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1 HW 10

Math 322 (Smith): Problem Set 10
Due Wednesday Dec. 7, 2016

1-4) For the following problems, determine a representation of the solution in terms of a
symmetric Green’s function. Use appropriate homogeneous boundary conditions for the
Green’s function. Show that the boundary terms can also be understood using homoge-
neous solutions of the differential equation.

d?u du

@Zf(m), 0<z<1, u(0)=A, %(1)23 1)
d?u
gz tu=1@), 0<z<L w(0)=A u(l)=B, L#n (2)
d2u_ I . dUL .
Tz = /@), 0<e<l, w(0)=A4, —(L)+hu(l)=0 (3)
%JFQ%JFU:J”(IL 0<z<1, w0)=0, wu(l)=1 (4)

11 Problem1

version 040417

d?u

dx?
Note: I used L for the length instead of one. Will replace L by one at the very end. This makes it
more clear. Compare the above to the standard form (Sturm-Liouville)

d ( du
g (PE) +qu = f(x)

du
:f(x)}0<x<L;u(0):A;E(l):B

Therefore it becomes
d { du
dx (de) =f®

px) =1

Green function is G (x, x) (will use xy which is what the book uses, instead of a, as xj is more clear).
Green function is the solution to

d?G (x, xp)
a2 6 (x — x)
G (0, xO) =0
dG(L,xp) 0
dx
2 2
Where xj is the location of the impulse. Since d iixz’m) = 0 for x # xj, then the solution to 4 i(;z’xO) =0,
which is a linear function in this case, is broken into two regions
Ax+ A O<x<ux
Glrx)=1 1% ’
le + Bz Xg <Xx< L
The first solution, using G(0,x) = 0 gives A, = 0 and the second solution using % = 0 gives
B; =0, hence the above reduces to )
Agx x < Xp
G (x,x) = { 1)
Bz Xg <X

We are left with constants to A;, B, to find. The continuity condition at x = xy gives

A1X0 = B2 (2)



The jump discontinuity of the derivative of G (x,x;) at x = x, gives the final equation

d d -1
——G(x,x0) - =G (x, x0) = =-1 (24A)
dx dx p (xo)
Xp<x x<Xxp
Since p (x) =1 in this problem. But
dG (x, A
fix XQ) _ { 1 X <Xy (3)
X 0 Xg <X
Hence (2A) becomes
0-(A)=-1
Therefore
A1 = 1 (4)

Solving (2,4) gives B, = x;. Hence the Green function is, from (1)

x x < X
G (x,xg) =
X0 X0 <X

L L L L L
0.2 0.4 0.6 0.8 1.0

And dG;x,xO)

» where now derivative is w.r.t. x, is
0

dG (x, xp) _{ 0 X < X

de 1 Xg <X

We now have all the information needed to evaluate the solution to the original ODE.

particular solution boundary terms

d d xo=L
u(x) = fG(x xp) f (xo) dxo + [p(xO)G(x Xo) M(XO) — p (xo) 1 (xo) G (x, xo)]
x0=0
Since p (xg) =1 then
y(x) = f G (%, x0) f (x0) dxg + | G (x, xp) u(XO) " (x )dG(x xo)] 0=
x0=0
Let u), = [G (2, x u (xo) o XO)] , hence
Xp=' 0
v = Glx L)du(xo)( I)- u(L)@(L) Gx O)du(xo)( 0+ 10 )dG;x %) )
O O X0
But
G, L)=x
du (xO) (0)=B
aG (x xo)
e (0=
G(x,0)=0
4G (&%) ) _ 4
de
u(0) =
Then
u,=xB+A

We see that the boundary terms are linear in x, which is expected as the fundamental solutions for



the homogenous solution as linear. The complete solution is
L
y@ = [ Gl xo) f (o) dng+ (B + A)
0
L
= f G (x,xg) f (xg)dxg +xB + A
0

X L
=f xOf(xO)dx0+f xf (xg) dxg + xB + A
0

X

For example, if f (x) = x, or f (xg) = xo then (but remeber, we have to use —f (x) since we are using
S-L form)

X 1
v == [ Glo) f Goxo+ [ G0 x0) (of oo + (0B + 4)

X 1
=- f XoXodxy — f XXgdxg + xB + A
0

X
1

3\* 2
- (R —xE +xB+A
3 0 2

X
= l 1_= +xB+ A
B Y A CR Y R
1 1
=A—§x+Bx+gx3

To verify the result, this was solved directly, with f (x) = x, giving same answer as above.

DSolve[{u''[X] ==X, u[@] == A@, u'[1] == BO}, u[x], x]

{{u[x] —>% (6A0-3x+6Bex+x3)}}

Expand [%]

{{u[x] —>Ae-§+Bex+X—;}}

And if f(x) = 2, or f(xp) = x3, then
X L
= - d - d B+ A
y(x) j(;xo( £ (x0)) xo*‘j; x (~f (%)) dxq + xB +

X 1
=- f Xpx3dxg — x f x3dxo + xB + A
0 X

x 1

4 3
=—(@) —x(@) +xB+ A
4 3
0 x

_x4 1xS+B+A
VYR Y A

1 1
=A--x+Bx+ —x*
3X X 12x

To verify the result, this was solved directly, with f (x) = x?, giving same answer as above.

DSolve[{u''[x] == x"2, u[@] == A@, u'[1] == BB}, u[x], x]

{{urx - % (1280 - ax + 12B0x+ x*) } |
Expand [%]

{{u[x} aA9—§+B0x+ )1(—:}}

This shows the benefit of Green function. Once we know G (x, xj), then changing the source term,

requires only convolution to find the new solution, instead of solving the ODE again as normally
done.

1.2 Problem 2

2

d
é+u:f(x);0<x<L;u(0):A;u(L):B;Linn

Solution



Compare the above to the standard form

d ( du
e (Pa) +qu = f(x)

—pu” +qu = f (%)

Therefore
p(x)=-1
Green function is the solution to
d?G (x, xp)
TO + G (x,x9) = 0 (x — xp)
G (0/ xO) =0
G(L,x9) =0
d2G(x,xg)

Where x is the location of the impulse. Since = 0 for x # xj, then the solution to

G (x,x0) = 0, is broken into two regions

dx?

Aqcosx+ Aysinx X < Xg

G (x,xp) = {

Bicosx + Bysinx Xp < X

d2G(x,x
(2 0) "
dx

The first boundary condition on the left gives A; = 0. Second boundary conditions on the right

gives

BicosL + BysinL =0

B B sin L
1= 2008 L
Hence the solution now looks like
Ay sinx X < Xp
Cxx) = B sinL + B, sin <
255 COSX + Bysinx Xg <X
But
sin L . Bz . .
-B, CcosSX + By sinx = (sinxcosL — cosxsinL)
cos L cosL

Using trig identity sin (2 — b) = sinacosb — cosasinb, the above can be written as % sin (x — L),

hence the solution becomes

Ay sinx x < Xg
G(x,x0) =4 B,

Esm(x—L) Xg <X

Continuity at x; gives

i - B2
zsme—COSLsm(xO—L)

And jump discontinuity on derivative of G gives
(xo-L)-A Xg = LI 1
cos(xg—L)—Aycosxg=——— =
0 2 0 )

2
osL

B
2L cos(xg—L)—Aycosxg =1

Now we need to solve (2,3) for A, B, to obtain the final solution for G (x,xy). From (2),

B,

= —————sin(xg—-L
cos L sin xg (xo=L)

Ay

Plug into (3)

B
2 2 .
cos(xg—L) — ——————sin(xp— L)cosxy =1
L (o =L) cos L sin x (o = L) 0
COS X
cos (xg—L) - sin (xg — L) — 9-1
osL cos sin xg
COS X
By cos(xg — L) — By sin (xg — L) — 9 = cosL
sin xg
COS X
B, (cos(xO—L)—sin(xo—L) - 0| = cosL
Sin Xy

B, (sin xg cos (xg — L) — cos xg sin (xg — L)) = cos Lsin x

1)

2)

()

(4)



But using trig identity sin (a — b) = sinacosb — cosasinb we can write above as
B, (sin (xg — (xg — L))) = cos Lsin x,

B, sin L = cos Lsin x,

B, = cos L sin x;
27 sinL
Now that we found B,, we go back and find A, from (4)
Ay = cos L sin xg 1 . sin (xp - L)
sinL.  cosLsinx,
_ sin(xg - L)

sinL
Therefore Green function is, from (1)
sin(xp—L)

— L
G(x/xo) - { COSLsinxSom 1

sin L cosL

sin x X < Xg

sin (x — L) Xg < X

Or
sinbo-l) Gin x X < X
G (X xO) sm)?(;nL (5)
- n(x-L) Xg <X
It is symmetrical. Here is a plot of G (x, x) for some arbitrary xj located at x = 0.75 for L = 1.
Problem 2 Green function. x0=0.75
0.00[- ' ' ' '
-0.05r
)
x —0.10
15}
-0.15¢
-0.20, _ _ _ _ b
0.0 0.2 0.4 0.6 0.8 1.0
X
Now comes the hard part. We need to find the solution using
particular solution boundary terms
=L
( 0) dG (X x) [
y@ = [ Gl f o + [p (1) G (x, %0) 2% = p (x) 1 (g) = ®)
x0=0
The first step is to find %. From (5), we find
0
cos(xp—L) .
dG (x, xp) _ —mp sinx X < Xg 7
dxg = x” sin(x-L) xp<x

Now we plug everything in (6). But remember that G(0,x9) = 0,G(L,x9) = 0,u(0) = A,u(L) = B.
Hence

d xXo=L
[p(xo>c(xxo> ”—p(@u(@w]
x0=0
e L) du (L) u(l) dG (x L) e 0) du (O) 1 (0) dG (xO ,0)
cos(xo—L) . Xo
—0-(B) (T sin x)x():L —0+(A) ( 0 sin (x - L))XO:0

=—(B) (L sinx) + (A) (
sinL

. . 1
sin x N Asm(x )

sin (x—L))

sin L

=-B

sin L sinL



But p = -1, hence the above becomes

A=-G(x,L) M +u(L) M +G(x,0) du (0) —u(0) dG (x,0)
dxo de dxo dxo
:0+(B)(w81nx) +0_(A)(COSXO Sln(x_L))
sinL L sinL om0
_ . sin (x — L)
=+(B) (sinL smx) (A)( nl )
B Bsinx ~ sin (x — L)
~ UsinL sin L

We see that the boundary terms are linear combination of sin and cosine in x, which is expected
as the fundamental solutions for the homogenous solution as linear combination of sin and cosine
in x as was found initially above. Equation (6) becomes

sin x sin(x—L)

®)

sinL sinL

y(x):foxc(x,xo)f(xo)deJrB

Now we can do the integration part. Therefore

- )
[ 6t s o= [ (%sinxo)f(mdxw [

X

sin x
i -L d
(sinL sin (xg ))f(xo) Xo0
We can test the solution to see if it correct. Let f (x) = x or f (xg) = xg, hence

X X sin(x-L) . L sinx |
j(; G (x, xg) f (xg) dxg j(; Xq (mT sin xo) dxg + j; X (sinL sin (xg — L)) dxg

sin (x — L) f . sin x fL )
=— X Sin xgdxg + — Xg sin (xg — L) dx,
SinL . 0 odXo + T . 0 sin (xp — L) dxg

sin(x—L sinx
= # (—xcosx +sinx) + Sl (-L+xcos(x—L)—sin(x—L))
sin

sinL
_ —xcosxsin(x-L) N sinxsin (x — L) sin x N xcos(x—L)sinx sinxsin(x—L)
a sinL sinL sinL sin L sinL
_ —xcosxsin(x—L) sinx xcos(x—L)sinx
B sinL sin L sinL
= —— (-Lsinx+ xcos(x — L)sinx — x cos x sin (x — L))
sinL
Hence the solution is
1 . . ) sin x sin (x - L)
u(x)= ——(-Lsinx+xcos(x—L)sinx —xcosxsin(x— L))+ [B—— - A—
sin L sin L sin L

1

=l (-Lsinx + xcos(x —L)sinx —xcosxsin (x — L) + Bsinx — Asin (x — L))
in

To verify, the problem is solved directly using CAS, and solution above using Green function was

compared, same answer confirmed.

f = X3

Le=1;

A = 1;

BO = 2;

computerSolution = u[x] /. First@DSolve[{u'"'[Xx] +u[X] ==f, u[@] == A@, u[L@] == BO}, u[x], x];

mySolUsingGreenFunction = 1/Sin[L@] (-LO Sin[x] + xCos[x - LO®] Sin[x] - xCos[x] Sin[x - L®] + B@Sin[x] - A@Sin[x - LO]) ;
Simplify[computerSolution - mySolUsingGreenFunction]

2]

1.3 Problem 3

d%u

E:f(x);0<x<L;u(0)=A,~Z—Z(L)+hu(L)=0

Solution

Compare the above to the standard form
d ( du
= (P%) =f(
-pu”’ = f(x)
Therefore

p)=-1



Green function is the solution to

d?G (x, x)
TO = 0(x - xo)
G(O,xo) =0

d
EG(L,XQ) +hG (L, xO) =0

d2G(x,xg)
dx?

d2G(xx
(xo) _ 0,
dx?

Where x is the location of the impulse. Since = 0 for x # x, then the solution to

is broken into two regions

A1X+A2 X <Xy
Bix+ B, Xp <X

G (x,xg) = {

The first boundary condition on the left gives A, = 0. Second boundary conditions on the right
gives
B1 +h(B1L+Bz) =0
B (1 + hL) = —th

B < -hB,
YU 14 nL
Hence the solution now looks like
Agx x < Xg
G (X, XO) = —-hBy B
m X+ by Xg <X
But
—th —th + Bz (1 + hL)
x = X
1+hL 27 \1+hL 1+hL
_ B2(1+hL_hx)
B 1+hL
Hence
Ax x < Xp
G (x,x0) =9 By(1+hL-hx) 1)
1+hL Yo <X

Continuity at x; gives
B, (1 +hL - th)

Ao = =T @)
And jump discontinuity on derivative of G gives
1
oszL cos (xg— L) — Ay cosxg = _M =1
-hB 1
= Ay = (3)

T Te R
We solve (2,3) for Aq, B,. From (3)

~hB,
1+hL_A1_1
_ -hB,
)
_ -hB, (1+hL)
T 1+hlL  1+4hL
_ -hBy-1-hL
~ 1+hL

Substituting in (2)
—hBy-1-hL By (1 +hL - hxy)
1+AL 077 1+iL
(=hBy =1 —hL) xq = By (1 + hL — hxg)
—hByxg — xg — hLxy = By + hLB, — hxyB,
By (=hxg —1 — hL + hxgy) = xg + hLxg
B, = 1+ kL) xg
27 1-nL
—(1+hL)
T




Hence
~hBy—1-hL
Aj=————
! 1+hL

_ —h(=xp)-1-hL

a 1+hL

_ hxg—-1-hL

14kl

_ th 1+ hL

" 1+hL 1+AhL

_ th

1+ hL
Therefore (1) becomes
th )
-1)x X < X
_ 1+hL
G (x, xo) = { —x:)—(1+hL—hx) 1)
1+hL Yo <X
But
—xo(L+hL—hx) (-1 —-hL+ hx)
T+l %7 1+4nL
3 hx 1+hL
T\ TE L T 1AL

hx 1
=xq| — —
O\1 +hL

Hence (1) becomes

2)

— —1]xg Xg <X

We see they are symmetrical in x,x5. Here is a plot of G (x,xy) for some arbitrary x; located at
x=0.75h=1,for L =1.

Problem 3 Green function. x0=0.75

0.0 0.2 0.4 0.6 0.8 1.0

We need to find the solution using

du (x) dG (x, xo) T
dx _u(xO)d—xO (3)

y(x) = fox G (x, x0) f (xo) dxo + p (x0) [G (x, x0)

XOZO

The first step is to find %. From (2), we find
0

h
dG (x, xp) _ h}(:liL x < X @
dxq o1 x<x
. . dG(L,xp) du(L)
Now we plug everything in (3). But remember that G (0, xg) = 0, = —hG (L, xg) ,u(0) = A, =



10

—hu (L) . Hence

~ du (xo) dG (x,x) [*~
A =G (x,xg) ixg - u(xp) W o
du (L dG (x, L du (0 dG (x,0
=G(x L) Z;o) —u(L) d(;co ) -G (x,0) Z}fo) +u(0) d(xxo )
dG (x,0
= G (x,L) (=hu (L)) = u (L) (=hG (xo, L)) = 0 + (A) (%)
0
= —=G(x,L)hu(L) + u(L)hG (x, L) + A (1 _}:J;IL - 1)XO:0

hx
=A -1
(1+hL )

Now we do the integration, From (3), and since p = -1 then we obtain

h
y(x)=J:G<x,xo>f<xo>d%““(ﬁ‘1)

particular solution boundary terms

L h
= j:G(x,xO)f(xO)de-f'L G(X,XO)f(XO)de_A(l +J;’IL _1)

We see that the boundary terms are linear combination x, which is expected as the fundamental
solutions for the homogenous solution as linear in x as was found initially above. Plugging values
From (3) for G (x, xg) for each region into the above gives

X h L h h
ye = fo (1 T _1)x°f(x°) o +fx (1 T _1)xf(x°)dx° _A(l o _1)

This completes the solution. Now we should test it. Let f(x) = x or f(xy) = xy and compare to
direction solution. The above becomes

hx L[ hx hx
_ _ 2 0o _ _ _
y(x)—(1+hL 1)j:x0dxo+x£ (1+hL 1)x0dxo A(1+hL 1)
hx 3\ L ha? hx
_(1+hL_1)(§)0+xfx (1+hL_x0)dx0_A(1+hL_1)
hx x3 h x5 x5 g hx
_(1+hL_1)(3)”(“%?_Y)X_A(HhL_1)
[ hx . ¥ . h 13 12 ho %3 . x2 A hx .
“\1+nL 3) "1+l 3 T2 T1+nL3 T 2 1T+ hL
1 hx
— LT3, _ 2 3 3\ _ _
_—6(1+Lh)(th 3L2%x + hLx® + 1) A(1+hL 1)
1 hx
— 3 _ 3 2 —
= 5010 (x® (@ +hL) = x (hL? + 3L ))+A(1 1+hL)
1+h(L-x)
— 3 _ 2
_—6(1+Lh)(x (1 +hL) - xL (hL+3))+A( ol )

To verify, the problem is solved directly, and solution above using Green function was compared,
same answer confirmed.

ClearAll[x, L@, y, A®, h]

f= X5
computerSolution = u[x] /. First@DSolve[{u''[x] == f, u[@] =A@, u'[LO] + hu[LO] =0}, u[x], x];
. . 1 3 1+h (LO-X)
mySolUsingGreenFunction = —————— (x* (1+hl@) -xL8"2 (hL@+3)) + A0 ——————;
6 (1+L0h) 1+hLo

Simplify[computerSolution - mySolUsingGreenFunction]

(]

1.4 Problem 4

u +2u' +u=f(x);0<x<Lu@)=0u(l)=1

Solution
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Since the coeflicient on u’ is 2, then the Integrating factor is u(x) = ol 2x = g2, Multiplying the
ODE by u (x) gives

eZu" + 2% u’ + e*u = ¥ f (x)

d
o (ezxu’) +ePu = e¥f (x)

To keep the solution consistent with the class notes, we now multiply both sides by -1 in order to
obtain the same form as used in class notes. Hence our ODE is

_% (eZXM/) — ¥y = _eZXf )

We now see from above that
pe) =&
Once we found p (x), we now find the Green function. The Green function is the solution to

d?G (x,x9) _dG (x,x0)
dx? +2 dx

+ G (x, x0) = 0 (x = xp)
G(0,x) =0
G(L,x)=0
Where xj is the location of the impulse. We first need to find fundamental solutions to the homo-

geneous ODE. The solution to u” +2u’ + u = 0 is found by characteristic method. r* + 2r +1 = 0,
hence (r + 1)2 = 0. Therefore the roots are » = —1, double root. Hence the fundamental solutions are

Uy =e”*
Uy = xe~
Therefore
A11/l1 + A2u2 x < X0

G(x,x9) = {

Blul + B2u2 X > Xy
Aje™ + Ayxe™ X < Xg
Bie™ + Byxe™ x> X

The first boundary condition on the left end gives A; = 0 from the first region. The second B.C. on
the right end, gives

Ble_L + B2L€_L =0

Hence the above solution now reduces to

Apxe™ X < X
G(x,x9) = = .
—B,Le™ + Byxe™ X > X

Simplifying —B,Le™ + Byxe™ = B, (x — L) ™™, the above can be written as

Ayxe™ X < X
G(x,x) = B @)
By(x—L)e™ x> X
Continuity at x; gives
AzXOE_XO = B2 (XO - L) e~
Apxg =By (xg— L) (2)

And jump discontinuity on derivative of G gives
Ay (e —xe™ x<Xx

A6 xp) = 2 ( ) 0

dx By(l-x+L)e™ x>x
Hence (important note: we use —L below and not —— because we started with =~ (pd—y) +--- instead

p(xo) plxo) dx \Idx
d dy
of +E (pa) + - )
-1 -1

= _2x0
pxg) e

Bo(1-xp+L)e™ — Ay (670 — xpe™0) =

Dividing by e™ to simplify gives
By (1-xp+L)- Ay (1-xp) = -7 (3)
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We solve (2,3) for A, B,. From (3)
—e™0 + Az (1 - xo)
B, = 4
2 1-xp+L )

Substituting in (2)
—e0 + A2 (1 — xo)
1- X0 +L

Apxg(1—xg+L) = -0 (xg - L) + Ay (1 —x0) (xg — L)

Ax(xg(1=xg+ L) = (1-x0)(xg— L)) = =7 (xg - L)
—e 0 (xg— L)
A2 =
xo (L =xp+ L) = (1 —xq)(xg—L)

(xo - L)

Axxg =

1
= Ze0 ([ —
L€ ( Xp)

Hence, from (4)
e (%e"‘O (- xo)) (1 - xp)

B2:

1- X0 +L
1
= —— X0
LXQE
Therefore the solution (1) becomes
1
-7 (L — xg) xe™ x < X
G(x,xp) = 5
(.%o { %xoe*xo (L-x)e™ x> X ©)

L—x RV
E) ey < X0

G(.X', Xo) = { (L—Lx) (5)

Txoe‘xo‘x X > X
We see they are symmetrical in x,x,. Here is a plot of G (x,x;) for some arbitrary x, located at
x=0.75for L =1.
Problem 4 Green function. x0=0.75

0.0 0.2 0.4 06 0.8 1.0

We now need to find the solution using

homogeneous solution/boundary terms

particular solution

g du (x dG (x, x o=l
y@) = f G (o) F (ko) dxo + |p (1) G (@, x0) P02 (o)  (xp) T2 ©
0 dxo de 1420
The first step is to find dG;;;xO). From (5), we find
dG (x, x,) B _xe_;_xo 3 xe_X_XOL(L—xo) X< -
dxo e Xfi(L—x) _ (L—x)xze x=XQ > x

Now we plug everything in (3). But remember that G(x,0) =0,G(x,L) =0,u(0) =0,u(L) =1,p(x) =
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e?*. The following is the result of the homogeneous part

Xo=L
( 0) dG (x,x) T
[P(XO)G(X ) _P(o)u(o)—oo
XOZO
du (L) dG (x L) du (0) dG (x,0)
= (@) G ) —— ~ (@) u (D) === = () G (x,0) ——= +(20) u (0) ==
X0 X0 0
x<xg branch from (7)
—0-e2 (1) (—xe_'_ Lo O(L_xO)) ~0+(0)
L L
xo=L
_ _xe"“L ~ xe ¥ (L -L)
L L
—x—L
_ oL Xe
- ()
B xeL—x
L
Now we complete the integration, From (3)
particular homogeneous
—_——

X L—x
u(x):foc(x,xo)f(xo)dxo+ (xeL )

L—x

L
_ j: G (x, xo) f (xp) dxg + f G (x, xo) f (xp) dxp + %

Plug-in in values From (5) G (x, xg) for each region,

from x>xg branch in (5) from x<xg branch in (5)

u(x) = fox ((L Z x) er—XO—x) g (xg) dxo + jj (@xe—xo—x) g (xo) dxg + %xe‘”L

This completes the solution. Now we should test it. Let f (x) = x or f (x;) = x,. But since we multiplied
by —¢%* (integrating factor) at start, we should now use g(x;) = —€%0x, as f (x;) below.The above
becomes

L—x

u(x) = fo ) ((L Z ) xoex0x) (—ez"oxo) dxg + f " ((L_L—xO)xeXOX) (—e%0xq) dax + xeL

L-x)e™ ¥ xe™ (L xel™x
= —g f x3e¥odxg — f (L = xg) xpe*0dxy +
L 0 L X

8)
But
X
f x3e%0dxy = -2 + € (2 +x% - 2x)
0

L
f exO(L—xO)dexO:eL(L—Z)+ex(2+L—2x—Lx+x2)

X

Hence (8) becomes

%(—2+6X(2+x2_2x))_%_x(eL(L_z)+ex(2+L_2x_Lx+x2))+xei—x

Which can be simplified to

u(x) =-

u(x) = %e‘x ((BeL - 2) x+L (2 +e¥(x—2)— xeL))

For L =1, the above becomes

x 2 e
Uux)=x-2—+—+2x—-2
ex X e

Verification

To verify the above, a plot of the solution was compare to Mathematica result. Here is plot of the
result. My solution gives exact plot as Mathematica.
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ClearAll[L, x, f]
f=x;

computerSolution = u[x] /. First@DSolve[{u''[x] +2u'[x] +u[x] ==F, u[@] =0, u[L] =1}, u[x], x]

e*(2L-2eXL-2x+3e' x-e'Lx+e*Lx)
B L

In77e)= mysolution = - (L - x) Exp[-x] /L (-2 +EXp[x] (2+Xx72-2x)) - xExp[-x] /L (Exp[L] (L-2) + Exp[x] (2+L-2x-LXx+Xx"2)) +x/LExp[L-x];

Simplify[mysolution]

out[779]=

e* ((-2+3e') x+L(2+e* (-2+x) -e" X))
L

in780)= (mysolution - computerSolution) // Simplify

ourrsof- @

Inf781):= L =1;

pl = Plot [computerSolution, {x, @, 1}, PlotRange - All, ImageSize -» 300, PlotLabel » "Mathematica answer", PlotStyle - Blue, GridLines - Automatic,

GridLinesStyle - LightGray];

In783= p2 = Plot [mysolution, {x, @, 1}, PlotRange -» All, ImageSize - 300,
GridLines - Automatic, GridLinesStyle - LightGray];

PlotLabel -» "Manual solution, Green function method", PlotStyle -» {Red},

Mathematica answer

0.8

Outf

7

a1
a1

]:

0.2+

0.8

0.6

0.4

0.2

Manual solution

0.2 0.4 0.6

0.8

0.2

0.4 0.6 0.8 1.0
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