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0.1 Problem 1

1. Consider the system with transfer function
Ks+1
G(S) = = .
I+ 52+ (K + kst 1

(a) For K = 1, find the sensitivity S of this transfer function with respect
to k assuming nominal value & = 2. Then plot is magnitude as a function

of frequency.

(b) Repeat (a) with K = 100 and compare the effect of a large loop
gain on the sensitivity. '

SOLUTION:

Ks+1

G(s) =
©) $3+s2+(K+k)s+1

0.1.1 Part (a)

For K =1 the above becomes
s+1

G(s) =
) P +s2+(1+k)s+1

Hence

o dGk

66 =~ —
k™ dk G

_i s+1 k
S dks3+s2+(1+k)s+1 s+1

s3+52+(1+k)s+1

—s(s+1) k(S +2+(1+k)s+1)

(S+ks+52+53+1)2 s+1

3 —ks
1+ (1+k)s+s2+s3
At nominal k = 2 the above becomes
SG| _ -2s
M=z 7 35 +2+83 +1

Let s = jw then




Taking the magnitude
2w

V=02 + (30 - w?)’

Here is a plot of [S{| as function of w
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Problem 1, part (a)
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0.1.2 Part (b)

For K =100 the transfer function becomes

Ks+1
G = $3+s2+(K+k)s+1
3 100s +1
3 4+s24+(100+k)s+1
Hence
ngd_ck
dk G

_d 100s +1 k
T dks® 452+ (100 +k)s+1| 10041

s3+52+(100+k)s+1
—s(100s +1) k(s®+ 52+ (100 + k)s +1)
100s + 1

2
(wm+m+§+§+n
3 —ks
T 100s+ks+s2+s3+1




At nominal k = 2 the above becomes
-2s

Sgl =
klk:z 100s + 25 + 82 + 53 + 1
-2s

T 1025+ 2+ +1

Let s = jw then

SG _ -2 (]a))
k= RVAPER
102jw + (jw)” + (jw) +1
3 —2jw
C102jw - w? - jwd +1
—2jw

](102a) - a)3) + (1 - wz)
Taking the magnitude
2w

\/(1 - w2)2 + (102a) - a)3)2

Here is a plot of |S,§| as function of w
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Problem 1, part (b)
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We clearly see that as K became much larger, resonance occurs near w = 10. This shows
that sensitivity of transfer function to changes in k, depends on the value of K.



0.2 Problem 2

2. In many instances, steady state errors in control system are due to some non-linearities
such as dead zooes. A ‘Class B’ amplifier is a typical example of a device having a
dead zone where it takes ~1 Volt of input signal to turn on the transistor. Once the
device is on, however, it can be assumed to function linearly. The Class B amplifier in
Figure 1 can be characterized mathematically (assuming a 1V threshold voltage and
Vec = 00) by N(-) which is given by:

0 if —1<U<]1,
Y={U—1 ifU> 1,
U+l fU< -1

Vee

Qn

Y
3n
Qp -

=Vee

Figure 1: Class B Amplifier Circuit

(a) Develop aplotof Y  versus R with K = | in F igure 2.

R(:). E(s) 1 K H NG Y(s)

Figure 2: Feedback System

(b) If r(t) = 5sin(t), sketch y(t).

(c) Now let K = 10 and develop a plot of Y(s) versus R(s!. Com.ment,. on the
difference in the output due to the sinusoid - consider amplitude, distortion, etc.

(d) Comment on the change to ¥(s) versus R(s) if the gain block K were placed in
the feedback loop instead of the forward path.

SOLUTION:



0.2.1 Part (a)

R — N(x)
R(s) 4iO4> K x = K(R — N(@)) yonlinear | V(@) »Y (5)
From the above we see that
Y =N(x) 1)

The plot of Y (x) is given below based on the definition given in the problem

Nonlinear device

outfe49l= >

At the output of the controller we have

x=k(R-N ()
x=k(R-Y)
x=kR-kY
X
Y:R_E (2)

Equations (1) and (2) must both hold. We now setup a table of R and corresponding Y
values, and using k =1 for this part, we obtain

R Y =R -x | solution of Y = N(x) | Y at solution
0 -X x=0 0
0.1 01-x x=0 0
0.2 02-x :
see program :

Small code was written to finish the above table, using R = -2 --- 2 range with increments of
0.1. Here is the generated table, followed by the plot



Y at solution

-0.45

-0.35

-0.25

-0.15

-0.05

.05

.15

.25

.35

.45

r-x/k

solution of N(x)

-1.45

-1.35

-1.25

-1.15

-1.05

.05

.15

.25

.35

.45

r-x/k

. =X

-1.9-x
-1.8-x
-1.7-x
-1l.6-x
-1.5-x
-1.4-x
-1.3-x
-1.2-x
-1.1-x

-1.-x
-0.9-x
-0.8-x
-0.7-x
-0.6-x
-0.5-x%
-0.4-x
-0.3-x
-0.2-x
-0.1-x

1-x
.2-X

.3-X%

LA4-x

.5-x

.6-X%X

.1-x

.8-x

.9-x

1-x
.2-X

.3-x

L4-x

.b-x

.6-x

.71-x

.8-x

.9-x

-2.

-1.9

-1.8

-1.7
-1.6

-1.5
-1.4

-1.3
-1.2

-1.1

-1.

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

Out[181]




And plot of Y vs. R is below

Nonlinear device after feedback
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This below is the above plot, but with the original device output without feedback, in order
to better see the effect of feedback with k = 1.

Nonlinear device

: | :
no feedback

r feedback k=1

For k =1, the dead zone did not change. But the slope became small after x = +1

0.2.2 Part (b)

When r(t) = 5sin (t), the following table shows result for t = -2.. 2.
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t r = 5 sin(t) r-x/k solution of N(x)=r-x/k|Y at solution
-2. -4.54649 -4.54649-x -2.77324 -1.77324
-1.9 -4.7315 -4.7315-x -2.86575 -1.86575
-1.8 -4.86924 -4.86924-x -2.93462 -1.93462
-1.7 -4.95832 -4.95832-x -2.97916 -1.97916
-1.0 -4.99787 -4.99787-x -2.99893 -1.99893
-1.5 -4.98747 -4.98747-x -2.99374 -1.99374
-1.4 -4.92725 -4.92725-x -2.96362 -1.96362
-1.3 -4.81779 -4.81779-x -2.9089 -1.9089
-1.2 -4.6602 -4.6602-x -2.8301 -1.8301
-1.1 -4.45604 -4.45604-x -2.72802 -1.72802
-1. -4.20735 -4.20735-x -2.60368 -1.60368
-0.9 -3.91663 -3.91663-x -2.45832 -1.45832
-0.8 -3.58678 -3.58678-x -2.29339 -1.29339
-0.7 -3.22109 -3.22109-x -2.11054 -1.11054
-0.6 -2.82321 -2.82321-x -1.91161 -0.911606
-0.5 -2.39713 -2.39713-x -1.69856 -0.698564
-0.4 -1.94709 -1.94709-x -1.47355 -0.473546
-0.3 -1.4776 -1.4776-x -1.2388 -0.238801
-0.2 -0.993347 -0.993347-x -0.993347 0
-0.1 -0.499167 -0.499167-x -0.499167 0

R 3. 0. % 0 0
0.1 0.499167 0.499167-x 0.499167 0
0.2 0.993347 0.993347-x 0.993347 0
0.3 1.4776 1.4776-x 1.2388 0.238801
0.4 1.94709 1.94709-x 1.47355 0.473546
0.5 2.39713 2.39713-x 1.69856 0.698564
0.6 2.82321 2.82321-x 1.91161 0.911606
0.7 3.22109 3.22109-x 2.11054 1.11054
0.8 3.58678 3.58678-x 2.29339 1.29339
0.9 3.91663 3.91663-x 2.45832 1.45832

1. 4.20735 4.20735-x 2.60368 1.60368
1.1 4.45604 4.45604-x 2.72802 1.72802
1.2 4.6602 4.6602-x 2.8301 1.8301
1.3 4.81779 4.81779-x 2.9089 1.9089
1.4 4.92725 4.92725-x 2.96362 1.96362
1.5 4.98747 4.98747-x 2.99374 1.99374
1.6 4.99787 4.99787-x 2.99893 1.99893
1.7 4.95832 4.95832-x 2.97916 1.97916
1.8 4.86924 4.86924-x 2.93462 1.93462
1.9 4.7315 4.7315-x 2.86575 1.86575
2. 4.54649 4.54649-x 2.77324 1.77324

the following is the plot of the output with the feedback for k =1



Nonlinear device

no feedback

1+ feedback with r=5 sin(t), k=1

-
-
.
-

-
-
-
-
-
A

Matlab code to plot the solution

11

Jmatlab code to generate plot for part(b), HW3, problem 2
ECE 332

close all; clear all,;

figure

t=0:.1:10;

f=0(x) (x+1).*(x<-1)+(x-1).*(x>1)+0; %non-linear device

r = 5 *sin(t); %input

k =1; %change to 10 for second part

x = fsolve(@(x) f(x)-(r-x/k),r);

plot(t,f(x));
grid;
title('output of 5*xsin(t), k=1');

0.2.3 Part (c)

Now k =10, and part(b) was repeated. the following table shows result for t = -2 ...
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t r = 5 sin(t) r-x/10 solution of N(x)=r-x/10]|Y at solution
-2. -4.54649 -4.54649-x -5.04226 -4.04226
-1.9 -4.7315 -4.7315-x -5.21045 -4.21045
-1.8 -4.86924 -4.86924-x -5.33567 -4.33567
-1.7 -4.95832 -4.95832-x -5.41666 -4.41666
-1.6 -4.99787 -4.99787-x -5.452061 -4.452061
-1.5 -4.98747 -4.98747-x -5.44316 -4.44316
-1.4 -4.92725 -4.92725-x -5.38841 -4.38841
-1.3 -4.81779 -4.81779-x -5.2889 -4.2889
-1.2 -4.6602 -4.6602-x -5.14563 -4.14563
-1.1 -4.45604 -4.45604-x -4.96003 -3.96003
-1. -4.20735 -4.20735-x -4.73396 -3.73396
-0.9 -3.91663 -3.91663-x -4.46967 -3.46967
-0.8 -3.58678 -3.58678-x -4.1698 -3.1698
-0.7 -3.22109 -3.22109-x -3.83735 -2.83735
-0.6 -2.82321 -2.82321-x -3.47565 -2.47565
-0.5 -2.39713 -2.39713-x -3.0883 -2.0883
-0.4 -1.94709 -1.94709-x -2.67917 -1.67917
-0.3 -1.4776 -1.4776-x -2.25236 -1.25236
-0.2 -0.993347 -0.993347-x -1.81213 -0.812133
-0.1 -0.499167 -0.499167-x -1.36288 -0.362879
0. 0. 0.-x 0 0
0.1 0.499167 0.499167-x 1.36288 0.362879
0.2 0.993347 0.993347-x 1.81213 0.812133
0.3 1.4776 1.4776-x 2.25236 1.25236
0.4 1.94709 1.94709-x 2.67917 1.67917
0.5 2.39713 2.39713-x 3.0883 2.0883
0.6 2.82321 2.82321-x 3.47565 2.47565
0.7 3.22109 3.22109-x 3.83735 2.83735
0.8 3.58678 3.58678-x 4.1698 3.1698
0.9 3.91663 3.91663-x 4.46967 3.46967
1. 4.20735 4.20735-x 4.73396 3.73396
1.1 4.45604 4.45604-x 4.96003 3.96003
1.2 4.6602 4.6602-x 5.14563 4.14563
1.3 4.81779 4.81779-x 5.2889 4.2889
1.4 4.92725 4.92725-x 5.38841 4.38841
1.5 4.98747 4.98747-x 5.44316 4.44316
1.6 4.99787 4.99787-x 5.45261 4.452061
1.7 4.95832 4.95832-x 5.41666 4.41666
1.8 4.86924 4.86924-x 5.33567 4.33567
1.9 4.7315 4.7315-x 5.21045 4.21045
2. 4.54649 4.54649-x 5.04226 4.04226

And the following is the plot of the result
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Nonlinear device

2| | | no feedback

feedback, k=10, r=5 sin\(t

The above plot shows that with k = 10, the dead zone has shrunk to almost zero, and the
output of the nonlinear device is now linear. This is good. This is another plot, for larger
range of input values.

Nonlinear device

61 ‘ ‘ ‘ no feedback

4 feedback, k=10, r=5sin(t)

As range of input values become large, the output of the feedback linear device approaches
the open loop device output. This is outside the dead zone region as can be seen from the
above. Very close to the origin, there is very small non-linearity remains, but it is hard to
see.

0.2.4 part (d)

When the gain k is in the feedback loop, as shown in the following diagram
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R(s) i@ T=R-kY nonlinear | V(%) »Y (5)
b K
Therefore
x=R-kY
(R-x)
Y =
k

Before, when the gain was in the feedforward, Y = R - Z, so now k affects R as well. Using
this new x, the above plot was reproduced for the case of 7 (t) = 5sin (f).

the following table shows result for t = -2 ... 2.



t r = 5 sin(t) (r-x) /10 solution of N(x)=(r-x)/10|Y at solution
-2. -4.54649 (-4.54649-x) /10 -1.32241 -0.322408
-1.9 -4.7315 (-4.7315-x) /10 -1.33923 -0.339227
-1.8 -4.86924 (-4.86924-x) /10 -1.35175 -0.351749
-1.7 -4.95832 (-4.95832-x) /10 -1.35985 -0.359848
-1.6 -4.99787 (-4.99787-x) /10 -1.36344 -0.363443
-1.5 -4.98747 (-4.98747-x) /10 -1.3625 -0.362498
-1.4 -4.92725 (-4.92725-x) /10 -1.35702 -0.357023
-1.3 -4.81779 (-4.81779-x) /10 -1.34707 -0.347072
-1.2 -4.6602 (-4.6602-x)/10 -1.33275 -0.332745
-1.1 -4.45604 (-4.45604-x) /10 -1.31419 -0.314185
-1. -4.20735 (-4.20735-x) /10 -1.29158 -0.291578
-0.9 -3.91663 (-3.91663-x) /10 -1.26515 -0.265149
-0.8 -3.58678 (-3.58678-x) /10 -1.23516 -0.235162
-0.7 -3.22109 (-3.22109-x) /10 -1.20192 -0.201917
-0.6 -2.82321 (-2.82321-x) /10 -1.16575 -0.165747
-0.5 -2.39713 (-2.39713-x) /10 -1.12701 -0.127012
-0.4 -1.94709 (-1.94709-x) /10 -1.0861 -0.0860992
-0.3 -1.4776 (-1.4776-x)/10 -1.04342 -0.0434183
-0.2 -0.993347 (-0.993347-x) /10 -0.993347 0
-0.1 -0.499167 (-0.499167-x) /10 -0.499167 0

0. 0. (0.-x)/10 0 0
0.1 0.499167 (0.499167-x) /10 0.499167 0
0.2 0.993347 (0.993347-x) /10 0.993347 0
0.3 1.4776 (1.4776-x) /10 1.04342 0.0434183
0.4 1.94709 (1.94709-x) /10 1.0861 0.0860992
0.5 2.39713 (2.39713-x) /10 1.12701 0.127012
0.6 2.82321 (2.82321-x) /10 1.16575 0.165747
0.7 3.22109 (3.22109-x) /10 1.20192 0.201917
0.8 3.58678 (3.58678-x)/10 1.23516 0.235162
0.9 3.91663 (3.91663-x) /10 1.26515 0.265149

1. 4.20735 (4.20735-x) /10 1.29158 0.291578
1.1 4.45604 (4.45604-x)/10 1.31419 0.314185
1.2 4.6602 (4.6602-x) /10 1.33275 0.332745
1.3 4.81779 (4.81779-x) /10 1.34707 0.347072
1.4 4.92725 (4.92725-x) /10 1.35702 0.357023
1.5 4.98747 (4.98747-x) /10 1.3625 0.362498
1.6 4.99787 (4.99787-x) /10 1.36344 0.363443
1.7 4.95832 (4.95832-x)/10 1.35985 0.359848
1.8 4.86924 (4.86924-x)/10 1.35175 0.351749
1.9 4.7315 (4.7315-x) /10 1.33923 0.339227

2 4.54649 (4.54649-x) /10 1.32241 0.322408

And the following is the plot

15
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Nonlinear device

no feedback

-

- gain in feedback, k=10, r=5 sin(t)

We see the effect of reducing R (since it is now divided by k > 1) and the output from the
non-linear device is not as good as when the gain was in the feedforward. The dead zone
has returned back and the output after the dead zone is much smaller in amplitude than

the original open loop output. Putting the gain in the feedback loop does not appear to be
a good choice in this case.



0.3 Problem 3

3. The block diagram of a feedback control system is shown in Figure 3

Figure 3. Block Diagram

(a) Apply Mason’s gain formula to the block diagram to find the transfer functions

¢ls) Cls)
R(s) N(s)

N=0 R=0

Express C(s) in terms of R(s) and N(s) when both inputs are applied simultane-
ously.

(b) Find the desired relation among the transfer functions G,(s), Ga(s), Gs(s), q4(a),
Hy(s) and Hy(s) so that the output C(s) is not affected by the disturbance signal
N(s) at all.

SOLUTION:

0.3.1 Part(a)

17

The first step is to convert the block diagram to signal flow diagram. By assigning variables

as shown below, the following signal diagram we drawn

Gi(s)
+ S e + 83 e4 +17%es C(s)

R G\ (s) Ga(9) Ga(s) —
(s) ! ] T h ‘o

Hi(s) Ha(s)

Converted to signal flow as
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C(s)

For finding )

are

then N (s) is set to zero. There are two forward paths from R (s) to C (s) they

M; ={1,1,G1, Gy, G3,1} = G1G,G3
M, =1{1,1,G4, 1} = G4
The corresponding Mason deltas are
A =1
Ay =1-(Gy)(-1)=1+G,
The loops, one at a time are
L1 = (Gp) (-1),(G1) (G2) (=H1), (G2) (G3) (=H2) , (1) (G1) (G2) (G3) (1) (1), (G4) (1) (1)
= -Gy, —G1G,H;, —HG,G3, -G1G,G3, -Gy
Two at a time are

Ly = {(G2) (-1) x (Gg) (1) (1) (W)}

= GGy
Hence
A=1- E (—G2 - G1G2H1 - H2G2G3 - G1G2G3 - G4) + Z G2G4
=1+ Gy + GiGyH; + HyG,G3 + G1G2G3 + Gy + GGy
Hence
Cls) _ XMiA,
R (s) A
B G1GG3 (1) + G4 (1 + Gp)
"1+ G, + G,G,H; + HyGyG3 4+ G1GyG3 + Gy + Gy Gy
Hence

C(S) _ G1G2G3+G4+G4G2
R(s) - 1+Gp+G1GoH1+HpGyG3+G1GpG3+Gy+Gr Gy
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For finding € then R(s) is set to zero. There is now one forward path from N (s) to C(s)

N(s)
M;={,1}=1
The corresponding Mason deltas are
A1 =1-{(Gp) (1) +(G1) (Gp) (=H1)} =1 + G, + G1GoHy
The loops remain the same as above. Hence the mason delta do not change. Therefore

C(s)  XMA;
N(s) A

N (1) 1 + G, + G1G,Hy)
1+ Gy + G1GyH | + HyGyGs + G1GyGs + G4 + GGy

Hence

C(S) _ 1+G2+G1G2H1
N(S) - 1+G2+G1G2H1+H2G2G3+G1G263+G4+G2G4

0.3.2 Part (b)

Since
1+ Gy +GGH
1+ Gy +GiGyHy + H2G2G3 + G1G2G3 + Gy + GGy
Then we want 1 + G, + G;G,H; = 0 or for the denominator
1+ Gy + G1GyH | + HyGyG3 + G1GyGs + Gy + GoGy

to be very large. Both of these will cause C (s) to remain zero for any value of N (s). But since

the denominator is the same as for = then making this very large will also affect €© \which
R(s) R(s)

we do not want to. Hence the choice left is
1+ Gz + G1G2H1 =0
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0.4 Problem 4

Consider the signal flow graph shown in Figure 3.

Figure 3: Signal Flow Graph

(a) ldentify all the forward paths and their loop gains.

(b) Identify all the loops.
(c) Find the transfer function from Y, to Y7 and from Y} to Y; using Mason’s rule.

SOLUTION:

0.4.1 Part (a)

For the %, There are two forward paths. The following diagrams shows them with the gain

on each.
-H -
Ga $ GCa $
1 Gy Ga Gs Gu Gy Ql 1 (e} Ga Gs Gu Gs O 1
-H, -H,

Fi1 = G1G2G3G4Gs Fo = GeGs

F1 = G1G2G3G4Gs
Fy = GeGs
Now Ay is found for each forward loop. Ay is the Mason A but with F; removed from the

graph. Removing F; removes all the loops, hence
Al =1



When removing F, what remains is L, and L3, hence
Ay =1-(Ly +Lj)
=1-(-HyG; - H3G3)
= 1 + (H2G2 + H3G3)

Y2 . . .
For the o there is one forward path F; =1, the associated A is
1

+ E (=G2H3) (-G4GsHy) + (-G2H,) (-Hg) + (-G3H3) (-He)

one at a time two at a time

=1+ Gsz + G3H3 + G4G5H4 + H6 + G2G3G4G5H5 + G2H2G4G5H4 + G2H2H6 + G3H3H6

0.4.2 Part(b)

There are 8 loops. The following diagrams shows the loops with the gains
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|—7 = GGGSHSHl L8 = GGG5H4H3H2H1

Azl—(Ll+L2+L3+L4+L5+L6+L7+L8)
+ (L1Ls + L1Ly + L1Lg + LyLy + LyLg + LzLg + L3Ly) — L1L3Lg

Therefore
one at a time

A=1+ H1G1 + H2G2 + H3G3 + H4G4G5 + H5G2G3G4G5 + H6 — G5G6H1H5 - G6G5H4H3H2H1
(1)

two at time
three at time

—_———
+ H1G1H3G3H6
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0.4.3 Part (c)

For G(s) = ? and using result found above in part (a) and part (b)

’
1

_ (G1G2G3G4Gs) + GeGs (1 + Hy Gy + H3Gs)
B A

Where A is given in (1) found in part(b). To obtain %
1

Y, A
Y, A
one at a time two at a time
1+ GyH, + G3Hs + G4GsHy + Hg + GyG3G4GsHs + GyHyG4GsHy + GoHyHg + GsHsHy
B A

_ 1+ G2H2 + G3H3 + G4G5H4 + H6 + G2G3G4G5H5 + G2H2G4G5H4 + G2H2H6 + G3H3H6
- A
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