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0.1 Problem 1

Problem 1 [20 points]

Following the steps outlined below, derive the equations of motion of the two degree-of-freedom
manipulator depicted. The links have mass, m, and an inertia tensor, /, given as.

I, 0 0] [ 00

I=0 1, 0|=/0 I, O
001/, |0 01

The location of the center of mass is located in
the middle of each link.

Note: you are strongly advised to use the Matlab
symbolic toolbox (or equivalent) for your
algebraic and differential operations.

» On each link we have attached frames at the
joints and at the center of mass of each link.
Calculate the homogeneous transforms that relate these
frames to the inertial frame {0}. In other words, find,

T, TP, TC°1, and TCOZ. Verify that your matrices are correct
before proceeding to the next step (e.g. check the location m
and orientation of your frames for simple configurations such 92,:’
as 6; = 6, = 90°) *

» The evaluation of the mass matrix of the manipulator will require the L

computation of the linear Jacobian of the center of mass, J,_, for each link
L
and the angular velocity Jacobian for each link, J,,,.
= Find ]1,51 and ]VCz'
= Find J,, and ], .
Verify that your matrices are correct before proceeding to the next step.

» Evaluate the mass matrix, D(q), of the manipulator in terms of mass and geometric properties and its
configuration.

» Evaluate the centrifugal and Coriolis inertial terms of the manipulator in terms of mass and geometric
properties and its configuration.
» Find B(q)[qq]
= Find C(q)[¢?]

» Evaluate the gravity vector, G(q). In frame {0} the gravity vector is givenas: g = g[1 0 0]".

» Form the complete equations of motion in the form

D(9)i+B(@)4g1+ (@4’ 1+G(g) =7

Figure 1: Problem 1 description

0.1.1 Part 1

The homogeneous transformation matrices Tii_1 are found by direct inspection.

[1.3]cosf; O sinf; Lcosb;

T{) _ sin 61 0 —cosf; Lsinb,
0 1 0 0
0 0 0 1

[1.3]cosf2 —sinf; 0 Lcosfs

T21 _ sin 69 cosfp 0 Lsinfy
0 0 1 0
0 0 0 1



Hence
T; = TV'Ty
[1.3]cosf; O sinf; Lcosb; [1.3]cosfy —sinfy 0 Lcosbs
_ sin 64 0 —cosf#; Lsinb, sin 6, cosf; 0 Lsinfy
0 1 0 0 0 0 1 0
0 0 0 1 0 0 0 1
[1.3]cosficosfy —cosfisinfs sinf;  Lcosh; + Lcosbscos by
_ cos 05 sin 61 —sinf;sinfs —cosf; Lsinf; + Lcosbysinb,
sin 69 cos 02 0 Lsin 6,
0 0 0 1

T:~! are now found. These are the same as Tf‘l but with the last column adjusted for the center
of mass position which is given as being in the middle of the link, therefore

[1.3]cosfy 0 sinf; Lcosy
Tc01 — sin 61 0 —cosb % sin 6,
0 1 0 0
0 0 0 1
[1.3]cosfy —sinfy 0 % cos 09
T012 — sin 0o cosfy O % sin 0o
0 0 1 0
0 0 0 1
Hence
TS = TIT.,
[1.3]cosfy O sinfy Lcos6,) [[13]cosby —sinfz 0 Fcosby
_ sin 6, 0 —cosf; Lsin6; sin cosfy 0 % sin 9
0 1 0 0 0 0 1 0
0 0 0 1 0 0 0 1
.3|cosficosfy —cosfisinfy sinby cos By + 5L cos 61 cos b
1.3 0 0 01sin6 in @ Lcosf ;L 0 0
_ cos 0 sin 64 —sinf;sinfy —cosfy Lsinb; + %L cos 05 sin 67
sin 69 cos Oy 0 %L sin 62
0 0 0 1

VERIFICATION:



The end effector position (origin of frame (2)), relative to the inertial frame is given by

'r'g = T20 r%
[1.3] cos@ycosfy —cosfysinfy sinfy  Lcosby + Lcosbacosb; [1.3]0
. cos 05 sin 61 —sinf;sinfy —cos@y Lsinf; + L cosBssin b, 0
B sin 62 cos 69 0 Lsinfy 0
0 0 0 1 1

[1.3]L cos 6 + L cos 6; cos 62
Lsin 6, + L cos 05 sin 61
Lsin 6,

1

When 61 = 63 = 0 the above becomes

[1.3]2L

Which is what expected. Now it is verified for 8; = 90°, §; = 0, Substituting these angle values in
(1) gives
[1.3]0
2L
0
1

as expected. At 61 = 0,0, = 90° and substituting these angle values in (1) gives

as expected. The result of part (1) have been verified.



0.1.2 Part 2

To determine the linear Jacobian for the center of the mass, the following quantities needs to be
determined

o_o 0,0 0 0
z07z1’007017001’002

These are obtained from the result of part (1)

[1.3]0
2= o
1
[1.3] sin 6,
Z? = | —cosb
0
[1.3]0
A= o
0
[1.3]L cos 61
0? = Lsin 6,
0
[1.3]£ cos 6,
081 = % sin 91
0
[1.3]L cos by + %L cos 61 cos 6
022 = Lsinf, + %L cos 05 sin 61
%L sin 6y

Therefore

Ty, = <[1.3]z8 x (02, — 0f) O)

vcl C1
[1.3]0 [1.3]5 cos 61 [1.3]0
=3[ o |x Lsing, |—| 0 0
1 0 0

[1.3] — 2Lsin6; 0
= %L cos 61 0
0 0




Joey = (1312 x 0%, 20 x (o, — o))
[1.3]0 [1.3] L cos 6; + %L cos 61 cos 0 [1.3] sin 6, [1.3]L cos 61 + 3L cos 6 cos 6,
= | [1.3] 0 X Lsin 6, + %L cos 05 sin 61 —cosf; | % Lsin6; + %L cos 05 sin 6
1 %L sin 62 0 %L sin 09

1.3] — Lsin®; — 1 LcosO,sinf; —1Lcosh;sinb,
2 2

= LcosOy + %L cos 61 cos Oy —%L sin 61 sin 69

0 Lcosty

Now the angular velocity Jacobians are found

[1.3]0 0
Jo =388 0)=| [ o o
1 0
[1.3]0 sin6;
JwQ = ([1.3]5128 f::zzo) = 0 —cos b,
1 0
VERIFICATION:
To verify the linear velocity Jacobians the following relations are used
Ore Ore
Joe, = ([1.3] o a’;,;) (2)
Ore ore
Joe, = ([1.3]%2 W;) (3)

Result obtained from the above is compared to part (2) result. In the above, 7, is the position of
the center of mass of link 4 measured from the origin of the inertial frame. Thereford]

0 _ 70,1

T'cl - +1 Tcl
[1.3]cosf; O sinf; Lcosb; [1.3] — %
_ sin 64 0 —cosf; Lsinb 0
0 1 0 0 0
0 0 0 1 1
[1.3]2 L cos b4
— %L sin 6;
0
1

. . T
lwe can also use 7'81 = T,?l rei where in this case r¢} = [0,0,0,1]



Therefore
[1.3]3 L cos 6

Tey, = %L sin 61
0
Using the above in (2) gives
[1.3]3L cos 6, [1.3]2L cos b
o, = [1-3]3%1 %L sin 64 3%2 %L sin 61
0 0

[1.3] — Lsinf; 0
= %L cos 61 0
0 0

The above is the same result obtained in part (2). Similarly J,,, is verified

[1.3] cosf; cosfy —cosfisinfy sinfy Lcosh; + Lcosbscosby [1.3] — %

_ cos 05 sin 6 —sinf;sinfy —cosf; Lsinf; + L cosbysin b, 0
sin 6o cos Oy 0 Lsin 6, 0
0 0 0 1 1

[1.3]L cos 61 + 3L cos 6; cos 0y

Lsinf; + %L cos 05 sin 61

%L sin 09
1
Hence
[1.3]L cos 61 + 3L cos 6 cos 6,
r22 = Lsin6; + %L cos 05 sin 67
%L sin 6y

Using the above in (3) gives

[1.3]L cos 61 + 3L cos 6 cos 6 [1.3]L cos 61 + 3 L cos 6 cos 6

Joe, = [1.3]3%1 Lsin6; + %L cos 69 sin 61 6%2 Lsin6; + %L cos 09 sin 61
%L sin 6, %L sin 6y

[1.3] — Lsin6; — %L sin 81 cos 62 —%L cos 01 sin 6,
= LcosB; + %L cos 05 cos 0 —%L sin 65 sin 61

0 %L cos Oy

The above is the same as found in part(2).



0.2 Part3

The mass matrix D(q) is evaluated. By definition
2 . T
D(g) = > miJi Ju., + JLRIL (RS o, (4)
i=1

The following is found in part (1)
[1.3]cosfy 0 siné,

R(1) = sin 64 0 —cosf;
0 1 0
[1.3] cosf1 cosfy —cosfysinfy sinb;
Ry = cos 0 sin 64 —sinf;sinfy —cosb;
sin 05 cos 0 0

Therefore (4) becomes

T
[1.3] — 3Lsin6; 0 [1.3] — 3Lsin6; 0

D1 (q) =ma %L cos 01 0 %L cos 01 0
0 0 0 0
[1.3]0 0\ [[1.3]cosé; 0 sin6 \ ([1.3]1, 0 0
+ 0 0 sin 61 0 —cosb 0 I, 0
1 0 0 1 0 0 0 I,
T
[1.3]cosf; 0 sin6; [1.3]0 O
sin 6, 0 —cosf; 0 0
0 1 0 1 0
- ([1.3];11L2+Ia 0)
0 0

T
[1.3] — Lsin6; — %Lsin 01 cos 0, —%L cos 07 sin 0 [1.3] — Lsiné; — %L sin 61 cos 09 —%L cos

Dy (q) = mo Lcos6; + %L cos 65 cos 61 —%L sin 65 sin 64 Lcosfy + %L cos B cos 6 —%L sin
0 %L cos Oy 0 %L C(

[1.3]0 sin#; T [1.3] cosf1 cosfy —cosfysinfy sinb [1.3]%Ia 0 0

+ 0 —cos by cos 0, sin 04 —sinf;sinfy; —cosb; 0 I, 0

1 0 sin 6y cos 0 0 0 0 I,

T
[1.3] cosfy cosfy —cosfsinfy sinb; [1.3]0 sin6;
cos 05 sin 61 —sinfsinf; —cosb; 0 —cos bty
sin 6o cos Oy 0 1 0

[1.3]3 (615 + 9L? + 8L2 cos b + (21, + L?) cos (262)) 0
0 L+Z
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Hence the D (q) becomes

[1.3]m1 (%L2 + Ia) 0 [1.3]3 (615 + 9L? + 8L2 cos b + (21, + L?) cos (262)) 0
D(q) = +ma L?
0 0 0 I+ %

[1.3]m, (Ia + iLz) + %mz (61, +9L% + 8L% cos b2 + (21, + L?) cos (262)) 0

0 ma (Ia + %2)

0.2.1 Part 4

The Coriolis term B(q) [¢4] is now evaluated

2b212

. 2b1’12 ..
B (q) [44] = l ] [ (1)
Where b; ;. is the Christoffel symbol of first kind defined as

1
= (dijr + ding — dijrs)

bk =
i,k 2

Where d; ;i = %. Using these in (1) gives

B(g) i = d112 + d121 — dlZl] [9192]

| d212 + d221 — di22

dii2 ) A
= 0,6
| do12 + d2o1 — d122] [ ' 2]

%
_ a2 W
T |oda | 0dn _ 0dip 162
| Og2 Oq1 Oq2
The mass matrix was found in part (3) as
my (Ia + %L2> + %mg (61, +9L% + 8L% cos b2 + (21, + L?) cos (262)) 0
D(q) =
0 ma (I + &)
Hence
adi, . ad11
dq2 00,
0 1 1
= %6, [ml (Ia + A_LLz) + §m2 (GIa +9L2 + 8L% cos Oy + (2Ia + L2) cos (202))]
1
= g2 (~8L2sin 0 — 2 (21, + L?) sin (265))

1
= —mpL?sinby — Jmy (2. + L?) sin (205)



And

And

And

Hence

B(q) l44] =

Oda1  Oda
Oqp 00,
=0
Oday  Odao
oq B 06,
=0
ddi2 . 0di2
dq2 00,
=0

l—mzL2 sin @y — ;11m2 (21, + L?) sin (202)] [0192]
0

[—m29192L2 sin 92 - L—llélégmz (ZIa + L2) sin (292)
0

|

The centrifugal term is now evaluated

Where

And

biii broz| |62
20 ) » 1
C(q) [q ] - [bQ,n 62,22] [93]

1
bii1 = 3 (d111 + di11 — din1)
1

=d
2 111

_ 18du
2 0q
=0

1
b1 22 = 3 (d122 + di22 — d221)

1
=dj2 — §d221
_ Odiz 10dy
06, 206,

11
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And

1
b211 = = (do11 + do11 — d112)

2
1
=do11 — §d112
_ 0da 10d11

1 . 1 .
= §m2L2 sin 69 + gmg (2Ia + L2) sin (2603)
And

1
b2 = 3 (dag2 + d222 — da22)

1
= —d
2 222

_ 108dn
"2 06,
=0

Therefore

ol 0 0] |67
(Q) [q ] - %m2L2 sin 0 + %mg (2Ia + L2) sin (202) 0 9%

0
o l%mgé%Lz sin 0y + %mﬁ% (21, + L?) sin (292)]

0.2.2 Part (5)

The gravity vector G(q) is now evaluated

G (q) = - [JI mig+ JI, mag] (1)
From part(2) we found
[— %L sin@; O
v, = %L cosf; O
0 0
[ Lsin 01 — %L sinf; cosfy — %L cos 61 sin 0y
Jvcz = | Lcos@; + %L cos 05 cos 01 —%L sin 65 sin 67

0 %L cos 0y
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Hence (1) becomes

T . . .
—%Lsin 6, 0 1 —Lsin6; — %L sin 61 cos 05 —%L cos 67 sin 05 1
G (q) = —mag %Lcos 6, 0 0| —mog | LcosO; + %L cos 05 cos 01 —%L sin 65 sin 67 0
0 0 0 0 %L cos 05 0

l% gmiLsin 91] _ [—Lgm2 sin 6 — %Lgmz cos 65 sin 91}

0 - %gmzL cos 07 sin 0y

B [%Lgml sin §; + Lgmo sin 67 + %Lgmg cos 05 sin 01]

%Lgmz cos 0 sin 65

0.2.3 Part (6)

The equation of motion is now found using above results. Using the notation [ ] for a matrix and
{ 1} for a vector, it is written as

mass matrix Coriolis centrifugal gravity torques
[D1{a} +{Bl{aa}+[C1{}+ 6] = 1r}

Since there is no applied external torques or forces, the right hand side is zero. The equation of
motion becomes

my <Ia + %Lz) + %mQ (61, +9L% + 8L% cos b2 + (21, + L?) cos (262)) 0 4
0 mo (Ia + %2) éZ
+ [ moL2?sin 6y — ‘—1Lm2 (2, + L?) sin (262) [0102] 4 0 0 9%
0 gmaL?sinfs + gmy (21, + L?) sin (262) 0] (42
N _%Lgml sin 61 + Lgmosin 6 + %Lgmg cos 05 sin 61 _m
%Lgmg cos 01 sin 04 71

Looking at each equation of motion on its own, for #; the equation of motion is

b [ml (Ia + }lLQ) + émQ (61, + (cos(265)) (L* + 21,) + 8L* cos 0 + 9L2)]

1 - 1 1
— (mgL2 sin 09 + 2 (2Ia + L2> sin (202)) 0105 + iLgml sin 0 + Lgms sin 61 + ELgmg cosfssinf; =0

And the equation of motion for 65 is

N 1 1 1 : 1
Gamo (ZL2 + Ia) + (§m2L2 sin 69 + ng (2Ia + L2) sin (202)) 0% + §L9m2 cosfysinfy =0
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These are coupled differential equations since 02,61 appears in both equations. They are also
nonlinear due to the 62,62 terms.

0.3 Problem 2

Problem 2. [20 points]

Using your results from the previous question, write a Matlab numerical simulation of the manipulator
described in Question 2. Implement a 4™ order Runge-Kutta numerical integration of your equations of
motion. The model and simulation parameters are given below.

Geometric parameters: L= 2 meters

Mass properties: m=10kg
I,=5 kg/m2
2=9.81 m/s?

Simulation parameters: At =0.01 seconds (integration time step)
Tinar = 20 seconds (simulated time duration)

Note, to help you develop your code, some example code has been posted to the course Learn@UW page.
Please use these scripts as a starting point. I would advise you to review all of the posted examples before
you start working on your code.

» Simulate (and animate) the release of the manipulator from a vertical position (i.e. g = 180°,q, =
0) with small initial joint velocity (g; = g, = 0.1r/s). You may want to add a small amount of
damping to the joint torque vector such that the system starts to settle after a few major oscillations
(suggested ¢; = 1 N-m/r/s where 7; = —c;q;).

» To check that you simulation (and equations of motion) are correct, calculate and plot the system
energy for the case where the damping coefficients are set equal to zero. Specifically, please plot the
total system kinetic energy, T, the total system potential energy, V, and the total system energy (7 +
V) as a function of time. If your simulation and underlying equations of motion are correct, the total
energy should stay constant.

Figure 2: Problem 2 description

0.4 Part1l

The equations of motions for the 2 link serial manipulator were simulated by modifying the learn
UW Matlab code using results of problem 1.



z

y 0timé1 =-20.00006D

‘\14//%

Figure 3: screen shot of simulation
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A small amount of damping ¢ =1 N-m/r/s was added to both joints in the file zDot2dof .m and

the simulation was run for 20 seconds.

When adding damping, the equation of motion becomes

mass matrix

—
[DI{q} +

Coriolis centrifugal gravity  torques
- — .9 ~~ =
i} +[Blagr+[C1{¢*}+ 161 = 1r}

Where ¢ above is the damping constant used.

The diagram below shows that total energy decreased as would be expected.

Energy [joules]

System energy as a function of time
HW 3, problem 2

total energy
potential energy
kinetic energy

I I

. . . . . !
4 6 8 10 12 14 16 18

Time [seconds]

Figure 4: Damping ¢ = 1 N-m/r/s for 20 seconds

The damping ¢ was now increased to 5 N-m/r/s and the simulation time increased to 50 seconds.
Now the total energy decreased to almost zero by the end of the simulation and the robot arm
came close to being at rest. This was done as an additional verification yo verify the equations of

motion.
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System energy as a function of time
HW 3, problem 2

total energy
potential energy | _|
kinetic energy

600

400

N
o
o

Energy [joules]
o

-200

-400 [

0 5 10 15 20 25 30 35 40 45
Time [seconds]

Figure 5: Damping ¢ = 5 N-m/r/s for 50 seconds

0.4.1 Part 2

The damping constant was removed and the simulation run again for 20 seconds. The total energy
remained constant as would be expected

System energy as a function of time
HW 3, problem 2

1 N )

o
Q
= 200 4
o
=
>
2
(o) 0
C
w
-200 [
L total energy i
-400 potential energy
kinetic energy

0 2 4 6 8 10 12 14 16 18
Time [seconds]

Figure 6: Damping ¢ = 0 for 20 seconds
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0.4.2 Animation

The following is a movie of the first 10 seconds of the simulation for the zero damping case.

0.4.3 source code

The following are the Matlab source code listings of all the files used used for the implementation
of this problem.

%nma_HW3_problem.m

%This is modified version of the UW learn script used to solve
%probvlem 2, HW 3. ME 739, Univ. Wisconsin Madison

/%Nasser M. Abbasi

%__ _ _ _ _ _ - - - - - = —

% NUMERICAL INTEGRATION OF DYNAMIC EQUATIONS

%__ = = = = = = ——

clear all; close all; clc;
DO_MOVIE = false; %make true to generate movie frames

% model parameters

modelParameters.g = 9.81; 7, gravitational constant [m/s”2]
modelParameters.m 10; % link mass [kg]

modelParameters.L 2; % link length [m]

modelParameters.la = 5; % inertia (_|_ to 1link’s CL) [kg/m~2]

% initialize integration variables

dT = .01; %integration step size

tend = 20; Y%simulation run time

numPts = floor(tend/dT);

q = zeros(2,numPts) ; %pre-allocate array

dq = zeros(2,numPts) ;

t = zeros(1,numPts);

q(:,1) = [pi; 0]; %initial position

qd(:,1) = [0.1; 0.1]; %initial velocity

z = [q(:,1); qd(:,1)]; Yinitialize the state variables

% integrate equations of motion
for i = 1:numPts-1
% Runge-Kutta 4th order

k1 = zDot2dof (z,modelParameters);

k2 = zDot2dof(z + 0.5*%k1*dT,modelParameters) ;
k3 = zDot2dof(z + 0.5%k2*dT,modelParameters) ;
k4 = zDot2dof(z + k3*dT,modelParameters) ;

z =2z + (1/6)*(k1 + 2*¥k2 + 2%k3 + k4)*dT;

% store joint position and velocity for post processing
q(:,i+1) = z(1:2);
qd(:,i+1) = z(3:4);
t(1,i+1) t(1,1i) + dT;
end

%__ = = = = = = = = = ——

% RENDERING INITIALIZATION




%-——-set rendering window view parameters
L = modelParameters.L;

L1 =L;

L2 =1L;

f_handle =1;

axis_limits = L*[-2 2 -2 2 -1 1];

render_view = [-.4 -.8 .5]; view_up = [-1 0 0];
SetRenderingViewParameters(axis_limits,render_view,view_up,f_handle);
camproj perspective ), turns on perspective

%-—--initialize rendering

% link 00 rendering initialization, this is the base on the wall

% fixed, used for illustration

r00 = L; sides00 = 4; axis00 = 3; norm_LOO = 1.0;

linkColorl = [.6 0.75 0]; plotFrame0O = O;

d00 = CreateLinkRendering(0.01%L,r00,sides00,axis00,norm_LOO,...
linkColorl,plotFrame00,f_handle);

% link O this is the rod holding the arm, fixed does not move

r0 = L/10; sidesO = 10; axisO = 3; norm_L = 1.0;

linkColor0 = [0.75 1 1]; plotFrame0O = 0;

d0 = CreateLinkRendering(L,r0,sides0,axisO,norm_L,linkColorO0,...
plotFrameO,f_handle);

% link 1 rendering initialization

rl = L1/5; sidesl = 10; axisl = 1; norm_L1 = 1.0;

linkColorl = [0 0.75 0]; plotFramel = 0;

dl = CreatelLinkRendering(Ll,rl,sidesl,axisl,norm_L1,linkColori,...
plotFramel,f_handle) ;

% link 2 rendering initialization

r2 = L2/6; sides2 = 10; axis2 = 1; norm_L2 = 1.0;

linkColor2 = [0.75 0 0]; plotFrame2 = 0;

d2 = CreatelLinkRendering(L2,r2,sides2,axis2,norm_L2,linkColor2,...
plotFrame2,f_handle);

e e e e e e e A e AR Sss
% DISPLAY INTERATION RESULTS

% ________________ = = e = = = ——

%since these links are fixed, they are set outside the loop
TOO =1[1 O 0 O

0 1 0 0

0 0 1 -L

0 0 0 1]1;
TO =[1 O 0O 0

0 1 0 0

0 o0 1 0

0 0 0 1];
UpdateLink(d00,TO00) ;

UpdateLink(d0,TO) ;

19




for

end

%__
b
%__

<
]

0;

i = 1:numPts

% Update frame {1}

c = cos(q(1,i)); s = sin(q(1,i)); L
Ti0 = [c 0 s Lx*c

0 -c Lxs

1 0 O

o o0 1];

L1;
s
0
0

% Update frame {2}

c = cos(q(2,i)); s = sin(q(2,i)); L
T21 = [c -s 0 L*c

0 Lxs

1 0

0o 1]1;

T10%T21;

L2;

I © ouwn
O O 0

T20

UpdateLink(d1,T10);
UpdateLink(d2,T20) ;

title(sprintf(’time = Jf’,i*dT));

if i == 1; Jpause at start of simulation rendering
pause;

end

if DO_MOVIE

k = kt+1;

I = getframe(gcf);

imwrite(I.cdata, sprintf(’frame’d.png’,k));
end

pause (dT) ;

ENERGY BALANCE - TO CHECK SIMULATION RESULTS

zeros (numPts,1);
V;
Vs

i = 1:numPts

% kinetic energy

Q = q(:,1);

Qd = qd(:,1i);

D = Dmatrix2dof (Q,modelParameters) ;
T(i) = (1/2)*Qd’*D*Qd;

% potential energy

)
h

C

evaluate position of links center of mass
Link 1:

= cos(q(1,1i));

20




s = sin(q(1,i)); L = L1;
TiI0 =[c 0 s Lx*c

s 0 -c Lxs

0 1 0O 0

0 0 0 1];
L = L1/2;
Ti0c = [c 0 s Lx*c

s 0 -c Lxs

0 1 0 0

0 0 0 1];
% Link 2:
c = cos(q(2,i));
s = sin(q(2,1)); L = L2;

T21 = [c -s 0 Lx*c
s c O L*s

0O 0 1 0
0O 0 O 11;
L = 1L2/2;
T21c = [c -s 0 Lxc
s c 0 Lxs
0O 0 1 0
0 0 o0 11;

T20 = T10%T21;
T20c = T10*T21c;

% assign center of mass position vectors
rcl = T10c(1:3,4);

rc2 = T20c(1:3,4);

g = modelParameters.g*[1; 0; 0];

m modelParameters.m;

% calculate the gravitational potential energy
V(i) = -(m*g’*rcl + mxg’*rc2 );

% calculate the total system energy
E{1) = V(@) + T@);
end

% plot the energy terms as a function of time

figure; plot(t,E,’b’,t, V,’g’,t,T,’r’);

legend(’total energy’, ’potential energy’, ’kinetic energy’)
xlabel(’Time [seconds]’);ylabel(’Energy [joules]’);
title({’System energy as a function of time’,’HW 3, problem 2°’});
axis([0 max(t) -1.5%max(E) 2*max(E)])
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%zDot2dof .m

%problem 2, HW 3. ME 739, Univ. Wisconsin Madison
%called from RK-4 numerical integration method
%Nasser M. Abbasi

function [zDot] = zDot2dof (z,modelParameters);
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% assign joint displacements / velocities from state variables
q = [z(1); z(2)1;
qd = [2z(3); z(4)];

calculate D, B, D, and G matrices
= Dmatrix2dof (q,modelParameters) ;
Bmatrix2dof (q,modelParameters) ;
Cmatrix2dof (q,modelParameters) ;
Gvector2dof (q,modelParameters) ;

Q QW O
]

%viscous friction in joints
tau_friction = 0; J5%qd; %5%qd;

%acceleration

qdqd = [qd(1)*qd(2)];

qd2 = [qd(1)*qd(1); qd(2)*qd(2)];

qdd = D\(-B*qdqd - C*qd2 - G - tau_friction);

% assign state variable derivatives
zDot = [qd; qdd];

end

function G = Gvector2dof(q, modelParameters)

% assign model parameters to local variables
g = modelParameters.g;
m = modelParameters.m;
L = modelParameters.L;

G=zeros (2,1);

G(1,1) = 1/2«Lxmxg*sin (q(1))+L*g+m«sin (q(1l))+1/2+«Lxgxmxcos(q(2))*sin(q(1l));
G(2,1) 1/2xLxgxmxcos (q(1))*sin(q(2));

end

Y%Dmatrix2dof .m

%probvlem 2, HW 3. ME 739, Univ. Wisconsin Madison
%build the mass matrix D

/%Nasser M. Abbasi

function D = Dmatrix2dof (q,modelParameters)

% assign model parameters to local variables
m = modelParameters.m;

Ia = modelParameters.Ia;
L = modelParameters.L;

D=zeros(2,2);



D(1,1) = m*(Ia+1/4%L"2)+1/8%m* (6*Ia+9*L"~2+8*L"2*cos(q(2))...

+(2xIa+L"2) *cos (2%q(2)));

D(1,2) = 0;
D(2,1) = D(1,2);
D(2,2) = m*x(Ia+L"2/4);

end
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J%Cmatrix2dof.m

%probvlem 2, HW 3. ME 739, Univ. Wisconsin Madison
%build the C matrix

%Nasser M. Abbasi

function C = Cmatrix2dof (q,modelParameters)

% assign model parameters to local variables
m = modelParameters.m;

Ia = modelParameters.Ia;

L = modelParameters.L;

C=zeros(2,2);

c(1,1) = 0;
c(1,2) = 0;
C(2,1) = 1/2*m*L"2*sin(q(2))+1/8*m* (2+%Ia+L"2)*sin(2%q(2));
c(2,2) = 0;

end

J%Bmatrix2dof.m

%probvlem 2, HW 3. ME 739, Univ. Wisconsin Madison
%build the B matrix

%Nasser M. Abbasi

function B = Bmatrix2dof (q,modelParameters)

% assign model parameters to local variables
m = modelParameters.m;
Ia = modelParameters.Ia;

L = modelParameters.L;

B=zeros(2,1);

B(1,1)

-m*L"2%sin(q(2))-1/4*m* (2*Ia+L"2) *sin(2%q(2) ) ;
B(2,1) ;

0;

end
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