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1 HW9

1.1 Section 6.6 problem 1
Question: Establish
1l feg=gof
2 fola+s)=fog+fo%
3. fo(soh)=(feg)eh

1.1.1 Part (a)

From definition
feg®= [ f-ng@dr

du
Let u = t — 7, hence - = -1. When 7 = —o0 — u = 400 and when 7 = +c0 — u = —oco, hence the
above becomes

fHeg® = L_:f(u)g(t— u) (=du)
Pulling the minus sign outside and changing the integration limits
FOog®= [ gt fud
But since u is arbitrary, we can relabel u as 7 in the above. Hence the above RHS can be written as
fheg®= [ gt-nfd

But [~ g(t—7) f(1)dt =g ()@ f (), hence
fhegH=g®t)@f®
QED.

1.1.2 Part (b)

From definition
FOo(n®+g0)= [ fE-0(n@+a )
By linearity of the integral operation, we can break the integral above
[ rt-0m@rso)ac= [ fe-nn@ics [ fe-0n@d

But f_:f(t -7)g1(7)dt = f ()®g; () and f:;f(t -17)g; (1)dt = f (1)®g, (1), hence the above becomes

[ Fe-0a @+ @)= (f00g0)+ (f 0 0% 0)
Therefore

fFOO (1B +80)=(fHeg®)+(fHeg®)
QED.

1.1.3 Part (c)

From definition

(reg)em) = [ (fog)@n(-ndr

R

=f[f f(Tl)g(T—Tl)dﬁ]h(t—T)dT

R R

= [ [ feoge-mh-ndud
RYR

By Fubini, we can change order of integration

(Fegien®= [ [ fang@—mne-ndun

- [ s [ st mnee-ya
R R



By translation, if we add 7 to 7 for both functions in the inner integral above, we obtain

«f@8%3@ﬁ)=J;f@ﬂL&g«T+fﬂ—Tohﬁ—(1+n»d4dn

:ff(’fl)[f g(T)h((t—Tl)—T)dT]d’q
% %

But now we see that inner integral is L;g(”[)h((t— ) —-1)dT = (g@h) (t - 11), hence the above
becomes

(Feg)en)®= [ fm(son)e-md
=(fe(sen)®
QED
1.2 Section 6.6 problem 2

Find an example showing ( f @1) (t) need not be equal to f (t)

Solution Let f (t) = ¢!, hence

(f@l)(t):j:f(t—r)xldr

= ft et=dr

0

o(t=1) =t
=[ -1 :|T:O
- [e(t—t) - e(t—O)]
o[-
-1-¢)

=el -1

Which is not the same as ¢/. QED

1.3 Section 6.6 problem 3

Show that (f @f) (t) is not necessarily non-negative, using f () = sin (t)

Solution From definition
t
(Fof) = [ sin(@sin-nde
0

Using sin AsinB = % (cos (A - B) — cos (A + B)) on the integrand gives
£
(f@f) ) = f 3 (cos(t—=(t—1))—cos(t+ (t—1)))dt
0
1 ot 1 ot
= —f cos(t—(t—1))drt - —f cos (t)dt
2Jo 2Jo
1t 1t
= —f cos (2Tt —t)dt — = f cos (t)dt
2Jo 2Jo
For the second integral above, since it is w.r.t 7, then we can pull cos (f) outside, which gives

1 (sin@r-H\" 1 t
(f@f)(t)—E(T) _O—ECOS(t)j;dT

=

1 1
=1 (sin (2t — t) — sin (-t)) — Etcost
= 2 (sin (t) + sin () — tcost
=1 sin sin 5 cos
= int 1t t
=3 sin > cos
Let t = 27t then

1
(fef)m=0-@n)
= -7t

Which is negative. Hence we showed that ( f® f) (t) can be negative at some t. QED.



1.4 Section 6.6 problem 4

Find Laplace transform of f (t) = f (t- T)z cos (27) dt
Solution We see that

f(t) =2 ®cos(2t)
Therefore, using convolution theorem

Z{f ) = 2|2} Llcos @21))

But 3{1‘2} = sz_3 and Z{cos (2t)} = ﬁ, hence the above becomes
2 s
lro)=(5) (=3
_2 1
T 25244

1.5 Section 6.6 problem 5
Find Laplace transform of f (t) = f e~ =D sin (1) dt

Solution We see that
f(t)=et@sin(t)
Therefore, using convolution theorem
Z{f )= 2|t} Lisin (1))

1
s2+1°

Zlfv) =

hence the above becomes

1
(s+1) (s2 +1)

But g{e‘t} = ﬁ and Zlsin (t)} =

1.6 Section 6.6 problem 6

Find Laplace transform of f (t) = f (t—1)edr

Solution We see that
fih=tee
Therefore, using convolution theorem
Z{f )= 2 2|

But Z|t} = Slz and J{et} = ﬁ, hence the above becomes
1 1
“lrol=[3)()

1.7 Section 6.6 problem 7

Find Laplace transform of f (t) = f sin (t — 7) cos tdt

Solution We see that
f(t) =sin(f) ® cos (t)
Therefore, using convolution theorem

Z{f B} = Lisint) Zlcost)

But Z{sint} = ﬁ and Z{cost} = ﬁ, hence the above becomes

"(Z{f(t)}:(szlﬂ)(#;)

1.8 Section 6.6 problem 8

Find the inverse Laplace transform of F(s) =
S

using convolution theorem.



Solution We see that

£ _
= (E) Z(sint)

Hence, using convolution theorem

3
f(t) = g@Sth

1 ot
=—f(t—T)SSianT
6 Jo
Integrate by parts. fudv = uv — fvdu. Let u = (t- T)S,d?) =sint —» du = -3 (t—T)z,U = —COST,

hence
[(t - 1)°cos T]t - ft

0

%ft (t-7)°sint dr = ~3(t - 7)* (- cos 1) d’c)
0

[t =87 cost - (t - 0)*cos 0] - 3 f (t - )% (cos 1) dT)

O\IH N = O\IH C\I’—‘

/—\/—\/—\

- 0—t3]—3f (t—T)Z(COST) dT)
0

(t3 f (b= 0 (cos ) d’[)
0

Integrate by parts. Let u = (t - T) dv=cost — du=-2(t-1),v =sint, hence
1 ot t
- f (t- T)3 sintdr==(-3 ((t - T)Z sin T)t - f -2 (t-1)sin TdT])
6 Jo 0o Jo

(t3 3 ((t _pPsint - (t - 0)*sin o); +2 f "(t-Dsin TdT])
0
(t3 0+2 ft (t — 1) sin ’[de|)

- 6f (t-1) SlIleT)

sint — du = -1,v = —cos 7, hence above becomes

-6 [(— (t—1)cos T)g - ft cos TdT])
0

B-6 [— ((t=t)cost — (t — 0) cos 0) — (sin T)g])

OJ

1
6
1
6
1
6
1
6
7),d

Integrate by parts. Let u = (t -

f (t—T) sintdt =

£ -6[-(0-t) —sint])

£ 6(t-sint))

(o) N e e Y e Y G\IH

AAA/—\/—\

-6t + 6sint)
Hence

(t3 — 6t + 6sin t)

N =

f@) =

1.9 Section 6.6 problem 9

Find the inverse Laplace transform of F(s) = ———— using convolution theorem.
(s+1)(sz+4)
Solution We see that
1 s
F —
) s+1s2+4

= 5/(64) Z(cos2t)
Hence, using convolution theorem

ft)=e't®cos2t

¢
= f e~ (=9 cos 21 dt
0



Integrate by parts. f udv = uv — f vdu. Let u = cos2t,dv = e "9 — du = -2sin27,v = ¢~ hence
¢ ; ¢
f et cos 27 dr = (cos 216*“”)) - f et (=28in 27) dt
0 0 Jo
t
= (cos 2te=") — cos Oe‘(*‘0)> +2 f e~ (=7 gin 27dt
0
¢
= (cos 2t — e‘t) + 2f e~ =" sin 2dt
0
Integrate by parts. Let u = sin27,dv = e™"9 — du = 2 cos 27,0 = ¢ =9, hence

¢ i ; ¢
f ~(-1) cos 27 dt = (cos2t —et) + 2 (sin ZTE_(t_T))O - f e~ =192 cos ZTdT]
0 | 0

. ¢
cos2t —e t) +2 (sin 2te~(t1) 0) - 2f e~ (=9 cos ZTdT]
] 0
. ¢
) +2|sin2t -2 f e~ =9 cos ZTd’l']

= (
(cos 2t et
= (

cos2t — et +251n2t—4f e~ cos 2tdt

Hence
£ ¢
f et cos 2t dt + 4 f e =1 cos 2tdt = cos2t — et + 2in 2t
0 0
¢
5| e cos2tdt = cos2t — et + 2sin 2t
0
t 1
f e~ (t=9) cos 2tdt = = (COS 2t —et +2sin Zt)
0 5
Therefore

f)= (cos 2t —et + 2sin Zt)

ail =

1.10 Section 6.6 problem 10

Find the inverse Laplace transform of F (s) = using convolution theorem.

(s+1)2(52+4)
Solution We see that

oo 11

V= (s+1)%s%+4

= E(te‘t) 3(1 sin2t)
2

Hence, using convolution theorem
1
fHy=tete® 5 sin 2t
1 o
== f (t-1)e*Dsin2t
2Jy
1 ot 1 ot
=5 f te~(=0) sin 27 dt - 5 f e~V gin 27 drt
0 0
The first integral is
t t
f te~ (=7 gin 27 dt = tf e~ (=7 gin 27 dt
0 0

This is similar to one we did in problem 10 but now we have sin27. Using integration by parts
again as before gives

t 1
,gf e Dgin2r dr =t (— (Ze‘t —2cos2t +sin 2t))
0 5

= é (Ze‘t —2cos2t +sin Zt)

t
Now we need to evaluate the second integral [ te"*""sin2t dr. This can also be done using
integration by part. But I used CAS here, the result is

t 1
f we 9 5in 2t dt = 5= (~de! + (4-100) cos 2t + 3+ 50)sin 2
0



Therefore

f)= 1t (267 - 2cos (2t) + sin (2t)) - 11 (~4e™" + (4 - 10¢) cos (2¢) + (3 + 5t) sin (21))

25 225
2, 2 3 1

= —e¢t— —cos2t—- —sin2t+ —te!
25 25 50

111 Section 6.6 problem 11

Find the inverse Laplace transform of F (s) = 5= using convolution theorem.

G(s)
s2+1

Solution We see that
1

F(s) =G(s) 21 G (s) Z(sint)

Hence, using convolution theorem

t
F() =g @sint = f sin (t - 1) g (v) dt
0

f(t):fotg(t—’c)sin(r)dT
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