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0.1 problem 10.5 (page 540)
m Use WKB to obtain solution to

ey +aX)y +b(x)y=0 1)
with a(x) > 0,y (0) = A,y (1) = B correct to order ¢.
Assuming

y(x) ~ exp (% i o"S,, (x)) 60—-0
n=0

Therefore

1& 18
y @)~ ), 6", (x) exp (5 ), 0"S, (x))

n=0 n=0

18 1 18 2N
Yy’ (x) ~ 5 E o"Sy) (x) exp (5 712;66”5” (x)) + (5 E o"s;, (x)) exp (5 ;:;)6”5” (x))

n=0 n=0
Substituting the above into (1) and simplifying gives (writing = instead of ~ for simplicity for now)

el i &Sy (x) + (1 i &8}, (%) 2
5 " 5 "

n=0 n=0

+gZ(S”S,’1(x)+b=O

n=0

5 2080+ 5 (2 5"y (x) D, 6"S;, (x)) +5 20", () +b=0
n=0 n=0 n=0 n=0
Expanding gives
€ 144 144 144
5(50 + 08y +028Y + -+
€ ’ 4 ’ ’ ’ ’
t ((Sh+ 057 + 028y + ) (S + 687 + 628y + ---))
+§(56+6Si+625§+ ) +b=0
Simplifying
(gsg LSy + €65y + )
€ ’ 2 26 I el4 1 Q’ ’ 2
n (g(so) + 2 (5051) +e(25052+(51) )+ )
n (gsg S} + a6Sh + ) 1b=0 (1A)
2
The largest terms in the left are ;—2 (56) and gS{). By dominant balance these must be equal in

magnitude. Hence (% =0 (%) or % = O(1). Therefore 6 is proportional to ¢ and for simplicity ¢ is

taken as equal to 6, hence (1A) becomes
(S{{ + &Sy + €28y + )
2 2
n (e-l (S5)” + 2548 + s(zsgsg (1) )+ )
+ (ae‘156 +aS) + aeSh + ) +b=0
Terms of O(efl) give
2
(S) +asy=0 )
And terms of O (1) give
S¢ +253S]+aSi+b=0 (3)
And terms of O (¢) give
2
258y +aSy +(S4) + Sy =0
2
(s5) +sy

52=° (a +25(’))

(4)
Starting with (2)
St (S +a)=0

There are two cases to consider.



N =

case 1 S; = 0. This means that Sy (x) = cg. A constant. Using this result in (3) gives an ODE to
solve for Sy (x)

XX J O G W

aSi+b=0
b (x)
a(x)
b ()
i [0
BRI
Using this result in (4) gives an ODE to solve for S, (x)

2 ’
! b(x) b(x)
16 (_@) i (_M)
. Sy =
17 a (x)
18 P2 (x) (h’(x) b(x)u’(x))

= o
~ ©
)

St =

o N Sy
s W N

19 _ 20 e 2w

20 a(x)

21 PR ab' () | a'@b)

292 _ A a2(x) a2(x)

23 a(x)

24 _a)b (x) - b (x) - a’ () b(x)
25 B a3 (x)

25

Therefore

» Ay O RO -a b
%2 = j: )

dt+C2

29 For case one, the solution becomes

[se]

1
31 Y1 (x) ~ exp (5 ), "8, (x)) 5—0
n=0

33 ~ exp (% (SO (x) + €57 (x) + €25, (x))) e— 0"
~ exp (%SO (x) + 51 (x) + &Sy (x))

- 1 X b X b (t)-b?(t) - b
37 ~exp(;c0—f0 %dt+cl+e‘f(‘) a(t) (t)a3(t)(t) (t)dt+c2)

39 ¥ b(t) e IGIAGE AGER0
~ Cy exp (— fo FLAL fo e dt) (5)

41 . ) 1 . . .
Where C; is a constant that combines all ez ©**"2 constants into one. Equation (5) gives the first

WKB solution of order O (¢) for case one. Case 2 now is considered.

44 case 2 In this case S} = —a, therefore

soz—f a(B)dt + ¢

46 0

47 Equation (3) now gives

49

50 Sy +25,S7+aS1+b=0

51 —a’ —2aS] +aS, +b=0

= -aSi=a"-b

53
) , b-a
54 S =

55 b a
. A
56 Sl—___

57
58
59 S, = fx @dt—ln(a)+cl
60 o a(b)

61

62

63

64

Integrating the above results in
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S, (x) is now found from (4)
(s1)" + st
(a + 256)

(h—u’ )2 (b—u/ )
—_— + —_—
a a
(a+2(-a)
V@)’ -2ba’ | V-a”  a'b—(a)
2 + - 2
a a a
—-a
b+ (@) = 2ba’ +ab’ —aa” - a’b - (a')?
= o
b* —2ba’ +ab’ —aa” —a’b
Pe)

Hence

G = fx PH-200)a’ @) +a®)b ) —a)a” (t)—a’ ()b () it
27y a3 (1)
Therefore for this case the solution becomes

12 () ~ exp (1 Yo7, (x)) 550
~ exp( (50 (x) + €S; (x) + €25, (x))) e — 0"

~ exp (ESO (.X') + Sl (X) + 852 (X))

Or
-1 X
Yo (x) ~ exp (—f(; a(t)dt+co) exp (f Egdt—ln(a)+cl)
ox (e fx @) -20t)a’ ) +a®)b’ () —a(t)a” (t)—a’ (t)b(t) e )
P\ @ (1) ;

Which simplifies to

C, (-1 (= 0 TR -260 0 O +a®)b () -a " O -7 ObO)
yz(X)N 76Xp(?ﬁ ll(t)dt-i—ﬁ mdt-l'é'f [13(t) )
(6)

Where C, is new constant that combines ¢, ¢y, ¢, constants. The general solution is linear combina-
tions of 1,1,

y(x) ~ Ay (x) + By, (x)

Or
b (t) Ya ()b () - () —a’ (HD(?)
y(x) ~Cy exp( f Wdt f A0 dt)
C, -1 b(t) () -20t)a’ () +at)b () —a(t)a” (t)—a’ ()b (H)
by e (?fo a(t)dt + f Tt f T dt)
Now boundary conditions are applied to find C;, C,. Using y(0) = A in the above gives
G
A=C 7
1t = 2(0) ()

And using y (1) = B gives

Lo () a(®b’ () - bz(t)—a(t)b(t)
B=C exp( f (t)d f 20 t)

C, -1 (t) L) -2b()a’ ) +a()b () —at)a” (t)—a’ (t)b(t)
+Eexp( fa(t)dt+f W +ef 20 )

Neglecting exponentially small terms involving e ¢ the above becomes

o La®Y (- B O -a 0D
=Gy~ [ o | A0 a

C, (f ()dt) (fle(t) 2b(t)a(t)+a(t)b’(t)—a(t)a”(t)—a(t)b(t)
0

A P, 2o EI0)

f) ®)
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5
To simplify the rest of the solution which finds C;, C,, let
1b(t)
Z, = —dt
' f a(t)
a(tyb’ () -b* () -a’ (t)b(t)
Zy = f dt
0 a3 (t)
fl P2(t)-2b(t)a’ () +a(®)b’ () —a(t)a” (t) —a (t)b(t)
Zn =
s a3 ()
Hence (8) becomes
B — Cle_ZIEEZZ + &6216523 (8A)
a(l)
From (7) C; = a(0) (A — Cy). Substituting this in (8A) gives
o ey 1(0)(A-Cy)
— 71 p€29 — L P%1pcZ3
B =Cie™*ef2 + 2
- a(0) a(0)
— C e Z]EEZZ + A Z1 623 C 6218523
' a (1) a (1)
_ a(0) ) a(O)
B C Z1 EZZ 6218623 +A 16623
1( a (1) a ()
B- AZDeite
G = < )
8—216622 ( 8216623
_a(l)B- Aa(0)e1e = )
T a(1)e etz — g (0) eF1e¢%
Using (7), now C, is found
C,
A=C1+—=
I0)
_a(l)B— Aa(0)e*1e C,
T a)e ez —g(0)errets  a(0)
3 a(1) B — Aa (0) e*1¢%8
C2=a(0) (A 4 (1) e771ef%2 — q (0) %1% (10)

The constants Cy, C,, are now found, hence the solution is now complete.

Summary of solution

]/(X)Nclexp( f %dt fx“(t)b'(t)—bz(t)—a’(t)b(t)dt)

as (t)
X X 2 ’ _ 1" _
+ﬂeXP(_1f a(t)dt+f %dt f‘b ®H-2vt)a’ (t)+a(t)£((:)) al)a” (t)—a’ (t)b(t) )
Where
_a(l)B— Aa(0)e1e
17y (1) e771ef%2 — g (0) e*1e¢%8
a (1) B— Aa(0)e*1¢e%
C2=a(0) (A 4 (1) e7%1et%2 — g (0) e%1€%%3
And

b
“= f 0™
a)b () = b>(t) —a’ (t)b(t)
- fo a ()
P O-20ta B +a®)b (W) —at)a” () —a’ (£)b(t)
Z3 = L a3 (t) dt

0.2 problem 10.6

problem Use second order WKB to derive formula which is more accurate than (10.1.31) for the

f eigenvalue of the Sturm-Liouville problem in 10.1.27. Let Q(x) = (x + 71)4 and compare your
formula with value of E, in table 10.1

solution

Problem 10.1.27 is
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6
Y +EQxy=0
With Q (x) = (x + n)4 and boundary conditions y(0) = 0,y (7) = 0. Letting
1
E=-
e
Then the ODE becomes
ey’ (x) + (x + 7'()4y (x)=0 1)

Physical optics approximation is obtained when A — oo or ¢ — 0*. Since the ODE is linear, and
the highest derivative is now multiplied by a very small parameter ¢, WKB can be used to solve it.
Assuming the solution is

y(x) ~ exp (% i o"S, (x)) 0—0
n=0

Then

(o)

1 1
Y (x) ~ exp (5 2, 0"S, (x)) (5 20", <x))
n=0 n=0

(o) [ee) 2 [ee] (o)
Yy’ (x) ~ exp (% Z o"S, (x)) (% E oSy, (x)) + exp (% 2 o"S,, (x)) (% Z o"Sy/ (x))

n=0 n=0 n=0 n=0
Substituting these into (1) and canceling the exponential terms gives

(o] 2 (o)
e [(% % 5", (x)) + % ;:;)(S”S;[ (x)) ~—(x+ )t

(S + 651 + 62 + ) (Sh + 08} + %S5 + ) + g (S5 + 0657 + 0%y + ) ~ - (x + )"

o
5 ((s0)" +0(25155) + 62 (25055 + (85)°) ) + 5 (55 + 087 + 8285 ) ~ = (ot '

(55 (50)"+ 5 (25155) + ¢ (28585 + (50) ) + )+ (555 + 27 + ) >~ 0t (@)

2
The largest term in the left side is 5% (56) . By dominant balance, this term has the same order of

magnitude as right side — (x + n)*. Hence 6? is proportional to ¢ and for simplicity, 6 can be taken
equal to /e or

o=
Equation (2) becomes
((s0)"+ Ve (25155) + e (2483 + (5)) + ) + (VeS + 5y + ) ~ = (x4

Balance of O (1) gives

2
(S) ~-G+m)* 3)
And Balance of O (\/E) gives
28,54 ~ =Sy (4)
Balance of O (¢) gives
e ’ 2 144

Equation (3) is solved first in order to find Sy (x). Therefore
S ~ i (x + 1)
Hence

So(x)fviif (t+ m)2dt + C*
0

I *

~ ii(g +nt2+n2t) +C*
0

Nii(

3

% +mx? + nzx) +C* (6)
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S1 (x) is now found from (4), and since Sj = +2i(x + 7r) therefore
1 S/I
Sp~—=2
1 2s),
1 +2i(x +7)
2 +i(x + n)?
1
X+
Hence
* o1
Si(x)~— | ——dt
o t+T
~ () (7)
Tt

S, (x) is now solved from from (5)
2
28485+ (85)" ~ =S¢

,-st=(sy)
2 28

i

and the above becomes

1 (_L)z
(+m)? X+
2 (-_O-i (x+ n)z)

1 1
2

. 1
Since S/ ~ ——, then SU ~
1 > 1 2
X+7 X+71)

S5~

(x+m) B (x+7z)2
+2i(x + 71)2

1

N+1 1
(x + )

Hence

|
SZN-_O-i(f 4ult)+ki
o (t+m)

1(1 1
~t—|—-———|+k*
3 (713 (mt + x)3)
Therefore the solution becomes

1
y (x) ~ exp ($ (So () + VeSy (x) + €S, (x)))

1
~ €xp (@50 (x) + 51 (x) + \/252 (X))

ButE = %, hence /e = \/Lg’ and the above becomes

1
Y (x) ~ exp (‘/ESO ()45 () + =5, (x))
Therefore
3
y(x) ~ exp (iz\/f(% + i + nzx) +C* - ln(nT-'-x) + z%% (% - (ni—x)‘%) + k*)

Which can be written as

v ~ () conp(i(VE(S + e i)+ 1 (L - ] )

VE3\T  (rt+x)°
+x\7! 3 11/(1 1
) ) )
Tt 3 \/E' 3\m (7'( + x)
Where all constants combined into +C. In terms of sin/cos the above becomes

A 3 11(1 1
y(x) ~ & cos(x/f(x—+7zx2+n2x)+——(———))
+x 3

L VE3\7®  (m+x)

nB . X3 11/(1 1
p sin (\/E(g + X + an) + Eg (ﬁ - —(n " x)3)) (8)
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Boundary conditions y (0) = 0 gives

0~ A 0+ ! ! + Bsin |0+ 1171 !
~ Acos —|=-= sin —— ==
VE\m® 8 VE3\m® nd

~ A

Hence solution in (8) reduces to

nB . X3 11(1 1
y(x) ~ +xsm(\/E(§+nx2+n2x)+——(__—3))

Tt

Applying B.C. y(n) = 0 gives

B 5 11(1 1
T sin (\/E(% + 7 + nzn) + —= (— - —))
TC

=5 [E(5) i )
For non trivial solution, therefore
\/E—n(zng’) L (L) =nn  n=1,23,-
3 VE, \24m3
Solving for v/E,. Let \/E, = x, then the above becomes

2 (Zns) . (L) -
3 2476
1
"7 g =0

Solving using quadratic formula and taking the positive root, since E,, > 0 gives

1
x (\/5\/18772112 "49 4 67zn) n=1273

x2

= 283
1
VEr = 555 (\/5\/187-(2112 —49+ 67m)

2
E, = (x/i\/18n2n2 —49 + 67m)

Table 10.1 is now reproduced to compare the above more accurate E,. The following table shows
the actual E, values obtained this more accurate method. Values computed from above formula
are in column 3.

1
sol = x /. LasteSolve [x2 - Xn+ ——— =0, x]
7 Pi? 8Pin6
A\ -49+18n2 2
3N+ J2
14

lam[n_] := (Evaluatee@sol) "2

nPoints = {1, 2, 3, 4, 5, 10, 20, 40};

book = {0.00188559, 0.00754235, 0.0169703, 0.0301694, 0.0471397, 0.188559, 0.754235, 3.01694} ;
exact = {0.00174401, 0.00734865, 0.0167524, 0.0299383, 0.0469006, 0.188395, 0.753977, 3.01668} ;
hw = Table[Ne (lam[n]), {n, nPoints}];

data = Table[{nPoints[[i]], book[[i]], hw[[i]], exact[[i]]}, {i, 1, Length[nPoints]}];

data = Join[{{"n", "E, using S@+S1 (book)", "E, using S@+S1+S2 (HW)", "Exact"}}, data];
Style[Grid[data, Frame - All], 18]

n [E, using S@+S1 (book) |E, using S0+S1+S2 (HW) Exact
1 0.0018856 0.0016151 0.001744
2 0.0075424 0.00728 0.0073487
3 0.01697 0.016709 0.016752
4 0.030169 0.029909 0.029938
5 0.04714 0.046879 0.046901
10 0.18856 0.1883 0.1884
20 0.75424 0.75398 0.75398
40 3.0169 3.0167 3.0167

The following table shows the relative error in place of the actual values of E, to better compare
how more accurate the result obtained in this solution is compared to the book result
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data = Table[{nPoints[[i]],

100 + Abs@ (exact[[1]] - book[[i]]) /exact[[i]],

100 « Abse@ (exact[[i]] - hw[[i]]) /exact[[i]]}, {i, 1, Length[nPoints]}];
data = Join[{{"n", "E, using S@+S1 (book) Rel error", "E, using S@+S1+S2 (HW) Rel error"}}, datal;

Style[Grid [data, Frame - All], 18]

n [E, using S@+S1 (book) Rel error |E, using S0+S1+S2 (HW) Rel error
1 8.1181 7.3927

2 2.6359 0.9343

3 1.3007 0.2576

4 0.77192 0.098497

5 0.5098 0.045387

10 0.087051 0.051101

20 0.034219 0.00021643

40 0.0086187 0.000055619

The above shows clearly that adding one more term in the WKB series resulted in more accurate

eigenvalue estimate.
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