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NE548 Problem: Similarity solution for the 1D homogeneous heat equation

Due Thursday April 13, 2017

1. (a) Non-dimensionalize the 1D homogeneous heat equation:

ou(z,t)  9%u(x,t)
at | oa? (1)

with —oo < z < 00, and u(x,t) bounded as x — +oo.

(b) Show that the non-dimensional equations motivate a similarity variable & = z/t*/2.
(c) Find a similarity solution u(x,t) = H(&) by solving the appropriate ODE for H ().

(d) Show that the similarity solution is related to the solution we found in class on 4/6/17
for initial condition

u(z,0) =0, <0 u(z,0)=C, z>0.

solution
0.1 Parta
Let ¥ be the non-dimensional space coordinate and f the non-dimensional time coordinate. Therefore
we need
X
X=—
lo
N
f=—
to
_u
n=—
o

Where [; is the physical characteristic length scale (even if this infinitely long domain, /; is given)

whose dimensions is [L] and t; of dimensions [T] is the characteristic time scale and # (%, ) is the

new dependent variable, and u, characteristic value of u to scale against (typically this is the
2

initial conditions) but this will cancel out. We now rewrite the PDE % = v% in terms of the new

dimensionless variables.

du _ Jdu dn dt
It Ju Jt ot
~wZ M
And
Ju _ Jdu di Ix
Jdx  Ju dx dx
_dnl
_uogE
And
2 2=
0“u 0%t 1 @)

2
Substituting (1) and (2) into % = vg—xg gives

on 1 %1

Uy— — = Vlg=—

00Tty ox2R2
dii

to\ %@
— = v | =—
of 13) ox?
2
The above is now non-dimensional. Since v has units [%] and 5_2 also has units [L—TZ], therefore the
0

to . . . .
product vl—g is non-dimensional quantity.
0

If we choose t; to have same magnitude (not units) as I3, i.e. t, = I3, then ;—2 =1 (with units [12])
(

=
Il
=i

R

N

0
and now we obtain the same PDE as the original, but it is non-dimensional. Where now
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0.2 Part (b)

I Will use the Buckingham 7 theorem for finding expression for the solution in the form u (x, t) = f (&)

Pu . o .
l;, in this PDE, the diffusion substance is

where ¢ is the similarity variable. Starting with % =V
heat with units of Joule ]. Hence the concentration of heat, which is what u represents, will have
units of [u] = LLS (heat per unit volume). From physics, we expect the solution u (x,t) to depend on
x,t,v and initial conditions 1, as these are the only relevant quantities involved that can affect the

diffusion. Therefore, by Buckingham theorem we say
u= f (x/ tr v, uO) (1)

We have one dependent quantity u and 4 independent quantities.The units of each of the above
quantities is

J
[u] = 3

[x] =L

=T
I2
[v] = T
J
[uol = 3

Hence using Buckingham theorem, we write
[u] = [x”tbvcug] (2)

We now determine 4, b, ¢, d, by dimensional analysis. The above is

been ) )
() = (7)) 1

Comparing powers of same units on both sides, we see that

d=1
b-c=0
a+2c-3d=-3

From second equation above, b = ¢, hence third equation becomes

a+2c-3d=-3
a+2c=0
Since d = 1. Hence
a
c=—=
2
a
b=--
2

Therefore, now that we found all the powers, (we have one free power a2 which we can set to any
value), then from equation (1)

Therefore # is function of all the variables in the RHS. Let this function be f (This is the same as
H in problem statement). Hence the above becomes

i=f(vres)
vgtg

a=1 2)

Since a is free variable, we can choose

And obtain
n=f (i) 3)
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’ 4
4
5
0 In the above \% is now non-dimensional quantity, which we call, the similarity variable
7 V.
X
8 E=— (4)
9 Vot
10 Notice that another choice of 2 in (2), for example a2 = 2 would lead to & = x—j instead of & = \% but
v v
1; we will use the latter for the rest of the problem.
13
14 0.3 Part (c)
15
16 Using u = f (£) where & = \/i;t then
17 Ju _df &
18 ot~ dg ot
19 ~ df J x
j(l’ T dEt\ Vot
29 __Ldf) x
3
93 248\ o2
2% And
- Ju _df 9&
2(_) dx  d&dx
o Cdf o «x
;i B dé ox vt
‘ af 1
30 A
31 A& vt
32 And
33 Pu_ 0 (df 1
34 9x% — Ix \d& \fut
35 1 9 (df
36 ot 9x \de
37 ~ 1 de dE
:;8 B vt dé ox
o 1 (d?*f 1
40 S ra——
A1 vt2 dé vt)
42 _14f
43 vt dé?
44 Hence the PDE Z—” = v&; becomes
45 t dx
i x| ey
47 2d¢ \/Etg vt d&?
ii 12f 1 x df
¢ I e
50 FAES 2 oz 16
51 d2f+1 xdf_o
59 d&2 " 2\[prdé
53 x . .
S But Wi &, hence we obtain the required ODE as
55 d? 1 .d
55 F@) 1,4
56 d&? 27 d&
57 14 5 [
58 frraf=0
59 We now solve the above ODE for f (). Let f’ = z, then the ODE becomes
60 , & 0
61 ZH5z=
62
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Integrating factor is y = el 3% = e+, hence
d
7z () =0
Zp =0
&2
z=cle ¢
Therefore, since f’ = z, then
&2
fl=ced
Integrating gives
& 2
FO=c+a f et ds
0
0.4 Part (d)
For initial conditions of step function
0 0
u(x,0) = r=
C x>0
The solution found in class was
cC C X
u(x,t):—+—erf( ) 1)
22 Vavt
x 2 - 2
— 2 [ Vat pzZ : : . .
Where erf ( \/ﬁ) = £ t e7* dz. The solution found in part (c) earlier is
£ 2
(&= clf e T ds + ¢y
0
Lets = \/Zz, then % = \/Z, whens=0,z=0and whens=¢&,z = \/%, therefore the integral becomes
£@) = cl\@fﬁ e dz + ¢,
0
2 3 2 & & 2 Vn
J— ﬁ —Z = J—— ﬁ —Z = —T[ (i)
But N £ e dz erf(ﬁ), hence L e dz 5 erf 7 and the above becomes
3
f(&)= clﬁerf(ﬁ) +0
=C3 erf(i) + 0y
V4
Since & = %, then above becomes, when converting back to u (x, t)
(%
u(x,t) cef( ad )+c (2)
1) =czer
° Vavt 2

Comparing (1) and (2), we see they are the same. Constants of integration are arbitrary and can
be found from initial conditions.
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