(Sb) )650
14 7 " ’ 2\’ S ” ’ 2 7 .S

Y = (s0 + () ) ¢ o+(s0 + () )Soe 0

: 3
16 = (S5 +2505) % + (S5S + (50) ) e
17

3

18 = (sg' +384Sy + (Sh) )eSO

19
920 Substituting back into y"”’ = xy gives

< 3
21 (sg' 38357 + (S6) )650 — xeSo)
22

o 3

23 S +384Sy +(Sp) =x

, Before solving for S, we can do one more simplification. Using the approximation that
25 . 8 0 P g pp

26 (S(’)) >> S’ for x — xj, the above becomes

o 38485 + (S5) ~ x

3
In addition, since Sj >> Sj then we can use the approximation (56) >> 5,5, and the above
becomes

32 (56) ~x
) So ~ a)x%

c 1

35 So~w f x3dx
36 34

37 SO ~ C()ZX5

39 To find leading behavior, let

40 S (x) = So (x) + 51 (x)
Then y (x) = e5®™*+51®) and hence now

43 ¥ (x) = (Sp (x) + 51 (1)) €501

44 N
45 Y’ (1) = ((So+S1)') €051 + (Sg + Sy)” eS0+1

46 = (86 + 51)2 eS0+51 4 (56/ + 53/) £S0+51

47 , ,

" = ((50)" + (51)" + 2585 ) 50751 + (55 + 7 ) eS0v
49 , ,

50 = ((56) + (Si) +25,57 + S§ + Si’) eSot51

51

52

53

54

55
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We can take the third derivative
2 2 !
Y (x) ~ ((sg) +(S7)" + 25485 + Sf + 53’) ¢S+t

+ ((56)2 + (s;)2 +25)8, + Sy + s;’) (So + Sy) eSo+S1

~ (254Sy +2S;SY +2S7S; +28Sy + S’ + S7) €50+t
+((Sh)"+ (55)" + 25085 + S + 1) (5 + 5¢) e

~ (254Sy +2S;SY +2S7S; +25Sy + " + S7) €50+t
+((50)+ 85 (50)"+ 2(S5)” 51 + 8655 + Shst ) e

+ (Si (56) + (53)3 + 256 (Si)z + 5156/ + 5'153') £S0+51

~ (25455 +2S;SY +2S7S; +28Sy + S’ + S7) €50+t
[( ) +38) (sg) +3 (56) Sh +S)Sy + SpSY + (s;)3 + 5,5y + s'ls;']eso+51
~ (3855 + 35151 + 3551 + 35457 + i+ 57" + (S5) +35(51)” +3 () 81+ (1)) e
~ ((sg)) + (s;) +35), (s') +3(S ) St + 3545y + 3811 +354S) +354S) + Sy’ + sg”)e50+51
Lets go ahead and plug-in this into the ODE
(S6) + (51) +385 (S1)" +3(S5)” S +3S0Sy +3S1SY +3S(S; +3S,Sy + Sy + Sy ~ x
Now we do some simplification. (Sp)” 3> S;” and (S;)” > §;”, hence above becomes
(85) + (S1) +385 (S1)" +3(S)” S +3SpSy +3S1Sy +3S(S; +3S4Sy ~ x
Also, since S}/ 3> S then 35;,S] 3> 35,5/
(s;))3 + (s;)3 +38) (s) +3(S ) S| +35)Sy + 39,8y +3SYS;
Also, since (56)2 3> S{f then 3 (50) S, > 3575
(56)3 + (s;)3 +35) (5'1) +3 (sg))2 S, +35)Sy + 35S ~x
Also since §; 3> S then 3(Sp)” ;3> 357
(S6) + (1) +385(81)” +3(5)" 51 +3885

1 3
But 5f ~ x3 hence(S{J) ~ x and the above simplies to

(s;)3 +38) (53)2 +3 (56)2 St +35,Sy =0
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2 3
Using 35, (Si) >> (Si) since S>> S} then

~

10 354 (Si)2 +3 (S{))2 S 438550 =0

11 . 2 2 2

19 Using 3(Sp)” Sy > S;(S7) since (S) > Sj then
13
14
15
16
17
18
19 g~ 25050
20 1 2
21 (55)
22 =5

23 St

3(p) 83 +38p85 =0

No more simplification. We are ready to solve for S;.

95 Hence )
26 Sl ~ - —(,)dx
27 0
28 ~—-InSy+c

1
Since S ~ x3then the above becomes

By 1

33 S~ -Inx3 +¢
o 1

35 Si~-=Inx+c
36 3

37 Hence, the leading behavior is

39
40 y)=e
41
49

So(x)+51(x)
4 1]
=explw-x3 —=-lnx+c
4 3

43 -1 3 4 1
= 3 —vx3

A4 CX3 exp (a)4x ) 1)

45

46 To verify, using the formula 3.4.28, which is

y(x) ~ CQ12__nn exp (a) fx Q(t)% dt)

In this case, n = 3, since the ODE y””" = xy is third order. Here we have Q (x) = x, therefore,
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plug-in into the above gives

X J s WD

Y () ~ () e exp (a) f (t)%dt)

=
-~ ©
]

-1 4 ¢
~ CX3 exp (a)ng)

—
-

Comparing (1) and (2), we see they are the same.
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