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0.1 problem 3.27 (page 138)

Problem derive 3.4.28. Below is a screen shot from the book giving 3.4.28 at page 88, and
the context it is used in before solving the problem

Example 5 Local behavior of solutions near an irregular singular point of a general nth-order
Schrodinger equation. In this example we derive an extremely simple and important formula for
the leading behavior of solutions to the nth-order Schrodinger equation
d"y
=Q(x
T = Q) (3.4.27)

near an irregular singular point at x,,.

The exponential substitution y = ¢® and the asymptotic approximations d*S/dx* « (S')* as
x = X, for k =2, 3, ..., n give the asymptotic differential equation (S')" ~ Q(x) (x — x,). Thus,
S(x) ~ @ [* [Q(t)]" dt (x = x,), where @ is an nth root of unity. This result determines the n
possible controlling factors of y(x).

The leading behavior of y(x) is found in the usual way (see Prob. 3.27) to be

) ~ el expo [T dt|. x> (3.428)

If xo # o0, (3.4.28) is valid if |(x — x,)'Q(x)| — 00 as x — x,. If x4 = 00, then (3.4.28) is valid if
| x"Q(x)| — o as x — co. This important formula forms the basis of WKB theory and will be
rederived perturbatively and in much greater detail in Sec. 10.2. If Q(x) < 0, solutions to (3.4.27)
oscillate as x — oo; the nature of asymptotic relations between oscillatory functions is discussed
in Sec. 3.7.

Here are some examples of the application of (3.4.28):

(a) For y" = y/x%, y(x) ~ ex*4e* 273 (x 5 0+).

(b) For y” = xy, y(x) ~ cx~13e3***** (x -+ + ), where ® = 1.

(¢) For d*y/dy* = (x* + sin x)y, y(x) ~ cx~ 32" (x - + a0}, where w = +1, *i.

Solution
For n'" order ODE, S, (x) is given by
S50~ [ Quyrdr
And (page 497, textbook)
Si(x) ~ 12—_nn In(Q(x)) +c¢ (10.2.11)
Therefore
y(x) ~exp(Sp + 51)
~ exp(a) fo(t)%dt+ 1_—nln(Q(x)) +c)

w@@%m(fmnw

Note: I have tried other methods to proof this, such as a proof by induction. But was not
able to after many hours trying. The above method uses a given formula which the book
did not indicate how it was obtained. (see key solution)

0.2 Problem 3.33(b) (page 140)

Problem Find leading behavior as x — 0" for x*y’”” - 3x2y’ + 2y = 0
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Solution Let
¥ = e
y =S¢
Yy’ =565+ (S)% ¢S
Y =5"e5+ 5”55 +25'S"eS + ()% e
Hence the ODE becomes
¥ [§7 +35'S" +(8')°] - 322" = 2 (1)
Now, we define S (x) as sum of a number of leading terms, which we try to find
5(x) = 8o (x) + 51 (x) + S (x) + -+

Therefore (1) becomes (using only two terms for now S = Sy + Sy)

(S0 +S11” +3 (S0 + 52 (S + 82"} + {80 + 50} = S0+ S1) =5
(57 + 877} +3{(So +S0) (S + 7)) + (S5 + 1) - % (Sh+57) = —%
3
{s67+ 877} +3{sysh + Sysy + SySh) + {(56)3 +3(55)° 81 +38; (s;)z} -S{s+sil=-5
2)
Assuming that Sj >> S7, 57" >»> 577, (56)3 >> 3 (86)2 S] then equation (2) simplifies to

77 ey ’ 3 3 4 2
S¢"+355S5 +(So) - 35~

3 3 3
Assuming (86) > 507, (56) >> 35S, (S’O) > %Sé (which we need to verify later), then
the above becomes

3 2
Sh) ~——
( 0) x4
VeriﬁcatiogE
1
Since S, ~ (2)> = L then $/ ~ X and S ~ = . N d to verify the th
1mnce 0o~ F = _é en 0o~ _Z an 0o Tj OW we 1nee (0] Ver1y e ree
x3 x3 x3

assumptions made above, which we used to obtain S;,.
3
(86) >> 5y

1 1

Yes.

Yes.

1When carrying out verification, all constant multipliers and signs are automticaly simplified and removed
going from one step to the next, as they do not affect the final result.
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Yes. Assumed balance ise verified. Therefore

2
(s5) ~ A
So~ a)x%1

Where w® = -2. Integrating

~wfx3dx
~a)fx_§dx

~ =Bwx3
Where we ignored the constant of integration since subdominant. To find leading behavior,
we go back to equation (2) and now solve for S;.
2
A
Moving all known quantities (those which are made of Sy and its derlvatlves) to the RHS
and simplifying, gives

(S5 + 77} +3 (S¢S0 + S5} sg’sg)]+{(56)3+3(56)2 5 +384 () } 2 Isp+5;) =

351

{sy7)+3{sysy +sysp) + {3 (S5)° 81 +38; (51)2} —Sy’ - 38y Sy + %56

Now we assume the following (then will verify later)
2 2
3(Sp) S1 > 35(S5)

7’
1> 57

(

(55)

(S5)° 81 3> 78
( ) 1> 57S]
( ) 1> S5YS)

Hence

2 4 35’ "’ 35’
3(Sp) S1-—5 ~ =S¢’ - 35S+ (3)

But

-
5o~ wx3

2 o

(S(’)) ~ w?x3
-7
Sy ~—swx’

0 3
2 -1o
S/Il ~ — WX 3
9

Hence (3) becomes
-4

3( —38)5, 35; 2 0 (4, 7 ) Bwrd
X it N X3 x
@ x2 9a) 3 x2

28 -10 -1 -10
3w? x3 S) —3x725) ~ 5 wx 3 +4w%x 3 +3wx3

-11 -10
For small x, x 3 S’ >> x257 and x 3 >> x5 , then the above simplifies to

-8 -1
Bw?x3 S) ~ 4aw?x3
4
S~ =x71
13
S~ =Inx
173

Where constant of integration was dropped, since subdominant.
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43

N
N

-4 2 =8 =7 1 1 1
Verification Using S -~ x 3, (S()) ~x3,50 ~x3,51~ -5~ 5,5 ~3
3(s5)° s, 3> 355 (51’
0) 21 0”1
31 #1
X3 —>> 1% —
X x
8 =z
X3 3> x3
Yes.
’ 2 4 77
3 (SO) 51 >> 57
21 1
X3 —->> 3
X ox
1 1
-5 = -
: x
X3
Yes.
2
/ ’ ey
3(Sp) S1>> S7S;

81 1 =
X3 = > —x3

X x

-8 =7

X3 3> x3

Yes.

3 S’ZS’ > S5
0) °1 0°1
81 71
X3 —>>x3 —
X X

=8 7
X3 > x3
Yes

12 ’ e
3(50) S1>> 578
=21 1 =
X3 —>> —x3

x x

=8 7

X3 3> x3

Yes. All verified. Leading behavior is

y (x) - eSO(X)+51(x)

14
= exp (cwx3 + glnx)

-1

4 _2
3 pLwx 3

=X
I now wanted to see how Maple solution to this problem compare with the leading behavior
near x = 0. To obtain a solution from Maple, one have to give initial conditions a little
bit removed from x = 0 else no solution could be generated. So using arbitrary initial

conditions at x = 1L a solution was obtained and compared to the above leading behavior.
Another problem is how to select ¢ in the above leading solution. By trial and error a
constant was selected. Here is screen shot of the result. The exact solution generated by
Maple is very complicated, in terms of hypergeom special functions.

ode :=x"4*diff (y(x),x$3) -3*x~2xdiff (y(x) ,x)+2xy(x) ;

pt:=1/100:

ic:=y(pt)=500,D(y) (pt)=0, (DEG2) (y) (pt)=0:

sol:=dsolve({ode,ic},y(x)):

leading:=(x,c)->x"(4/3)*exp(c*x~(-1/3));

plot([leading(x,.1) ,rhs(sol)],x=pt..10,y=0..10,color=[blue,red],
legend=["leading behavior","exact solution"],legendstyle=[location=top]);
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10 8
11
12

14 y
15 n
16
17
18 2
19
20 0

22
23
24
25 0.3 problem 3.33(c) (page 140)
26
27 Problem Find leading behavior as x — 0* for i’ = v/xy
28
99 Solution
30 Let y (x) = ¢°®. Hence
31 5ol
32 y(x) =e?
33 Y’ (x) = Sge%
34 T A%
35 Y’ =Sge + (Sg) e
36 = (sg +(S6) )650
37
38 Substituting in the ODE gives
39 A
0 S§ +(s6)" =V (1)

2
41 Assuming Sj ~ (S()) then (1) becomes
42 -

2

43 56 ~—=(Sp
b (55)

B
o Let S, = z then the above becomes z’ = —z2. Hence @lz = -1 or d—; = —dx. Integrating
46 dx z z

I_ _ ! ,_ 1 . ..
47 ;= x+corz=_—. Hence S) = v Integrating again gives
48

49
So(xX) ~In|x +cq|+ ¢y

o)
(=)

[S2 T
(S

Verification

W N

S = 1 ( /) _ 1 "o _ 1
07 xtey 7 \70 (x+c1)2’ 0 (x+c1)2

Gt O O O
e

(Sa]

A
=))

1
Sy >>x2

[Sx T
~

1
> x2

o
o0}

59 (x+c1)

60 Yes for x — 0*.

61

62 .
63 (56)2 >> x2
64 1 1
65 — > X2
66 (x+c1)

67

69

N NN
N = O
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Yes for x — 0. Verified. Controlling factor is
y (x) ~ eSO(x)

~ eln|x+c1|+c2

~ Ax+ B

0.4 problem 3.35

Problem: Obtain the full asymptotic behavior for small x of solutions to the equation
2

Xy + 2x+ 1)y — 2 (e} +1)y =0
Solution
Let y (x) = ™. Hence
Yy (x) = eSO(x)
Y (x) = Spe
2
]/” — 561650 + (Sé) S0
2
= 55+ (")
Substituting in the ODE gives
2 2
x? (5{; + (56) )eso + (2x +1) SheSo — x? (eZ i 1) S0 = 0
2 2
x? (56' + () )+ 2x+1)S; —xz(ex +1) -0

2 2
x2 (56’ + (SE,) ) +(2x +1) S = x? (ex + 1)
., A2 (2x+1) 2
S +(S6) Sy =er+1

Assuming balance

Sp ~ xex
1
Where 1 was dropped since subdominant to ex for small x.

2 2 1 12
Verification Since (Sf)) ~ ex then Sy ~ ex and 55 ~ —ex, hence

2

4 ’7

(50) > S

2 !

ex =>> €
x

I =

ex >=>> >
X

Yes, As x — 0F

(S’ )2 - (2x -;21) Sh

2 (2x+1)

1
ex >» ex

2
2x+1)
2

ex =>>

2 1
ex > — + —
X X
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Yes as x — 0*. Verified. Hence both assumptions used were verified OK. Hence

2
S ~ *ex

1
SONife?cdx

Since the integral do not have closed form, we will do asymptotic expansion on the integral.
1 1

—ex

! x
Rewriting feidx as f(e—z) (—xz) dx. Using fudv = uv - fvdu, where u = —x?,dv = > gives
—X

1
feidxzuv—fvdu

1 1
= —x2ex — f—erxdx

1
du = -2x and v = ex, hence

1 1
= —x%ex + foede (1)
1 1 1
Now we apply integration by parts on f xexdx = xf—; (—x3) du = f f—; (—x3) du, where
1

= 1
ex 2
u=-x3,dv= 2 hence du = —3x%,v = e, hence we have

1
ferdx = Uv - fvdu
1 1
= —x3ex + foZexdx
Substituting this into (1) gives
1 1 1 1
fede = —x%x +2 (—x3e§ + f3x2e§dx)
1 1 1
= —x2%ex — 2x%ex + 6f3xzexdx

And so on. The series will become
1

1 1 1 1 1
fexdx = —x%ex — 2x3ex + 6xter + 24x%ex + -+ + nly"tlex + -
1
= —ex (xz +2x3 +6xt + -+l )

Now as x — 0%, we can decide how many terms to keep in the RHS, If we keep one term,

then we can say
1
So ~ J_rfeh;lx

1

Ze;

~ +X
For two terms
1 1
So~ + feidx ~ +e¥ (x2 + 2x3)

And so on. Let us use one term for now for the rest of the solution.
1

26;

SONix

To find leading behavior, let

S (x) = So (x) + Sy (x)
Then y (x) = e5®™*+51®) and hence now
¥ (1) = (Sp (x) + 51 (x)) €051

2
y” (x) = ((So +S1)') €051 + (Sg + 51)” ¢S50+
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N
N =

Substituting into the given ODE gives
2 [((50 +8)) +(So+ 51)”] + 2x+1)(So (¥) + S, () — 2 (e )
2
2 [(s;) +81) + (8o + sl)"] Q1) (S50 + 8 () - (e; + 1) _
2 2
2 [(56) +(87) + 2508, + (S + s;')] FQY+1)S) () + x+1) S () - x (ex +1)
2
x? (56)2 + x? (S’) + 2x28) S, + x2Sy + x2Sy + (2x + 1) S} (x) + (2x + 1) S7 (x) = x (e§ + 1)
2 1
But x? (56)2 ~ x? (e§ + 1) since we found that S} ~ ex. Hence the above simplifies to

2
x? (Si) +2x28) Sy + x2Sy + x2Sy + (2x +1) S (x) + (2x +1) S (x) =

\2 sr er o (2x+1) (2x+1) ,
(S5)" +28481 + S + S + =58 (x) + —5—51 (x) =0 (2)
Now looking at Sj + (Zx;q)S(’) (x) terms in the above. We can simplify this since we know
1 1
Sy =ex,5) = —%e?f This terms becomes
1 11 1 1
(2x+1) 1 —ex +2xer +ex 2xex  2ex
—;e x? - x? RS
Therefore (2) becomes
1
2 2 +1 —2ex
(S5) +25pS; + 57 + (& )5'( ) ~ xe
(51)2 Sy (2x+1) Der
+281+ =+ S (x) ~
s, 5 ey W~ g
5] s" 2x +1 -2
( ) 1 ( X )S/ ( ) ~
€X ex xzex X
Assuming the balance is
Sy~ L
L

Hence
Si(x) ~=-In(x)+c

Since ¢ subdominant as x — 0" then

51 (x) ~ —In(x)

Verification

Yes, for x — 0*

Yes.
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2x +1
8 51> (x—l)Si (x)

9 x2ex
10 1 (x+1)1
1 X N
. x2ex
12 1 1
13 -3 —
x 3 =
14 xex
15 Yes. All assumptions verified. Hence leading behavior is
- y() ~ exp (Sp (¥) + S (x))
1
18 ~ exp (ixze,’? -1In (x))
19

i 1 1 1
20 ~ (exp (xzeX) + exp (—xZeX))

>

1 1
22 For small x, then we ignore exp (—xze?c) since much smaller than exp (xzez). Therefore

1 1
~ — 20%
e y(x) xexp (x e )

27
0.5 problem 3.39(h)
29 3
30 problem Find leading asymptotic behavior as x — oo for y’ =¢ ry
solution Let y (x) = ¢°®. Hence
33 y(x) = S0
34 y/ (x) — 56650
2

36 y’ = Sfe% + (56) e%0
37 2
37 = (st + (s5)") e
39 Substituting in the ODE gives
40 ) ,
a (5 + (s0)") o = ¢7xeso

2 3
43 Sy +(St) =€+

2

45 Assuming (SE)) >> S the above becomes

47 (56)2 ~e
18 So ~ ie_zs_x

50 Hence
3
51 Sp~ =+ f e 2dx

53 : . d 2 3 2 . .
Integration by parts. Since ——e2" = ——e 2, then we rewrite the integral above as

55 _3 3 _3(2x?
56 fe 2y = EB 2x (T)dx

57 3 3 2
. . 3 —= —— 2x 4
58 And now apply integration by parts. Let dv = —e 2 — v =¢ 2,u = = — du = 3x, hence

3
60 fe_ﬂdx = [uv] - fvdu

2x% _3 4 _3 g
69 = —¢ 2x — —Xxe 2xgx
! 3 f 3
Ignoring higher terms, then we use

65 2x% 3
SO ~ i?e 2x
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11

Verification
2
(56) >> 5y

32 3 _3
(e Zx) 3> ——e =

2x

_3 3 _3

e x> —e X
2x2

Yes, as x — oo. To find leading behavior, let
S(x) = So(x) + 51 (x)
Then y (x) = e5™*+51%) and hence now
Y () = (Sp (x) + Sy (x)" €501
2
y” () = ((So + S1)') €501 + (Sg + 57)” e50+51
3
Using the above, the ODE y” = ¢ ry now becomes
’ 2 7’ —é
(So+5S1)) +(So+51)" =ex
2 _3
(Sh+S;) +Sy+Sy =ex
2 2 _3
(Sh)" +(S5) +2S4S; + Sy + Sy = e
2 _3
But (Sf)) ~ e x hence the above simplifies to
2
(S5)" +28S + Sy +Sy =0
Assuming (2565’1) >> S the above becomes
2
(S5) +254S7+ S5 =0
2
Assuming 25(S5] >> (Si)

28,5, + S =0
sy

S~ -
T

Sy ~ —% In (Sp)

3
But Sj ~ e 2¢, hence the above becomes

1 _3
51~—Eln(e 2x)+c
~—+cC

4x
Verification

(254S7) > sy

2&3_2i 3 >> 3
4x2

2x38
_3
Jex >> >
2 x? 2x38
For large x the above simplifies to
1 1
; =>> F

Yes.
(25651) > (51)°

2 _21 3 >> 3 :
¢ 4x2 42
3

e >
2 x? 16x*
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For large x the above simplifies to

1 1
— > —
X2 x4

Yes. All verified. Therefore, the leading behavior is

y(x) ~ exp (Sp (x) + 51 (x))
+2x _2_ 1 1 ( 23)+
exp 3 e > nie c
3 2xc _3
< ce® exp (+%e ) M

Check if we can use 3.4.28 to verify:

3
lim [x"Q (x)] = lim [x%¢ x| = o
X— 00 X—00

We can use it. Lets verify using 3.4.28
1-n X 1
¥ ~clQEIZ exp(w [ QI di)

3

Where w? =1. For n =2,Q(x) = ¢ *, the above gives

1-2

y(x) ~ c[e_g] !

1-2 xr 3 %
exp|w f [e t] dt
-1
Y r 3
NC[B x] exp(a)f e tht)
3 _3
~ cetx exp (a) fxe tht) (2)
We see that (1,2) are the same. Verified OK. Notice that in (1), we use the approximation

3
for the e 2xdx = 2—e 2 we found earlier. This was done, since there is no closed form
solution for the integral.

QED.

0.6 problem 3.42(a)

Problem: Extend investigation of example 1 of section 3.5 (a) Obtain the next few cor-
rections to the leading behavior (3.5.5) then see how including these terms improves the
numerical approximation of y (x) in 3.5.1.

Solution Example 1 at page 90 is xy” +y’ = y. The leading behavior is given by 3.5.5 as
(x = o)

-1

1
Y (x) ~ cx T e¥? (8.5.5)

-1
Where the book gives ¢ = %7’(7 on page 91. And 3.5.1 is

00 n

X
y(x) = ,Z;) oy

To see the improvement, the book method is followed. This is described at end of page 91.
This is done by plotting the leading behavior as ratio to y (x) as given in 3.5.1. Hence for
the above leading behavior, we need to plot

(3.5.1)

y(x)
We are given Sy (x), S1 (x) in the problem. They are

1

Sp (x) = 2x2

1
51 (X) = —ZIHX-FC
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13
Hence
-1
Sp(x)=x2
-1 _3
56, = TX 2
, 11
Sl (X) = —Z;
S () = — )
X)= —
1 4x2

We need to find S, (x), S3 (x), --- to see that this will improve the solution y (x) ~ exp (Sg + S; + Sy + -

as x — xo compared to just using leading behavior y (x) ~ exp (Sy + S1). So now we need to
find S, (x)

Let y (x) = ¢°, then the ODE becomes
x(S7+(8))+8 =1
Replacing S by Sy (x) + S1 (x) + S, (x) in the above gives
" 12 1 , 1
(So+51+52) +[(So+sl+52)] +;(So+sl+52) ~ —

st + sy + Sy} +[(Sh+Sy+ Sé)]z + % (S0 + 57 +55) ~

RKIFPRIEPR

(55457 +57)+ {[56]2 +2848] +2848) + [53]2 +251S5 + [Sg]z} + % St + 51+ Sy}~

2 2
Moving all known quantities to the RHS, these are Sy, S, [S(’)] ,25051, 50,51, [S’l] then the
above reduces to

(sy]+ {+2sgs; +2515) + [55]2} + % (s3] ~ % — sy -8y = [s6] — 2841 - %S() - %sg ~[si]

Replacing known terms, by using (1) into the above gives

{sy)+ {256% +2575) + [sg]z} + % s} ~

1+1x-;_L_[x;]z_z(x;)(_zz)_1(x;)_1(_11)_(_11)2
x 2 4x? 4x] «x x\ 4x 4 x
Simplifying gives
) vt 1y 1121 13 2 11 11
[52}+{2sosz+25152+[52] }+;[Sz]~;+§x R i RS L LR
Hence
., . . P 1., 11
(57} + {25555 + 28155 + [S3] | + = {8 ~ 5
Lets assume now that
25755 ~ @)
Therefore
11
%2 32522
1 1
32(x_71)x2
1 3
~ ——x2

We can now verify this before solving the ODE. We need to check that (as x — o)
25055 => Sy
25(55 >=> 2515,

25355 >> [Sé]z

1
25(55 >> ;Sé

)
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6 -5
v Where S7 ~ x 2, Hence

8 25,S5 >> Sy
9 108 =5
10 xz(x2)>>>x2
11 -5
19 X2 >> x2

13 Yes.

12 255} 35 25,5}

. 1 =3
16 X2 s> (—) (x 2 )
17 X
18 X2 s> x_?S
19

20 Yes
21 25055 > |S) i
0°2 2
22 [ 1
23 X2 s> (xT)
24
95 x72 3> x73
26 Yes
2/ 4 7’ 1 7’
28 25055 >> ;52
29 1 =8
30 x‘z > ;x 2
31 =5
39 X723 x2

2

33 Yes. All assumptions are verified. Therefore we can g ahead and solve for S, using (2)
s i

37 gt l

v 2™ TRy,

38

39 IENLNE

40 22 5

41 11

42 Y RE
43
44
45 11
16 27 6
47
48
49 y(x) ~exp(So + 51+ 57)

Hence

The leading behavior now is

1
S ¢

11 11
~ exp 2x2—Zlnx+c+—

16 \x

O«
(S

N

Now we will find S;. From

(6%}

Gt O O O
e

x(S7+(8))+8 =1
Replacing S by Sy + S; + S, + S5 in the above gives

(Sa]

A
=))

G«
~

’7” /2 1 ’
(50+51+SZ+S3) +[(SO+51+52+S3)] +;(SO+51+52+S3) ~

o
o0}
RIPRXRIE

1
23 St + 87+ 5y + Sy} +[(Sh+St+Sy+ sg)]z * = (Sh+ 7+ S5 +85) ~
61 Hence

62
63 2 2 2 2

64 {[56] + 25057 +25Sy +281Sy + [S1] +[S5] + 2S4S + 25155 + 25555 + [S5] }

65

66 1 ’ ’ ’ o 1
(:7) +x{50+51+52+53] -
68
69
70

[St+ 7 +5y+55}+

N
N =

14
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

N
N =

Moving all known quantities to the RHS gives
{syl+ {25653 +251 5, + 2555, + [sg]z} o1 {ss)
x
1

1 7’ ’’ /7 ’ 2 el el g/’ ’ 2 ’ 2 1 4 ’ 4
~—-S{ -5/ -5 —[S6] - 25581 - 25685 - 28185 - [si] - [S3] - 56— =81 -5}
Now we will simplify the RHS, since it is all known. Using
-1
Sp(x) =x2
2
[86 =x!
-1 3
S(/)’ = —X 2
11
S, (x) = —=—
1@ 4x
, o 11
[51 (x)] 16 22
" 1
0= e
, 11
S5 (x) = 33
X2
, 1
(20 = 543
., 31
Sz (X) 6_4 5
X2
, v 11\ 11
it =2(x7) |35 =5
X2
e (11 1
2545 =2(x) |55 | = 1
X2
11 11 1
2515, :2(———)(———3] - L
4x 323{E 64x2
Hence (3) becomes
2y 1
{sg]+{2sg,sg+2s;sg +28585 + [S5] }+ - s} ~
1+1 1 31 1+11+1 1 11 1 1+11+1
X 4264 2 ox o 2 2 dex 5 16x% 1024x3 5 422 32
Simplifying gives

2 1 32 1
(sy]+ {25653 28184+ 28585 + [84] } {8y}~ —[ . ]
X 1024x2
Let us now assume that

5055 >> 5155
5055 >> 5,55

2
5055 >> [sg]
$)S5 > % (s3)

’rQ/ ’7
5553 >> 5%

1

15
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Therefore, we end up with the balance

- 32 1 )
0°3 ™~ ~ 3
1024 1024x
32 1
Sé ~ = 5 + 3 /]
1024128, 1024750
32 1
~ 5y T B
1024x2 (x 2 ) 1024x3 (x 2 )
1 N 1
32x2 >

1024x2
Hence

S 1 2 2
37 qo2a \3222 T ¥

Where constant of integration was ignored. Let us now verify the assumptions made

5055 >=> 5155

So>> 5]
Yes.
5055 >> 5555
So>> S
Yes
S0S3 >> [sg]z
Sy >> S5
Yes.

1
5685 3> ~ (s3)

1
Sp>> -
x
-1 1

X2 > -
X

Yes, as x — oo, and finally

el 7
5055 => S5

o + ! > > + !
7 3202 5 7 " 1623

102422 2048x2
(32vx+1)  128vx+5
10243 7

X 2048x2

Yes, as x — oo. All assumptions verified. The leading behavior now is

y(x) ~exp(Sg+ S1+ Sy +S3)

( 11 1 1 (2 32))
~ exp 2x2——lnx+c+—— — + —

16 yx 1024 \322 * x
SO A T Y -
~ CX % eX X — — —
P 16 yx 1024 (3222 " %

Now we will show how adding more terms to leading behavior improved the y (x) solution

exp(Sg+S51+52+S3)

for large x. When plotting the solutions, we see that e

exp(50+51 +52)

1 sooner than
y(x)

exp(50+51)

y(x)
for larger range of x values. Below is the code used and the plot generated.

16

approached the ratio
and this in turn approached the ratio 1 sooner than just using

. So the effect of adding more terms, is that the solution becomes more accurate



16

19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

60

66
67
68
69
70
71
72

ClearAlll[y, x];

[ 1 Exp[ZX%]] |

sO[x_] := 2pi2
y[x, 300]
1 1
1 Exp[2x2 - ;Log[x]]
sOsl[x ] := 2pi2 H
y[x, 300]
1
1 > 1 1 _ 1
[ % EXP[ZX2 - 4 LOg[X] * 16 Sqrt[x] ]]
s@s1s2[x ] := —2& 5
y[x, 300]
- Exp[2xd - Tloglx] + 2 i L (2, 2)]
% 4 16 Sqrt[x] 1024 \ 32 x2 X
s@s1s2s3[x ] := —22* 5

y[x, 300]

y[x , max_] :=Sum[ x~n/ (Factorial[n] ~2), {n, @, max}];

LogLinearPlot [Evaluate[ {s@s1[x], s@s1ls2[x], s@sls2s3[x]}], {x, 1, 30},
PlotRange -» All, Frame - True, GridLines - Automatic, GridLinesStyle - LightGray,
PlotLegends -» {"exp (S6+S1)", "exp (SO+S1+S2)", "exp (SO+S1+S2+S3)"},

17

FrameLabel - { {None, None}, {"x", "Showing improvement as more terms are added"}},

PlotStyle » {Red, Blue, Black}, BaseStyle -» 14]

Showing improvement as more terms are added

1.00} — -
098"/ |
— exp(S0+S1)
0.961 — exp(S0+S1+S2)
— exp(S0+S1+S2+S3)
0.94+
0.92} ]
1 2 5 10 20
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0.7 problem 3.49(c)

Problem Find the leading behavior as x — oo of the general solution of y”” + xy = x

Solution This is non-homogenous ODE. We solve this by first finding the homogenous
solution (asymptotic solution) and then finding particular solution. Hence we start with

Y +xyn =0
x = oo is ISP point. Therefore, we assume v, (x) = ¢5® and obtain
S+ () +x=0
Let
S(X) = SO +Sl + .-
Therefore (1) becomes
2
(56’ +57 + ) + (56 +5] + ) =X
2 2
(S{)’ + 587 + ) + ([56] + 25057 + [ ’1] + ) =-x
2
Assuming [S(’)] >> S we obtain

56T ~ =
5 ~ wyx
Where w = +i

Verification
2
[S{)] >> 5y
>> L
x —_——
2R
Yes, as x — oo. Hence
3 3
SO ~ EO)XZ
Now we will find S;. From (2), and moving all known terms to RHS
2 2
(s;’+~--)+(2sgsg+[si] +--~)~—x—sg—[sg]
Assuming
25(5] > S7
2
25,51 >> [Si]
1

2
Then (3) becomes (where S}y ~ w+/x, [S(’)] ~ —x,5( ~ %a)ﬁ)

2
28485 ~ —x - 5§ =[S}

AT
~x = jwz = (-2)
~ 2a+/x
1
Tk
Verification (where S}’ ~ ixl_Z

253S] >> S7

ol

4x 4 x2
! > !
17

(1)

(2)

(3)
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’ 19
4
5
0 Yes, as x — o
7
: 2
8 25457 >> [Si]
9 2
1 1
10 — > (—)
11 3 4x
12 1 1
13 T e
14 xe
15 Yes, as x — oco. All validated. We solve for S;
16 oo L
17 Lok
1
18 Si~—-—-Inx+c
19 4
20 yy, is found. It is given by
> i (%) ~ exp (So (x) + S1 ()
3 3 1
23 ~exp|zwx2 - -Inx+c
24 2 4
25 ~ cx_T1 ex Ea)xg
26 *\2
27 Now that we have found y;, we go back and look at
28
99 yu + xy = X5
30 And consider two cases (a) y” ~ x> (b) xy ~ x°. The case of y”’ ~ xy was covered above.
31 This is what we did to find y;, (x).
32
33 case (a)
34 5
| =
35 1
36 Y~ gx‘*
37 1
38 Yp ~ %x‘q’
39 . . . . .
40 Where constants of integration are ignored since subdominant for x — co. Now we check
A1 if this case is valid.
42 Xy, K x°
43 1
44 x%x3 S35
45 xt < a®
46
A7 No. Therefore case (a) did not work out. We try case (b) now
5
48 xyp ~ X
49 o
50 I
51 Now we check is this case is valid.
52 5
;% Yy K x
s 2 5
54 12x° < x
55 Yes. Therefore, we found
56 4
7 Yp~ X
o/
58 Hence the complete asymptotic solution is
59 y(x) ~ yp (x) +y, (%)
60 . X
61 ~ CX* exp (Ea)xi) +x*
62
63
64
65
66
67
68

69

RUBRNERN|
N = O
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