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1 HWS

1.1 Section 6.1 problem 7
Find Laplace Transform of f (t) = cosh (bt)

bt bt
e’ +e
5 then

solution Since cosh (bt) =
1
- bt o p=b
Zcosh (bt) = 53(6 f+e t)

= % (gebt + Je‘bt)

But

For s > b and

For s < b. Hence

For s > |b]

1.2 Section 6.1 problem 8
Find Laplace Transform of f () = sinh (bt)

bt_ bt
e —e
5 then

solution Since sinh (bf) =
1
s - bt _ b
Zsinh (bt) = E,%(e F_e t)
1,
=3 (,,%ebt - ,76*“)

But, as we found in the last problem

And

Therefore

1.3 Section 6.1 problem 9
Find Laplace Transform of f (f) = e cosh (bt)
solution Using the property that
ef(t)y = F(s—a)
Where f () = cosh (bt) now. We already found above that cosh (bt) <=

words, F(s) = SZ%bZ’ therefore

S

T for s > |b|. In other

(s —a)

¢ cosh (bt) &= ————
(s —a)* — b2

1.4 Section 6.1 problem 10
Find Laplace Transform of f (f) = e” sinh (bt)



solution Using the property that
e"f(t) = F(s—a)

Where f(t) = sinh (bt) now. We already found above that sinh (bf) < for s > |b|. In other

b
2520

words, F(s) = #, therefore

e* sinh (bt) = s—a>|b|

(s —a)® - b2

1.5 Section 6.2 problem 17
Use Laplace transform to solve y® -4y +6y” -4y’ +y = 0 for y (0) = 0, (0) =1,y (0) = 0,y (0) = 1

Solution Taking Laplace transform of the ODE gives

Ly -azlyl+62ly ) -4 2ly )+ Zly) =0 (1)
Let g{y} =Y (s) then
Ly} =54 (5) =Py (0) = 2y (0) = sy” (0) ~y" (0)
=5Y(s)-s2(0)-s*(1) -s(0) -1
=stY (s) -2 -1
And
Ly} =Y (5) - sy (0) - sy’ (0) -y (0)
=353Y(s)—s2(0)-s(1) -0
=353Y(s)-s
And
Ly} =Y 6) - sy (0 -y (0)
=352Y (s)-s(0) -1
=52Y(s) -1
And
Zly}=sY6) -y
=5sY (s)
Hence (1) becomes
(s*Y (5) =2 =1) =4 (Y (5) = 5) + 6 (s2Y (5) = 1) =4 (sY (8)) + Y (5) = 0
Y(s) (st —45° + 652 — s +1) 2 =1 +4s -6 =0

Therefore
2 —4s+7
Y (s) =
®) s — 43 + 652 —4s+1
s —4s+7
-1
§2 4 7
= i > Tt 3 (2)
(s-1) (s-1) (s=1)
But

s (s-1°-1+2s
-1 -1
(-1 1 (s-1)+1
N ST AT

11 6-p 1
-1 -1 -1t -1t
1 1 1 1

= - 2 2
-2 G- -1 -1

1 2 o1
S s-1 s-1° (s-1




And
45 (s-1)+1
-1 (-1
-1 1
G )4 ra—
(s-1) (s-1)
__ 4 4
(-1 (-1
Therefore (2) becomes
Y(S)_(1+2+1)_(4+4)+7
c-1* -1° -1 \c-1)* -1 (-1
1 2 4
= 5 - 5+ < 3)
s-1)° (-1 (s=1)
Now using property the shift property of F (s) together with
§ property property g
1
5_2 =t
1 t?
3 2
1.2
st 6
Therefore
1
5 &'t
(s-1)
! = etﬁ
(s-1)° 2
1 M
(s-1) 6
And (3) becomes
1 2 + 4 <:>ett—2(etf)+4(etf)
-1* -1° -1 2 6
2
= et —e't? + gettB’
Hence
2
yt) =e¢ (t -2+ —t3)
3
1.6 Section 6.2 problem 18
Use Laplace transform to solve y® —y =0 for y(0) =1, (0) = 0,y (0) =1, (0) = 0
Solution Taking Laplace transform of the ODE gives
g[y(‘*)} - g{y} =0 @)

Let E{y} =Y (s) then
g{y(‘”} =s%Y (s) - s3y (0) - szy’ 0) —sy” (0) —y" (0)

=54y (s)-s3(1)-s2(0)-s(1)-0

=5y (s)-s2 s
Hence (1) becomes

sfY(s)—s2-s-Y(s) =0

Solving for Y (s) gives
$+s
st -1

Y (s) =




But, Hence above becomes, where a =1

71 < cosh (¢)
Hence

y (t) = cosh (at)

1.7 Section 6.2 problem 19
Use Laplace transform to solve y® — 4y = 0 for y (0) =1,y (0) = 0,y (0) = -2,y (0) = 0
Solution Taking Laplace transform of the ODE gives
g{y(“)} - 43{y} =0 1)
Let E{y} =Y (s) then
Ly} = st (5) - %y (0) - 5%y’ (0) - sy (0) -y (0)

=54y (s)-s3(1) -5 (0) —s(-2) -0

=5*Y (s)—s® +2s
Hence (1) becomes

Y (s)—s2+25-4Y(s) =0

Solving for Y (s) gives

_ : _53—25

- (52—2) (52+2)

_ 5(52—2)
(525—2) (s2+2)

@+

Y(s) =

Using cos (at) <= ﬁ, the above becomes, where a = V2

i < cos (\/Et)

(52 + 2)
Hence

y (t) = cos (\/Et)

1.8 Section 6.2 problem 20

Use Laplace transform to solve y”’ + w?y = cos2t; w? #4; y(0) =1,y (0) = 0

s

Solution Let Y (s) = ¥ {y (t)}. Taking Laplace transform of the ODE, and using cos (af) <

2+a?
gives
2 _ 4 2 —
s°Y (s) = sy (0) =y (0) + w=Y (s) 71 1)
Applying initial conditions
s
S2Y (s) = s + w?Y (s) = 71
Solving for Y (s)
2, 2\ _.__8
Y(s)(s +w ) 5 211
s
Y(s) = + 2
U Y ) I ey ®
But
s As+B Cs+D

Era)(F+w?) (2+4) (2 +a?)
s= (As+B)(sz+a)2)+(CS+D)(sz+4)
s =4D + As® + Bs? + Cs® + Bw? + 52D + 4Cs + Asw?

s=(4D+Bw2)+s(4C+Aw2)+sZ(B+D)+s3(A+C)



Hence
4D + Bw? =0
4C+ Aw? =1
B+D=0
A+C=0
Equation (2,4) gives A = ﬁ,c = 4_10)2 and (1,3) gives B=0,D = 0. Hence

(52 + 4) Zs-’- + a)-’-) B (w21—4) (52 i— 4) ’ (4 —10)2) (52 -fa)2>

Therefore (2) becomes

Y(s)—( ) i +( 1 ) > + °
\w?2-4 (32+4> 4-w? (sz+w2) (52+a)2)

_( 1 ) s +(5—w) s
w2 -4 (52+4) 4— 2 (52+a)2)
Using cos (at) & #, the above becomes
! > 5-a? S 1 5 — w?
2t — t
(w2_4)(sz+4)+(4—w2)(52+w2)<=>(w2_4)cos( )+(4_w2)cos(a))

2 _

= (w21—4) cos (2t) + (Zz _Z)COS (wt)

Hence
2

Yt = (wzl_ 4) cos (2t) + (h) cos (wt)

(a)z - 5) cos (wt) + cos (2t)

- w? -4

1.9 Section 6.2 problem 21
Use Laplace transform to solve y”” — 2y’ + 2y = cost; y(0) =1,y (0) =0

Solution Let Y (s) = ¥ {y (t)}. Taking Laplace transform of the ODE, and using cos (af) <

gives
(s2Y (5) = sy (0) -y (0)) =2 (sY (5) =y (0)) + 2Y () = 1
Applying initial conditions
S2Y (s)—s—-2(6Y(s)=1)+2Y(s) = a1
Solving for Y (s)
Y (s)—s—=25Y(s) +2+2Y (s) = 52;_1
Y(s)(sz—2s+2)—s+2zs2+1
Y(s) = s N s _ 2
(52+1)(52—25+2) (52—25+2) (52—25+2)
But
s As+B Cs+D
(@+1)(2-25+2) (2+1) #-25+2
s:(A5+B)(sz—25+2)+(Cs+D)(sz+1)
s =2B+ D —-2As? + As® + Bs? + Cs® + s°D + 2As — 2Bs + Cs
s=2B+D)+5sQRA-2B+C)+s2(2A+B+D)+s3(A+C)
Hence
2B+D =0
2A-2B+C=1
-2A+B+D=0

A+C=0

S
s2+a2

1)

2)



Solving gives A = %,B = —;,C = ;,D = g, hence
5 1 s-2 1 s-4
(s2+1)(s2-25+2) 5(s2+1) 5s°-25+2
1 s 2 1 1 s 4 1
i - = + = (3)
552+1 55241 5s2-25+2 552-25+2

Completing the squares for
2-2s+2=a(s+b*+d
:a(sz+b2+2bs)+d
= as? + ab® + 2abs + d
Hence a =1,2ab = -2, (abz + d) =2, hence b = -1,d =1, hence
2-25+2=(s-1°+1

Hence (3) becomes

S 1 s 2 1 1 s +4 1
(s2+1)(s2-25+2) 582+1 582+1 5(s-17+1 5(s-1)*+1
_ls 21 16-D+1 4 1
C5s2+1 582+1 5(s-1%+1 5(s—-1P%+1
1s 21 1 (-1) 1 1 R
5s2+1 552+1 5(s-1P%+1 5(-1"+1 5(s-1)>+1
_ls 21 1 6-1) 3 1
S 582+1 5s82+1 5(s—172+1 5(s—17>+1
Therefore (2) becomes
1 2 1 1 (s-1 31 2
Y(S):_zs “52+1 5 . 2) te 2 .t Sz - 2
5s2+1 5s°+1 5(s-1)"+1 S(s-1)"+1 (s-1)"+1 (s-1)"+1
1 s 21 1 (s-1 3 1 (s-1)+1 2
“52+1 5241 5 7 . t§ 7 . T 2 . 2
5s2+1 5s5°+1 5(s-1)"+1 S5S(-1)"+1 (s-1)"+1 (s-1)"+1
_ls 21 1 6-1) 3 1 L 6D 1 2
55241 552+1 5(s—1%+1 5(s—-172+1 (s-17%+1 (s-172%+1 (s—-1)%+1
1 s 2 1 4 (s-1) 2 1

= — — — + — —_ =
55241 58241 5(s-1%+1 5(s-17°+1

Using cos (at) & ——, sin (at) & # and the shift property of Laplace transform, then

s2+a2’

1 s
gsz+l<=>5cos(t)
2l = Zang
- — Sin
5241 5

4 (s-1) 4,

——2<:>—€COSt

S(s-1)"+1 5

2 1 8, .

& —e'sint

S5(6-12+1 5

Hence

1 2 4 2
y(t) = 5 cos t) - B sin () + get cost— get sin t

(Cost —2sint + 4ef cost — 2¢t sin t)

Q| =

1.10 Section 6.2 problem 22
Use Laplace transform to solve vy =2y’ + 2y =e™%;(0) = 0,5’ (0) =1

Solution Let Y (s) = & {y (t)}. Taking Laplace transform of the ODE, and using ¢! < ﬁ gives

(szY(s) -sy(0) -y’ (0)) -2 (SY () -y (0)) +2Y(s) = ﬁ (1)

Applying initial conditions gives

S2Y (s) =1 =2sY (s) +2Y (s) = slﬁ



Solving for Y (s)

Y(s)(2-25+2)-1= ﬁ

1 1
Y(s) = + =
(s+1)(52—25+2) 5 —25+2
But
1 A Bs+C
= + 5
(s+1)(52—25+2) s+1 s2-25+2
1=A(s2-25+2)+(Bs+C)(s+1)
1=2A+C+ As®> +Bs®> —2As + Bs + Cs
1=QA+C)+5(2A+B+C)+5s*(A+B)
Hence
1=2A+C
0=-2A+B+C
0=A+B

i i —lp=-_1lc=3
Solving gives A = 7, B = -, C = , therefore

13
1 11 —55t;
(s+1)(52_25+2) 55+1 s2-25+2
11 1 s 3 1

5541 5s52-25+2 5s2-25+42

2)

Completing the square for s? — 2s + 2 which was done in last problem, gives (s — 1)2 +1, hence the

above becomes

1 11 1 S 3 1
== — s ++= 5
(s+1)(s2-2s+2) 5s+1 5(s-1°+1  5(s-1)"+1
_11 16-D+1 3 1
55+1 5(s-17%+1 5(s—1)7>+1
111 (-1 11 3001
T55+1 5Gs_1P+1 5(6-12+1 56_17
(s-1)"+1 (s-1)"+1 (s-1)"+1
111 (-1 2 1
T 5541 5(_12+1 5(_17
(s-1)"+1 (s-1)"+1
Therefore (2) becomes
11 1 -1 2 1 1

Y(s) == - = + = +
55+1 5(-1%+1 5(-1%+1 (s-1)*+1

. S . a .
Using cos (at) & 5 —,sin (at) & 5 — and the shift property of Laplace transform, then

11 1,
- = =e
5s+1 5

1 -1 1
—(S—z)@—etcost
5(6-1)°"+1 5
21 2,
- Zetsin
5(65-17%+1 5

1

——— < ¢'sint
(s-1)"+1

Hence

1 1 2
y(t) = —et - —ef cost + —e'sint + el sint
5 5 5

1
_ St ot toi
= 5(3 e cost + 7¢ smt)

111 Section 6.2 problem 23
Use Laplace transform to solve v + 2y’ +y = 4e™5;y(0) = 2,1/ (0) = -1

Solution Let Y (s) = & {y (t)}. Taking Laplace transform of the ODE, and using ¢ < ﬁ gives

(2Y ) =5y -y 0) +2(Y(©) -y () + Y (5 = — =

1)



Applying initial conditions gives
4
(Y (5) =25 +1) +2(sY (5) = 2) + Y (s) = —
s+1

Solving for Y (s)

4
Y()(s?+2s+1)-25+1-4=—
(s)(s 5 ) 5 S71
4
Y(s)(52+25+1):—+25—1+4
s+1
4 2s 1 4
Y(S)— + -

- (s+1)(52+25+1) (sz+25+1) (52+Zs+1) Jr<52+25+1)

But (sz + 25+ 1) = (s +1)%, hence

2s 1 4
YO = T e Gr  er? @)
But
2s B s+1-1
+1)%  (+1)>
=2(s+1) B 1
s+17°  (s+1)?
1 1
s+l T(541)
Hence (2) becomes
Y@ = 4 1 1 1 4 @)

Tl 51 Ter1? 12 1)

2
We now ready to do the inversion. Since 513 = % and 512 & t and % < 1 and using the shift

property e f (t) &< F (s — a), then using these into (3) gives

4 t(ﬂ)
3<=>4e —
(s+1) 2

Now (3) becomes

tZ
Y (s) & 4e”t (E) +2¢7t = 2e7tt — o7t + et

=e%(%z+2—2t—t+4ﬁ
=t (th +t+ 2)

112 Section 6.3 problem 25
Suppose that F(s) = g{f (t)} exists for s > a > 0.

1. Show that if c is positive constant then J{f (ct)} = %F (E) for s > ca

2. Show that if k is positive constant then .#~! {F (ks)} = %f (i)

—bt
3. Show that if a,b are constants with a > 0 then 1 {F (as + b)} = %e7f (Ztl)

Solution

1.12.1 Part (a)

From definition,

Zlf () = fo " F (et etar



10

Let ¢t = 7, then when { = 0,7 = 0 and when t = 0,7 = 00, and ¢ = ‘Z—:. Hence the above becomes

Zlren)= [ roe 0T

C
- %j:of(f) oy

We see from above that & { f (ct)} is %F (E) .Now we look at the conditions which makes the above
integral converges. Let

|f (1) ()] < kferte ™)

Where k is some constant. Then

_t(Z)d k at _t(;)d
](; f(t)e t< j(; ee t
=k _t(z_”)d

j(; e t

00 —t(E—{Z) o S
But £ e ‘¢ dr converges if - —a >0 or
s>ca

Hence this is the condition for l;w f ¢t to converge. Which is what we required to show.

1.12.2 Part (b)

From definition
=36

1 0 (t
== —|etdt
kJ, f(k)e

Let i =17. When t =0,7 =0 and when t = 00,7 = o0. % = k, hence the above becomes
1 (t 1 >
)L oo
0
= [ f@e i
0

We see from above that f{%f(i)} is F (sk). In other words, Z~1 {F (ks)} = %f(i)

1.12.3 Part (c)

From definition

A A )
(e

d
Let 2 =t1,att=0,7T=0and at t = co,7 = c0. And ﬁ = a, hence the above becomes

3{1{? f(f)} 1 fo " e e f (1) 5@ (ad)

a a a

= [ etr@ei
0

:f f(T)e_T(s”H'b)dT
0

—bt
We see from the above, that .~ {%67 f (2)} = F(sa + b). Now we look at the conditions which makes

the above integral converges. Let
|f (T) e—t(sa+b)| < k|eate—t(sa+b)|

Where k is some constant. Then

foo f (t) e—t(su+b)dt <k f‘x’ Eﬂte_t(su+b)dt
0 0
= kfoo e_t(sa+b—ﬂ)dt
0

But fo e em+b-0)dt converges if sa +b—a>0orsa>a—-bors>1- Z



11

1.13 Section 6.3 problem 26

n+1
Find inverse Laplace transform of F (s) = %
S
Solution
We know from tables that
n! "
g1 =t
Hence
2n+1n_! p— 2n+1tn
n+1
=202"
1.14 Section 6.3 problem 27
Find inverse Laplace transform of F (s) = %
Solution
2s 1

F(s)

= +
452 +45+5 452 +4s5+5

2
But 452+4s+5:4(s+%) + 4, hence

2s 1
F(s) = 5 + 5
4 s+—) +4 4(s+—) +4
S 1 1
= 2 1 12
2(s+—) +2 (s+§) +1
1 s 1 1
) 7 tg 2
(s+5) +1 (s+5) +1
1 1
=l S+E_§ +1 1
2 1\2 1 4 1\2 ,
(S+E)+ (S+§)+
1
1 s+ 1 1 1 1
2,y R A T A A
(S+E) + (S+E) + (S+§) +
1 s+
2
-2 1)
]
(s+2)+

Now we ready to do the inversion. Using e ™ f (f) < F(s+a) and using sin (at) < and

a
s2+a2’
S
cos (at) < ——then
(at) s2+a?

1 s+3 1.4
5 2 (:)Eezcos(t)
(s+§) +1

Hence

1k
f(t) = 26 cos (f)

1.15 Section 6.3 problem 28

1

Find inverse Laplace transform of F (s) = e
Solution

1 11
2 _ ) 4 1~
92-125+3 92ty ] 9(5_1)(5_5)




12

But
1 A B
1\ 1+ 1
(s—l)(s—g) ST =3
1
A: :§
1 2
[s-3)
s=1
B 1 3
(-1 S}_ 2
Hence
1 113 1 3 1
=515 -5— M
952 -12s+3 9|2s-1 24_1
3
Using
e”t4=>—1
s—a

Then (1) becomes

1 L3 3k
992 —125+3 ~ 9\2° " 2°

1
= let —_ le§t
6 6
1
_ 1 (et _ egf)
6

1.16 Section 6.3 problem 29

2 ,—4s
Find inverse Laplace transform of F(s) = 825_ ]
solution
62 —4s
F(s) = — T
573
Using
u.(t) f(t —c) & e “F(s) 1)
Since
1 1,
—F = e?
572
Then using (1)
et — =y () ez
573
Hence
2 ols 2 Lo
ES_ 1 — Eu4(t)e2
2
1 L-a)42
= — t)e2
2”4( )e
1 Ly
= — t 2
2”4( )e
1 t
= — t)e2
2”4( )e
Therefore

1 £
f®) = Fus e

ps. Book answer is wrong. It gives

=)



117 Section 6.3 problem 30

1
Find Laplace transform of f (t) = { 0

solution

Writing f (t) in terms of Heaviside step function gives

f (&) = uo (£) —uq (£)

Using
1
U, (t) = e_csg
Therefore
_ 1 1
Flug () = e~ = -
s s
1
Ll () = -
Hence

1 1
Aug (1) —uqp ()} = - e_sg
= 1 (1 _ E—S) s> 0

S

1.18 Section 6.3 problem 31

1 0<t<l1

0 1<t<2
Find Laplace transform of f () =

1 2<t<3

0 t>3

solution

Writing f (¢) in terms of Heaviside step function gives

@) =ug(t) —uy (8) +up () —us (¢)
Using

1
U, (t) =4 Eics;

But f(t) =1 in this case. Hence F(s) = % Therefore

1 1 1 1
£ e Ze¥ — g5 4 Zp25 _ Zp3s
f® se se se se
1
= —(1—e‘s+e‘zs—e‘3s) s>0
S

1.19 Section 6.3 problem 32

Find Laplace transform of f(t) =1+ Eigl (—1)k u (f)

solution
Using
1
u.t) =-e Cs;
Therefore
2n+1 2n+1
3{1 + 3 (D (t)} = )+ g{ > D ug (1)
k=1 k=1
1 2n+1 ‘ 1
==+ ), (D) =e
s & s
2n+1
1
= X (e
k=0 S
1 2n+1

== 5 e

}

13



14

1-N+1
1-r

). Where |r| < 1. So the answer is
1— (522
SR
[1 B (_e)—(2n+2)s]
1+es
Since 2n + 2 is even then

2n+1 —(2n+2)s
_ 1(1+e
11 Du == — 0
{+k§( )uk()} S( T3 o ) s>

Since |¢™°| <1 the sum converges. Using ZS] a, = (

2n+1
3{1 + ) (D) iy (t)} -

k=1

© | =

» | =

1.20 Section 6.3 problem 33

Find Laplace transform of f (t) =1+ 2;:;1 (—l)k uy (t)

solution
Using
1
U, (f) = e -
5
Therefore
3{1 N (t)} = L)+ 3{2 1) u, (t)}
k=1 k=1
_ 1 X o kl —ks
=3 + kzzl( 1) Se
1 1S
— - -1 —ks
s * s IE( ye
1 18 ok
=t
But
E T’k = 1T |1’| <1

Since s > 0 then|e™®| < 1. So the answer is
1 1 =-€° 1 1 ¢°

+ —_—— = -

s sl—(-e%) s sl+es
l+es—-¢7

T s(l4e)

_ 1

T s(l+e)

1.21 Section 6.4 problem 21

&2 21. Consider the initial value problem

Vi+y=g@®, y0)=0, y(©0) =0,
where

gty = uo(t) + Y (= (0).

k=1
(a) Draw the graph of g(¢) on an interval such as 0 < ¢ < 6z. Compare the graph with
that of f(¢) in Problem 19(a).
(b) Find the solution of the initial value problem.

(c) Let n =15 and plot the graph of the solution for 0 < ¢ < 60. Describe the solution
and explain why it behaves as it does. Compare it with the solution of Problem 19.

(d) Investigate how the solution changes as n increases. What happens as n — 00?

1.21.1 Part (a)

A plot of part (a) is the following
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i 6.4 (21) part (a) plot

Lo 0 0

0.8 1 1 |

06 | i | i |

e

02}
: i | i | ‘
n 2m 3n 4 Sn 6

And a plot of part(a) for problem 19 is the following

i 6.4 (19) part (a) plot
1,0'—! — —
05f | | :
l i l i | ‘
7:r 2;7r 3i7r 4;71 SEH 6
A —,
~1.0F —_— —_— B

We see the effect of having a 2 inside the sum. It extends the step u, (t) function to negative side.

1.21.2 Part (b)

The easy way to do this, is to solve for each input term separately, and then add all the solutions,
since this is a linear ODE. Once we solve for the first 2-3 terms, we will see the pattern to use for
the overall solution. Since the input g (¢) is uq (t) + Z;:’Zl (—1)k U, (t), we will first first the response to
ug (t), then for —u, (t) then for +u,, (t), and so on, and add them.

When the input is 1 (t), then its Laplace transform is %, Hence, taking Laplace transform of the
ODE gives (where now Y (s) = J(y (t)))

1
(Y (5) = sy (0) + ¥ (0)) + Y (5) = .
Applying initial conditions
1
S2Y (s) + Y (s) = S

Solving for Y (s) (called it Y (s) since the input is ug (f))

1
Yo (s) =
0 s(sz+1)
_1 S
s s2+1

Hence
Yo () =1—cost

We now do the next input, which is —u, (t), which has Laplace transform of —%, therefore, following
what we did above, we obtain now

—T(S

s(s2 +1)

1 s
_ _,ms|Z _
¢ (s 52+1)

The effect of e is to cause delay in time. Hence the the inverse Laplace transform of the above is

Yy (s) =
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the same as y (t) but with delay
Yr () = =1 () (1 = cos (£ = 7))

—271S
Similarly, when the input is +u, (t), which which has Laplace transform of eT, therefore, following
what we did above, we obtain now
e—Zns

s (52 +1)

1 s
—p2ms | _
¢ (s sz+1)

The effect of 2™ is to cause delay in time. Hence the the inverse Laplace transform of the above
is the same as yq () but with now with delay of 27, therefore

Yar () = +izn (8) (1 = cos ( — 27))
And so on. We see that if we add all the responses, we obtain

YO =0 +yn (O +y2r () + -
=1 -cost)—u, (t) (1 —cos(t —m)) + uyp, (t) (1 — cos (t — 27)) — ---

Y (s) =

y(H) = (1-cost)+ 2 (=1 . (£) (1 = cos (t — kn)) 1)
k=1

1.21.3 Part (c)
This is a plot of (1) for n =15
6.4 (21) part (c) plot
y(®
15 (R
100 A

5F

r \ / | \ |

-5 \Vi \/ e IR R A A |
[ \ | | VL ||
[

_10; \/ H“ || w“ |

—15F v

We see the solution growing rapidly, they settling down after about # = 50 to sinusoidal wave at
amplitude of about +15. This shows the system reached steady state at around ¢ = 50.

To compare it with problem 19 solution, I used the solution for 19 given in the book, and plotted
both solution on top of each others. Also for up to t = 60. Here is the result

y(t)
30F n A

problem 19

20

problem 21

=20

=30

We see that problem 19 output follows the same pattern (since same frequency is used), but with
double the amplitude. This is due to the 2 factor used in problem 19 compared to this problem.

1.21.4 Part(d)

At first, I tried it with n = 50,150,250, 350,450, 550. I can not see any noticeable change in the plot.
Here is the result.
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50 150 250
20 20, 20,
10, 10 10
1 60 1 0 60 1 0 60
10, -10 10
20 -20 20
n =350 n =450 n =550
20 20, 20,
10, 10 10
1 60 1 60 1 0 60
10 -10 10
20 -20 20

Even at n = 2000 there was no change to be noticed.

n = 2000

20%— [
10\/\/\/\/\/\/\ |
4¥1NWVWVWO i

—20t

This shows additional input in the form of shifted unit steps, do not change the steady state solution.
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