0.1 Problem 1

1. (5 points)
Two blocks of equal mass m are connected by an extensionless uniform string of length
[. One block is placed on a smooth horizontal table, the other block hangs over the edge,
the string passing over a frictionless pulley. Determine the Lagrangian of the system
and find the acceleration of the blocks, assuming the mass of the string is negligible.

SOLUTION
1.2 note: £ = vy
X m (

‘ — & ~— — zero P.E.
Y
|

anlﬂ::m%/

T =smy
L=T-U

Where U is the potential energy of the whole system and T is the kinetic energy of the whole
system. The two masses will have the same speed since the string does not stretch. This
means X = i
1 1
T = —mi* + —mij?
A" + Sy
Since X = i, we can write the above as

T = mi?
The potential energy U, using zero as the level shown in the above diagram is
U =-mgy
Hence the Lagrangian is L=T - U or
L= myz + mgy
To find equation of motion
d JL JL _
dtdy’ dy

But ‘;_; =mg and %% = % (Zmy) = 2mij, hence the above becomes

2miyj—mg =0



=3

This is an acceleration in the downward direction as down was taken positive as shown in
the diagram. Since both masses move with same acceleration (magnitude is the same, but
direction is ofcourse is as shown in the diagram), then the acceleration of the top mass is
also the same
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0.2 Problem 2

2. (5 points)
Use the Euler-Lagrange equation to show that the shortest path between two points in
a plane is a straight line. Hint: An element of length in a plane is ds = /dz2 + dy? =

1+ (%)le’.

SOLUTION

ds = \Jdx? + di?
Therefore we want to minimize
2
dy 2
= fa= [ieai [ (s [ o

Hence
2
f=q1+(v)
And the Euler Lagrangian equation is g—jyr - % (5—;) =0, but
% _,
Iy
af 1 2
dy 2

1+ (y)



. 0 . .
And since % (7{) = 0 then this mean that 5—;, = ¢ where c is some constant. Hence
1 2y’
1y
1+ (y’)

Squaring both sides

Where c; is new constant. Hence

Where ¢, is new constant. Therefore
/
Yy =0

. dy . . .
Where c; is new constant. So the above says that ﬁ is constant. In other words, a line, since
line has constant slope. The solution to the above is

Yy =m+£c3x

Where m is some constant and cj is the slope. This is the equation of a line.

0.3 Problem 3

3. (10 points)
The point of support of a simple pendulum is being elevated at a constant acceleration
a. Use Lagrange’s method to find the differential equation of motion and show that for
small oscillations, the period T of the pendulum is

l

T =2r .
g+ta

SOLUTION

The coordinate system is as shown below. U = 0 is taken when the pendulum is hanging in
the vertical position before the base starts moving upwards.



AY AY
| |
U =mgl(1 — cos0) + 5at?
_____ A_l —lcosf
|
1y = %atz
Cv=¢ - U=0
at time ¢t =0 at some later time

Therefore,
L
U =mgl(l—-cos0)+ Eat

1 5. . - . .

Where y = Eatz is the distance the pendulum moves upwards in time ¢ since it has con-
stant acceleration. We now need to obtain the kinetic energy. Resolving the velocity of the
pendulum bob in the horizontal and in the vertical direction gives

% =10cos 0O

7 =10sin6 + at

Therefore
v* =i+
2 2 )
= (19) cos? 0 + (16) sin® 0 + a2 + 2atl0 sin O
= 1202 + a2 + 2atl0 sin O
Hence
I,
T =-mv
2

1 . .
= om (1292 + a2 + 2atl0 sin 9)

Now that U and T are determined, the Lagrangian L is computed

L=T-U
1 . - 1
=5m (1262 + a?t? + 2atl0 sin 6) —mgl (1 - cos6) + Eatz

Hence

JdL ) .

56 - matlO cos 0 — mglsin 0
And

JdL

— = ml?0 + matlsin 6
20



Hence
d JL 0 s , .
—— = ml“0 + mal sin 0 + Omatl cos O
dt Jo
Therefore the Euler Lagrangian equation is
JL dJL 0
90  dtoo

matl® cos O — mgl sin O — (mlzé + mal sin O + Omatl cos 9) =0
—mglsin @ — ml?0 — mal sin 0 = 0

Hence

é+§$ne+§an0=o

For small oscillations sin @ = 0 and the above becomes

bo(E2) -

Which is now in the form 0 + w26 = 0 where w, = 2?71 is the undamped natural radian

frequency, and T is the period of oscillation in seconds. hence

21
T=—
a)n

27

0.4 Problem 4

4. (10 points)
A ball of mass m, radius R, and moment of inertia [ = %mR2 rolls down a moveable
wedge of mass M without slipping. The angle of the wedge is 6 and it is free to slide

without friction on a smooth horizontal surface. Find the acceleration of the wedge.

SOLUTION

There are 2 generalized coordinates in this problem. One for the motion of center of mass of
m and one for the motion of the wedge M itself. The positive directions are taken as shown
in this diagram



coordinate for M

—
—

T

coordinate for m motion

No slip: Rw =z

2 generalized coordinates: z and z

The first step is to determine the kinetic energy T and potential energy U of the whole
system. For mass M

T 1M 2
= —Mx
M= 2
For the rolling mass m since it has both rotational motion and translation motion then
1 1
T, = Em [(jc + Z cos 9)2 + (zsin 6)2] + Elwz 1)

Where in the above the term (X + Z cos 6)2 + (zsin 6)2 is the translation velocity of the rolling
mass. Since the motion is without slip, then we can now relate w to z using

Rw =z

Hence (1) becomes

) o s o1 1 (2\?
Ty = Em[(x+zcosﬁ) +(2sin 0) ]+§I(E)

But I = ngm, hence the above reduces to

1 1
T, = S [(x +2cos 0)* + (zsin 9)2] + Emzz

Now that the overall T is found from

T=Ty+T,
= lMa'c2 + 1m [(x +2cos 0)* + (zsin 6)2] + 1mrzz
2 2 5
= %Mﬁcz + %m [5(2 + 22 cos? 0 + 2iz cos O + 22 sin? 6] + %mzz
= Imz s L (32 + 22 + 2%z cos 0) + Lz
2 2 5

1

= —Mi? + 1ma‘cz + mxzcos 6 + Zmzz
2 2 10

Now we find U. The potential energy comes from the rolling mass losing U as it moves



down. Assuming zero U is at top of the wedge, the distance it moves it zsin 6. Hence
U=-mgzsin®
Now the Lagrangian is found L = T — U, hence

1,0, 1 g 7 . :
L= (Esz + smi* + mizcos 0 + Emzz) + mgz sin O

Let us find the equation of motion for m, which has acceleration Z first, then find the equation
of motion for M which is the required acceleration X

JL

5 mg cos 0

JdL ) 7 .

Fri mx cos 0 + Emz
d JL

E&_Z = mXcos 0 + gmz

Therefore, using Euler-Lagrangian equation

7
mx cos 0 + ng—mgCOSG =0

Hence

Zz?(gsin@—kcos@) (2)

We now apply Euler-Lagrangian equation to find X
L
ox
JdL
9%

d JL

—— = MX +mX +mZcosB
dt dx

= Mx + mx + mz cos 6

Therefore
dJdL JL 0
dtdx  dx
Mx +mx +mZcos@ =0

XM+ m) =-mZcos6



But we found % earlier. Hence using (2) into the above gives
5
X(M+m) = —m; (gsin@ —XCOSG)COSQ
. 5  , 5
XM +m) = amxcos 0 - amg&n@cose
5 5
¥ (M +m) - ;mx cos? 0 = —m;gsin O cos O
. 5 0y 5 .
XM+ m) - amcos o) = —;mgsm@cos@

5 .
—Zmgsin 6 cos 0

¥ =
((M +m) — gm cos? 9)
_ —5mgsin6BcosO
~ 7(M + m) - 5m cos? 0
Hence
¥ = 5¢sin 60 cos 0
5 cos? 9—7(Mr::m)

0.5 Problem 5

5. (10 points)
Use Lagrange’s equations to determine the equations of motion of a particle constrained
to move in a plane in a central force field. Show that the angular momentum of the
particle is conserved.

SOLUTION

In a central force field, the force on the particle depends only on the magnitude of the direct
distance r between the particle and the center of the force. Let the force be located at the
origin, then the force on the particle depends only on the magnitude of the position vector
r of the particle and not on the angular position of the particle.

F=F@)#

Where # is a unit vector pointing in the direction of the force. If the force F causes the
distance r between the particle and the origin (where the source of force is assumed) to
become smaller, then this force is attractive and it is assigned a negative sign. There are 2
degrees of freedom, hence there are two generalized coordinates. It is easier to use polar
coordinates (7, ) where r is the distance of the particle from the origin, and 6 is the angle
from the x axis



Yy particle
A . /-/CD x =rcosf
=7 y =rsinf
- /0\ p-L

The kinetic energy is

T = %m (12 +17)

But x = rcos 0, hence i = #cos 0—r0sin 0 and y = rsin 0, hence i = #sin 0 +r6 cos 0, therefore
C\2 ' . 2
2+ = (i’cos@ - r@sm@) + (ifsm@ + r@cos@)
= (1’*2 cos2 6 + 1262 sin” 6 — 2ri6 cos Bsin 6) + (1”2 sin 0 + 1262 cos? 0 + 2ri@'sin O cos 6)
= 2 cos2 6 + 262 sin” 6 + i% sin” O + 1262 cos? O
= 211262
Hence in polar coordinates
1 .
T=-m (7"2 + r202)
2
And
U(r) =V
Therefore the Lagrangian
L=T-V

= %m (7”2 + r292) -V

Therefore
L V()
E = mr@ - 7
JdL ,
W =mr
d JL .
= mr

dt dr



Hence the equation of motion for the linear (radial) coordinate r is

(mr92 _ve) ‘;'r(r)) —mi =0

AV(r)

But - - =

f(r) then

mi = mro? + f (r)

Now the equation of motion in the 0 coordinate is found.

oLy
20
2% = w6
30~ )
Hence, since % =0 then % (mrzé) =0or

mr?0 =constant

10

(1)

(2)

Therefore (2) shows that the angular momentum [w is conserved (where I is mr?, the moment

of inertia). This is called the integral of motion.
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0.6 Problem 6

6. (10 points)
Atwood’s machine consists of two weights of mass m; and my connected by an ideal
massless string of length [ that passes over a frictionless pulley of radius R and moment
of inertia I. Show that the acceleration of the system is

(my—ma)g
my +me+ I/R2

SOLUTION

Rw = & (no slip) K E —

-~

Tw?

N~

_I___l - - - =

Since both masses will move with same speed £, then the total kinetic energy of the system

is
1 .01 1
T = Emlxz + Emzxz + Ela)2



Assuming no slip, we can relate w to & using Rw = %, hence the above becomes
(2

1, 1 , 1/(%
T = —myx° + —myx” + —I(—)
2 2 2 \R

1, I
:Ex m1+m2+R2

Using U = 0 as the level shown where the pulley is located, then
V=-mxg-my(l-nR-x)g

Hence the Lagrangian L is

L=T-V
=5 Z(ml + 1y + ) (—mx —my (I- R - x)) g
1
=5 z(ml + My + — )+(m1x+m2l mymR — xmy) g
Hence
JdL
Ix = (my —mp)g
And
JL I
5 =X my +my + R_
doL _ (T
dtox T \" T T R
Therefore
doL JL _
dt dx  Ix
I
(m1 + my + RZ) (my—my)g=0
Therefore

(m1-ma)g

I
m1+m2+ﬁ
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