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0.1 Problem 1

1. (10 points)
Show that the total energy associated with each normal mode of oscillation is separately
conserved.

SOLUTION:

The motion in each normal mode is de-coupled from each other mode. Each motion is
a simple harmonic motion in terms of normal coordinates, and reduces to second order
differential equation of the form

iii + win; = 0 (1)

Where i ranges over the number of modes. The number of modes is equal to the number of
independent degrees of freedoms in the system. Each mode oscillates at frequency w;. Since
this is a simple harmonic motion, its energy is given by

1 1
Ei= Emiﬁ? + Ekz"hz (2)

Where k; is the effective stiffness of the mode and w? = ﬁ Therefore k; = m;w?.

To show that E is conserved, we need to show that i—}f = 0. Hence from (2)

JE;
0—,—; = mn;fj; + (mz'wiz ) nin;

But from (1) we see that #j; = —w?7,. Substituting into the above gives

JE.
% = m;n; (—0)1-2771‘) + (miwiz) nini

=0

Therefore energy in each mode is constant.



0.2 Problem 2

2. (10 points)
A uniform horizontal rectangular plate of mass M, length L, and width W rests with its
corners on four similar vertical springs with spring constant k. Assume that the center of
mass of the plate is restricted to move along a vertical line. Find the normal modes of
vibration and prove that their frequencies are in the ratio 1 : /3 : v/3. (This problem is
simpler if you decide beforehand what the normal modes are and then use the appropriate
generalized coordinates so that the equations of motion are decoupled from the start.)

SOLUTION:

degrees of freedom: z, 01,05

Kinetic energy is
1 ., 1 ., 1 .
T= 5Mz2 + 5116% + E1295

Where I; is moment of inertia of plate around axis y, and I, is moment of inertia of plate
around axis x. These are (from tables) :

I, = 1sz
1712
1= L
27 12

The potential energy is

o) (30 e

2 2
= 2Kz2 + 2K V—Ve +2K 59
2 1 272
1

1
= 2Kz? + E1<wze§ + EI<L20§



Where small angle approximation is used in the above. Hence the Lagrangian is
L=T-U

1 1 ., 1 . 1 1
= EMzz + E1119% + E12@5 - 2Kz% - 2KW292 - =KIL?63

Equation of motion for z

JL "
dz z
JdL M
- = z
0z
Hence
Mz +4Kz =0
Equation of motion for 6,
dL
— = -KW?0
96, !
oL Lo
&91 — 11Y1

Hence
L6, + KW?0; =0
Similarly, we find
L,0, + KL20, = 0
Therefore
[M]g +[K]lg=0
M 0 0)(z 4K 0 0\(z 0
0 I, 0l|6,({+]0 KW?2 0 [|6,]=]|0
0 0 LJ\6, 0 0 KIL?J\6, 0
Which leads to

4K — Mw? 0
det 0 KW2 — Ila)z
0 0

AK3L2W2 — MK2L2w2W? — 41, K?[20? — AL,K2w?W? + ML, KL2w* + MLKw*W? + 41, ,LKw* - MI;Lw® =
(KL? - 2L) (KW? - w?I;) (Maw? - 4K) =

120) J
6

0
0



Therefore

KI2
w1 = —
2
KW2
Wy = Il
4K
Wa = -
TN Mm
Using I; = LMw, L, = %MLZ, the above become
LK, \/
ML2 M
_ KW \/
©2 =\ 12 =

4K
w3 = MZZ M

= \/— 22 — /3. Therefore

a)l:a)zza)gzl:l:\/g

é‘.|.’_\
6|.|.)_\

w1 Wy w3z =



0.3 Problem 3

3. (15 points)
A pendulum of mass m and length [ is attached to a support of mass M that can move on
a frictionless horizontal track as shown on the figure below. Find the normal frequencies
and the normal modes of (small) oscillations. Sketch the normal modes.

SOLUTION:

Kinetic energy is

T = lMa'c2 + 1m ((x +16 cos 8)2 + (l@ sin 6)2)
2 2

1 1 . . .

= EMJ'CZ +-m (5(2 + 1262 cos? 0 + 2i10 cos 0 + 262 sin? 6)
1 1 . )

= 5Ma'cz +om (2 + 2210 cos 0 + 126?)

And potential energy is
U = -mglcos 0



Hence the Lagrangian

L=T-U
Lo, 1 5 1/ 2 A2
= EMX + Em(x +2x10 cos O + 70 )+mglcos€
Now we find equations of motions. For 0
oL = ¥10 sin 6 Isin O
50 = mxl0 sin mglsin
JL 1 .
Fr il (le0086+2126)
= m(jclcos(9+129)
d JL . . 0
790 - m(xlcos@—xl@sm6+l 9)

Hence

4oL JL
dto6 96
m (5&1 cos 0 — ¥l0sin O + 129) +mxl0 sin 0 + mglsin 6 = 0
mil cos O + ml?6 + mglsin 6 = 0 (1)
Now we find equation of motion for x
JdL
= =0
% :Mx+m(x+lt9cos@)
%% :Mjé+m(§t+lécose—lézsin6)
Hence
ao o
dt dx  Jdx
th+m(x+lécos€—lézsin6) =0
% (M +m) +mlb cos 0 — ml6?sin 6 = 0 (2)

Now we can write them in matrix form [M]g + [K]g =0, from (1) and (2) we obtain, after
using small angle approximation cos 6 ~ 1,sin 0 = 6 and also 6% ~ 0

e g

Now assuming solution is g (t) = ae'®! then the above can be rewritten as

—w? (M + m) —w?ml ap| (0 1)
~w?ml  mgl - mPw?)\ay) |0



These have non-trivial solution when
det —w? (M + m) —w?ml _
—w?ml  mgl - mlw?
MPma* - glm*w? — Mglma?
w? (MPmaw? - glm? — Mglm)

0
0

. . m+M
Hence w = 0 is one eigenvalue and w = ‘%T is another.

a)lz()

g (M+m)
I M

Wy =

Now that we found w; we go back to (1) to find corresponding eigenvectors. For wq, (1)

becomes
0 0 a1 0
0 mgl)\axn 1o

Hence from the second equation above
Oa11 + mgla21 =0

So a1; can be any value, and a,; = 0. So the following is a valid first eigenvector
o = an
"o
g (M+m) g (M+m)
- (17) (M + m) ‘(77)*’11 (1112) _ (0)
0

—(%%)ml mgl — ml? (EM)

For w, (1) becomes

I M
From first equation we find

g(M+m)
_(7 M

g(M+m)

)(M+m)a12—(7 i

(M + m) aip + mlﬂzz =0

7’1’le122 =0

ml

Hence a, = - 22 So the following is a valid second eigenvector
_ ml a
a, =| Mm)
ax»
Therefore

X =ap + aphs
0 = anm + axpn,
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Where 17); are the normal coordinates. Using relation found earlier, then

X =anm 2)
0= —(Mnjrlm) (M) + A1) (3)
Hence from (2)
X
m= —a
And now (3) can be written as
ml
= —mﬂlzza—11 + i
Therefore
0 1 mlx
M=——%

ayp  app (M +m)
ml

. apy ~ M 122 ..
To sketch the mode shapes. Looking at a; = 0 and ay =| M+m) and normalizing we

a2
ml
1 ) ~ (M+m)
0 1

So in the first mode shape, the mass M moves with the pendulum fixed to it in the same
orientation all the time. So the whole system just slides along x with 6 = 0 all the time. In

™ factor to @ motion. For example, for M < m, then mode
(M+m)
I

-1 —-
2is [1 ], hence antisymmetric mode. If M = m then we get [ 12] antisymmetric, but now the

can write

the second mode, x move by

ratio changes. So the second mode shape is antisymmetric, but the ratio depends on the
ratio of m to M.

0.3.1 Appendix to problem 3

This is extra and can be ignored if needed. I was not sure if we should use s = [0 as the
generalized coordinate instead of 6 in order to make all the coordinates of same units. So
this is repeat of the above, but using s = /6 transformation. Starting with equations of motion

¥ (M +m) +mlO cos 0 —ml6?sin0 = 0

) 0
mo + mxcols + m‘% sin@ =0
Will now use s = [0 transformation, and use s as the second degree of freedom, which is the
small distance the pendulum mass swings by. This is so that both x and s has same units of

length to make it easier to work with the shape functions. Hence the equations of motions
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become

) § s 2 s
X (M + m) + ml- cos (—) - mll—2 sin (f) =0
s

I l
m- + mx )+m‘gsin(§)20
| l l

We first apply small angle approximation, which implies cos? — 1,sin (;) - ; and also

Q

@}

n
—~
~1®

&2
s . .
7 — 0, therefore the equations of motions becomes

IM+m)+ms=0
s 1 S

85 _
ml+mxl+mll—0

And now we write the matrix form

M+m m||x N 0 0 |[x]_ (O
m mJ\s 0 m% s] o
Now assuming solution is g (f) = ae’”!, then the above can be rewritten as
-w?*M+m)  —w’m (o 0
2 g 2 - (1)
—wm ms —mw< )\ ay 0
These have non-trivial solution when

—w?2 (M -
det(a)(2+m) w*m ]:0
—w?m m——ma)
1
—Y(gma) - Mimaw* +Mgma)2):O
2
wz(ST ~ Minw? +Mg ):0

- fon o))

g (M+m)

Hence w = 0 is one eigenvalue and w = /5 —— is another.
w1 = 0
_ 5_;(M+m)
D2ENTTM

Now that we found w; we go back to (1) to find corresponding eigenvectors. For wy, (1)

becomes
0 0 a1 _ 0
0 m% ar B 0

Oaqq + m‘%azl =0
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Hence from the second equation above
Oall + m%am =0

So a1, can be any value, and a,; = 0. So the following is a valid first eigenvector
1 = an
o

g (M+m) g (M+m)
‘(77) M+m) = (17)’“

(& M+m) g g (M+m) - 0
(Z 7 )m m; m(Z v ) 22
From first equation we find

g (M +m)
_(7 M

For w, (1) becomes

Mmdayy = 0

)(M+m)a12_ (%(M;/—Im))

(M + m) a1p + Mdyy = 0

m . . . .
Hence a,; = ~ Gt 122 So the following is a valid second eigenvector
" 4
ay = [ (M+m) 22]
a2
Therefore

X =41 +aph
0 = appn + axpm,

Where 7); are the normal coordinates. Using relation found earlier, then

X =anm (2)
m
= —mﬂzzﬂl + a1 (3)
Hence from (2)
__x
m o

And now (3) can be written as
m X N
=y — +a
(M + m) 22 an 212

Therefore
6 mx 1

+ -
(M + m) a1

Mo =

a2

m
. ann ~ e 122 .
To sketch the mode shapes. Looking at a; = 0 and a, = " and normalizing we
a2
can write
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(%

So in the first mode shape, the mass M moves with the pendulum fixed to it in the same
orientation all the time. So the whole system just slides along x with 6 = 0 all the time. In

the second mode, x move by (A;Tm) factor to 0 motion. For example, for M < m, then mode
1

-1 _=
2 is [1 ), hence antisymmetric mode. If M = m then we get [ 12] antisymmetric, but now

the ratio changes. So the second mode shape is antisymmetric, but the ratio depends on
the ratio of m to M.

< - —» < — — —

first mode shape 10

second mode shape
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0.4 Problem 4

4. (15 points)
Consider the simple model for the carbon dioxide molecule COy shown below. Two end
particles of mass m are bound to the central particle M via a potential function that is
equivalent to two springs with spring constant k. Consider motion in one dimension only,
along the z-axis. Find the normal frequencies and the normal modes. Make a rough sketch
of the normal modes.

SOLUTION:
L1 L2 T3
—> — —>
m k k m

Kinetic energy
1 1
Potential energy

1 1
u= Ek(xz —xy) Ek(xa ~x)°
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Hence the Lagrangian

L=T-U
1 ., 1. ., 1 1
= me% + EMX% + me% - Ek (XZ - Xl)z - Ek(X3 - X2)2
EOM for x;
JL
(9_x1 =k (x —x7)
JL )
—=m
ox
d JL o
TE
Therefore
mb&l —k(x2—x1) =0
m5&1 + kx1 — ka =0 (1)
EQM for x,
JL
3_362 =~k (x — x1) + k (x3 — xp)
JL _ Mi
o,
d JL o
dtox, 2
Therefore
Mjé2+k(x2—x1)—k(x3—x2) =0
Mj('TZ + ka — kxl - kX3 + ka =0
Mi, + 2kX2 - kx1 - kX3 =0 (2)
EQM for x;
JL
8_x3, =~k (x3 - xp)
JL )
a_j(é = mXs
d JL .
—_—=m
dtog,
Therefore

m5€3+k(x3—x2)=0

m5€3 + kX3 - ka =0 (3)
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Now we can write equations (1,2,3) in matrix form [M]g + [K]g = 0 to obtain
m 0 0 5&1 k -k 0 X1 0
0 M Of[x|+|-k 2k —k||x|=]|0
0 0 m 5(','3 0 -k k X3 0

Now assuming solution is g (t) = ae’”!, then the above can be rewritten as

k — mw? —k 0 a 0
-k 2k-Mw? -k ||ay[=]0 (4)
0 -k k — mw?)\a; 0
These have non-trivial solution when
k — maw? -k 0
det| -k 2k — Mw? —k =0
0 —k k — mw?

@? (k - mw?) (~-Mmw? + Mk + 2km) = 0

Hence we have 3 normal frequencies. One of them is zero.

a)1:0

k
Wy = —

m

M +2m
W3 =

Mm
For each normal frequency, there is a corresponding eigen shape vector. Now we find these
eigen shapes. For w;, and from (4)

k -k 0)(a 0
-k 2k -k||lay|=10
0 -k k)\as 0
Hence
ka; —kay + 0az =0
—kaqy + 2kay — kaz =0
0a, —kay + kaz =0
Or

ﬂl—l;lz:O
—a1+2a2—a3:O
—ﬂ2+ﬂ3:0

1

Hence a; = a, and a, = a3. So |1 is first eigenvector. Now we find the second one for w,.
1
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From (4) and using w = \/g
k

k — m— —k 0 aj 0
& 2%-M- -k ||a|=|0
0 -k k- m% as 0
0 —k 0 )(ay 0
—k 2%-M= —kf|a,|=|0
0 -k 0 as 0
Hence
—ka2 =0
k
—kal + (Zk —M—) a, — ka3 =0
m
—ka2 =0
Or
ap = 0
—a1+a2(2——)—a3 =0
ap = 0
1
hence 2, = 0 and a; = —a3. So | 0 [ is second eigenvector. Now we find the third one for ws.
-1
From (4) and using w = kMAZim
M+2m
k—m (km) -k 0 a
M+2m
K 2k—M(k A;m) K a| =0
0 K k—m (kMA;i’”) a3
M+2
k—k— —1;4 : 0 a
—k 2k — k= —k a,|=|0
M+2
0 —k k-k ;4’” a;) 0
Hence
M+2
k(l— m)ul—kaZ:O
M+2
—kﬂ1+k(2— m)HZ—kag,:O
M +2m
—kﬂ2+k(1— M )ﬂ3:O
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Or
M +2m
1- a| —dpy = 0
M +2m
—-aq + 2 - ﬂz—ﬂ3:0
- M +2m 0
-a - az =
2 M 3
1
Solution is: a1 = a3, a; = —]\2—4ma3 So —Zﬁm is third eigevector. To sketch the mode shapes,
1
will use the following diagram
™ n2 mode 1 p5
A A A
1 ~< - - - - - 71T - - - - - = 71
N~ - Ve
AN -~ - s
h N O T~ -~ - < 7
N s T~
N . b —1
N
_2m \ 7 mode 2
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