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Problem 9.4-b: Bender & Orszag
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1 Problem Statement
Find the boundary layer solution for

ey + (2 + 1)y — 23y =0

2 Solution

We can expect a boundary layer at z = 0.

2.1 Outer Solution

(@ + 1)y, — 2%y, = 0

3
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This is in a form that we can find an integrating factor for,

x2 41

3
[ = exp </ X—dx> = exp [—%(111[}{2 +1] - X2):| = (2* + 1)_1/26_332/2

= [yola® + 1)) = 0

Yo = C1 (2 + 1)_1/26”2/2

B.C.: y(1) =1 = 1=C1(2)""2e!/2 — () = V/2e~/2. Therefore, the outer solution is:

Yo = \/56_1/2(352 + 1)—1/2€:c2/2




2.2 Inner Solution

Define £ = z:/e such that when = ~ e, E~1

Oy  dyd§
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Plug this into the D. E. to get,

The let the inner solution take the form,

Yin = Yo(€) + ey1 (&) + y2(&) + ...

Balance terms, order by order,

1
O<g>: Yo + Yo =0 y(0) =1
o1): yl+yi=0 y(0) =0

To the lowest order,

yi/n + yin =0 let Z = ygn

= Inz=-£+ o
Iny, = —&+ Oy
Yin = Cze™*

Yin = C3e* + Cy

We can solve for one of the constants by imposing the boundary conditions, y;,(0) =1 = 1 =
—C34+Cy = Cy=1+0C4

Yin =1+C <1 — e_§> (4)

The other constant we get by matching the ‘outer’ and ‘inner’ solutions:



li o= li in
Jimy o = Jlim v
lim v/2e /2 (2% 4 1)_1/26”2/2 = 5lim [1+C1—e %)
—00

x—0
V2e V2 =1+C
— O =V2eY2 -1

Note: ymateh = \/56_1/2

Ytot = Yin T Yout — Ymatch

Ytot = \/56_1/2(33‘2 + 1)_1/2em2/2 + e—x/ﬁ(l _ \/56_1/2)




