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1 HWE®G

1.1 Section 3.4 problem 1
Find the general solution of ¥ -2y’ +y =0
Solution:

The characteristic equation is found by substituting y = ¢"" into the ODE and simplifying, giving

-2r+1=0

r-1)(@r-1)=0

Hence r =1 double root. Therefore the two solutions are
yp=¢
yp =te!

And the general solution is linear combination of the above solutions

y =cre + cotel

1.2 Section 3.4 problem 2
Find the general solution of 9y” + 6y’ +y =0
Solution:

The characteristic equation is found by substituting y = ¢” into the ODE and simplifying, giving
9r% +6r+1=0

_ bxVh-4ac  -6+V36-36 1

"= 20 13 73

1 .
Hence r = -3 double root. Therefore the two solutions are

-1
1= 3!
St
yz =te3
And the general solution is linear combination of the above solutions

4 4
y=cie3 +cptes
1.3 Section 3.4 problem 3
Find the general solution of 4y” — 4y’ -3y =0
Solution:

The characteristic equation is found by substituting y = ¢"" into the ODE and simplifying, giving

42 -4r-3=0
b+ Vb2 —-4ac 4+V16+48 4+8 1+2 1+1
r= = = = = — +
2a 8 8 2 2

3 1 .
Hence r; = 32 =3 Therefore the two solutions are

And the general solution is linear combination of the above solutions

3 1

ot —=t
Y =c1e2 +cpe 2

1.4 Section 3.4 problem 4
Find the general solution of 4y” +12y" + 9y =0

Solution:



The characteristic equation is found by substituting y = ¢* into the ODE and simplifying, giving
47 +12r+9=0

bV —dac  -12:+144-144 -3

2a 8 2

r

Hence r = _?3 double root. Therefore the two solutions are

34
yl =e2
-3

yp =te?'

And the general solution is linear combination of the above solutions

-3 -3

—t —t
y=cie2 +cpte?

1.5 Section 3.4 problem 5
Find the general solution of ¥y -2y’ + 10y = 0
Solution:

The characteristic equation is found by substituting y = ¢"* into the ODE and simplifying, giving
2-2r+10=0
_ b+ Vb —4dac 2+ V4-40 2++-36 2+6i

2a 2 2 2
Hence r; =1+ 3i,7, =1 - 3i. Therefore the two solutions are

=1+3i

r

yy = 130t = plpidt
Yo = elel®t

And the general solution is linear combination of the above solutions, the complex exponential
can be converted to trig functions cos, sin using the standard Euler identities, resulting in

y = ¢e' (cq cos 3t + ¢, sin 3t)

1.6 Section 3.4 problem 6
Find the general solution of vy -6y’ + 9y =0
Solution:
The characteristic equation is found by substituting y = ¢" into the ODE and simplifying, giving
2—6r+9=0
(r-3)72=0
Hence r = 3. Double root. Therefore the two solutions are
y1=¢
yp = te*
And the general solution is linear combination of the above solutions

y =€ + cpte

1.7 Section 3.4 problem 7
Find the general solution of 4y” + 17y’ + 4y =0
Solution:

The characteristic equation is found by substituting y = ¢"* into the ODE and simplifying, giving
42 +17r+4=0

bV —4dac  17+V289-64 17225 -17+15

4 20 8 - 8 8
-17-15 -4 -17+15

1 .
s = 4n=—"=-1 Therefore the two solutions are

Hence r; =



And the general solution is linear combination of the above solutions
1,
y=cre +cpe s

1.8 Section 3.4 problem 8

Find the general solution of 16y” + 24y’ + 9y =0

Solution:

The characteristic equation is found by substituting y = ¢"* into the ODE and simplifying, giving
1612 +24r+9 =0

bV —dac  -24++576-4(16)(9) -24 3

2a 32 32 4

Hence r = —Z. Double root. Therefore the two solutions are

r

_3,

]/1 =¢ 4
3,
yz =fe 4

And the general solution is linear combination of the above solutions

3 _3
y=cie 4 +opte 4

1.9 Section 3.4 problem 9
Find the general solution of 25y” — 20y’ + 4y = 0
Solution:

The characteristic equation is found by substituting y = ¢* into the ODE and simplifying, giving
2512 -20r+4=0

_cb VPP —dac 20+ \A00-4(25(d) _20 2

r

2a 50 50 5

Hence r = g Double root. Therefore the two solutions are

2
yl = e5

2t
yz = te5

And the general solution is linear combination of the above solutions

2 2

ot ot
Y =c1e5 + cptes

1.10 Section 3.4 problem 10
Find the general solution of 2y” + 2y +y =0
Solution:

The characteristic equation is found by substituting y = ¢"" into the ODE and simplifying, giving

2 +2r+1=0
b+ Vb2 —4ac 2++4-4Q2)(1) 2+V-4 242 —1+z'
r = = = = = — 4+ —
2a 4 4 4 2 2
Hence r; = %1 + %,rz = %1 - é Therefore the two solutions are
-1 i a4
Y1 = 6(7_§)t = g?lteft

And the general solution is linear combination of the above solutions, the complex exponential
can be converted to trig functions cos, sin using the standard Euler identities, resulting in

(oo reend)
=e2 |c;c08 =+ ¢y sin =
Y 1 5 th >

111 Section 3.5 problem 1
Find the general solution of i — 2y’ — 3y = 3¢%



Solution:

The first step is to solve the homogenous ODE and find yj, then find a particular solution y, to the
inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete solution.

Finding y,
We need to solve homogenous ODE
y' =2y -3y=0
The characteristic equation is found by substituting y = ¢"” into the above ODE and simplifying,
giving
?-2r-3=0
r+1)(r-3)=0
Hence r; = —1,7, = 3. Therefore the two solution are
yp=e’
y, = e
And the homogeneous solution is linear combination of the above solutions

yp = cret + oyt
Finding y,

Now we need to find one particular solution to
y// _ 2]// _ 3_1/ — 3621‘
We guess y, = Ae*'. Hence

y, = 2Ae*
yy = 4Ae*

Substituting this into the original ODE in order to solve for A gives
4A¢? - 2(2A¢%) - 3(Ae?) = 3¢
-3Ae? = 3¢%

Hence A = -1 and therefore

y, = e

Therefore the general solution is

Y=Yn+Yp

= et + et — %

112 Section 3.5 problem 2
Find the general solution of " + 2y’ + 5y = 3 sin 2¢
Solution:

The first step is to solve the homogenous ODE and find yj, then find a particular solution y, to the
inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete solution.

Finding y,
We need to solve homogenous ODE
y' +2y +5y=0
The characteristic equation is found by substituting y = ¢'* into the above ODE and simplifying,
giving
2 +2r+5=0

—b + Vb2 — 4ac 2+ V4-20 -2+V-16 -2+4i

2a 2 2 2
From before, we know the solution is of the form

Y=

v, = et (cq cos 2t + sin 2t)



Where
y1 = e cos2t
Yo = e tsin 2t
Finding y,
Now we need to find one particular solution to
Yy’ +2y +5y =3sin2t
We guess y, = Acos2t + Bsin 2t hence

Yp = —2Asin2t + 2B cos2t
Y, = —4Acos2t —4Bsin2t
Substituting these back into the original ODE in order to solve for A, B gives
Yy + 2y, + 5y, = 3sin2t
—4Acos2t—4Bsin2t + 2(-2Asin 2t + 2B cos 2t) + 5 (A cos 2t + Bsin 2t) = 3sin 2t
—4A cos2t —4Bsin 2t —4Asin 2t + 4B cos 2t + 5A cos 2t + 5B sin 2t = 3 sin 2t
(A +4B)cos2t + (B —4A)sin 2t = 3sin 2t
Hence
A+4B=0
B-4A=3
From first equation, A = —4B, and the second equation becomes B —4(-4B) = 3 or B+16B = 3 or
B=2, hence A = 2, therefore
Ve VA
12 2t + S g 2t
= — — sin
Yp = 15 cOs A
Therefore the general solution is

Y=YntYp

= ¢~ (cy cos 2t + sin 2t) 12 cos 2t + 3 sin 2t
B 17 17

1.13 Section 3.5 problem 3
Find the general solution of ¥’ —y’ — 2y = -2 + 4t
Solution:

The first step is to solve the homogenous ODE and find yj, then find a particular solution y, to the
inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete solution.

Finding y,
We need to solve homogenous ODE

y' -y -2y=0
The characteristic equation is found by substituting y = ¢"’ into the above ODE and simplifying,
giving

rP-r-2=0

r+1)(r-2)=0
Hence r; = 1,7, = 2 and therefore

yp = cre”t + cpe?t
Finding y,
Now we need to find one particular solution to

Yy -y -2y =-2t+4f2

We guess y, = Ag + Ayt + Apt*. Therefore

y;] = Al + 2A2t
Yy =24



Substituting these back into the original ODE gives
24 — (Ay + 2A5t) = 2 (Ag + Art + Apt?) = =2t + 412
t9(2A, — A; —2Ap) + t(=2A, —2A;) + 12 (=2A,) = =2t + 4f?
Hence

2A2—A1—2A0:0

—2A2 - 2A1 =-2
-2A, =4
From the last equation, A; = -2, and from the second equation A; = #(_2) =3 and from the first
equation 2(-2) -3 -2A; = 0 hence Ay = % = —g, Therefore
Yp = AO + Alt + Aztz
SN Y
S 2
Therefore the general solution is
Y=Yyntyp

7
= et + et - 5t 3t-212

1.14 Section 3.5 problem 4
Find the general solution of y’ +y’ — 6y = 123 + 12¢7%
Solution:

The first step is to solve the homogenous ODE and find yj, then find a particular solution y, to the
inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete solution.

Finding y,
We need to solve homogenous ODE

y' +y -6y=0
The characteristic equation is found by substituting y = ¢’ into the above ODE and simplifying,
giving

P+r—6=0

r+3)(r-2)=0
Hence r| = -3, 1, =2 and therefore

Y = cret + e
Finding y,
Now we need to find one particular solution to

Y +y -6y =12¢% +12¢72

We guess y, = Ae* + Be . Therefore

Y, =3Ae* - 2Be™
vy = 9Ae* + 4Be™
Substituting these back into the original ODE gives
vy +y, — 6y, =123 +12¢7%
9Ae* + 4Be? + 3Ae™ — 2Be ' — 6 (Ae™ + Be ) =126 + 1207
e (9A +3A - 6A) + e 2 (4B - 2B — 6B) = 1263 + 1272
6Ae> —4Be™2 =1263 +12¢7%
Comparing coefficients gives
A=2
=-3
Hence

Yy = 263 — 32



And the final solution is

Y=Yty
= 1673 + cpe?t + 263 — 37

1.15 Section 3.5 problem 5
Find the general solution of y”” - 2y’ — 3y = -3te™
Solution:

The first step is to solve the homogenous ODE and find yj, then find a particular solution y, to the
inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete solution.

Finding y,
We need to solve homogenous ODE

y' -2y -3y=0
The characteristic equation is found by substituting y = ¢’ into the above ODE and simplifying,
giving

?-2r-3=0

r-3)r+1)=0
Hence r; = 3,7, = -1 and therefore

Y = c1e® + et
Finding y,
Now we need to find one particular solution to

y” -2y -3y = -3te”!

Guess for t is Ay + Byt and the guess for ™ is Cte™ (where we multiplied by ¢ since ¢! shows up in
the homogenous solution. Therefore the product is

Y, = (Ag + Bot) Cte™*
= AyCte™ + CByt?e!
Let AyC = A,CBj = B, and the above becomes
y, = Ate' + Bt?e™!
= (A+Bt)te™
Substituting these back into the ODE and solving for A, B gives B = 3 and A = %, hence
Yy = (At + Btz) et

3.3
=(—t+-£|e!
(16 "8 )e

And the final solution is
Yy=yntyp
3 3
— 3t sty [ 222t
c1e”t + et + (16t+ 3 )e
1.16 Section 3.5 problem 6
Find the general solution of " + 2y’ = 3 + 4sin 2t
Solution:

The first step is to solve the homogenous ODE and find yj, then find a particular solution y, to the
inhomogeneous ODE, then add both solutions y; +y, in order to find the complete solution.

Finding y,
We need to solve homogenous ODE
y' +2y' =0
The characteristic equation is found by substituting y = ¢'* into the above ODE and simplifying,



giving
+2r=0

r(r+2)=0

Hence r; = 0,7, = -2 and therefore
Y = c1 + cpe?t
Finding y,
Now we need to find one particular solution to
Yy’ +2y =3+4sin2t

Guess that y, = At + B cos2t + Csin2t, hence

Yp = A-2Bsin2t +2Ccos2t
Yy = —4Bcos2t —4Csin2t
Substituting back into
Yy +2y, =3 +4sin2t
—4B cos2t —4Csin2t + 2 (A —2Bsin 2t + 2C cos 2t) = 3 + 4sin 2f
—4Bcos2t —4Csin2t + 2A —4Bsin 2t + 4C cos 2t = 3 + 4sin 2t
(-4B +4C)cos2t +2A + (—4C —4B) sin 2t = 3 + 4sin 2t

Hence
2A=3
1=-C-B
0=-B+C

From first equation, A = g, From third equation, B = C and from the second equation 1 = -2B or
B= _71, hence C = _71, and the particular solution is
Y+ L cosa— Lsin
= -t+ —cos2t - ~sin
"= 2
Hence the complete solution is

3 1 1
Y =c1+cpe? + =t — = cos2t— = sin2t
2 2 2
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