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1 Problem 1 (10.2.8)

Problem 10.2.8. Find the solutions to

(i) (D? 42D +1)z(t) =0 with z(0) =1, £(0) =0
(ii) (D*+1)z(t)=0
(i) (D3 —3D?—9D —5)z(t) =0 (5 is a root)
(iv) (D +1)*(D*-256)z(t) =0

Figure 1: Problem statement

Solution
1.1 Part1l
The ode to solve is
X" (t) +2x'(t) + x(t) =0 (1)
x(0)=1
x(0)=0

This is a constant coefficient ODE. Assuming the solution has the form x = Ae! and
substituting this back in (1) gives the characteristic equation (the constant A drops out)

A%eM 4 20eM + oM = 0

(/12 + 420 + 1)eM =0

Since ¢! # 0, the above gives

A2+21+1=0
A+1)% =0
Therefore A = —1. (double root). Since the root is double, then the basis solutions are

x1(H) = eM, xy(t) = te* and the general solution is a linear combination of these basis
solutions. Therefore the general solution is

x(t) = Ae”t + Bte™ (2)
The constants A, B are found from initial conditions. At t = 0 and using x(0) = 1 gives

1=A (3)



Solution (2) becomes
x(t) = et + Bte™? (4)
Taking derivative of (4) gives
x'(t) = —e~t + Be! — Bte™

Using x’(0) = 0 on the above gives

0=-1+B

B=1 (5)
Substituting (3,5) in (4) gives the final solution

x(t) =et+tet
=(1+tet

1.2 Part2

The ode to solve is
X))+ x(t) =0

As was done in the above part, substituting x = Ae! in the above and simplifying gives
the characteristic equation
AMt+1=0

Hence the roots are A* = —1 or A* = ¢7'2. There are 4 roots that divide the unit circle
equally, each is 90 degrees phase shifted (anti clockwise)from the other, starting from
tirst root at phase —% = —45 degrees. Hence the roots are

A1 = cos(—45) + isin(—45)
Ay = cos(45) + isin(45)

Az = cos(135) + isin(135)
Ay = cos(225) + isin(225)

or

V2 A2
A= — —i—

2 2

A \/§+.\/§
= — 1—

27 2
A \/§+.\/§
= - 1—

3 2 2
V2 A2
Ay = ——— — i
2 2



Therefore the basis solutions are

[£-4)
x1(t)=e 22
—+i— |t
X (t) = e( 22
(—%+i%)t
x3(t) =e
42)
xy(t) =e 22
The general solution is linear combination of the above basis solutions, which becomes
(2)  (Lad) (£} (£.8)
x(t) = cqe + coe + cae + c4e
—ce2 e 2 ve el T e 2 e 2 e 2 e 2!

—t —1—t —t ——t —t —1—t
=e2 |cie 2 +cpe 2 +e 2 |cze 2 +ye

Using Euler relation, the above can be rewritten as

- ol s o cof ]

1.3 Part3

The ode to solve is
X" (t) = 3x"(t) = 9x'(t) - 5x(t) =0

As was done in the above part, substituting x = Ae’ in the above and simplifying gives
the characteristic equation
A3 =3A2-91-5=0

Since one root is 5, then the above can be written as

(A=5)(A)=0
Where
A3 —-3A?-91 -5
A=
A-5
Using long division gives
A=(A+1)>
Therefore the roots of the characteristic equation are
/\1 =5
/\2 = —1

/\3:—1



roots A,, A3 are the same. A = —1 is a double root. Therefore the basis solutions are

x1(f) = e
xy(t) = et
x3(t) = tet

Where t multiplies the last basis x3(t) due to the double root. The general solution is linear
combination of the above basis solutions, which gives

x(t) = cyx1 () + coxp(t) + c3x3(t)
5t

= 1t + cpet + cstet

1.4 Part4

The ode to solve is
(D +1)*(D* - 256)x(t) = 0

This has the characteristic equation equation (A + 1)2()L4 - 256) = (. The roots of (/\4 - 256)
are given by A* = 256. Let A? = . Therefore w? = 256 which gives w = +16.

When @ = 16, then A? = 16 which gives A = +4 and when @ = -16, then A2 = 16 which
gives A = +4i.

The other part (A + 1)° =0 gives A = -1, double root. Therefore the roots of the character-
istic equation are

A =4
Ay =—4
Az =41
Ay = —4i
Ag =-1
Ag =-1

Root A = -1 is a double root. Therefore the basis solutions as

x1(t) = e*
xp(t) = e
x5(t) = et
xy(t) = et
x5(t) = et

xg(t) = te!



Where t was multiplied by e in x4(t) since the root is double. The solution is linear
combination of the above basis solutions, which gives

x(t) = c1x1(t) + cpx0(t) + c3x3(t) + caxy(t) + c5x5(t) + cxe(t)

= c1e* + cpe™ + 56 + cpe7H + oot + cgte!

= e7H(cs + tcg) + et + cpe™ + ¢y sin(4t) + ¢4 cos(4t)

Where Euler relation was used in the last step above to rewrite cze* + cje™4.



2 Problem 2 (10.2.11)

Problem 10.2.11. Solve the following subject to y(0) = 1, y(0) =0

(i) j—y—2y=e*
(i) (D?*—-2D + 1)y =2cosz
(ifi) y"” + 16y = 16 cos4zr

fiv) y" —y=coshz

Figure 2: Problem statement

Solution

2.1 Part1l

The ode to solve is
V' -y -2y = (1)
This is second order constant coefficients inhomogeneous ODE. The general solution is
y(x) = yp(x) + yp(x) (2)

Where yj,(x) is the solution to y” -y’ — 2y = 0 and y,(x) is any particular solution to
y” -y’ — 2y = ¢**. The homogenous solution is found using the characteristic polynomial
method as was done in the above problems. Substituting y = Ae’* iny” -y’ -2y = 0 and
simplifying gives

A2-1-2=0
A+1)(A-2)=0

The roots are A; = -1, A, = 2. Therefore the basis solutions are

yi(x) =e™* (3)
yi(x) = e

Hence y;,(x) is linear combination of the above, which gives

yp(x) = c1e™ + cpe®



The particular solution is now found. Assuming y, = Ae*. But e is a basis solution of
the homogeneous ode. Therefore y, is multiplied by x giving

yp = Axe*
Substituting this back in (1) and solving for A gives

) = Ae® + 2 Axe?
Yy = 2Ae™ + 2Ae* + 4Axe*
= 4 A% + 4 Axe*™

Eq (1) becomes
(4Ae2x + 4Axezx) —~ (Aezx + 2Axe2x) —~ 2(Axezx) =

4 A% + 4 Axe®™ — Ae® — 2 Axe? — 2 Axe® = 2~
4A +4Ax - A-2Ax-2Ax =1

3A=1
1
A=—
3
Hence the particular solution is
1
yp(¥) = gerx
Therefore from (2) the general solution is
1
y(x) = cre™ + cpe®* + gxezx (4)

1, ¢ are now found from initial conditions. At x = 0, (4) becomes
1= C1+C (5)
Taking derivative of (4) gives

1 2
Y (x) = —cre™ + 2c0e* + 562" + —xe**

3
At x = 0 the above gives

1
0=—C1+2C2+§ (6)

Eq (5,6) are now solved for cy, ¢c;. From (5)

C1:1—C2



Substituting this back in (6) gives
1
0= —(1—C2)+2C2+ 5

C2:§

Thereforec; =1 - % = g. The final solution (4) becomes

7 2 1
y(x) = 6@"“ + §ezx + gxezx

2.2 Part2

The ode to solve is
y' =2y +y=2cosx (1)

This is second order constant coefficients inhomogeneous ODE. Hence the general solu-
tion is

y(x) = yu(x) + y,(x) (2)

Where y;(x) is the solution to y” - 2y’ + y = 0 and y,(x) is any particular solution to
Yy’ -2y’ +y = 2cosx. The homogenous is found using the characteristic polynomial
method. Substituting y = Ae™ in y”” - 2y’ +y = 0 and simplifying gives

A2-_21+1=0
A-1DA-1)=0

roots are A; = 1,1, =1. (double root). The basis solutions are therefore

() = ¢ (3)
y1(x) = xe*

y;(x) is linear combination of the the above which gives
Yp(x) = c1e* + cpxe*

The particular solution is now found. Assuming y, = A cos x. Taking all derivatives of
this solution gives the set {cos x, sin x}. Therefore

Y, = Acosx + Bsinx
Substituting this back in (1) to solve for A, B gives

Yy = —Asinx + Bcosx

Y, = —Acosx—Bsinx
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Hence (1) becomes

Yy =2y, + Y, =2cosx

(~Acosx —Bsinx) —2(-Asinx + Bcosx) + (Acosx + Bsinx) = 2cos x
—Acosx —Bsinx +2Asinx —2Bcosx + Acosx + Bsinx = 2cosx
cosx(-A—-2B+ A) +sinx(-B+2A + B) = 2cosx

—2Bcosx +2Asinx =2cosx

Hence A = 0 and B = —1. Therefore the particular solution is
Yp(x) = —sinx
Eq (2) becomes
y(x) = c1e* + cpxe* —sinx (4)
1, ¢, are now found from initial conditions. At x = 0, (4) becomes
1=¢ (5)
The solution (4) becomes
y(x) = ¥ + coxe® —sinx (6)
Taking derivative of (6) gives
Y (x) = e¥ + cpe* + cpxe® — cos x
At x = 0 the above gives
0=1+c¢c -1 (6)
Therefore c, = 0 and now Eq (6) gives the final solution as

y(x) =e* —sinx

2.3 Part3

The ode to solve is
Yy’ +16y =16 cos 4x (1)

This is second order constant coefficients inhomogeneous ODE. Hence the general solu-
tion is

y(x) = yp(x) + yp(x) (2)
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Where y;(x) is the solution to y” + 16y = 0 and y,(x) is any particular solution to y” +
16y = 16 cos 4x. The homogenous is found using the characteristic polynomial method.
Substituting y = Ae™ in y”” + 16y = 0 and simplifying gives

A2+16 =0
A =+4i
The roots are A; = 4i, A, = —4i. The basis solutions are therefore
y(x) = e (3)
yalx) = e
Therefore y;,(x) is linear combination of the the above.

i4x —idx

Yp(x) = c1"™ + e

Which can be written, using Euler formula as
Yp(x) = ¢q cos 4x + ¢y sin 4x

The particular solution is now found. Assuming y, = A cos 4x. Taking all derivatives of
this, the basis for y, becomes {cos 4x, sin 4x}. But cos 4x is a basis of y;,. Therefore this set
is multiplied by x. The whole set is multiplied by x and not just cos 4x because the set was
generated by taking derivative of cos 4x.

The basis set for y, now becomes {x cos 4x, x sin4x}. Hence y, is linear combination of
these basis, giving trial y, as

Yp = Ax cos4dx + Bxsin4x (4)
Therefore

Yp = (Acos4x — 4Ax sin4x) + (B sin 4x + 4Bx cos 4x)
yy = (-4Asindx — 4Asin4x — 16 Ax cos 4x) + (4B cos 4x + 4B cos 4x — 16Bx sin 4x)
= —8Asin4x — 16 Ax cos4x + 8B cos 4x — 16Bx sin 4x

Substituting the above back in (1) gives

(-8Assin4x — 16 Ax cos 4x + 8B cos 4x — 16Bx sin 4x) + 16(Ax cos 4x + Bx sin 4x) = 16 cos 4x
sin 4x(—8A — 16Bx + 16Bx) + cos 4x(—-16Ax + 8B + 16 Ax) = 16 cos 4x

Hence

-16Ax + 8B + 16 Ax =16
-8A —-16Bx +16Bx =0
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8B =16
-8A =0

First equation gives B = 2. Second equation gives A = 0. Therefore the particular solution
(4) becomes
Yp = 2xsindx

From (2), the general solution becomes

y(x) = yu(x) + y,(x)
= (1 cos 4x + ¢y sin4x + 2x sin 4x (5)

c1, ¢, are now found from initial conditions. At x = 0, (5) becomes
1=¢
Hence the solution (5) becomes
y(x) = cos4x + ¢, sin4x + 2x sin 4x (6)
Taking derivative of the above
Y’ (x) = —4sin4x + 4c, cos 4x + 2 sin4x + 8x cos 4x

At t = 0 the above gives
0= 4C2

Hence ¢, = 0 and the final solution (6) becomes

y(x) = cos4x + 2x sin 4x

24 Part4
The ode to solve is
Yy’ —y = coshx (1)
This is second order constant coefficients inhomogeneous ODE. Hence the general solu-
tion is
y(x) = yp(x) + yp(x) (2)

Where y;,(x) is the solution to y” + y = 0 and y,(x) is any particular solution to y”" +y =
cosh x. The homogenous is found using the characteristic polynomial method. Substitut-
ing y = Ae™ in ¥ + y = 0 and simplifying gives
A2-1=0
A=+#1
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roots are A; =1, A, = —1. The basis solutions are therefore
yi(x) = e (3)
Yalx) = e
Therefore y,(x) is linear combination of the the above.
Yp(x) = 1" + e
Which can be written, using Euler formula as
Yu(x) = cq coshx + ¢ sinh x

The particular solution is now found. Assuming y, = A cosh x. Taking all derivatives of
this, the basis for Yy, becomes {cosh x, sinh x}. But cosh x is basis of y,,. Therefore this set is
multiplied by x. The whole set is multiplied by x and not just cosh x because the set was
generated by taking derivative of cosh x.

The basis set for y, becomes {x cosh x, x sinh x}. Hence y, is linear combination of these
basis, giving trial y, as

Yp = Ax cosh x + Bxsinh x (4)
Therefore

yp = Acoshx + Axsinhx + Bsinhx + Bx cosh x
yy = Asinhx + Asinhx + Axcoshx + Bcoshx + Bcoshx + Bxsinh x
= 2Asinhx + Axcoshx + 2B cosh x + Bxsinh x

Substituting the above back in (1) gives

(2A sinh x + Ax cosh x + 2B cosh x + Bx sinh x) — (Ax cosh x + Bx sinh x) = cosh x
sinh x(2A + Bx — Bx) + cosh x(Ax + 2B — Ax) = cosh x

Hence

2B=1
2A=0

Therefore B = %, A =0and (4) becomes

1
Yp = 5% sinh x

From (2), the general solution becomes
y(x) = yu(x) + yp(x)

1
= ¢y coshx + ¢, sinh x + 7% sinh x (5)
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c1,¢p are now found from initial conditions. At x = 0, (5) becomes
1= C1
Hence the solution (5) becomes
: L.
y(x) = coshx + ¢ sinh x + Ex sinh x (6)
Taking derivative of the above
: L. 1
y'(x) = sinh x + ¢ cosh x + > sinh x + Ex cosh x

At t = 0 the above gives
0 = cycoshx

Hence ¢, = 0 and the final solution (6) becomes

1
y(x) = coshx + Ex sinh x
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3 Problem 3 (10.3.5)

Solve x2y’ + 2xy = sinh x with y(1) = 2
Solution

Dividing by x # 0
sinh x

y
'+ 2= =
Y X x2

2
The integrating factor is I = el 5% = g2y — 42, Multiplying both sides by this integration
factor makes the left side a complete differential

d inh
) = 220
d

. (yxz) = sinh x

Integrating gives
yx? = f sinh xdx + C

yx? = coshx + C

coshx C
=" M
At x =1 the above becomes
2 =coshl+C
C=2-coshl

Hence the solution (1) becomes

cosh x N 2 —cosh1

yx) = 2 2

1
= F(coshx + 2 —cosh1)

Where x #0



4 Problem 4 (10.3.8)

16

Solve
(1 + xz)y’ =1+xy
Solution
, 1+xy
¥y= 1+ x2
1 xy
= +
14+x2 142
Therefore

, X 1
Y i e 1+ 22

(1)

This is linear in y first order ODE. It has the form i’ + p(x)y = q(x). The integration factor

1S

[=¢ f p(x)dx

x
= e_ f 1+x2 ax

But f ﬁdx = %ln(l + xz). Therefore

Multiplying both sides of (1) by this integrating factor makes the left side a complete

differential
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Integrating gives

1 23
= :f(1+x) dx + C 2)
1

To integrate f sdx, let x = tanu, then dx = (1 + tan? u)du. Hence
(1+x2)2

[— e

(1 + xz)'z (1 + tan? u)

1
= [ ————

(1 + tan? u)%

1
[
s~ u
(1 + COSZM)
cos u
= du
(c032 1 + sin? u)

= fcosu du

=sinu

(1 + tan? u)du

N

NI~

sinu
cosu _ tanu

x
\/ 1+ sin? u Vi+tan2 u V1+x2

COS2 u

. Hence

But sinu =

1 X
dx =

f(1+x2)g i+

Therefore the final solution (2) becomes

1 X
= +C
y\/1+x2 V1 + x2
y=x+CV1+x? (3)
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5 Problem 5 (10.3.9)

Solve (a) ¥ +xy = xy* (b) 3xy’ +y +x*y* = 0

Solution

5.1 Parta

The ode has the form
¥ +p()y = q(x)y™

Where p(x) = x,q(x) = x and m = 2. Therefore this is Bernoulli ODE. The first step is to
divide throughout by y" = y? which gives

% +pE)y T = 9(x) (1)

Setting

o(x) =y} (2)
Taking derivatives of the above w.r.t. x gives

-1
v'(x) = ?y’(x) (3)

Substituting (2,3) into (1) gives
~0/(x) + p)o(x) = 4(x)
But here p(x) = x and q(x) = x. The above becomes

-0’ (x) + xv(x) = x
v’ (x) — xv(x) = —x

—xdx

2
This is linear ODE in v(x). The integrating factor is e/ = ¢ 2. Multiplying both sides
of the above by this integrating factor makes the left side a complete differential

d X2 X2
a(ve_f) =—xe 2

Integrating gives



2

To integrate f xe 2 dx, let u = x2. Then du = 2xdx. Substituting gives

=— | e 2du
2
le 2
21
2
= —¢2
But u = x2. Therefore , )
fxe_de =—e 2
Substituting the above in (4) gives
2 2

v=1+e2C
But v = y7!, therefore
2
yl=1+e2C
1
y(x) = 2
1+e2C

Where C is constant of integration.

5.2 Partb

The ode is
3y’ +y+x2yt =0

Dividing by 3x for x # 0 gives

A
Yrg gy =0
’+l —_E4

Now this ODE has the Bernoulli form,

Y +py = q(x)y™
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Where p(x) = ;—x, g(x) = —g and m = 4. Therefore this is Bernoulli ODE. The first step is to
divide throughout by y™ = y* which gives

L ply = q(x) M
" Py = =4q

Setting

o(x) =y (2)

Taking derivatives of the above w.r.t. x gives

/ _3 /

v'(x) = ' (%) (3)
y
Substituting (2,3) into (1) gives
1
~3/() + pEo() = )

But here p(x) = 3%, q(x) = —g. The above becomes

—50’(x) + gv(x) = —g

v (x) - %v(x) =X

1
This is linear in v(x). The integrating factor is ¢ /3% = glnx o % Multiplying both sides
of the above by this integrating factor make the left side a complete differential

d( 1 1
—lo—| =
dx\ x
Integrating gives

1

v—-=x+C
x
v =x?+xC (4)

But v(x) = y~°. Therefore the above becomes

y 2 =x2+xC
1
x2 + xC

y3(x) =

1

y(x) = (x2 + xC)_5
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