
HW7 Physics 311 Mechanics

Fall 2015
Physics department

University of Wisconsin, Madison

Instructor: Professor Stefan Westerhoff

By

Nasser M. Abbasi

November 28, 2019



Contents

0.1 Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
0.2 Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

0.2.1 Part (1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
0.2.2 Part (2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

0.3 Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
0.3.1 Part (1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
0.3.2 Part (2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
0.3.3 Part (3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
0.3.4 Part (4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

0.4 Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
0.5 Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2



3

0.1 Problem 1

Mechanics

Physics 311
Fall 2015

Homework 7 (10/30/15, due 11/6/15)

1. (10 points)
If a problem involves forces that cannot be derived from a potential (for example frictional
forces), Lagrange’s equations become

d

dt

(

∂L

∂q̇i

)

−

∂L

∂qi
= Qi ,

where the Qi are the generalized forces not derivable from a potential. The Qi are defined
through

Qi = ~F ·

∂~r

∂qi
.

Use this formalism for the following example.

A particle of mass m moves in a plane under the influence of a central force of potential
U(r) and also of a linear viscous drag −mk(d~r/dt). Set up Lagrange’s equations of motion
and show that the angular momentum decays exponentially.

2. (10 points)
In the lecture, we derived a formula for the percentage increase in speed necessary to
transfer a spacecraft from low Earth orbit of radius r0 to an elliptical orbit with the Moon
at the apogee at distance r1.

(1) Find the fractional change in the apogee δr1/r1 as a function of a small fractional
change in the ratio of required perigee speed v0 to circular orbit speed vc, δ(v0/vc)/(v0/vc).

(2) If the speed ratio is 1% too great, by how much would the spacecraft miss the Moon?

...continued on next page...

SOLUTION:

Using polar coordinates. The position vector of the particle is

𝑟⃗ = 𝑟𝑟̂ + 𝑟𝜃𝜃̂ (1)

We now find the Lagrangian

𝑇 =
1
2
𝑚 �𝑟̇2 + 𝑟2𝜃̇2�

𝑈 = 𝑉 (𝑟)

𝐿 =
1
2
𝑚 �𝑟̇2 + 𝑟2𝜃̇2� − 𝑉 (𝑟)

Since we are asked about the angular momentum part, we will just find the equation of
motion for the 𝜃 generalized coordinates.

𝜕𝐿
𝜕𝜃

= 0

𝜕𝐿
𝜕𝜃̇

= 𝑚𝑟2𝜃̇

Hence the EQM is
𝑑
𝑑𝑡
�𝑚𝑟2𝜃̇� = 𝑄𝜃

Where 𝑄𝜃 is the generalized force corresponding to generalized coordinate 𝜃. From (1)

𝑑𝑟⃗ = 𝑑𝑟𝑟̂ + 𝑟𝑑𝜃𝜃̂
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Hence
𝑑𝑟⃗
𝑑𝑡
=
𝑑𝑟
𝑑𝑡
𝑟̂ + 𝑟

𝑑𝜃
𝑑𝑡
𝜃̂

= 𝑟̇𝑟̂ + 𝑟𝜃̇𝜃̂

Therefore, the drag force can be written as

𝐹⃗ = −𝑚𝑘
𝑑𝑟⃗
𝑑𝑡

= −𝑚𝑘 �𝑟̇𝑟̂ + 𝑟𝜃̇𝜃̂� (2)

Applying the definition of 𝑄𝜃 = 𝐹⃗ ⋅
𝜕𝑟⃗
𝜕𝜃 gives

𝑄𝜃 = −𝑚𝑘 �𝑟̇𝑟̂ + 𝑟𝜃̇𝜃̂� ⋅
𝜕
𝜕𝜃

�𝑟𝑟̂ + 𝑟𝜃𝜃̂�

= −𝑚𝑘 �𝑟̇𝑟̂ + 𝑟𝜃̇𝜃̂� ⋅ �𝑟𝜃̂�

= −𝑚𝑘𝑟2𝜃̇ (3)

Now that we found 𝑄𝜃, the EQM is
𝑑
𝑑𝑡
�𝑚𝑟2𝜃̇� = −𝑚𝑘𝑟2𝜃̇

We notice the same term on both sides (but for a constant 𝑘). The above is the same as
𝑑
𝑑𝑡
(𝑍) = −𝑘𝑍

The solution must be exponential 𝑍 = 𝑒−𝑘𝑡 + 𝐶 where 𝐶 is some constant. This means

𝑚𝑟2𝜃̇ = 𝑒−𝑘𝑡 + 𝐶

But 𝑚𝑟2𝜃̇ is the angular momentum. Hence, for positive 𝑘, the angular momentum decays
exponentially with time.
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0.2 Problem 2

Mechanics

Physics 311
Fall 2015

Homework 7 (10/30/15, due 11/6/15)

1. (10 points)
If a problem involves forces that cannot be derived from a potential (for example frictional
forces), Lagrange’s equations become

d

dt

(

∂L

∂q̇i

)

−

∂L

∂qi
= Qi ,

where the Qi are the generalized forces not derivable from a potential. The Qi are defined
through

Qi = ~F ·

∂~r

∂qi
.

Use this formalism for the following example.

A particle of mass m moves in a plane under the influence of a central force of potential
U(r) and also of a linear viscous drag −mk(d~r/dt). Set up Lagrange’s equations of motion
and show that the angular momentum decays exponentially.

2. (10 points)
In the lecture, we derived a formula for the percentage increase in speed necessary to
transfer a spacecraft from low Earth orbit of radius r0 to an elliptical orbit with the Moon
at the apogee at distance r1.

(1) Find the fractional change in the apogee δr1/r1 as a function of a small fractional
change in the ratio of required perigee speed v0 to circular orbit speed vc, δ(v0/vc)/(v0/vc).

(2) If the speed ratio is 1% too great, by how much would the spacecraft miss the Moon?

...continued on next page...

SOLUTION:

0.2.1 Part (1)

From class notes, we found

𝑣𝑜
𝑣𝑐
=
�

2𝑟1
𝑟1 + 𝑟𝑜

=
�

2
1 + 𝑟𝑜

𝑟1

Where 𝑣𝑐 is the velocity in the circular orbit just before speed boost, and 𝑣𝑜 is the speed at
the perigee of the ellipse just after the speed boost, and 𝑟0 is the perigee distance and 𝑟1 is

the apogee distance. We need to find
𝛿� 𝑣𝑜𝑣𝑐

�

� 𝑣𝑜𝑣𝑐
�
. To make the calculation easier, let 𝑣𝑜

𝑣𝑐
= 𝑧. Then

we have

𝑧 =

⎛
⎜⎜⎜⎜⎜⎝

2
1 + 𝑟𝑜

𝑟1

⎞
⎟⎟⎟⎟⎟⎠

1
2

Hence

𝛿𝑧
𝛿𝑟1

=
1
2

1
⎛
⎜⎜⎜⎝

2
1+ 𝑟𝑜

𝑟1

⎞
⎟⎟⎟⎠

1
2

𝛿
𝛿𝑟1

⎛
⎜⎜⎜⎜⎜⎝

2
1 + 𝑟𝑜

𝑟1

⎞
⎟⎟⎟⎟⎟⎠
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But

⎛
⎜⎜⎜⎝

2
1+ 𝑟𝑜

𝑟1

⎞
⎟⎟⎟⎠

1
2
= 𝑧 so the above becomes

𝛿𝑧
𝛿𝑟1

=
1
2
1
𝑧
𝛿
𝛿𝑟1

⎛
⎜⎜⎜⎜⎜⎝

2
1 + 𝑟𝑜

𝑟1

⎞
⎟⎟⎟⎟⎟⎠

=
1
2
1
𝑧

⎛
⎜⎜⎜⎜⎝2

𝛿
𝛿𝑟1

�1 +
𝑟𝑜
𝑟1
�
−1⎞⎟⎟⎟⎟⎠

=
1
2
1
𝑧

⎛
⎜⎜⎜⎜⎝2 (−1) �1 +

𝑟𝑜
𝑟1
�
−2 𝛿
𝛿𝑟1

�
𝑟𝑜
𝑟1
�

⎞
⎟⎟⎟⎟⎠

=
1
2
1
𝑧

⎛
⎜⎜⎜⎜⎝2 (−1) �1 +

𝑟𝑜
𝑟1
�
−2

(−𝑟𝑜) 𝑟−21

⎞
⎟⎟⎟⎟⎠

=
1
2
1
𝑧

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2

�1 + 𝑟𝑜
𝑟1
�
2
𝑟𝑜
𝑟21

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Since 2

�1+ 𝑟𝑜
𝑟1
�
= 𝑧2 the above simplifies to

𝛿𝑧
𝛿𝑟1

=
1
2
1
𝑧

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑧2

1

�1 + 𝑟𝑜
𝑟1
�

𝑟𝑜
𝑟21

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
1
2
𝑧

𝑟𝑜
𝑟21 �1 +

𝑟𝑜
𝑟1
�

=
1
2
𝑧

𝑟𝑜
𝑟1 (𝑟1 + 𝑟𝑜)

We want to find 𝛿𝑧
𝑧 , therefore the above can be written as

𝛿𝑧
𝑧
=
𝛿𝑟1
𝑟1
1
2

𝑟𝑜
(𝑟1 + 𝑟𝑜)

Or in terms of 𝛿𝑟1
𝑟1

the above becomes

𝛿𝑟1
𝑟1

=
𝛿𝑧
𝑧 �

2
(𝑟1 + 𝑟𝑜)
𝑟𝑜

�

Since 𝑧 = 𝑣𝑜
𝑣𝑐
, the reduces to

𝛿𝑟1
𝑟1
=

𝛿� 𝑣𝑜𝑣𝑐
�

� 𝑣𝑜𝑣𝑐
�
�2 (𝑟1+𝑟𝑜)𝑟𝑜

�
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0.2.2 Part (2)

For
𝛿� 𝑣𝑜𝑣𝑐

�

� 𝑣𝑜𝑣𝑐
�
= 0.01 then

𝛿𝑟1
𝑟1

= 0.01 �2
(𝑟1 + 𝑟𝑜)
𝑟𝑜

�

Using 𝑟0 =
1
60𝑟1 in the above gives

𝛿𝑟1
𝑟1

= 0.01

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
2
�𝑟1 +

1
60𝑟1�

1
60𝑟1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 1.22

This means that 𝛿𝑟1 is 22% of 𝑟1. The spacecraft will miss the moon by 22% of 𝑟1. (This
seems like a big miss for such small speed boost error)
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0.3 Problem 3

3. (10 points)
A particle of mass m moves in a circular orbit of radius r = a under the influence of the
central attractive force F (r) = −c exp(−br)/r2, where c and b are positive constants.

(1) What is the effective potential energy in terms of r and the angular momentum ℓ?
(Your answer may contain an integral.)

(2) Write down the Lagrangian of the system. Derive the equation of motion.

(3) For what values of b will this orbit be stable?

(4) Find the apsidal angle Ψ for nearly circular orbits in this field.

4. (10 points)
A ball is dropped from a height h onto a horizontal pavement. If the coefficient of restitution
is ǫ, show that the total vertical distance the ball goes before the rebounds end is h(1 +
ǫ2)/(1− ǫ2). What is the total length of time that the ball bounces?

5. (10 points)
A particle of mass m strikes a wall at an angle θ with respect to the normal. The collision
is inelastic with coefficient of restitution ǫ. Find the rebound angle of the particle after
collision with the wall.

SOLUTION:

0.3.1 Part (1)

One way to find 𝑈𝑒𝑓𝑓 (𝑟) is to find the Largrangian 𝐿 and pick the terms in it that have 𝑟
without time derivative in them.

𝑇 =
1
2
𝑚𝑟̇2 +

1
2
𝑚𝑟2𝜃̇2

To find 𝑈 (𝑟), since we are given 𝑓 (𝑟) and since 𝑓 (𝑟) = −𝜕𝑈(𝑟)
𝜕𝑟 , then

𝑈 (𝑟) = −�𝑓 (𝑟) 𝑑𝑟

= �
𝑐𝑒−𝑟𝑏

𝑟2
𝑑𝑟

Hence

𝐿 = 𝑇 − 𝑈

=
1
2
𝑚𝑟̇2 +

1
2
𝑚𝑟2𝜃̇2 −�

𝑐𝑒−𝑟𝑏

𝑟2
𝑑𝑟

Hence

𝑈𝑒𝑓𝑓 (𝑟) =
1
2
𝑚𝑟2𝜃̇2 −�

𝑐𝑒−𝑟𝑏

𝑟2
𝑑𝑟

In terms of 𝑙 = 𝑚𝑟2𝜃̇, the above can be written as

𝑈𝑒𝑓𝑓 (𝑟) =
1
2
𝑙𝜃̇ − �

𝑐𝑒−𝑟𝑏

𝑟2
𝑑𝑟

Or, it can also be written, as done in class notes, as

𝑈𝑒𝑓𝑓 (𝑟) =
1
2
𝑙2

𝑚𝑟2
−�

𝑐𝑒−𝑟𝑏

𝑟2
𝑑𝑟



9

0.3.2 Part (2)

𝐿 =
1
2
𝑚𝑟̇2 +

1
2
𝑚𝑟2𝜃̇2 −�

𝑐𝑒−𝑟𝑏

𝑟2
𝑑𝑟

Hence
𝜕𝐿
𝜕𝑟

= 𝑚𝑟𝜃̇2 −
𝑐𝑒−𝑟𝑏

𝑟2
𝜕𝐿
𝜕𝑟̇

= 𝑚𝑟̇

The equation of motion for 𝑟 is

𝑚𝑟̈ − �𝑚𝑟𝜃̇2 −
𝑐𝑒−𝑟𝑏

𝑟2 � = 0

𝑚𝑟̈ − 𝑚𝑟𝜃̇2 +
𝑐𝑒−𝑟𝑏

𝑟2
= 0

𝑚𝑟̈ − 𝑚𝑟𝜃̇2 = 𝐹 (𝑟)

Written in terms of angular momentum, since 𝜃̇ = 𝑙
𝑚𝑟2 (integral of motion) where 𝑙 is the

angular momentum, the above becomes

𝑚𝑟̈ −
𝑙2

𝑚𝑟3
= 𝐹 (𝑟) (1)

For 𝜃,
𝜕𝐿
𝜕𝜃

= 0

𝜕𝐿
𝜕𝜃̇

= 𝑚𝑟2𝜃̇

The equation of motion for 𝜃 is
𝑑
𝑑𝑡
�𝑚𝑟2𝜃̇� = 𝐶

Where 𝐶 is some constant. The full EQM for 𝜃 is

𝑚�2𝑟𝑟̇𝜃̇ + 𝑟2𝜃̈� = 0
𝑟2𝜃̈ + 2𝑟𝑟̇𝜃̇ = 0

0.3.3 Part (3)

To check for stability, since this is circular orbit, the radius is constant, say 𝑎. Then we

perturb it by replacing 𝑎 by 𝑥 + 𝑎 where 𝑥 ≪ 𝑎 in the equation of motion 𝑚𝑟̈ − 𝑙2

𝑚𝑟3 = 𝐹 (𝑟) and
it becomes

𝑚𝑥̈ −
𝑙2

𝑚 (𝑥 + 𝑎)3
= 𝐹 (𝑥 + 𝑎)

𝑚𝑥̈ =
𝑙2 (𝑥 + 𝑎)−3

𝑚
+ 𝐹 (𝑎 + 𝑥)
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Since 𝑥 ≪ 𝑎, we expand (𝑥 + 𝑎)−3 in Binomial and obtain

𝑚𝑥̈ =
𝑙2

𝑚𝑎3
�1 +

𝑥
𝑎
�
−3
+ 𝐹 (𝑎 + 𝑥)

≈
𝑙2

𝑚𝑎3 �
1 −

3𝑥
𝑎
+⋯� +

Taylor expansion

�������������������������𝐹 (𝑎) + 𝑥𝐹′ (𝑎) +⋯

Since circular orbit, then 𝑟̈ = 0 and the EQM motion becomes − 𝑙2

𝑚𝑎3 = 𝐹 (𝑎). Using this to

replace 𝑙2

𝑚𝑎3 with in the above expression we find

𝑚𝑥̈ ≈ −𝐹 (𝑎) �1 −
3𝑥
𝑎 �

+ 𝐹 (𝑎) + 𝑥𝐹′ (𝑎)

= −𝐹 (𝑎) + 𝐹 (𝑎)
3𝑥
𝑎
+ 𝐹 (𝑎) + 𝑥𝐹′ (𝑎)

= 𝐹 (𝑎)
3𝑥
𝑎
+ 𝑥𝐹′ (𝑎)

Hence

𝑚𝑥̈ + �−𝐹 (𝑎)
3𝑥
𝑎
− 𝑥𝐹′ (𝑎)� = 0

𝑚𝑥̈ + �−
3
𝑎
𝐹 (𝑎) − 𝐹′ (𝑎)� 𝑥 = 0

This perturbation motion is stable if �−3
𝑎𝐹 (𝑎) − 𝐹

′ (𝑎)� > 0. But 𝐹 (𝑎) = − 𝑐𝑒−𝑏𝑎

𝑎 and 𝐹′ (𝑎) =
𝑐𝑒−𝑎𝑏

𝑎2 + 𝑏𝑐𝑒−𝑎𝑏

𝑎 , hence

Δ = −
3
𝑎
𝐹 (𝑎) − 𝐹′ (𝑎)

= −
3
𝑎 �
−
𝑐𝑒−𝑏𝑎

𝑎 � − �
𝑐𝑒−𝑎𝑏

𝑎2
+
𝑏𝑐𝑒−𝑎𝑏

𝑎 �

We want the above to be positive for stability. Simplifying gives

Δ =
3𝑐𝑒−𝑏𝑎

𝑎2
−
𝑐𝑒−𝑎𝑏

𝑎2
−
𝑏𝑐𝑒−𝑎𝑏

𝑎

=
2𝑐𝑒−𝑏𝑎

𝑎2
−
𝑏𝑐𝑒−𝑎𝑏

𝑎

=
2𝑐𝑒−𝑏𝑎 − 𝑎𝑏𝑐𝑒−𝑎𝑏

𝑎2

=
𝑐𝑒−𝑏𝑎

𝑎2
(2 − 𝑎𝑏)

Therefore, we want (2 − 𝑎𝑏) > 0 or 2 > 𝑎𝑏 or

𝑏 < 2
𝑎
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0.3.4 Part (4)

ψ

Time to
travel =

Tp

2

The angle 𝜓 is found from

𝜓 =
𝑇𝑝
2
𝜃̇ (1)

Where 𝑇𝑝 is the period of oscillation due to the perturbation from the exact circular orbit,
and 𝜃̇ is the angular velocity on the circular orbit. But

𝜃̇ ≈
𝑙

𝑚𝑎2
(2)

But from part(3) we found that

−
𝑙2

𝑚𝑎3
= 𝐹 (𝑎)

𝑙 = �−𝐹 (𝑎)𝑚𝑎3

Therefore (2) becomes

𝜃̇ ≈
1
𝑚𝑎2�

−𝐹 (𝑎)𝑚𝑎3

=
�
−𝐹 (𝑎)
𝑚𝑎

We now find 𝑇𝑝. Since the perturbation equation of motion, from part (3) is𝑚𝑥̈+�−3
𝑎𝐹 (𝑎) − 𝐹

′ (𝑎)� 𝑥 =
0, which is of the form

𝑥̈ +

𝜔2
0

�����������������������⎛
⎜⎜⎜⎜⎜⎝
−3
𝑎𝐹 (𝑎) − 𝐹

′ (𝑎)
𝑚

⎞
⎟⎟⎟⎟⎟⎠𝑥 = 0
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Then, the natural frequency is 𝜔 =
�

�− 3
𝑎𝐹(𝑎)−𝐹

′(𝑎)�

𝑚 , therefore

2𝜋
𝑇𝑝

=
�

−3
𝑎𝐹 (𝑎) − 𝐹

′ (𝑎)
𝑚

𝑇𝑝 = 2𝜋
�

𝑚
−3
𝑎𝐹 (𝑎) − 𝐹

′ (𝑎)

Equation (1) now becomes

𝜓 =
𝑇𝑝
2
𝜃̇

= 𝜋
�

𝑚
−3
𝑎𝐹 (𝑎) − 𝐹

′ (𝑎)�
−𝐹 (𝑎)
𝑚𝑎

= 𝜋
�

−𝐹 (𝑎)
−3𝐹 (𝑎) − 𝑎𝐹′ (𝑎)

= 𝜋
�

𝐹 (𝑎)
3𝐹 (𝑎) + 𝑎𝐹′ (𝑎)

But 𝐹 (𝑎) = − 𝑐𝑒−𝑏𝑎

𝑎2 and 𝐹′ (𝑎) = 𝑐𝑒−𝑎𝑏

𝑎2 + 𝑏𝑐𝑒−𝑎𝑏

𝑎 then the above becomes

𝜓 = 𝜋

�
⃓
⃓
⎷

− 𝑐𝑒−𝑏𝑎

𝑎2

3𝐹 (𝑎) + 𝑎𝐹′ (𝑎)

= 𝜋

�
⃓
⃓
⃓
⎷

− 𝑐𝑒−𝑏𝑎

𝑎2

3 �− 𝑐𝑒−𝑏𝑎

𝑎2
� + 𝑎 � 𝑐𝑒

−𝑎𝑏

𝑎2 + 𝑏𝑐𝑒−𝑎𝑏

𝑎
�

= 𝜋

�
⃓
⃓
⃓
⎷

− 𝑐𝑒−𝑏𝑎

𝑎2

−3 𝑐𝑒
−𝑏𝑎

𝑎2 + � 𝑐𝑒
−𝑎𝑏+𝑎𝑏𝑐𝑒−𝑎𝑏

𝑎
�

= 𝜋
�

−𝑐𝑒−𝑏𝑎

−3𝑐𝑒−𝑏𝑎 + �𝑎𝑐𝑒−𝑎𝑏 + 𝑎2𝑏𝑐𝑒−𝑎𝑏�

= 𝜋
�

−1
−3 + 𝑎 + 𝑎2𝑏

Hence

𝜓 = 𝜋�
1

3−𝑎(1+𝑎𝑏)
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0.4 Problem 4

3. (10 points)
A particle of mass m moves in a circular orbit of radius r = a under the influence of the
central attractive force F (r) = −c exp(−br)/r2, where c and b are positive constants.

(1) What is the effective potential energy in terms of r and the angular momentum ℓ?
(Your answer may contain an integral.)

(2) Write down the Lagrangian of the system. Derive the equation of motion.

(3) For what values of b will this orbit be stable?

(4) Find the apsidal angle Ψ for nearly circular orbits in this field.

4. (10 points)
A ball is dropped from a height h onto a horizontal pavement. If the coefficient of restitution
is ǫ, show that the total vertical distance the ball goes before the rebounds end is h(1 +
ǫ2)/(1− ǫ2). What is the total length of time that the ball bounces?

5. (10 points)
A particle of mass m strikes a wall at an angle θ with respect to the normal. The collision
is inelastic with coefficient of restitution ǫ. Find the rebound angle of the particle after
collision with the wall.

SOLUTION:

The first time the ball falls from height ℎ it will have speed of 𝑣1 = �2𝑔ℎ just before hitting
the platform, which is found using

𝑚𝑔ℎ =
1
2
𝑚𝑣21

On bouncing back, it will have speed of 𝑣′1 = 𝜀�2𝑔ℎ. It will then travel up a distance of
ℎ1 = 𝜀2ℎ which is found by solving for ℎ1from

𝑚𝑔ℎ1 =
1
2
𝑚 �𝑣′1�

2

The second time it it falls back it will have speed of 𝑣2 = 𝜀�2𝑔ℎ1. When it bounces back
up, it will have speed 𝑣′2 = 𝜀2�2𝑔ℎ1 and now it will travel up a distance of ℎ2 = 𝜀4ℎ which is
found by solving for ℎ2 from

𝑚𝑔ℎ2 =
1
2
𝑚 �𝑣′2�

2

This process will continue until the ball stops. We see that the distance travelled at each
bouncing is

Δ = �ℎ, 2𝜀2ℎ, 2𝜀4ℎ, 2𝜀6ℎ,⋯ , 2𝜀2𝑛ℎ�

We added 2 to each bounce after the first one to count for going up and then coming down
the same distance. The first time it will only have one ℎ. We now can calculate total distance
travelled Δ as

Δ = ℎ + 2𝜀2ℎ + 2𝜀4ℎ +⋯

= ℎ �1 + 2𝜀2 + 2𝜀4 +⋯�

The above can be written as

Δ = ℎ �2 + 2𝜀2 + 2𝜀4 +⋯� − ℎ (1)

But since 𝜀 ≤ 1 the series sum is

2 + 2𝜀2 + 2𝜀4 +⋯ = 2
∞
�
𝑛=0
𝜀2𝑛 = 2

1
1 − 𝜀2
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Therefore (1) becomes

Δ =
2ℎ

1 − 𝜀2
− ℎ

=
2ℎ − ℎ �1 − 𝜀2�

1 − 𝜀2

=
2ℎ − ℎ + ℎ𝜀2

1 − 𝜀2
Hence total distance is

ℎ�1+𝜀2�

1−𝜀2

To find the total time of all ball bounces, we need to find the time it takes to travel in each

bounce. The time it takes to fall distance ℎ is
�

2ℎ
𝑔 , using the information we found about

each ℎ𝑖 from above, we now set up the sequence of times we we did for distances

Δ𝑡𝑖𝑚𝑒 =

⎧⎪⎪⎨
⎪⎪⎩�

2ℎ
𝑔
, 2
�

2𝜀2ℎ
𝑔
, 2
�

2𝜀4ℎ
𝑔
, 2
�

2𝜀6ℎ
𝑔
,⋯

⎫⎪⎪⎬
⎪⎪⎭

Adding the times gives

Δ =
�

2ℎ
𝑔
+ 2

�

2𝜀2ℎ
𝑔

+ 2
�

2𝜀4ℎ
𝑔

+ 2
�

2𝜀6ℎ
𝑔

=
�

2ℎ
𝑔
�1 + 2𝜀 + 2𝜀2 + 2𝜀3 + 2𝜀4⋯�

=
�

2ℎ
𝑔
�2 + 2𝜀 + 2𝜀2 + 2𝜀3 + 2𝜀4⋯� −

�

2ℎ
𝑔

=
�

2ℎ
𝑔

∞
�
𝑛=0

2𝜀𝑛 −
�

2ℎ
𝑔

But 2∑∞
𝑛=0 𝜀

𝑛 = 2 1
1−𝜀 , hence the above becomes

Δ =
�

2ℎ
𝑔

2
1 − 𝜀

−
�

2ℎ
𝑔

=
�

2ℎ
𝑔 �

2
1 − 𝜀

− 1�

=
�

2ℎ
𝑔 �

2 − (1 − 𝜀)
1 − 𝜀 �
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Hence total time is

�
2ℎ
𝑔
�1+𝜀
1−𝜀
�
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0.5 Problem 5

3. (10 points)
A particle of mass m moves in a circular orbit of radius r = a under the influence of the
central attractive force F (r) = −c exp(−br)/r2, where c and b are positive constants.

(1) What is the effective potential energy in terms of r and the angular momentum ℓ?
(Your answer may contain an integral.)

(2) Write down the Lagrangian of the system. Derive the equation of motion.

(3) For what values of b will this orbit be stable?

(4) Find the apsidal angle Ψ for nearly circular orbits in this field.

4. (10 points)
A ball is dropped from a height h onto a horizontal pavement. If the coefficient of restitution
is ǫ, show that the total vertical distance the ball goes before the rebounds end is h(1 +
ǫ2)/(1− ǫ2). What is the total length of time that the ball bounces?

5. (10 points)
A particle of mass m strikes a wall at an angle θ with respect to the normal. The collision
is inelastic with coefficient of restitution ǫ. Find the rebound angle of the particle after
collision with the wall.

SOLUTION:

First we make a diagram showing the geometry involved

θ

v

v sin θ

v cos θ

⇒

v cos θ

εv sin θ

v′

α

before collision

after collision

We resolve the incoming velocity into its 𝑥, 𝑦 components and apply conservation of linear
momentum to each part. The vertical component remain the same after collision since it is
parallel to the wall. Hence

𝑣′𝑦 = 𝑣𝑦 = 𝑣 cos𝜃
While the 𝑥 component will change to

𝑣′𝑥 = 𝜀𝑣𝑥 = 𝜀𝑣 sin𝜃
By definition of 𝜀. Therefore we see that after collision

tan𝛼 = 𝜀𝑣 sin𝜃
𝑣 cos𝜃

= 𝜀 tan𝜃
Hence

𝛼 = arctan (𝜀 tan𝜃)
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