Here is an outline for the solution to BO 9.6.

Write the equation as

Y =1+e )y’ —2y+1, y(1)=1

and we want to solve this on 0 < x < 1. For the outer solution, the expansion yous(x) ~
Yo(2) + ey1(x) + O(€?) gives

O(l): y,~(yo— 172 yo(1)=1

O(e) 1yl ~2yoy1 +yoz > —2y1, y1(1) =0
with solutions

Yo(x) ~ 1, yi(z) ~1—z7?

valid away from zero. So yYous(z) ~ 1+ (1 —271) + O(€2).

For the inner solution let £ = x/eP. The expansion yous () ~ Yo (&) + ey1 (&) + O(€2) leads
to £ o« € (so we take £ = e for convenience). The biggest terms are:

Ol y, ~y2t?

with solution

Yo(€) ~ (1 — A&~

Now matching

€lijg@ Yo(§) + O(€) = lim y,(z) + O(e)
5nm E1— A1+ 0(e) = lim 14 O(e)

lim —A™+0(E™ ) +0(e) = lin%) 14+ O(e)

£—o00
gives A = —1 with matching region ¢ < z < 1.
The next-order problem is
O(1): o) ~ys+2yopn& 2 — 2yo + 1.
Use y,(&) from above and the integrating factor method to find

yi(&) ~ —E(1+ &P+ 01+ €)%

Now matching



lim o (&) + eya (§) + O(€) = lim y,(2) + e (x) + O(e?)

£—o0
Jim g(1+6)7 + e(csm Lo oe +§>—2) +O() = lim 1 +e(1 —x—l) L 0(&)

ghfolo Tlg_l + e<C§2(1 +6)72 -1+ 5)‘2) +O(e?) = lim1+e— 2 + O(€?)

lim 1 -6 14+ 0E2) +eC+0(e€7H) +0(?) = lir%l +e— 2 + O(€%)
Tr—r

E—o0

and so we choose C' = 1.
Question for you: what is the matching region? (I think €'/? < 2 < 1). Is this correct?

Now we form the uniform approximation ¥ ~ ¥in + Yout — Ymateh + O(€2):

yolrdl-o )+ e( €09 m 107 ) - (1+e-£) o)

x
with £ = x/e and simplify. Notice that there is no singularity at x = 0 the solution is
uniformly valid on 0 < x < 1.

More questions for you: Does the solution above satisfy the initial condition y(1) = 17
If not, can you add an O(e?) correction so that y(1) = 1?7 Will you still have a solution
uniformly valid to O(e?)?

I encourage you to make plots so that you can visualize the solution!



