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0.1 Section 2.5 problem 1

Sketch the graph of 𝑓 �𝑦� vs. 𝑦 and determine critical points and classify each as stable or not stable.
𝑑𝑦
𝑑𝑡 = 𝑎𝑦 + 𝑏𝑦

2; 𝑎 > 0, 𝑏 > 0, 𝑦0 ≥ 0

𝑓 �𝑦� = 𝑎𝑦 + 𝑏𝑦2

The following is sketch of 𝑓 �𝑦� for 𝑎 = 1, 𝑏 = 1. Or 𝑓 �𝑦� = 𝑦 + 𝑦2
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f(y) vs. y for a=1,b=1

The critical points are solution of

𝑓 �𝑦� = 0

𝑦 �𝑎 + 𝑏𝑦� = 0

Therefore the critical points are

𝑦1 = 0

𝑦2 =
−𝑎
𝑏

(not in domain)

Or

𝑦1 = 0
𝑦2 = −1

Notice that since 𝑎 > 0, 𝑏 > 0, then 𝑦2 < 0. Here is sketch of the direction field.
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y

ty = 0

y = −a/b

sketch of direction fields

Therefore 𝑦 = 0 is not stable, and 𝑦 = −𝑎
𝑏 is stable. However, since 𝑦0 ≥ 0, then 𝑦 = −𝑎

𝑏 will not be
reached. Per discussion, only lines above 𝑦0 are to be considered. In the following problem, since
−∞ < 𝑦 < ∞, then all lines will be considered. This is the only di�erence between this problem and
the next one.

0.1.1 Appendix

This is extra. The problem is also solved to determined which is the stable and which is the unstable
critical points. But using direction field as above, is simpler method. The ODE is 𝑑𝑦

𝑑𝑡 = 𝑎𝑦 + 𝑏𝑦
2. This

is separable

𝑑𝑦
𝑦 �𝑎 + 𝑏𝑦�

= 𝑑𝑥

Integrating

�
𝑑𝑦

𝑦 �𝑎 + 𝑏𝑦�
= �𝑑𝑥 (1)

For the integral ∫ 𝑑𝑦
𝑦�𝑎+𝑏𝑦�

, partial fractions is used to split it. Let 𝐴
𝑦 +

𝐵
𝑎+𝑏𝑦 =

1
𝑦�𝑎+𝑏𝑦�

, therefore

𝐴�𝑎 + 𝑏𝑦� + 𝐵𝑦 = 1

𝐴𝑎 + 𝑦 (𝐴𝑏 + 𝐵) = 1

Hence comparing terms, gives

𝐴𝑏 + 𝐵 = 0
𝐴𝑎 = 1

Solving for 𝐴,𝐵, gives

𝐴 =
1
𝑎

𝐵 = −
𝑏
𝑎
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Hence the integral becomes

�
𝑑𝑦

𝑦 �𝑎 + 𝑏𝑦�
=
1
𝑎 �

1
𝑦
𝑑𝑦 −

𝑏
𝑎 �

𝑑𝑦
𝑎 + 𝑏𝑦

=
1
𝑎

ln �𝑦� − 𝑏
𝑎 �

𝑑𝑦
𝑎 + 𝑏𝑦

Let 𝑢 = 𝑎 + 𝑏𝑦,→ 𝑑𝑢 = 𝑏𝑑𝑦, hence ∫ 𝑑𝑦
𝑎+𝑏𝑦 =

1
𝑏
∫ 𝑑𝑢

𝑢 = 1
𝑏 ln |𝑢| = 1

𝑏 ln �𝑎 + 𝑏𝑦� and the above becomes

�
𝑑𝑦

𝑦 �𝑎 + 𝑏𝑦�
=
1
𝑎

ln �𝑦� − 𝑏
𝑎
1
𝑏

ln �𝑎 + 𝑏𝑦�

=
1
𝑎

ln �𝑦� − 1
𝑎

ln �𝑎 + 𝑏𝑦�

=
1
𝑎
�ln �𝑦� − ln �𝑎 + 𝑏𝑦��

=
1
𝑎

ln � 𝑦
𝑎 + 𝑏𝑦

�

Hence (1) becomes
1
𝑎

ln � 𝑦
𝑎 + 𝑏𝑦

� = 𝑥 + 𝑐

Where 𝑐 is constant of integration. Therefore

ln � 𝑦
𝑎 + 𝑏𝑦

� = 𝑎𝑥 + 𝑎𝑐

Let 𝑎𝑐 = 𝑐0 a new constant. Then

ln � 𝑦
𝑎 + 𝑏𝑦

� = 𝑎𝑥 + 𝑐0

�
𝑦

𝑎 + 𝑏𝑦
� = 𝑒𝑎𝑥+𝑐0

𝑦
𝑎 + 𝑏𝑦

= 𝐶0𝑒𝑎𝑥

Solving for 𝑦

𝑦 = 𝑎𝐶0𝑒𝑎𝑥 + 𝑏𝑦𝐶0𝑒𝑎𝑥

𝑦 (1 − 𝑏𝐶0𝑒𝑎𝑥) = 𝑎𝐶0𝑒𝑎𝑥

𝑦 =
𝑎𝐶0𝑒𝑎𝑥

(1 − 𝑏𝐶0𝑒𝑎𝑥)

lim
𝑥→∞

𝑦 = lim
𝑥→∞

𝑎𝐶0
1
𝑒𝑎𝑥 − 𝑏𝐶0

Since 𝑎 > 0 then 𝑒𝑎𝑥 →∞ as 𝑥 → ∞ and the above simplifies to

lim
𝑥→∞

𝑦 =
𝑎𝐶0
−𝑏𝐶0

= −
𝑎
𝑏

Since the limit goes to the point − 𝑎
𝑏 then this point is stable equilibrium and the point 𝑦 = 0 is not

stable.
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0.2 Section 2.5 problem 2

Sketch the graph of 𝑓 �𝑦� vs. 𝑦 and determine critical points and classify each as stable or not stable.
𝑑𝑦
𝑑𝑡 = 𝑎𝑦 + 𝑏𝑦

2; 𝑎 > 0, 𝑏 > 0, −∞ < 𝑦0 < ∞

𝑓 �𝑦� = 𝑎𝑦 + 𝑏𝑦2

This is the same problem as above, with same direction field. But now the phase line will include
both critical points. The critical points are from above

𝑦1 = 0

𝑦2 =
−𝑎
𝑏

Or

𝑦1 = 0
𝑦2 = −1

For 𝑎 = 1, 𝑏 = 1. Here is sketch of the direction field.

y

ty = 0

y = −a/b

sketch of direction fields

Therefore 𝑦 = 0 is not stable, and 𝑦 = −𝑎
𝑏 is stable. The following is the phase line for this problem
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y

y = 0

y = −a/b

∞

−∞

unstable critical point

stable critical point

Phase line

0.3 Section 2.6 problem 1

Determine if (2𝑥 + 3) + �2𝑦 − 2� 𝑑𝑦
𝑑𝑥 = 0 is exact and solve if so.

𝑀�𝑥,𝑦�

���������(2𝑥 + 3) +

𝑁�𝑥,𝑦�

����������2𝑦 − 2�
𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= 0

𝜕𝑁
𝜕𝑥

= 0

Therefore, it is exact. Before solving, it is always best to apply singular point analysis on 𝑓 �𝑥, 𝑦� in
order to determined if the solution is unique or not. Writing the ODE as 𝑑𝑦

𝑑𝑥 = 𝑓 �𝑥, 𝑦� =
−(2𝑥+3)
�2𝑦−2�

shows

that this is non-linear first order and applying theorem 2, shows that 𝑓 (𝑥) is not continuous at 𝑦 = 1.
Now the ODE is solved. Setting up the two equations

𝜕Ψ
𝜕𝑥

= 𝑀 = 2𝑥 + 3 (1)

𝜕Ψ
𝜕𝑦

= 𝑁 = 2𝑦 − 2 (2)
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Integrating (1) w.r.t. 𝑥 gives

�
𝜕Ψ
𝜕𝑥

𝑑𝑥 = �2𝑥 + 3𝑑𝑥

Ψ = 𝑥2 + 3𝑥 + 𝑓 �𝑦� (3)

Therefore
𝜕Ψ
𝜕𝑦

= 𝑓′ �𝑦�

Comparing the above to (2) shows that 𝑓′ �𝑦� = 2𝑦 − 2. By integrating 𝑓 �𝑦� is found to be

𝑓 �𝑦� = 𝑦2 − 2𝑦 + 𝑐

Substituting 𝑓 �𝑦� back into (3) gives Ψ�𝑥, 𝑦 (𝑥)�

Ψ �𝑥, 𝑦 (𝑥)� = 𝑥2 + 3𝑥 + �𝑦2 − 2𝑦 + 𝑐�

However, since 𝑑
𝑑𝑥Ψ = 0, then Ψ = 𝑐1, where 𝑐1 is some constant. Therefore the above can be written

as

𝑥2 + 3𝑥 + �𝑦2 − 2𝑦 + 𝑐� = 𝑐1
Combining constants and simplifying gives the implicit solution for 𝑦 (𝑥) as

𝑥2 + 3𝑥 + 𝑦2 − 2𝑦 = 𝑐0 𝑦 ≠ 1 (4)

0.4 Section 2.6 problem 2

Determine if �2𝑥 + 4𝑦� + �2𝑥 − 2𝑦� 𝑑𝑦
𝑑𝑥 = 0 is exact and solve if so.

𝑀�𝑥,𝑦�

������������2𝑥 + 4𝑦� +

𝑁�𝑥,𝑦�

������������2𝑥 − 2𝑦�
𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= 4

𝜕𝑁
𝜕𝑥

= 2

Therefore the ODE is not exact.

0.5 Section 2.6 problem 3

Determine if �3𝑥2 − 2𝑥𝑦 + 2� + �6𝑦2 − 𝑥2 + 3� 𝑑𝑦
𝑑𝑥 = 0 is exact and solve if so.

𝑀�𝑥,𝑦�

��������������������3𝑥2 − 2𝑥𝑦 + 2� +

𝑁�𝑥,𝑦�

������������������6𝑦2 − 𝑥2 + 3�
𝑑𝑦
𝑑𝑥

= 0
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ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= −2𝑥

𝜕𝑁
𝜕𝑥

= −2𝑥

Hence the ODE is exact. Writing the ODE as 𝑑𝑦
𝑑𝑥 = 𝑓 �𝑥, 𝑦� =

−�3𝑥2−2𝑥𝑦+2�

�6𝑦2−𝑥2+3�
shows that this is non-linear first order

and applying theorem 2, shows that 𝑓 (𝑥) is not continuous at 𝑦 = ±�
1
6𝑥

2 − 1
2 . Now the ODE is solved.

Setting up the two equations

𝜕Ψ
𝜕𝑥

= 𝑀 = 3𝑥2 − 2𝑥𝑦 + 2 (1)

𝜕Ψ
𝜕𝑦

= 𝑁 = 6𝑦2 − 𝑥2 + 3 (2)

Integrating (1) w.r.t. 𝑥 gives

�
𝜕Ψ
𝜕𝑥

𝑑𝑥 = ��3𝑥2 − 2𝑥𝑦 + 2� 𝑑𝑥

Ψ = 𝑥3 − 𝑥2𝑦 + 2𝑥 + 𝑓 �𝑦� (3)

Therefore
𝜕Ψ
𝜕𝑦

= −𝑥2 + 𝑓′ �𝑦�

Equating the above to (2) gives

−𝑥2 + 𝑓′ �𝑦� = 6𝑦2 − 𝑥2 + 3

𝑓′ �𝑦� = 6𝑦2 + 3

Integrating the above w.r.t. 𝑦 gives

𝑓 �𝑦� = 2𝑦3 + 3𝑦 + 𝑐

Substituting 𝑓 �𝑦� back into (3) gives Ψ�𝑥, 𝑦 (𝑥)�

Ψ �𝑥, 𝑦 (𝑥)� = 𝑥3 − 𝑥2𝑦 + 2𝑥 + 2𝑦3 + 3𝑦 + 𝑐

However, since 𝑑
𝑑𝑥Ψ = 0, then Ψ = 𝑐1, where 𝑐1 is some constant. Therefore the above can be written

as

𝑥3 − 𝑥2𝑦 + 2𝑥 + 2𝑦3 + 3𝑦 + 𝑐 = 𝑐1
Combining constants and simplifying gives the implicit solution for 𝑦 (𝑥) as

𝑥3 − 𝑥2𝑦 + 2𝑥 + 2𝑦3 + 3𝑦 = 𝑐𝑜

The above solution is valid only for 𝑦 ≠ ±�
1
6𝑥

2 − 1
2
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0.6 Section 2.6 problem 4

Determine if �2𝑥𝑦2 + 2𝑦� + �2𝑥2𝑦 + 2𝑥� 𝑑𝑦
𝑑𝑥 = 0 is exact and solve if so.

𝑀�𝑥,𝑦�

����������������2𝑥𝑦2 + 2𝑦� +

𝑁�𝑥,𝑦�

����������������2𝑥2𝑦 + 2𝑥�
𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= 4𝑥𝑦 + 2

𝜕𝑁
𝜕𝑥

= 4𝑥𝑦 + 2

Hence the ODE is exact. Writing the ODE as 𝑑𝑦
𝑑𝑥 = 𝑓 �𝑥, 𝑦� =

−�2𝑥𝑦2+2𝑦�

�2𝑥2𝑦+2𝑥�
shows that this is non-linear first order

and applying theorem 2, shows that 𝑓 (𝑥) is not continuous at 𝑦 = −1
𝑥 for 𝑥 ≠ 0. Now the ODE is solved

under these assumptions. Setting up the two equations

𝜕Ψ
𝜕𝑥

= 𝑀 = 2𝑥𝑦2 + 2𝑦 (1)

𝜕Ψ
𝜕𝑦

= 𝑁 = 2𝑥2𝑦 + 2𝑥 (2)

Integrating (1) w.r.t. 𝑥 gives

�
𝜕Ψ
𝜕𝑥

𝑑𝑥 = ��2𝑥𝑦2 + 2𝑦� 𝑑𝑥

Ψ = 𝑥2𝑦2 + 2𝑦𝑥 + 𝑓 �𝑦� (3)

Therefore
𝜕Ψ
𝜕𝑦

= 2𝑥2𝑦 + 2𝑥 + 𝑓′ �𝑦�

Equating the above to (2) gives

2𝑥2𝑦 + 2𝑥 + 𝑓′ �𝑦� = 2𝑥2𝑦 + 2𝑥

𝑓′ �𝑦� = 0

Integrating the above w.r.t. 𝑦 gives

𝑓 �𝑦� = 𝑐

Substituting 𝑓 �𝑦� back into (3) gives Ψ�𝑥, 𝑦 (𝑥)�

Ψ �𝑥, 𝑦 (𝑥)� = 𝑥2𝑦2 + 2𝑦𝑥 + 𝑐

However, since 𝑑
𝑑𝑥Ψ = 0, then Ψ = 𝑐1, where 𝑐1 is some constant. Therefore the above can be written

as

𝑥2𝑦2 + 2𝑦𝑥 + 𝑐 = 𝑐1
Combining constants and simplifying gives the implicit solution for 𝑦 (𝑥) as

𝑥2𝑦2 + 2𝑦𝑥 = 𝑐𝑜 𝑦 ≠
−1
𝑥
, 𝑥 ≠ 0
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0.7 Section 2.6 problem 5

Determine if 𝑑𝑦
𝑑𝑥 =

−�𝑎𝑥+𝑏𝑦�

𝑏𝑥+𝑐𝑦 is exact and solve if so.

𝑀�𝑥,𝑦�

������������𝑎𝑥 + 𝑏𝑦� +

𝑁�𝑥,𝑦�

������������𝑏𝑥 + 𝑐𝑦�
𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= 𝑏

𝜕𝑁
𝜕𝑥

= 𝑏

Hence the ODE is exact. Writing the ODE as 𝑑𝑦
𝑑𝑥 = 𝑓 �𝑥, 𝑦� =

−�𝑎𝑥+𝑏𝑦�

𝑏𝑥+𝑐𝑦 shows that this is non-linear first order

and applying theorem 2, shows that 𝑓 (𝑥) is not continuous at 𝑦 = −𝑏𝑥
𝑐 . Now the ODE is solved under

these assumptions. Setting up the two equations

𝜕Ψ
𝜕𝑥

= 𝑀 = 𝑎𝑥 + 𝑏𝑦 (1)

𝜕Ψ
𝜕𝑦

= 𝑁 = 𝑏𝑥 + 𝑐𝑦 (2)

Integrating (1) w.r.t. 𝑥 gives

�
𝜕Ψ
𝜕𝑥

𝑑𝑥 = ��𝑎𝑥 + 𝑏𝑦� 𝑑𝑥

Ψ =
𝑎
2
𝑥2 + 𝑏𝑦𝑥 + 𝑓 �𝑦� (3)

Therefore
𝜕Ψ
𝜕𝑦

= 𝑏𝑥 + 𝑓′ �𝑦�

Equating the above to (2) gives

𝑏𝑥 + 𝑓′ �𝑦� = 𝑏𝑥 + 𝑐𝑦

𝑓′ �𝑦� = 𝑐𝑦

Integrating the above w.r.t. 𝑦 gives

𝑓 �𝑦� =
1
2
𝑐𝑦2 + 𝑘

Where 𝑘 is constant. Substituting 𝑓 �𝑦� back into (3) gives Ψ�𝑥, 𝑦 (𝑥)�

Ψ �𝑥, 𝑦 (𝑥)� =
𝑎
2
𝑥2 + 𝑏𝑦𝑥 +

1
2
𝑐𝑦2 + 𝑘

However, since 𝑑
𝑑𝑥Ψ = 0, then Ψ = 𝑘1, where 𝑘1 is some constant. Therefore the above can be written

as
𝑎
2
𝑥2 + 𝑏𝑦𝑥 +

1
2
𝑐𝑦2 + 𝑘 = 𝑘1
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Combining constants and simplifying gives the implicit solution for 𝑦 (𝑥) as
𝑎
2
𝑥2 + 𝑏𝑦𝑥 +

1
2
𝑐𝑦2 = 𝑘𝑜

𝑎𝑥2 + 2𝑏𝑦𝑥 + 𝑐𝑦2 = 2𝑘𝑜 = 𝑘2
Summary of solution

𝑎𝑥2 + 2𝑏𝑦𝑥 + 𝑐𝑦2 = 𝑘2 𝑦 ≠ −𝑏𝑥
𝑐

0.8 Section 2.6 problem 6

Determine if 𝑑𝑦
𝑑𝑥 =

−�𝑎𝑥−𝑏𝑦�

𝑏𝑥−𝑐𝑦 is exact and solve if so.

𝑀�𝑥,𝑦�

������������𝑎𝑥 − 𝑏𝑦� +

𝑁�𝑥,𝑦�

������������𝑏𝑥 − 𝑐𝑦�
𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= −𝑏

𝜕𝑁
𝜕𝑥

= 𝑏

Hence the ODE is not exact.

0.9 Section 2.6 problem 7

Determine if �𝑒𝑥 sin 𝑦 − 2𝑦 sin 𝑥� + �𝑒𝑥 cos 𝑦 + 2 cos 𝑥� 𝑑𝑦
𝑑𝑥 = 0 is exact and solve if so.

𝑀�𝑥,𝑦�

��������������������������𝑒𝑥 sin 𝑦 − 2𝑦 sin 𝑥� +

𝑁�𝑥,𝑦�

��������������������������𝑒𝑥 cos 𝑦 + 2 cos 𝑥�𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= 𝑒𝑥 cos 𝑦 − 2 sin 𝑥

𝜕𝑁
𝜕𝑥

= 𝑒𝑥 cos 𝑦 − 2 sin 𝑥

Hence the ODE is exact. Writing the ODE as 𝑑𝑦
𝑑𝑥 = 𝑓 �𝑥, 𝑦� =

−�𝑒𝑥 sin 𝑦−2𝑦 sin 𝑥�

𝑒𝑥 cos 𝑦+2 cos 𝑥 shows that this is

non-linear first order and applying theorem 2, shows that 𝑓 (𝑥) is not continuous at 𝑦 = arccos �−2 cos 𝑥
𝑒𝑥

�.

Now the ODE is solved under these assumptions. Setting up the two equations

𝜕Ψ
𝜕𝑥

= 𝑀 = 𝑒𝑥 sin 𝑦 − 2𝑦 sin 𝑥 (1)

𝜕Ψ
𝜕𝑦

= 𝑁 = 𝑒𝑥 cos 𝑦 + 2 cos 𝑥 (2)
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Integrating (1) w.r.t. 𝑥 gives

�
𝜕Ψ
𝜕𝑥

𝑑𝑥 = ��𝑒𝑥 sin 𝑦 − 2𝑦 sin 𝑥� 𝑑𝑥

Ψ = 𝑒𝑥 sin 𝑦 + 2𝑦 cos 𝑥 + 𝑓 �𝑦� (3)

Therefore
𝜕Ψ
𝜕𝑦

= 𝑒𝑥 cos 𝑦 + 2 cos 𝑥 + 𝑓′ �𝑦�

Equating the above to (2) gives

𝑒𝑥 cos 𝑦 + 2 cos 𝑥 + 𝑓′ �𝑦� = 𝑒𝑥 cos 𝑦 + 2 cos 𝑥

𝑓′ �𝑦� = 0

Hence

𝑓 �𝑦� = 𝑐

Where 𝑐 is constant. Substituting 𝑓 �𝑦� back into (3) gives Ψ�𝑥, 𝑦 (𝑥)�

Ψ �𝑥, 𝑦 (𝑥)� = 𝑒𝑥 sin 𝑦 + 2𝑦 cos 𝑥 + 𝑐

However, since 𝑑
𝑑𝑥Ψ = 0, then Ψ = 𝑐1, where 𝑐1 is some constant. Therefore the above can be written

as

𝑒𝑥 sin 𝑦 + 2𝑦 cos 𝑥 + 𝑐 = 𝑐1
Combining constants and simplifying gives the implicit solution for 𝑦 (𝑥) as

𝑒𝑥 sin 𝑦 + 2𝑦 cos 𝑥 = 𝑐𝑜 𝑦 ≠ arccos �
−2 cos 𝑥
𝑒𝑥 �

Since 𝑐0 is constant, then 𝑐0 = 0 is allowed value. This implies 𝑒𝑥 sin 𝑦 + 2𝑦 cos 𝑥 = 0 is allowed, which
means 𝑦 (𝑥) = 0 is solution also, since when 𝑦 = 0 then 𝑒𝑥 sin (0)+2 (0) cos 𝑥 gives zero. Hence a second
solution is

𝑦 (𝑥) = 0

Summary

⎧⎪⎪⎨
⎪⎪⎩
𝑒𝑥 sin 𝑦 + 2𝑦 cos 𝑥 = 𝑐𝑜 𝑦 ≠ arccos �−2 cos 𝑥

𝑒𝑥
�

𝑦 (𝑥) = 0 𝑐0 = 0

0.10 Section 2.6 problem 8

Determine if �𝑒𝑥 sin 𝑦 + 3𝑦� − �3𝑥 − 𝑒𝑥 sin 𝑦� 𝑑𝑦
𝑑𝑥 = 0 is exact and solve if so.

𝑀�𝑥,𝑦�

��������������������𝑒𝑥 sin 𝑦 + 3𝑦� +

𝑁�𝑥,𝑦�

����������������������−3𝑥 + 𝑒𝑥 sin 𝑦�𝑑𝑦
𝑑𝑥

= 0
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ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= 𝑒𝑥 sin 𝑦 + 3

𝜕𝑁
𝜕𝑥

= −3 + 𝑒𝑥 sin 𝑦

Hence the ODE is not exact

0.11 Section 2.6 problem 9

Determine if �𝑦𝑒𝑥𝑦 cos 2𝑥 − 2𝑒𝑥𝑦 sin 2𝑥 + 2𝑥� + (𝑥𝑒𝑥𝑦 cos 2𝑥 − 3) 𝑑𝑦𝑑𝑥 = 0 is exact and solve if so.

𝑀�𝑥,𝑦�

��������������������������������������������𝑦𝑒𝑥𝑦 cos 2𝑥 − 2𝑒𝑥𝑦 sin 2𝑥 + 2𝑥� +
𝑁�𝑥,𝑦�

���������������������(𝑥𝑒𝑥𝑦 cos 2𝑥 − 3)𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

= 𝑒𝑥𝑦 cos 2𝑥 + 𝑦𝑥𝑒𝑥𝑦 cos 2𝑥 − 2𝑥𝑒𝑥𝑦 sin 2𝑥

𝜕𝑁
𝜕𝑥

= 𝑒𝑥𝑦 cos 2𝑥 + 𝑥𝑦𝑒𝑥𝑦 cos 2𝑥 − 2𝑥𝑒𝑥𝑦 sin 2𝑥

Hence the ODE is exact. Now the ODE is solved. Setting up the two equations

𝜕Ψ
𝜕𝑥

= 𝑀 = 𝑦𝑒𝑥𝑦 cos 2𝑥 − 2𝑒𝑥𝑦 sin 2𝑥 + 2𝑥 (1)

𝜕Ψ
𝜕𝑦

= 𝑁 = 𝑥𝑒𝑥𝑦 cos 2𝑥 − 3 (2)

Integrating (1) w.r.t. 𝑥 gives

�
𝜕Ψ
𝜕𝑥

𝑑𝑥 = ��𝑦𝑒𝑥𝑦 cos 2𝑥 − 2𝑒𝑥𝑦 sin 2𝑥 + 2𝑥� 𝑑𝑥

Ψ = 𝑦�𝑒𝑥𝑦 cos 2𝑥𝑑𝑥 − 2�𝑒𝑥𝑦 sin 2𝑥𝑑𝑥 + 2�𝑥𝑑𝑥 + 𝑓 �𝑦� (3)

Let

𝐼 = �𝑒𝑥𝑦 cos 2𝑥𝑑𝑥

Using integration by parts. Let 𝑢 = cos 2𝑥, 𝑑𝑣 = 𝑒𝑥𝑦 → 𝑑𝑢 = −2 sin (2𝑥) , 𝑣 = 𝑒𝑥𝑦

𝑦 , hence

𝐼 = 𝑢𝑣 −�𝑣𝑑𝑢

=
𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2

𝑦 �
𝑒𝑥𝑦 sin 2𝑥𝑑𝑥

Applying integration by parts again to ∫ 𝑒𝑥𝑦 sin 2𝑥𝑑𝑥, where now 𝑢 = sin 2𝑥, 𝑑𝑣 = 𝑒𝑥𝑦 → 𝑑𝑢 =
2 cos (2𝑥) , 𝑣 = 𝑒𝑥𝑦

𝑦 Therefore the above becomes

𝐼 =
𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2

𝑦 �
𝑒𝑥𝑦

𝑦
sin 2𝑥 −�

𝑒𝑥𝑦

𝑦
2 cos 2𝑥𝑑𝑥�

=
𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2

𝑦 �
𝑒𝑥𝑦

𝑦
sin 2𝑥 − 2

𝑦 �
𝑒𝑥𝑦 cos 2𝑥𝑑𝑥�
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But 𝐼 = ∫ 𝑒𝑥𝑦 cos 2𝑥𝑑𝑥 and the above becomes

𝐼 =
𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2

𝑦 �
𝑒𝑥𝑦

𝑦
sin 2𝑥 − 2

𝑦
𝐼�

Solving for 𝐼

𝐼 =
𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2𝑒𝑥𝑦

𝑦2
sin 2𝑥 − 4

𝑦2
𝐼

𝐼 +
4
𝑦2
𝐼 =

𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2𝑒𝑥𝑦

𝑦2
sin 2𝑥

𝐼 �
𝑦2 + 4
𝑦2 � =

𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2𝑒𝑥𝑦

𝑦2
sin 2𝑥

𝐼 =
𝑦2

𝑦2 + 4
𝑒𝑥𝑦

𝑦
cos 2𝑥 + 𝑦2

𝑦2 + 4
2𝑒𝑥𝑦

𝑦2
sin 2𝑥

Therefore

�𝑒𝑥𝑦 cos 2𝑥𝑑𝑥 = 𝑦𝑒𝑥𝑦

𝑦2 + 4
cos 2𝑥 + 2𝑒𝑥𝑦

𝑦2 + 4
sin 2𝑥 (4)

Similarly 𝐼 = ∫ 𝑒𝑥𝑦 sin 2𝑥𝑑𝑥 is solve by integration by parts. Let 𝑒𝑣 = 𝑒𝑥𝑦, 𝑢 = sin 2𝑥 → 𝑑𝑢 = 2 cos 2𝑥, 𝑣 =
𝑒𝑥𝑦

𝑦 , hence

𝐼 =
𝑒𝑥𝑦

𝑦
sin 2𝑥 − 2

𝑦 �
𝑒𝑥𝑦 cos 2𝑥𝑑𝑥

For ∫ 𝑒𝑥𝑦 cos 2𝑥𝑑𝑥, let 𝑢 = cos 2𝑥, 𝑑𝑣 = 𝑒𝑥𝑦 → 𝑑𝑢 = −2 sin 2𝑥, 𝑣 = 𝑒𝑥𝑦

𝑦 and the above becomes

𝐼 =
𝑒𝑥𝑦

𝑦
sin 2𝑥 − 2

𝑦 �
𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2

𝑦 �
𝑒𝑥𝑦 sin 2𝑥𝑑𝑥�

But ∫ 𝑒𝑥𝑦 sin 2𝑥𝑑𝑥 = 𝐼 and the above becomes

𝐼 =
𝑒𝑥𝑦

𝑦
sin 2𝑥 − 2

𝑦 �
𝑒𝑥𝑦

𝑦
cos 2𝑥 + 2

𝑦
𝐼�

Solving for 𝐼

𝐼 =
𝑒𝑥𝑦

𝑦
sin 2𝑥 − �

2𝑒𝑥𝑦

𝑦2
cos 2𝑥 + 4

𝑦2
𝐼�

𝐼 +
4
𝑦2
𝐼 =

𝑒𝑥𝑦

𝑦
sin 2𝑥 − 2𝑒

𝑥𝑦

𝑦2
cos 2𝑥

𝐼 �
𝑦2 + 4
𝑦2 � =

𝑒𝑥𝑦

𝑦
sin 2𝑥 − 2𝑒

𝑥𝑦

𝑦2
cos 2𝑥

𝐼 =
𝑦2

𝑦2 + 4
𝑒𝑥𝑦

𝑦
sin 2𝑥 − 𝑦2

𝑦2 + 4
2𝑒𝑥𝑦

𝑦2
cos 2𝑥

Hence

�𝑒𝑥𝑦 sin 2𝑥𝑑𝑥 = 𝑦𝑒𝑥𝑦

𝑦2 + 4
sin 2𝑥 − 2𝑒𝑥𝑦

𝑦2 + 4
cos 2𝑥 (5)

Substituting (4,5) into (3) gives

Ψ = 𝑦 �
𝑦𝑒𝑥𝑦

𝑦2 + 4
cos 2𝑥 + 2𝑒𝑥𝑦

𝑦2 + 4
sin 2𝑥� − 2 �

𝑦𝑒𝑥𝑦

𝑦2 + 4
sin 2𝑥 − 2𝑒𝑥𝑦

𝑦2 + 4
cos 2𝑥� + 𝑥2 + 𝑓 �𝑦�
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Simplifying

Ψ =
𝑦2𝑒𝑥𝑦

𝑦2 + 4
cos 2𝑥 + 2𝑦𝑒𝑥𝑦

𝑦2 + 4
sin 2𝑥 − 2𝑦𝑒𝑥𝑦

𝑦2 + 4
sin 2𝑥 + 4𝑒𝑥𝑦

𝑦2 + 4
cos 2𝑥 + 𝑥2 + 𝑓 �𝑦�

=
𝑦2𝑒𝑥𝑦

𝑦2 + 4
cos 2𝑥 + 4𝑒𝑥𝑦

𝑦2 + 4
cos 2𝑥 + 𝑥2 + 𝑓 �𝑦�

= 𝑒𝑥𝑦 cos (2𝑥) �
𝑦2

𝑦2 + 4
+

4
𝑦2 + 4�

+ 𝑥2 + 𝑓 �𝑦�

= 𝑒𝑥𝑦 cos (2𝑥) �
4 + 𝑦2

𝑦2 + 4�
+ 𝑥2 + 𝑓 �𝑦�

Therefore

Ψ = 𝑒𝑥𝑦 cos (2𝑥) + 𝑥2 + 𝑓 �𝑦� (6)

Therefore
𝜕Ψ
𝜕𝑦

= 𝑥𝑒𝑥𝑦 cos (2𝑥) + 𝑓′ �𝑦�

Equating the above to (2) gives

𝑥𝑒𝑥𝑦 cos (2𝑥) + 𝑓′ �𝑦� = 𝑥𝑒𝑥𝑦 cos 2𝑥 − 3

𝑓′ �𝑦� = −3

Hence

𝑓 �𝑦� = −3𝑦 + 𝑐

Where 𝑐 is constant. Substituting 𝑓 �𝑦� back into (6) gives

Ψ�𝑥, 𝑦 (𝑥)� = 𝑒𝑥𝑦 cos (2𝑥) + 𝑥2 − 3𝑦 + 𝑐

However, since 𝑑
𝑑𝑥Ψ = 0, then Ψ = 𝑐1, where 𝑐1 is some constant. Therefore the above can be written

as

𝑒𝑥𝑦 cos (2𝑥) + 𝑥2 − 3𝑦 + 𝑐 = 𝑐1
Combining constants and simplifying gives the implicit solution for 𝑦 (𝑥) as

𝑒𝑥𝑦 cos (2𝑥) + 𝑥2 − 3𝑦 = 𝑐𝑜

0.12 Section 2.6 problem 10

Determine if � 𝑦𝑥 + 6𝑥� + (ln 𝑥 − 2)
𝑑𝑦
𝑑𝑥 = 0; 𝑥 > 0 is exact and solve if so.

𝑀�𝑥,𝑦�

�����������
�
𝑦
𝑥
+ 6𝑥� +

𝑁�𝑥,𝑦�

�����������(ln 𝑥 − 2)𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

=
1
𝑥

𝜕𝑁
𝜕𝑥

=
1
𝑥
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Hence the ODE is exact. Writing the ODE as 𝑑𝑦
𝑑𝑥 = 𝑓 �𝑥, 𝑦� =

−� 𝑦𝑥+6𝑥�

ln 𝑥−2 shows that this is non-linear first order
and applying theorem 2, shows that 𝑓 (𝑥) is not continuous at 𝑥 = 𝑒2. Now the ODE is solved under
these assumptions. Setting up the two equations

𝜕Ψ
𝜕𝑥

= 𝑀 =
𝑦
𝑥
+ 6𝑥 (1)

𝜕Ψ
𝜕𝑦

= 𝑁 = ln 𝑥 − 2 (2)

Integrating (1) w.r.t. 𝑥 gives

�
𝜕Ψ
𝜕𝑥

𝑑𝑥 = ��
𝑦
𝑥
+ 6𝑥� 𝑑𝑥

Ψ = 𝑦 ln (𝑥) + 3𝑥2 + 𝑓 �𝑦� (3)

No need to use ln |𝑥| since the problem said that 𝑥 > 0. Therefore
𝜕Ψ
𝜕𝑦

= ln (𝑥) + 𝑓′ �𝑦�

Equating the above to (2) gives

ln (𝑥) + 𝑓′ �𝑦� = ln (𝑥) − 2

𝑓′ �𝑦� = −2

Hence

𝑓 �𝑦� = −2𝑦 + 𝑐

Where 𝑐 is constant. Substituting 𝑓 �𝑦� back into (3) gives Ψ�𝑥, 𝑦 (𝑥)�

Ψ �𝑥, 𝑦 (𝑥)� = 𝑦 ln (𝑥) + 3𝑥2 − 2𝑦 + 𝑐

However, since 𝑑
𝑑𝑥Ψ = 0, then Ψ = 𝑐1, where 𝑐1 is some constant. Therefore the above can be written

as

𝑦 ln (𝑥) + 3𝑥2 − 2𝑦 + 𝑐 = 𝑐1
Combining constants and simplifying gives the implicit solution for 𝑦 (𝑥) as

𝑦 ln (𝑥) + 3𝑥2 − 2𝑦 = 𝑐𝑜 𝑥 > 0; 𝑥 ≠ 𝑒2

0.13 Section 2.6 problem 11

Determine if �𝑥 ln �𝑦� + 𝑥𝑦� + �𝑦 ln (𝑥) + 𝑥𝑦� 𝑑𝑦
𝑑𝑥 = 0; 𝑥 > 0; 𝑦 > 0 is exact and solve if so.

𝑀�𝑥,𝑦�

��������������������𝑥 ln �𝑦� + 𝑥𝑦� +

𝑁�𝑥,𝑦�

������������������𝑦 ln (𝑥) + 𝑥𝑦�𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

=
𝑥
𝑦
+ 𝑥 =

𝑥 �1 + 𝑦�
𝑦

𝜕𝑁
𝜕𝑥

=
𝑦
𝑥
+ 𝑦 =

𝑦 (1 + 𝑥)
𝑥

Hence this ODE is not exact.
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0.14 Section 2.6 problem 12

Determine if 𝑥

�𝑥2+𝑦2�
3
2
+ 𝑦

�𝑥2+𝑦2�
3
2

𝑑𝑦
𝑑𝑥 = 0 is exact and solve if so.

𝑀�𝑥,𝑦�

�������������𝑥

�𝑥2 + 𝑦2�
3
2

+

𝑁�𝑥,𝑦�

�������������𝑦

�𝑥2 + 𝑦2�
3
2

𝑑𝑦
𝑑𝑥

= 0

ODE is exact if 𝜕𝑀
𝜕𝑦 =

𝜕𝑁
𝜕𝑥 . Applying this to the above gives

𝜕𝑀
𝜕𝑦

=
−3
2

𝑥

�𝑥2 + 𝑦2�
5
2

�2𝑦� =
−3𝑥𝑦

�𝑥2 + 𝑦2�
5
2

𝜕𝑁
𝜕𝑥

=
−3
2

𝑦

�𝑥2 + 𝑦2�
5
2

(2𝑥) =
−3𝑥𝑦

�𝑥2 + 𝑦2�
5
2

Hence ODE is exact. Writing the ODE as 𝑑𝑦
𝑑𝑥 = 𝑓 �𝑥, 𝑦� =

− 𝑥

�𝑥2+𝑦2�
3
2

𝑦

�𝑥2+𝑦2�
3
2

= −𝑥
𝑦 shows that this is non-linear first order

and applying theorem 2, shows that 𝑓 (𝑥) is not continuous at 𝑦 = 0. Now the ODE is solved under
these assumptions. Setting up the two equations

𝜕Ψ
𝜕𝑥

= 𝑀 =
𝑥

�𝑥2 + 𝑦2�
3
2

(1)

𝜕Ψ
𝜕𝑦

= 𝑁 =
𝑦

�𝑥2 + 𝑦2�
3
2

(2)

Integrating (1) w.r.t. 𝑥 gives

�
𝜕Ψ
𝜕𝑥

𝑑𝑥 = �
𝑥

�𝑥2 + 𝑦2�
3
2

𝑑𝑥

Let 𝑢 = 𝑥2 + 𝑦2, then 𝑑𝑢
𝑑𝑥 = 2𝑥. Substituting this into ∫ 𝑥

�𝑥2+𝑦2�
3
2
𝑑𝑥 gives

�
𝑥

�𝑥2 + 𝑦2�
3
2

𝑑𝑥 = �
𝑥

𝑢
3
2

𝑑𝑢
2𝑥

=
1
2 �

𝑢
−3
2 𝑑𝑢

=
1
2
𝑢

−1
2

−1
2

+ 𝑓 �𝑦�

= −
1

𝑢
1
2

+ 𝑓 �𝑦�

= −
1

�𝑥2 + 𝑦2�
1
2

+ 𝑓 �𝑦�
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Hence

Ψ = −
1

�𝑥2 + 𝑦2�
1
2

+ 𝑓 �𝑦� (3)

Therefore
𝜕Ψ
𝜕𝑦

=
1
2
�𝑥2 + 𝑦2�

− 3
2 �2𝑦� + 𝑓′ �𝑦�

=
𝑦

�𝑥2 + 𝑦2�
3
2

+ 𝑓′ �𝑦�

Equating the above to (2) gives
𝑦

�𝑥2 + 𝑦2�
3
2

+ 𝑓′ �𝑦� =
𝑦

�𝑥2 + 𝑦2�
3
2

𝑓′ �𝑦� = 0

Hence

𝑓 �𝑦� = 𝑐

Where 𝑐 is constant. Substituting 𝑓 �𝑦� back into (3) gives Ψ�𝑥, 𝑦 (𝑥)�

Ψ �𝑥, 𝑦 (𝑥)� = −
1

�𝑥2 + 𝑦2�
1
2

+ 𝑐

However, since 𝑑
𝑑𝑥Ψ = 0, then Ψ = 𝑐1, where 𝑐1 is some constant. Therefore the above can be written

as

−
1

�𝑥2 + 𝑦2�
1
2

+ 𝑐 = 𝑐1

Combining constants and simplifying gives the implicit solution for 𝑦 (𝑥) as

−
1

�𝑥2 + 𝑦2�
1
2

= 𝑐𝑜

�𝑥2 + 𝑦2�
1
2 = −

1
𝑐0
= 𝑐2
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