
Physics 3041 (Spring 2021) Solutions to Homework Set 9

1. Problem 10.2.8. (20 points)

(i) x(0) = 1, ẋ(0) = 0

(D2 + 2D + 1)x(t) = 0⇒ α2 + 2α + 1 = (α + 1)2 = 0, α = −1 (repeated)

x(t) = (A+Bt)e−t ⇒ x(0) = A = 1

ẋ = Be−t − (A+Bt)e−t ⇒ ẋ(0) = B − A = 0, B = A = 1

x(t) = (1 + t)e−t

(ii) (D4 + 1)x(t) = 0

α4 + 1 = 0⇒ α4 = −1 = ei(2n+1)π, α = ei(2n+1)π/4, n = 0, 1, 2, 3

α0 = eiπ/4 =
1 + i√

2
, α1 = ei3π/4 =

−1 + i√
2

, α2 = ei5π/4 = −1 + i√
2
, α3 = ei7π/4 =

1− i√
2

x(t) = A0e
α0t + A1e

α1t + A2e
α2t + A3e

α3t = A0e
1+i√

2
t
+ A1e

−1+i√
2
t
+ A2e

− 1+i√
2
t
+ A3e

1−i√
2
t

(iii) (D3 − 3D2 − 9D − 5)x(t) = 0

α3 − 3α2 − 9α− 5 = α3 + α2 − (4α2 + 9α + 5) = α2(α + 1)− (4α + 5)(α + 1) = 0

(α + 1)(α2 − 4α− 5) = (α + 1)2(α− 5) = 0⇒ α = −1 (repeated), 5

x(t) = (A+Bt)e−t + Ce5t

(iv) (D + 1)2(D4 − 256)x(t) = 0

(α + 1)2(α4 − 256) = (α + 1)2(α2 − 16)(α2 + 16) = (α + 1)2(α + 4)(α− 4)(α + 4i)(α− 4i) = 0

α = −1 (repeated), −4, 4, −4i, 4i⇒ x(t) = (A+Bt)e−t + Ce−4t + Fe4t +Ge−i4t +Hei4t

2. Problem 10.2.11. (40 points)

y(0) = 1, ẏ(0) = 0

(i) ÿ − ẏ − 2y = e2x

α2 − α− 2 = (α + 1)(α− 2) = 0⇒ α = −1, 2, yc(x) = Ae−x +Be2x

yp(x) = Cxe2x, (D2 −D − 2)yp(t) = C(D + 1)(D − 2)xe2x = C(D + 1)e2x = 3Ce2x = e2x, C =
1

3

y(x) = yc(x) + yp(x) = Ae−x +Be2x +
xe2x

3
⇒ y(0) = A+B = 1

y′(x) = −Ae−x + 2Be2x +
(1 + 2x)e2x

3
⇒ y′(0) = −A+ 2B +

1

3
= 0

A =
7

9
, B =

2

9
, y(x) =

7e−x + 2e2x

9
+
xe2x

3



(ii) (D2 − 2D + 1)y = 2 cos x = 2Re(eix)

α2 − 2α + 1 = (α− 1)2 = 0⇒ α = 1 (repeated), yc(x) = (A+Bx)ex

yp(x) = Ceix, (D2 − 2D + 1)yp(x) = C(−1− 2i+ 1)eix = −2iCeix = 2eix ⇒ C = i

y(x) = yc(x) + Re[yp(x)] = (A+Bx)ex +Re(ieix) = (A+Bx)ex +Re(i cosx− sinx)

= (A+Bx)ex − sinx⇒ y(0) = A = 1

y′(x) = Bex + (A+Bx)ex − cosx⇒ y′(0) = B + A− 1 = 0, B = 0

y(x) = ex − sinx

(iii) y′′ + 16y = 16 cos 4x = 16Re(ei4x)

α2 + 16 = (α + 4i)(α− 4i) = 0⇒ α = 4i, −4i, yc(x) = Aei4x +Be−i4x

yp(x) = Cxei4x, (D2 + 16)yp(x) = C(D + 4i)(D − 4i)xei4x

= C(D + 4i)ei4x = i8Cei4x = 16ei4x, C = −2i
y(x) = yc(x) + Re[yp(x)] = Aei4x +Be−i4x +Re(−2ixei4x)

= Aei4x +Be−i4x +Re(−2ix cos 4x+ 2x sin 4x)

= Aei4x +Be−i4x + 2x sin 4x⇒ y(0) = A+B = 1

y′(x) = i4Aei4x − i4Be−i4x + 2 sin 4x+ 8x cos 4x⇒ y′(0) = i4A− i4B = 0, A = B =
1

2

y(x) =
ei4x + e−i4x

2
+ 2x sin 4x = cos 4x+ 2x sin 4x

(iv) y′′ − y = coshx = ex+e−x

2

α2 − 1 = (α + 1)(α− 1)⇒ α = −1, 1, yc(x) = Ae−x +Bex

yp+(x) = C+xe
x, (D2 − 1)yp+(x) = C+(D + 1)(D − 1)xex

= C+(D + 1)ex = 2C+e
x =

ex

2
, C+ =

1

4
yp−(x) = C−xe

−x, (D2 − 1)yp−(x) = C−(D − 1)(D + 1)xe−x

= C−(D − 1)e−x = −2C−e−x =
e−x

2
, C− = −1

4

y(x) = yc(x) + yp+(x) + yp−(x) = Ae−x +Bex +
x(ex − e−x)

4

= Ae−x +Bex +
x sinhx

2
, y(0) = A+B = 1

y′(x) = −Ae−x +Bex +
sinhx+ x coshx

2
, y′(0) = −A+B = 0, A = B =

1

2

y(x) =
e−x + ex

2
+
x sinhx

2
= coshx+

x sinhx

2

3. Problem 10.3.5. (10 points)

x2y′ + 2xy = sinhx, y(1) = 2

x2y′ + 2xy = (x2y)′ = sinhx⇒ d(x2y) = sinh x dx,

∫ x=x

x=1

d(x2y) =

∫ x

1

sinhx dx

x2y − (x2y)x=1 = coshx− cosh 1, x2y − 2 = cosh x− cosh 1, y(x) =
coshx− cosh 1 + 2

x2



4. Problem 10.3.8. (10 points)

(1 + x2)y′ = 1 + xy

y′ − x

1 + x2
y =

1

1 + x2
, P (x) = −

∫
xdx

1 + x2
= −1

2

∫
d(1 + x2)

1 + x2
= − ln(1 + x2)

2
+ C ′

e−P (x) d

dx
[eP (x)y(x)] = e

1
2
ln(1+x2) d

dx
[e−

1
2
ln(1+x2)y(x)]

=
√
1 + x2

d

dx

y(x)√
1 + x2

=
1

1 + x2

d

dx

y(x)√
1 + x2

=
1

(1 + x2)3/2
,

y(x)√
1 + x2

=

∫
dx

(1 + x2)3/2
=

∫
dx

x3(1 + x−2)3/2

= −1

2

∫
d(1 + x−2)

(1 + x−2)3/2
=

1√
1 + x−2

+ C

y(x) =

√
1 + x2√
1 + x−2

+ C
√
1 + x2 = x+ C

√
1 + x2

5. Problem 10.3.9. (20 points)

y′ + p(x)y = q(x)ym ⇒ y−my′ + p(x)y1−m = q(x),
(y1−m)′

1−m
+ p(x)y1−m = q(x)

v = y1−m ⇒ v′ + (1−m)p(x)v = (1−m)q(x)

(a) y′ + xy = xy2

y′

y2
+
x

y
= x, − d

dx

1

y
+
x

y
= x, v =

1

y
⇒ v′ − xv = −x

P (x) = −
∫
xdx = −x

2

2
+ C ′, e−P (x) d

dx
[eP (x)v(x)] = e

x2

2
d

dx
[e−

x2

2 v(x)] = −x

d

dx
[e−

x2

2 v(x)] = −xe−
x2

2 , e−
x2

2 v(x) = −
∫
xe−

x2

2 dx =

∫
e−

x2

2 d(−x
2

2
) = e−

x2

2 + C

v(x) = 1 + Ce
x2

2 ⇒ y(x) =
1

v(x)
=

1

1 + Ce
x2

2

(b) 3xy′ + y + x2y4 = 0

3x
y′

y4
+

1

y3
= −x2, −x d

dx

1

y3
+

1

y3
= −x2, v(x) = 1

y3
⇒ v′ − v

x
= x

P (x) = −
∫
dx

x
= − lnx+ C ′, e−P (x) d

dx
[eP (x)v(x)] = elnx

d

dx
[e− lnxv(x)] = x

d

dx

v(x)

x
= x

d

dx

v(x)

x
= 1,

v(x)

x
=

∫
dx = x+ C, v(x) = x2 + Cx⇒ y(x) =

1

v(x)1/3
=

1

(x2 + Cx)1/3


