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1 Problem 4.1.1(d)

Figure 1: the Problem statement

𝑓 (𝑥) = 𝑒𝑥 =
∞
�
𝑘=−∞

𝑐𝑘𝑒𝑖𝑘𝑥 (1)

Where

𝑐𝑘 =
1
2𝜋

𝜋

�
−𝜋

𝑒𝑥𝑒−𝑖𝑘𝑥𝑑𝑥

=
1
2𝜋

𝜋

�
−𝜋

𝑒(1−𝑖𝑘)𝑥𝑑𝑥

=
1
2𝜋 �

𝑒(1−𝑖𝑘)𝑥

1 − 𝑖𝑘 �
𝜋

−𝜋

=
1

𝜋 (1 − 𝑖𝑘) �
𝑒𝜋(1−𝑖𝑘) − 𝑒−𝜋(1−𝑖𝑘)

2 �

But 𝑒𝑧

2 −
𝑒−𝑧

2 = sinh (𝑧), hence the above reduces to

𝑐𝑘 =
1

𝜋 (1 − 𝑖𝑘)
sinh (𝜋 (1 − 𝑖𝑘)) (2)

Substituting (2) into (1) gives

𝑒𝑥 =
∞
�
𝑘=−∞

1
𝜋 (1 − 𝑖𝑘)

sinh (𝜋 (1 − 𝑖𝑘)) 𝑒𝑖𝑘𝑥

Here are few terms in the series generated using symbolic software:

ClearAll[x, k, n, f, ck]
ck[k_, x_] := 1/(2 Pi) Integrate[Exp[x] Exp[-I k x], {x, -Pi, Pi}]
f[k_, x_] := ck[k, x]*Exp[I k x];
term[n_] := If[n == 0, N@f[0, x], N@Simplify@ComplexExpand[f[-n, x] + f[n, x]]]
tbl = Table[{k, Simplify@TrigToExp@ck[k, x]}, {k, -5, 5, 1}];
Grid[Join[{{"k", "C_k"}}, tbl], Frame -> All]
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𝑘 𝐶𝑘

−5 (1−5𝑖)𝑒−𝜋−(1−5𝑖)𝑒𝜋

52𝜋

−4
� 1
34−

2𝑖
17 �𝑒

−𝜋�𝑒2𝜋−1�

𝜋
−3 (1−3𝑖)𝑒−𝜋−(1−3𝑖)𝑒𝜋

20𝜋

−2
� 1
10−

𝑖
5 �𝑒

−𝜋�𝑒2𝜋−1�

𝜋

−1 −
� 14−

𝑖
4 �𝑒

−𝜋�𝑒2𝜋−1�

𝜋
0 − 𝑒−𝜋−𝑒𝜋

2𝜋
1 (1+𝑖)𝑒−𝜋−(1+𝑖)𝑒𝜋

4𝜋

2
� 1
10+

𝑖
5 �𝑒

−𝜋�𝑒2𝜋−1�

𝜋
3 (1+3𝑖)𝑒−𝜋−(1+3𝑖)𝑒𝜋

20𝜋

4
� 1
34+

2𝑖
17 �𝑒

−𝜋�𝑒2𝜋−1�

𝜋
5 (1+5𝑖)𝑒−𝜋−(1+5𝑖)𝑒𝜋

52𝜋

Here is a plot of Fourier series of 𝑒𝑥 for 𝑘 increasing range to compare with 𝑒𝑥. To generate this plot
the terms with 𝑐−𝑘 + 𝑐𝑘 were added in order together to obtain a real valued function before plotting.
Plotting was done from 𝑥 = −𝜋⋯𝜋. We see as more terms are added, the approximation improves.
At 20 terms, the approximations became very good. Here is the plot

ck = 1/(2 Pi) Integrate[Exp[x] Exp[-I k1 x], {x, -Pi, Pi}]
f[k_] := (ck /. k1 -> k)*Exp[I k x];
fs[n_] := Sum[Simplify[f[-k] + f[k]], {k, 1, n}] + f[0];
tbl = Table[Plot[{fs[n], Exp[x]}, {x, -Pi, Pi}, Frame -> True, Axes -> False,
FrameLabel -> {{"f(x)", None},
{"x", Row[{"Using " <> ToString[n] <> " terms"}]}},
PlotStyle -> {Dashed, Red}], {n, 1, 20, 1}];
Grid[Partition[tbl, 4]]
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Figure 2: Plot for problem 4.1.1

The even part of 𝑒𝑥 are given by 𝑒𝑥+𝑒−𝑥

2 = cosh 𝑥 and the odd part is 𝑒𝑥−𝑒−𝑥

2 = sinh 𝑥. For 𝑒𝑖𝑥, the even

part is 𝑒𝑖𝑥+𝑒−𝑖𝑥

2 = cos 𝑥 and the odd part is 𝑒𝑖𝑥−𝑒−𝑖𝑥

2 = 𝑖 sin 𝑥

2 Problem 4.1.2

Figure 3: the Problem statement



6

2.1 Part (a)

Since 𝑓 (−𝜋) = −𝑓 (−𝜋) then 𝑓 (𝑥) is an odd function. For an odd function all the 𝑎𝑘 = 0 since these go
with the even part.

2.2 Part(b)

𝑏𝑘 =
1
𝜋

𝜋

�
−𝜋

𝑓 (𝑥) sin (𝑘𝑥) 𝑑𝑥

=
1
𝜋

⎛
⎜⎜⎜⎜⎜⎝

0

�
−𝜋

𝑓 (𝑥) sin (𝑘𝑥) 𝑑𝑥 +
𝜋

�
0

𝑓 (𝑥) sin (𝑘𝑥) 𝑑𝑥

⎞
⎟⎟⎟⎟⎟⎠

=
1
𝜋

⎛
⎜⎜⎜⎜⎜⎝

0

�
−𝜋

− sin (𝑘𝑥) 𝑑𝑥 +
𝜋

�
0

sin (𝑘𝑥) 𝑑𝑥

⎞
⎟⎟⎟⎟⎟⎠

Changing the limits of integration changes the sign, hence the above can be written as

𝑏𝑘 =
1
𝜋

⎛
⎜⎜⎜⎜⎜⎝

𝜋

�
0

sin (𝑘𝑥) 𝑑𝑥 +
𝜋

�
0

sin (𝑘𝑥) 𝑑𝑥

⎞
⎟⎟⎟⎟⎟⎠

=
2
𝜋

𝜋

�
0

sin (𝑘𝑥) 𝑑𝑥

=
2
𝜋 �

− cos 𝑘𝑥
𝑘 �

𝜋

0

=
−2
𝜋𝑘

[cos 𝑘𝑥]𝜋0

=
−2
𝜋𝑘

[cos 𝑘𝜋 − cos 0]

=
2
𝜋𝑘

(1 − cos 𝑘𝜋) 𝑘 = 1, 2, 3,⋯

Hence

𝑏𝑘 =

⎧⎪⎪⎨
⎪⎪⎩

4
𝜋𝑘 𝑘 = 1, 3, 5,⋯
0 𝑘 = 2, 4, 6,⋯

Hence using 𝑓 (𝑥) =
∞
�
𝑘=1
𝑏𝑘 sin 𝑘𝑥, we can write the Fourier series of 𝑓 (𝑥) as

𝑓 (𝑥) =
∞
�

𝑘=1,3,⋯

4
𝜋𝑘

sin 𝑘𝑥

=
4
𝜋

sin 𝑥 + 4
3𝜋

sin 3𝑥 + 4
5𝜋

sin 5𝑥 +⋯

=
4
𝜋 �

sin 𝑥 + 1
3

sin 3𝑥 + 1
5

sin 5𝑥 +⋯�

Here is a plot showing the Fourier series approximation to the square wave from 𝑥 = −𝜋⋯𝜋 as more
terms are added
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Clear[f, k, x];
f[x_, k_] := Sum[2/(Pi n) (1 - Cos[n Pi]) Sin[n x], {n, 1, k}];
tbl = Partition[Table[
Plot[{Sign[x], f[x, k]}, {x, -Pi, Pi},
Exclusions -> None, PlotLabel -> Row[{"k=", k}],
PlotStyle -> {Thin, Red}], {k, 1, 20,2}], 3];
Grid[tbl, Frame -> All]

Figure 4: Plot for problem 4.1.2
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3 Problem 4.1.3

Figure 5: the Problem statement

3.1 Part(a)

We first need to determine the Fourier series for 𝛿 (𝑥) and 𝛿 (𝑥 + 𝜋). For 𝛿 (𝑥) we find

𝑎0 =
1
2𝜋

𝜋

�
−𝜋

𝛿 (𝑥) 𝑑𝑥 =
1
2𝜋

𝑎𝑘 =
1
𝜋

𝜋

�
−𝜋

𝛿 (𝑥) cos 𝑘𝑥𝑑𝑥 = 1
𝜋

(since cos 0 = 1)

𝑏𝑘 =
1
𝜋

𝜋

�
−𝜋

𝛿 (𝑥) sin 𝑘𝑥𝑑𝑥 = 0 (since sin 0 = 0)

Hence

𝛿 (𝑥) =
1
2𝜋

+
∞
�
𝑘=1
𝑎𝑘 cos 𝑘𝑥

=
1
2𝜋

+
1
𝜋

∞
�
𝑘=1

cos 𝑘𝑥

=
1
2𝜋

+
1
𝜋
(cos 𝑥 + cos 2𝑥 + cos 3𝑥 +⋯)

Now to determine Fourier series for 𝛿 (𝑥 + 𝜋)

𝑎0 =
1
2𝜋

𝜋

�
−𝜋

𝛿 (𝑥 + 𝜋) 𝑑𝑥 =
1
2𝜋

𝑎𝑘 =
1
𝜋

𝜋

�
−𝜋

𝛿 (𝑥 + 𝜋) cos 𝑘𝑥𝑑𝑥 =
(−1)𝑘

𝜋
(since cos (−𝑘𝜋) = cos 𝑘𝜋 = (−1)𝑘)

𝑏𝑘 =
1
𝜋

𝜋

�
−𝜋

𝛿 (𝑥) sin 𝑘𝑥𝑑𝑥 = 0 (since sin (−𝑘𝜋) = 0)
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Hence

𝛿 (𝑥 + 𝜋) =
1
2𝜋

+
∞
�
𝑘=1
𝑎𝑘 cos 𝑘𝑥

=
1
2𝜋

+
1
𝜋

∞
�
𝑘=1

(−1)𝑘 cos 𝑘𝑥

=
1
2𝜋

+
1
𝜋
(− cos 𝑥 + cos 2𝑥 − cos 3𝑥 +⋯)

Therefore

2𝛿 (𝑥) − 2𝛿 (𝑥 + 𝜋) = 2 �
1
2𝜋

+
1
𝜋
(cos 𝑥 + cos 2𝑥 + cos 3𝑥 +⋯)� − 2 �

1
2𝜋

+
1
𝜋
(− cos 𝑥 + cos 2𝑥 − cos 3𝑥 +⋯)�

=
1
𝜋
+
2
𝜋
(cos 𝑥 + cos 2𝑥 + cos 3𝑥 +⋯) − 1

𝜋
+
2
𝜋
(cos 𝑥 − cos 2𝑥 + cos 3𝑥 − cos 5𝑥 +⋯)

=
2
𝜋
(2 cos 𝑥 + 2 cos 3𝑥 + 2 cos 5𝑥 +⋯)

=
4
𝜋
(cos 𝑥 + cos 3𝑥 + cos 5𝑥 +⋯)

Hence
𝑑𝑓
𝑑𝑥

=
4
𝜋
(cos 𝑥 + cos 3𝑥 + cos 5𝑥 +⋯)

Hence

𝑓 (𝑥) =
4
𝜋 �

sin 𝑥 + 1
3

sin 3𝑥 + 1
5

sin 5𝑥 +⋯�

3.2 Part (b)

We first need to determine the Fourier series for 𝛿 (𝑥) and 𝛿 (𝑥 + 𝜋). For 𝛿 (𝑥) we find

𝑐𝑘 =
1
2𝜋

𝜋

�
−𝜋

𝛿 (𝑥) 𝑒−𝑖𝑘𝑥𝑑𝑥 =
1
2𝜋

Hence

𝛿 (𝑥) =
∞
�
𝑘=−∞

𝑐𝑘𝑒𝑖𝑘𝑥

=
∞
�
𝑘=−∞

1
2𝜋
𝑒𝑖𝑘𝑥

=
1
2𝜋

�1 + 𝑒−𝑖𝑘𝑥 + 𝑒𝑖𝑘𝑥 + 𝑒−2𝑖𝑘 + 𝑒2𝑖𝑘 +⋯�

=
1
2𝜋

(1 + 2 cos 𝑘𝑥 + 2 cos 2𝑘𝑥 + 2 cos 3𝑘𝑥 +⋯)

Now to determine Fourier series for 𝛿 (𝑥 + 𝜋)

𝑐𝑘 =
1
2𝜋

𝜋

�
−𝜋

𝛿 (𝑥 + 𝜋) 𝑒−𝑖𝑘𝑥𝑑𝑥 =
1
2𝜋
𝑒𝑖𝑘𝜋 =

1
2𝜋

cos 𝑘𝜋 =
(−1)𝑘

2𝜋
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Hence

𝛿 (𝑥 + 𝜋) =
∞
�
𝑘=−∞

(−1)𝑘

2𝜋
𝑒𝑖𝑘𝑥

=
1
2𝜋

�1 − 𝑒−𝑖𝑥 − 𝑒𝑖𝑥 + 𝑒−2𝑖𝑥 + 𝑒2𝑖𝑥 − 𝑒−3𝑖𝑥 − 𝑒3𝑖𝑥 +⋯�

=
1
2𝜋

�1 − �𝑒−𝑖𝑥 + 𝑒𝑖𝑥� + 𝑒−2𝑖𝑥 + 𝑒2𝑖𝑥 − �𝑒−3𝑖𝑥 + 𝑒3𝑖𝑥� +⋯�

=
1
2𝜋

(1 − 2 cos 𝑥 + 2 cos 2𝑥 − 2 cos 3𝑥 +⋯)

Therefore

2𝛿 (𝑥) − 2𝛿 (𝑥 + 𝜋) = 2 �
1
2𝜋

(1 + 2 cos 𝑥 + 2 cos 2𝑥 + 2 cos 3𝑥 +⋯)� − 2 �
1
2𝜋

(1 − 2 cos 𝑥 + 2 cos 2𝑥 − 2 cos 3𝑥 +⋯)�

=
1
𝜋
(1 + 2 cos 𝑥 + 2 cos 2𝑥 + 2 cos 3𝑥 +⋯) − 1

𝜋
(1 − 2 cos 𝑥 + 2 cos 2𝑥 − 2 cos 3𝑥 +⋯)

=
1
𝜋
(4 cos 𝑥 + 4 cos 3𝑥 + 4 cos 5𝑥 +⋯)

=
4
𝜋
(cos 𝑥 + cos 3𝑥 + cos 5𝑥 +⋯)

Hence
𝑑𝑓
𝑑𝑥

=
4
𝜋
(cos 𝑥 + cos 3𝑥 + cos 5𝑥 +⋯)

Therefore

𝑓 (𝑥) =
4
𝜋 �

sin 𝑥 + 1
3

sin 3𝑥 + 1
5

sin 5𝑥 +⋯�

Which is the same as above using the 𝑎𝑘, 𝑏𝑘 method.

4 Problem 4.1.4

Figure 6: the Problem statement

From above we found that the Fourier series for square wave is

𝑓 (𝑥) =
4
𝜋 �

sin 𝑥 + 1
3

sin 3𝑥 + 1
5

sin 5𝑥 +⋯�

Therefore at 𝑥 = 𝜋
2 , the above becomes

1 =
4
𝜋 �

sin 𝜋
2
+
1
3

sin 3𝜋
2
+
1
5

sin 5𝜋
2
+⋯�
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Hence

𝜋 = 4 �sin
𝜋
2
+
1
3

sin 3𝜋
2
+
1
5

sin 5𝜋
2
+⋯�

= 4 �1 −
1
3
+
1
5
−
1
7
+⋯�

5 Problem 4.1.5

Figure 7: the Problem statement

We found that only the 𝑏𝑘 survive for the Fourier series of the wave function. They are

𝑏𝑘 =

⎧⎪⎪⎨
⎪⎪⎩

4
𝜋𝑘 𝑘 = 1, 3, 5,⋯
0 𝑘 = 2, 4, 6,⋯

Applying Parseval’s formula leads to

𝜋 �𝑏21 + 𝑏23 + 𝑏25 +⋯� =
𝜋

�
−𝜋

�𝑓 (𝑥)�2 𝑑𝑥 = 2𝜋

Where we used only the odd 𝑏𝑘 terms since all others are zero. The above becomes

𝜋
⎛
⎜⎜⎜⎜⎝�
4
𝜋�

2

+ �
4
3𝜋�

2

+ �
4
5𝜋�

2

+⋯
⎞
⎟⎟⎟⎟⎠ = 2𝜋

𝜋
⎛
⎜⎜⎜⎜⎝
1
𝜋2 4

2 +
1
𝜋2 �

4
3�

2

+
1
𝜋2 �

4
5�

2

+⋯
⎞
⎟⎟⎟⎟⎠ = 2𝜋

⎛
⎜⎜⎜⎜⎝4

2 + �
4
3�

2

+ �
4
5�

2

+⋯
⎞
⎟⎟⎟⎟⎠ = 2𝜋

2

𝜋2 = 8
⎛
⎜⎜⎜⎜⎝1 + �

1
3�

2

+ �
1
5�

2

+⋯
⎞
⎟⎟⎟⎟⎠

Hence

𝜋2 = 8 �1 +
1
9
+
1
25

+⋯�
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6 Problem 4.1.8

Figure 8: the Problem statement

ps. In the solution below, I was using 𝑇 when I should be using 𝑇
2 in all the limits. Need to correct

later. Or just let period be 2𝑇 then the math works ok.

In this problem, the basic idea is to observe that when the period was 2𝜋 then

𝑓 (𝑥) =
∞
�
𝑘=0
𝑎𝑘 cos 𝑘𝑥 +

∞
�
𝑘=1
𝑏𝑘 sin 𝑘𝑥

𝑓 (𝑥) =
∞
�
𝑘=−∞

𝑐𝑘𝑒𝑖𝑘𝑥

Now when the period is a general value 𝑇 we use � 2𝜋𝑇 𝑘� in place of just 𝑘. So the above becomes

𝑓 (𝑥) =
∞
�
𝑘=0
𝑎𝑘 cos �𝑘

2𝜋
𝑇
𝑥� +

∞
�
𝑘=1
𝑏𝑘 sin �𝑘

2𝜋
𝑇
𝑥� (1)

𝑓 (𝑥) =
∞
�
𝑘=−∞

𝑐𝑘𝑒
𝑖� 2𝜋𝑇 𝑘�𝑥

(2)

We now need to determine 𝑎𝑘, 𝑏𝑘, 𝑐𝑘 using (1) and (2) in similar way we did when the period was 2𝜋.

To find 𝑎𝑘 we multiply (1) by cos �𝑚 2𝜋
𝑇 𝑥� where 𝑚 is some integer between 1⋯∞, and integrating

from −𝑇 to 𝑇 gives
𝑇

�
−𝑇

𝑓 (𝑥) cos �𝑚
2𝜋
𝑇
𝑥� 𝑑𝑥 =

𝑇

�
−𝑇

∞
�
𝑘=0
𝑎𝑘 cos �𝑘

2𝜋
𝑇
𝑥� cos �𝑚

2𝜋
𝑇
𝑥� 𝑑𝑥 +

𝑇

�
−𝑇

∞
�
𝑘=1
𝑏𝑘 sin �𝑘

2𝜋
𝑇
𝑥� cos �𝑚

2𝜋
𝑇
𝑥� 𝑑𝑥

=
∞
�
𝑘=0

𝑇

�
−𝑇

𝑎𝑘 cos �𝑘
2𝜋
𝑇
𝑥� cos �𝑚

2𝜋
𝑇
𝑥� 𝑑𝑥 +

∞
�
𝑘=1

𝑇

�
−𝑇

𝑏𝑘 sin �𝑘
2𝜋
𝑇
𝑥� cos �𝑚

2𝜋
𝑇
𝑥� 𝑑𝑥

Due to orthogonality between the sin and cos, all the product of sin cos vanish, and only one term
in the product of cos cos remain which is the one when 𝑘 = 𝑚, hence the above reduces to

𝑇

�
−𝑇

𝑓 (𝑥) cos �𝑚
2𝜋
𝑇
𝑥� 𝑑𝑥 =

𝑇

�
−𝑇

𝑎𝑚 cos �𝑚
2𝜋
𝑇
𝑥� cos �𝑚

2𝜋
𝑇
𝑥� 𝑑𝑥
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Since 𝑚 is arbitrary, we can rename it back to 𝑘 to keep the same naming as before.
𝑇

�
−𝑇

𝑓 (𝑥) cos �𝑘
2𝜋
𝑇
𝑥� 𝑑𝑥 =

𝑇

�
−𝑇

𝑎𝑘 cos2 �𝑘
2𝜋
𝑇
𝑥� 𝑑𝑥 (3)

When 𝑘 = 0 we find
𝑇

�
−𝑇

𝑓 (𝑥) 𝑑𝑥 =
𝑇

�
−𝑇

𝑎0𝑑𝑥

= 2𝑎0𝑇

Hence

𝑎0 =
1
2𝑇

𝑇

�
−𝑇

𝑓 (𝑥) 𝑑𝑥

Notice, when 𝑇 = 𝜋, the above reduces to 𝑎0 =
1
2𝜋

𝜋

�
−𝜋

𝑓 (𝑥) 𝑑𝑥. Now to find 𝑎𝑘 for 𝑘 ≥ 1, then from (3)

𝑇

�
−𝑇

𝑓 (𝑥) cos �𝑘
2𝜋
𝑇
𝑥� 𝑑𝑥 =

𝑇

�
−𝑇

𝑎𝑘 cos2 �𝑘
2𝜋
𝑇
𝑥� 𝑑𝑥

= 𝑎𝑘𝑇

Hence

𝑎𝑘 =
1
𝑇 �

𝑇

−𝑇
𝑓(𝑥) cos �𝑘

2𝜋
𝑇
𝑥� 𝑑𝑥

Notice that when 𝑇 = 𝜋 the above reduces to 𝑎𝑘 =
1
𝜋

𝜋

�
−𝜋

𝑓(𝑥) cos(𝑘𝑥) 𝑑𝑥 as before.

Now we find 𝑏𝑘 similarly. We multiply (1) by sin �𝑚 2𝜋
𝑇 𝑥� where 𝑚 is some integer between 1⋯∞, and

integrating from −𝑇 to 𝑇 gives
𝑇

�
−𝑇

𝑓 (𝑥) sin �𝑚
2𝜋
𝑇
𝑥� 𝑑𝑥 =

∞
�
𝑘=0

𝑇

�
−𝑇

𝑎𝑘 cos �𝑘
2𝜋
𝑇
𝑥� sin �𝑚

2𝜋
𝑇
𝑥� 𝑑𝑥 +

∞
�
𝑘=1

𝑇

�
−𝑇

𝑏𝑘 sin �𝑘
2𝜋
𝑇
𝑥� sin �𝑚

2𝜋
𝑇
𝑥� 𝑑𝑥

Due to orthogonality between the sin and cos, all the products of sin cos vanish, and only one term
in the product of sin sin remain which is the one when 𝑘 = 𝑚, hence the above reduces to

𝑇

�
−𝑇

𝑓 (𝑥) sin �𝑚
2𝜋
𝑇
𝑥� 𝑑𝑥 =

𝑇

�
−𝑇

𝑏𝑚 sin �𝑚
2𝜋
𝑇
𝑥� sin �𝑚

2𝜋
𝑇
𝑥� 𝑑𝑥

Since 𝑚 is arbitrary, we can rename it back to 𝑘 to keep the same naming as before.
𝑇

�
−𝑇

𝑓 (𝑥) sin �𝑘
2𝜋
𝑇
𝑥� 𝑑𝑥 =

𝑇

�
−𝑇

𝑏𝑘 sin2 �𝑘
2𝜋
𝑇
𝑥� 𝑑𝑥

= 𝑏𝑘𝑇

Hence

𝑏𝑘 =
1
𝑇�

𝑇𝑇𝑓 (𝑥) sin �𝑘
2𝜋
𝑇
𝑥� 𝑑𝑥
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Notice that when 𝑇 = 𝜋 the above reduces to 𝑏𝑘 =
1
𝜋

𝜋

�
−𝜋

𝑓 (𝑥) sin (𝑘𝑥) 𝑑𝑥 as before. We now find 𝑐𝑘.

𝑓 (𝑥) =
∞
�
𝑘=−∞

𝑐𝑘𝑒
𝑖�𝑘 2𝜋𝑇 �𝑥

Multiplying both side by 𝑒
−𝑖�𝑚 2𝜋

𝑇 �𝑥
and integrating over the period

𝑇

�
−𝑇

𝑓 (𝑥) 𝑒
−𝑖�𝑚 2𝜋

𝑇 �𝑥
𝑑𝑥 =

∞
�
𝑘=−∞

𝑇

�
−𝑇

𝑐𝑘𝑒
𝑖�𝑘 2𝜋𝑇 �𝑥

𝑒
−𝑖�𝑚 2𝜋

𝑇 �𝑥
𝑑𝑥

All terms other than ones which 𝑘 = 𝑚 remain. Hence the above becomes
𝑇

�
−𝑇

𝑓 (𝑥) 𝑒
−𝑖�𝑚 2𝜋

𝑇 �𝑥
𝑑𝑥 =

𝑇

�
−𝑇

𝑐𝑚𝑒
𝑖�𝑚 2𝜋

𝑇 �𝑥
𝑒
−𝑖�𝑚 2𝜋

𝑇 �𝑥
𝑑𝑥

=
𝑇

�
−𝑇

𝑐𝑚𝑑𝑥

Therefore, since 𝑚 is now arbitrary, we rename it back to 𝑘 and simplifying
𝑇

�
−𝑇

𝑓 (𝑥) 𝑒
−𝑖�𝑘 2𝜋𝑇 �𝑥

𝑑𝑥 = 2𝑇𝑐𝑘

𝑐𝑘 =
1
2𝑇

𝑇

�
−𝑇

𝑓 (𝑥) 𝑒
−𝑖�𝑘 2𝜋𝑇 �𝑥

𝑑𝑥

7 Problem 4.1.10

Figure 9: the Problem statement

The 𝑎0 term in the Fourier series of cos2 𝑥 is the constant term. Hence it is the constant that is closest
to cos2 𝑥 in the square sense. Therefore

𝑎0 =
1
2𝜋

𝜋

�
−𝜋

cos2 𝑥𝑑𝑥

=
1
2𝜋

𝜋

�
−𝜋

cos2 𝑥𝑑𝑥

=
1
2
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To find the multiple of cos 𝑥 which is closest to cos3 𝑥, we find 𝑎1 term in the Fourier series of cos3 𝑥
since that is the term which has 𝑎1 cos 𝑥 in it. Hence

𝑎1 =
1
𝜋

𝜋

�
−𝜋

cos3 𝑥 cos 𝑥𝑑𝑥

=
1
𝜋 �

3𝜋
4 �

=
3
4

8 Problem 4.1.11

Figure 10: the Problem statement

The function we are approximating using Fourier series is

f[x_] := Piecewise[{{1 + x/Pi, x < 0}, {1 - x/Pi, x >= 0}}];
Plot[f[x], {x, -Pi, Pi}]

Figure 11: Plot for problem 4.1.11
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Since it is even, we only need to determine 𝑎𝑘

𝑎𝑘 =
1
𝜋

𝜋

�
−𝜋

𝑓 (𝑥) cos 𝑘𝑥𝑑𝑥 = 2
𝜋

𝜋

�
0

�1 −
𝑥
𝜋
� cos 𝑘𝑥𝑑𝑥

=
2
𝜋 �

1 − cos 𝑘𝜋
𝑘2𝜋 �

Hence

𝑓 (𝑥) = 𝑎0 +
∞
�
𝑘=1
𝑎𝑘 cos 𝑘𝑥

=
1
2
+
2
𝜋 �

1 − cos𝜋
𝜋 � cos 𝑥 + 2

𝜋 �
1 − cos 2𝜋

4𝜋 � cos 2𝑥 + 2
𝜋 �

1 − cos 3𝜋
9𝜋 � cos 3𝑥 +⋯

=
1
2
+
2
𝜋 �

2
𝜋�

cos 𝑥 + 2
𝜋 �

2
9𝜋�

cos 3𝑥 + 2
𝜋 �

2
25𝜋�

cos 5𝑥 +⋯

=
1
2
+
4
𝜋2 cos 𝑥 + 4

9𝜋2 cos 3𝑥 + 4
25𝜋

cos 5𝑥 +⋯

Here is a plot showing the approximation as more terms are added. The label of each plot show the
number of terms used. The more terms we use, the better the approximation

ck = (2/Pi) Integrate[(1 - x/Pi) Cos[k x], {x, 0, Pi}];
upTo[n_, x_] := (1/2) + Sum[(ck /. k -> m)* Cos[m x], {m, 1, n}];
tbl = Table[Plot[upTo[m, x], {x, -Pi, Pi},
PlotLabel -> Row[{"terms used =", m}]], {m, 0, 18, 2}];
Grid[Partition[tbl, 3], Frame -> All]
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Figure 12: Plot for problem 4.1.11 part 2

9 Problem 4.1.16

Figure 13: the Problem statement

The first step is to obtain the 𝑎𝑘, 𝑏𝑘 coe�cients by expanding the boundary value of the solution using
Fourier series. On the boundary

𝑢0 =

⎧⎪⎪⎨
⎪⎪⎩
1 0 < 𝜃 < 𝜋
0 −𝜋 < 𝜃 < 0

Hence

𝑎0 =
1
2𝜋

𝜋

�
0

𝑑𝜃 =
1
2
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And

𝑎𝑘 =
1
𝜋

𝜋

�
0

cos 𝑘𝜃𝑑𝜃 = 1
𝑘𝜋

[sin 𝑘𝜃]𝜋0 = 0

And

𝑏𝑘 =
1
𝜋

𝜋

�
0

sin 𝑘𝜃𝑑𝜃 = 1
𝑘𝜋

[− cos 𝑘𝜃]𝜋0 = 0 =
−1
𝑘𝜋

[cos 𝑘𝜋 − cos 0]

= �
2
𝜋
,
2
3𝜋
,
2
5𝜋
,⋯�

Only odd values of 𝑘 survive. Now that we found the Fourier coe�cient, we use them in the solution
given in equation (22), page 276 on the book

𝑢 (𝑟, 𝜃) = 𝑎0 + 𝑏1𝑟 sin𝜃 + 𝑏3𝑟3 sin 3𝜃 + 𝑏5𝑟5 sin5 𝜃 +⋯

=
1
2
+
2
𝜋 �

𝑟 sin𝜃 + 1
3
𝑟3 sin 3𝜃 + 1

5
𝑟5 sin5 𝜃 +⋯�

At the origin, let 𝑟 = 0

𝑢 (0, 𝜃) =
1
2

10 Problem 4.1.19

Figure 14: the Problem statement

A sketch of the function (string) is below.

Clear[x, f, p];
f[x_, p_] := Piecewise[{{(-x - Pi)/(Pi - p), x < -p},
{(x + p)/p - 1, -p < x < 0}, {x/p, 0 < x < p},
{(x - Pi)/(p - Pi), p < x < Pi}}]
Plot[f[x, .8 Pi], {x, -Pi, Pi}, Frame -> True,
FrameLabel -> {{"f(x)", None}, {x, "problem 4.1.19"}}]
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Figure 15: Plot for problem 4.1.19

Since 𝑓 (𝑥) is odd, we only need to determine 𝑏𝑘

𝑏𝑘 =
2
𝜋

𝜋

�
0

𝑓 (𝑥) sin 𝑘𝑥𝑑𝑥

=
2
𝜋

⎛
⎜⎜⎜⎜⎜⎝

𝑝

�
0

𝑥
𝑝

sin 𝑘𝑥𝑑𝑥 +
𝜋

�
𝑝

𝑥 − 𝜋
𝑝 − 𝜋

sin 𝑘𝑥𝑑𝑥

⎞
⎟⎟⎟⎟⎟⎠

=
2
𝜋

⎛
⎜⎜⎜⎜⎝
sin 𝑘𝑝 − 𝑘𝑝 cos 𝑘𝑝

𝑘2𝑝
+
𝑘 �𝜋 − 𝑝� cos 𝑘𝑝 + sin 𝑘𝑝 − sin 𝑘𝜋

𝑘2 �𝜋 − 𝑝�

⎞
⎟⎟⎟⎟⎠

=
2 �𝜋 sin 𝑘𝑝 − 𝑝 sin 𝑘𝜋�

𝑘2𝑝𝜋 �𝜋 − 𝑝�

For 𝑘 = 2

𝑏2 =
�𝜋 sin 2𝑝 − 𝑝 sin 2𝜋�

2𝑝𝜋 �𝜋 − 𝑝�

=
𝜋 sin 2𝑝

2𝑝𝜋 �𝜋 − 𝑝�

For zero, we need

0 = 𝜋 sin 2𝑝
sin 2𝑝 = 0

Hence

𝑝 =
𝜋
2
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11 Problem 4.1.20

Figure 16: the Problem statement

Two functions 𝑓, 𝑔 are if the inner product is zero
1

�
−1

𝑓 (𝑥) 𝑔 (𝑥) 𝑑𝑥 = 0. Hence

1

�
−1

𝑃2𝑃0𝑑𝑥 =
1

�
−1

�𝑥2 − 1� 𝑑𝑥 = �
𝑥3

3
− 𝑥�

1

−1
= 0

And
1

�
−1

𝑃2𝑃1𝑑𝑥 =
1

�
−1

�𝑥2 − 1� 𝑥𝑑𝑥 = �
𝑥4

4
−
𝑥2

2 �
1

−1
= 0

Now let 𝑃3 = 𝑥3 − 𝑐𝑥, we want this to be orthogonal to 𝑃0, 𝑃1, 𝑃2. Hence
1

�
−1

𝑃3𝑃0𝑑𝑥 =
1

�
−1

𝑥3 − 𝑐𝑥𝑑𝑥 = �
𝑥4

4
− 𝑐

𝑥2

2 �
1

−1
= �

1
4
− 𝑐

1
2�
− �

1
4
− 𝑐

1
2�

0 = 0

This equation did not help us find 𝑐. We try the next one
1

�
−1

𝑃3𝑃1𝑑𝑥 =
1

�
−1

�𝑥3 − 𝑐𝑥� 𝑥𝑑𝑥 = �
𝑥5

5
− 𝑐

𝑥3

3 �
1

−1
= �

1
5
− 𝑐

1
3�
− �−

1
5
+ 𝑐

1
3�
=
2
5
−
2
3
𝑐

2
5
−
2
3
𝑐 = 0

𝑐 =
2
5
3
2

=
3
5

Hence

𝑃3 = 𝑥3 −
3
5
𝑥
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12 Problem 4.1.26

Figure 17: the Problem statement

The proposed solution is

𝑢 �𝑥, 𝑦� = ��𝑏𝑘𝑙 sin 𝑘𝑥 sin 𝑙𝑦
�𝑘2 + 𝑙2�

(1)

To see if this solves

−𝑢𝑥𝑥 − 𝑢𝑦𝑦 = 𝑓 =��𝑏𝑘𝑙 sin 𝑘𝑥 sin 𝑙𝑦 (1A)

we will take (1) and substitute in the LHS of Poisson equation (1A) and see if we get the RHS of
(1A) which is 𝑓.

𝜕𝑢
𝜕𝑥

= ��𝑏𝑘𝑙𝑘 cos 𝑘𝑥 sin 𝑙𝑦
�𝑘2 + 𝑙2�

𝜕2𝑢
𝜕𝑥2

=��−𝑏𝑘𝑙𝑘2 sin 𝑘𝑥 sin 𝑙𝑦
�𝑘2 + 𝑙2�

(2)

And
𝜕𝑢
𝜕𝑦

= ��𝑏𝑘𝑙 sin (𝑘𝑥) 𝑙 cos 𝑙𝑦
�𝑘2 + 𝑙2�

𝜕2𝑢
𝜕𝑦2

=��−𝑏𝑘𝑙 sin (𝑘𝑥) 𝑙2 sin 𝑙𝑦
�𝑘2 + 𝑙2�

(3)

Substituting (2) and (3) in the LHS of (1A) gives

−𝑢𝑥𝑥 − 𝑢𝑦𝑦 =��𝑏𝑘𝑙𝑘2 sin 𝑘𝑥 sin 𝑙𝑦
�𝑘2 + 𝑙2�

+��𝑏𝑘𝑙 sin (𝑘𝑥) 𝑙2 sin 𝑙𝑦
�𝑘2 + 𝑙2�

= ��𝑏𝑘𝑙𝑘2 sin 𝑘𝑥 sin 𝑙𝑦 + 𝑏𝑘𝑙 sin (𝑘𝑥) 𝑙2 sin 𝑙𝑦
�𝑘2 + 𝑙2�

= ��
�𝑏𝑘𝑙 sin 𝑘𝑥 sin 𝑙𝑦� �𝑘2 + 𝑙2�

�𝑘2 + 𝑙2�

= ��𝑏𝑘𝑙 sin 𝑘𝑥 sin 𝑙𝑦

Which is 𝑓. Hence 𝑢 �𝑥, 𝑦� = �� 𝑏𝑘𝑙 sin 𝑘𝑥 sin 𝑙𝑦
�𝑘2+𝑙2�

is the solution verified.
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13 Problem 4.3.3

Figure 18: the Problem statement

13.1 Part(a)

𝑓 (𝑥) =
1
2𝜋

∞

�
𝑘=−∞

𝛿 (𝑘) 𝑒𝑖𝑘𝑥𝑑𝑘

=
1
2𝜋

�𝑒𝑖𝑘𝑥�
𝑘=0

=
1
2𝜋

13.2 Part(b)

𝑓 (𝑥) =
1
2𝜋

∞

�
𝑘=−∞

𝑒−|𝑘|𝑒𝑖𝑘𝑥𝑑𝑘

=
1
2𝜋

⎛
⎜⎜⎜⎜⎜⎝

0

�
𝑘=−∞

𝑒𝑘𝑒𝑖𝑘𝑥𝑑𝑘 +
∞

�
0

𝑒−𝑘𝑒𝑖𝑘𝑥𝑑𝑘

⎞
⎟⎟⎟⎟⎟⎠

=
1
2𝜋

⎛
⎜⎜⎜⎜⎜⎝

0

�
𝑘=−∞

𝑒𝑘(1+𝑖𝑥)𝑑𝑘 +
∞

�
0

𝑒𝑘(−1+𝑖𝑥)𝑑𝑘

⎞
⎟⎟⎟⎟⎟⎠

=
1
2𝜋

⎛
⎜⎜⎜⎜⎝�
𝑒𝑘(1+𝑖𝑥)

1 + 𝑖𝑥 �
0

−∞
+ �

𝑒𝑘(−1+𝑖𝑥)

−1 + 𝑖𝑥 �
∞

0

⎞
⎟⎟⎟⎟⎠ (1)

Looking at the first integral result

�
𝑒𝑘(1+𝑖𝑥)

1 + 𝑖𝑥 �
0

−∞
=

1
1 + 𝑖𝑥

−
𝑒−∞(1+𝑖𝑥)

1 + 𝑖𝑥
=

1
1 + 𝑖𝑥

Where we looked at real part of 𝑒−∞(1+𝑖𝑥) = 0 so that we can make 𝑒−∞(1+𝑖𝑥) to be zero.

Looking at the second integral result

�
𝑒𝑘(−1+𝑖𝑥)

−1 + 𝑖𝑥 �
∞

0
=
𝑒∞(−1+𝑖𝑥)

−1 + 𝑖𝑥
−

1
−1 + 𝑖𝑥

= −
1

−1 + 𝑖𝑥

Where we looked at real part of 𝑒∞(−1+𝑖𝑥) = 0 so that we can make 𝑒∞(−1+𝑖𝑥) to be zero. Hence, using
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the above two results in (1) gives

𝑓 (𝑥) =
1
2𝜋 �

1
1 + 𝑖𝑥

−
1

−1 + 𝑖𝑥�

=
1
2𝜋 �

1
1 + 𝑖𝑥

+
1

1 − 𝑖𝑥�

=
1
2𝜋 �

(1 − 𝑖𝑥) + (1 + 𝑖𝑥)
(1 + 𝑖𝑥) (1 − 𝑖𝑥) �

=
1
2𝜋 �

2
1 + 𝑥2 �

=
1
𝜋

1
1 + 𝑥2

14 Problem 4.3.5

Figure 19: the Problem statement

14.1 Part(a)

For 𝑓 (𝑥) = 𝛿 (𝑥)

2𝜋
∞

�
−∞

𝛿2 (𝑥) 𝑑𝑥 = 2𝜋 lim
𝑛→∞

∞

�
−∞

𝛿 (𝑥) 𝑔𝑛 (𝑥) 𝑑𝑥

Where 𝑔𝑛 (𝑥) is sequence of Gaussian functions. The RHS above becomes

2𝜋
∞

�
−∞

𝛿2 (𝑥) 𝑑𝑥 = 2𝜋 lim
𝑛→∞

𝑔𝑛 (0)

But lim𝑛→∞ 𝑔𝑛 (0) = ∞ hence

2𝜋
∞

�
−∞

𝛿2 (𝑥) 𝑑𝑥 = ∞

Now ̂𝑓 (𝑘) = 1 for the Dirac delta. Hence

̂𝑓 (𝑘) =
∞

�
−∞

(1) 𝑒−𝑖𝑘𝑥𝑑𝑥

=
∞

�
−∞

𝑒−𝑖𝑘𝑥𝑑𝑥

= �
𝑒−𝑖𝑘𝑥

−𝑖𝑘 �
∞

−∞
=

1
−𝑖𝑘

�𝑒−𝑖𝑘∞ − 𝑒+𝑖𝑘∞� =
1
−𝑖𝑘

(0 − ∞) = ∞

Hence verified for 𝛿 OK.
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14.2 Part(b)

For 𝑓 (𝑥) = 𝑒−
𝑥2
2 then

2𝜋
∞

�
−∞

�𝑓 (𝑥)�2 𝑑𝑥 = 2𝜋
∞

�
−∞

�𝑒−
𝑥2
2 �

2

𝑑𝑥

= 2𝜋
∞

�
0

𝑒−𝑥2𝑑𝑥

= 2𝜋 �√
𝜋
2 �

= 𝜋
3
2

Now ̂𝑓 (𝑘) for the above function is

̂𝑓 (𝑘) =
∞

�
−∞

𝑓 (𝑥) 𝑒−𝑖𝑘𝑥𝑑𝑥

=
∞

�
−∞

𝑒−
𝑥2
2 𝑒−𝑖𝑘𝑥𝑑𝑥

= 𝑒−
𝑘2
2 √2𝜋

Hence
∞

�
−∞

� ̂𝑓 (𝑘)�
2
𝑑𝑘 =

∞

�
−∞

�𝑒−
𝑘2
2 √2𝜋�

2

𝑑𝑘

= 2𝜋
∞

�
−∞

�𝑒−
𝑘2
2 �

2

𝑑𝑘

= 2𝜋
∞

�
0

𝑒−𝑘2𝑑𝑘

= 2𝜋 �
�
𝜋
2 �

= 𝜋
3
2

Which is the same as before. Hence verified.

15 Problem 4.3.6

Figure 20: the Problem statement
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For 𝑓 (𝑥) = 𝑒−
𝑥2
2

𝑊2
𝑥 =

∫∞

−∞
𝑥2 �𝑓 (𝑥)�2 𝑑𝑥

∫∞

−∞
�𝑓 (𝑥)�2 𝑑𝑥

=
∫∞

−∞
𝑥2 �𝑒−

𝑥2
2 �

2

𝑑𝑥

∫∞

−∞
�𝑒−

𝑥2
2 �

2

𝑑𝑥

=
∫∞

0
𝑥2𝑒−𝑥2𝑑𝑥

∫∞

0
𝑒−𝑥2𝑑𝑥

=
√𝜋
4
√𝜋
2

=
1
2

Now ̂𝑓 (𝑘) = ∫
∞

−∞
𝑓 (𝑥) 𝑒−𝑖𝑘𝑥𝑑𝑥 = ∫

∞

−∞
𝑒−

𝑥2
2 𝑒−𝑖𝑘𝑥𝑑𝑥 = 𝑒−

𝑘2
2 √2𝜋, hence

𝑊2
𝑘 =

∫∞

−∞
𝑘2 � ̂𝑓 (𝑘)�

2
𝑑𝑥

∫∞

−∞
� ̂𝑓 (𝑘)�

2
𝑑𝑥

=
∫∞

−∞
𝑘2 �𝑒−

𝑘2
2 √2𝜋�

2

𝑑𝑥

∫∞

−∞
�𝑒−

𝑘2
2 √2𝜋�

2

𝑑𝑥

=
2𝜋∫

∞

0
𝑘2𝑒−𝑘2𝑑𝑥

2𝜋∫
∞

0
𝑒−𝑘2𝑑𝑥

=
√𝜋
4
√𝜋
2

=
1
2

Hence

𝑊𝑥𝑊𝑘 = �
1
2�

1
2
=
1
2

But uncertainty principle says that 𝑊𝑥𝑊𝑘 ≥
1
2 . Hence verified OK.

16 Problem 4.3.7

Figure 21: the Problem statement
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16.1 Part(a)

Using 4L(1), let 𝑓 (𝑥) = 𝑒−
𝑥2
2 , which has ̂𝑓 (𝑘) = ∫∞

−∞
𝑒−

𝑥2
2 𝑒−𝑖𝑘𝑥𝑑𝑥 = √2𝜋𝑒−

𝑘2
2 , hence 𝑑

𝑑𝑥𝑓 (𝑥) will have the

transform 𝑖𝑘 ̂𝑓 (𝑘), therefore,

ℱ�
𝑑
𝑑𝑥
𝑓 (𝑥)� = ℱ�−𝑥𝑒−

𝑥2
2 � = 𝑖𝑘√2𝜋𝑒−

𝑘2
2

Therefore 𝑥𝑒−
𝑥2
2 has the transform −𝑖𝑘√2𝜋𝑒−

𝑘2
2

16.2 Part(b)

Let 𝑓 (𝑥) = 𝑥𝑒−
𝑥2
2 , which has ̂𝑓 (𝑘) = −𝑖𝑘√2𝜋𝑒−

𝑘2
2 from part(a). But 𝑑

𝑑𝑥𝑓 (𝑥) = 𝑒−
𝑥2
2 − 𝑥2𝑒−

𝑥2
2 . Hence the

transform of 𝑑
𝑑𝑥𝑓 (𝑥) = 𝑖𝑘

̂𝑓 (𝑘). Therefore

ℱ�𝑒−
𝑥2
2 − 𝑥2𝑒−

𝑥2
2 � = 𝑖𝑘 �−𝑖𝑘√2𝜋𝑒−

𝑘2
2 �

ℱ �𝑒−
𝑥2
2 � − ℱ�𝑥2𝑒−

𝑥2
2 � = 𝑘2√2𝜋𝑒−

𝑘2
2

But ℱ�𝑒−
𝑥2
2 � = √2𝜋𝑒−

𝑘2
2 , hence

ℱ�𝑥2𝑒−
𝑥2
2 � = √2𝜋𝑒−

𝑘2
2 − 𝑘2√2𝜋𝑒−

𝑘2
2

ℱ�𝑥2𝑒−
𝑥2
2 � = √2𝜋𝑒−

𝑘2
2 �1 − 𝑘2�

Therefore

ℱ�𝑥2𝑒−
𝑥2
2 � = √2𝜋𝑒−

𝑘2
2 �1 − 𝑘2�

17 Problem 4.3.10

Figure 22: the Problem statement
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Let 𝑢̂ (𝑘) be the Fourier transform of 𝑢 (𝑥). Using ℱ� 𝑑𝑢
𝑑𝑥
� = 𝑖𝑘𝑢̂ (𝑘) and ℱ(𝛿) = 1, then applying Fourier

transform on the ODE gives

𝑖𝑘𝑢̂ (𝑘) + 𝑎𝑢̂ (𝑘) = 1

Solving for 𝑢̂ (𝑘)

𝑢̂ (𝑘) (𝑎 + 𝑖𝑘) = 1

𝑢̂ (𝑘) =
1

𝑎 + 𝑖𝑘
Hence, from page 310 in text book, it gives the inverse Fourier transform for the above as

𝑢 (𝑥) =

⎧⎪⎪⎨
⎪⎪⎩
𝑒−𝑎𝑥 𝑥 > 0
0 𝑥 < 0

18 Problem 4.3.21

Figure 23: the Problem statement

Comparing the integral equation
∞

�
−∞

𝑒−�𝑥−𝑦�𝑢 �𝑦� 𝑑𝑦 − 2𝑢 (𝑥) = 𝑓 (𝑥) (1)

with the one in the textbook, page 322 in example one, where the Fourier transform of
∞

�
−∞

𝑒−�𝑥−𝑦�𝑢 �𝑦� 𝑑𝑦 = 𝑓 (𝑥)

Is given as

2
1 + 𝜔2 𝑢̂ (𝜔) = ̂𝑓 (𝜔)

The only di�erence is that in this problem we have an extra −2𝑢 (𝑥) term, whose Fourier transform is
−2𝑢̂ (𝜔). Hence the Fourier transform for (1) becomes

2
1 + 𝜔2 𝑢̂ (𝜔) − 2𝑢̂ (𝜔) = ̂𝑓 (𝜔)
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Solving for 𝑢̂ (𝜔)

𝑢̂ (𝜔) �
2

1 + 𝜔2 − 2� = ̂𝑓 (𝜔)

𝑢̂ (𝜔)
⎛
⎜⎜⎜⎜⎝
2 − 2 �1 + 𝜔2�

1 + 𝜔2

⎞
⎟⎟⎟⎟⎠ = ̂𝑓 (𝜔)

𝑢̂ (𝜔) =
1 + 𝜔2

−2𝜔2
̂𝑓 (𝜔)

We need to write the above as 𝑢̂ (𝜔) = −1
2 𝑓 +

1
2𝑔. Hence

𝑢̂ (𝜔) =
−1
2

̂𝑓 (𝜔) +
1

−2𝜔2
̂𝑓 (𝜔) (2)

Let 𝑓 (𝑥) = 𝑒−|𝑥|, then

̂𝑓 (𝜔) =
∞

�
−∞

𝑓 (𝑥) 𝑒−𝑖𝜔𝑥𝑑𝑥

=
∞

�
−∞

𝑒−|𝑥|𝑒−𝑖𝜔𝑥𝑑𝑥

=
0

�
−∞

𝑒𝑥𝑒−𝑖𝜔𝑥𝑑𝑥 +
∞

�
0

𝑒−𝑥𝑒−𝑖𝜔𝑥𝑑𝑥

= �
𝑒𝑥(1−𝑖𝜔)

1 − 𝑖𝜔 �
0

−∞
+ �

𝑒−𝑥(1+𝑖𝜔)

1 + 𝑖𝜔 �
∞

0

=
1

1 − 𝑖𝜔
−

1
1 + 𝑖𝜔

=
(1 + 𝑖𝜔) − (1 − 𝑖𝜔)
(1 − 𝑖𝜔) (1 + 𝑖𝜔)

=
2

1 + 𝜔2

Hence using (2)

𝑢̂ (𝜔) =
−1
2

̂𝑓 (𝜔) +
1

−2𝜔2
̂𝑓 (𝜔)

=
−1
2

2
1 + 𝜔2 +

1
−2𝜔2

2
1 + 𝜔2

= −
1
𝜔2

Hence

𝑢 (𝑥) =
−1
2𝜋

∞

�
−∞

1
𝜔2 𝑒

𝑖𝜔𝑥𝑑𝜔

Using tables 𝑢 (𝑥) = −1
2 |𝑥|.
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19 Problem 4.3.27

Figure 24: the Problem statement

The equation is

𝑑4𝐺 (𝑥)
𝑑𝑥4

− 2𝑎2
𝑑2𝐺 (𝑥)
𝑑𝑥2

+ 𝑎4𝐺 (𝑥) = 𝛿

Taking Fourier transform, and using 𝑑𝑛𝐺
𝑑𝑥𝑛 ⟹ (𝑖𝑘)𝑛 𝑔̂ (𝑘) ,hence 𝐺′ (𝑥)⟹ 𝑖𝑘𝑔̂ (𝑘) , 𝐺′′ (𝑥)⟹ −𝑘2𝑔̂ (𝑘) , 𝐺′′′′ (𝑥)⟹

(𝑖𝑘)4 𝑔̂ (𝑘) = 𝑘4𝑔̂ (𝑘). Therefore the Fourier transform of the above di�erential equation is

𝑘4𝑔̂ (𝑘) + 2𝑎2𝑘2𝑔̂ (𝑥) + 𝑎4𝑔̂ (𝑘) = 1

Solving for 𝑔̂ (𝑘)

𝑔̂ (𝑘) �𝑘4 + 2𝑎2𝑘2 + 𝑎4� = 1

𝑔̂ (𝑘) =
1

𝑘4 + 2𝑎2𝑘2 + 𝑎4

=
1

�𝑘2 + 𝑎2�
2

To find 𝐺 (𝑥) we need to find the inverse Fourier transform.

𝐺 (𝑥) =
1
2𝜋

∞

�
−∞

1

�𝑘2 + 𝑎2�
2 𝑒

𝑖𝑘𝑥𝑑𝑘

With the help of computer, I obtained the following result

𝐺 (𝑥) =
(1 + 𝑎 |𝑥|)
4𝑎3

𝑒−𝑎 |𝑥|
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