NEEP 548: Engineering Analysis 11 2/6/2011
Problem 3.33: Bender & Orszag

Instructor: Leslie Smith

1 Problem Statement

Find the leading behavoir of the following equation as x — 07:

x4y"’—3x2y'+2y:0 (1)

2 Solution

Need to make the substitution: y = ¢5®)

y/ — S/es(m)

y// _ S//eS(:c) + (S/)2es(m)

y/// _ S///es(m) + 35//S/es(m) + (S/)ses(x)

After substituting and diving through by ¥, one obtains,

3 2
3
S,/,+3S”S,+(Sl) _PSI_‘_FNO (2)
Typically, §” << (9')? = 5" << (8')3. Similarly, assume S"” << (5)3
With these assumptions, 2 becomes:
3 2
N3 !

BV~ 2%~
which is still a difficult problem to solve. Therefore, also want to assume (S)% >> %S’ asx — 0T,
Then,

() ~ P
S~ w3 r— 0"
w = (—2)'/3
So(x) ~ —3wz /3 r— 0"
S" ~ _4?11)%_7/3
g 28_71):13—10/3



Now, check our assumptions,

(8")3 ~ —22712/3 5> 387272 v 3wz 103 x— 0"
(8")3 ~ =227 123 5> 8" —%ngn_w/g r— 0"
2
(8")3 ~ —227123 5> "8 ~ ——égw g H/3 r— 0" v

Now estimate the inegrating function C(z) by letting,

S(x) = So(x) + C(x) (3)
and substitute this into 2.
2
SU+ O B (S + OM)(S, + C) (55 + )P = S(S 4 O) 5 =0 (4)
term 1 term 2

term 1: (S/S, + C"S} + S1C" + C"'C)

term 2: (S1)3 + (C')3 + 3(8")2C" + 3(5")(C")?
From here, notice that we have already balanced the terms (S’)? and %%, so they are removed
at this point. Now we make the following assumptions:

S>>, S>> ", SV >>0C" as  x— 07"
These assumptions result in,

35!,

/
SV 43818 4+ 3(S!)2C" ~ =2+ 3

+
x— 0
2 72

Insert the value of S, found in the previous step,

28w _10/3
—u
9
In keeping with the dominant balance idea, it is clear that the middle two terms dominate, thus
leading to the following simplified relation,

— w2z 4 3w 830 ~ 3wz 13 4 307 0/3

3wz 830" ~ a3 x— 0"
C' ~ gx_l x— 0"
4 +

C~ gln(az) x—0

Then C” ~ %4:17_2, Cc" ~ %x‘g and once again, check assumptions made,



S ~wz™ P >> O ~ %x_l r—0" v
Sy~ A >>C" ~ A r—0" v

° 3 3
Sy’ ~ 2877”:13—10/3 >> 0" ~ gx_g r—0" v

With the appearance of the In(x) term, we have likely found the leading behavior already. However,
lets find D, the third term, just to check.

Substitute y = e(So+CotD) then divide by v,

y' =[S, + C} + D'|elSe+ D)
y// _ [S(’)/ + C(/)/ + D//]e(so+Co+D) + [S(/) + C(/) + D/]2e(SO+CO+D)
y/// _ [S:,” i C'(/)” 4 D///]e(So—l-Co—i-D) + 3[5(/)/ + C(/)/ 4 D"] [S(/) 4 Cf, + Dl]e(So+Co+D) + [S(/) + C:, + DI]Se(SO+CO+D)

And...here we go...

S) + CY + D" 43[SYS, + SUCh + S + CUSl + CLEYL + CoD” + DSl + D'C, + DD

+ 685650 + 3[(SHCy + (50)2D' + (Cy)? S, +HCHP* D" + (DS, + (DY2C7] + (55T

Unknown balance

3
O+ D - D14 4 D)+ =0

Assumptions: S} >> C! >> D' S/ >> C! >> D", S/ >> C/” >> D" all as  — 0" and remove
previously balanced terms,

S 4+387C! +3C"S! +3(5.)2D ~ =3(C")S,  x—0"

Subbing in the previously found values for S,, Cl,

3w 10/3 ¢ 28wa—m/g 16w g3 Az 1/3 & 30,20 8/3 ) N%ﬁﬁ



328D ~ 35_“’36—10/3

35
.22 .-2/3
T
35 1. 43
~—/= d
w3
So since 2'/3 — 0 as & — 0%, the leading order behavior is
4
Y~ exp[—%afl/3 + gln(ac) +d z— 0"




