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1 Problem 1 (10.4.3)

Problem 10.4.3. Show that the first four Hermite polynomials are

Hy = 1

Hl = 2y

Hy = -2(1-2%)
2

Hy; = -12(y- 593)

coefficients to agree with the above. Show that

/e¢mMmmm=%m@w)

—0o

Sor different eigenvalues.

(10.4.35)
(10.4.36)
(10.4.37)

(10.4.38)

where the overall normalization (choice of ag or a1) is as per some convention
we need not get into. To compare your answers (o the above, choose the starting

(10.4.39)

for the cases m,n < 2. Notice that the Hermite polynomials are not themselves
orthogonal or even normalizable, we need the weight function e~V in the inte-
gration measure. We understand this is follows: the exponential factor converts
u's to 1 's, which are the eigenfunctions of a hermitian operator (hermitian with
respect to normalizable function that vanished at infinity) and hence orthogonal

Figure 1: Problem statement

Solution

1.1 Part1
Starting with ode (10.4.12) which is

V' (y) - y*(y) = —2e(y)

Where € = — the energy of the particle. Let the solution be
haw

2

P(y) = u)e T

_yZ n

—e¢ 2 E amym
m=0
Where
u(y) = D amy"
m=0

Eq. (1) can be written as

vw=y "

(10.4.12)

(1)

(1A)



Substituting (1) in 10.4.12 gives

a2 ( - -

a7 ue2 | —yPuez = -2ecue2

2 2 2 2

i u’e% —u e% —y2ue 2 = —2eue 2
o yes |-y

Y 2 _yZ Y 2 _y2 Y 2 _yZ _/2
e larn o PP - 2,5 2,55 _— 5
ueZ—uyeZ—uyeZ—ueZ—yeZ —yuez = —2¢cue 2

e e P - 2
u’e2 —u'ye2 —u'ye2 —ue?2 +y-ue? |-yue2 =-2cue?

2

-y
Dividing by e 2 # 0 gives
u” —u'y—u'y —u+y*u-y*u = 2eu
u” =2u'y —u = -2eu

Which becomes the Hermite ODE as given in 10.4.24
u”(y) - 2yu’(y) + 2e = Du(y) =0

From (1A)
n
W=y ma,y" !
m=0
n
u' = Em(m - 1)a,y"2
m=0

Substituting the above in (10.4.24) gives

n n n
Z m(m —1)a,y™ 2 - 2y E ma,y™ 1 + (2e - 1) E a,y" =0

m=0 m=0 m=0
n n n
Zm(m -1a,y™ 2 - ZZmamym + Z (2e =1)a,y" =0
m=0 m=0 m=0
n n
Y m(m = Da,y™ 2+ Y (2e =1 -2m)a,y" =0
m=0 m=0

(10.4.24)

The first sum can start from m = 2 without affecting the sum, hence the above becomes

Zm(m ~1)a,y"™ 2 + Z (e -1 -2m)a,y™ =0

m=2 m=0

Let m’ = m — 2 in the first sum, it becomes

n-2 n
Z (m’ +2)(m" + 1)am,+2ym' + Z (2e =1-2m)a,,y" =0
m'=0 m=0

Changing the index in the first sum from m’ back to m gives

n-2 n

Z (m+2)(m + 1)a,, . y™ + Z (2e =1-2m)a,y" =0

m=0 m=0
Combining terms gives

n-2 n

D3 (m+2)(m + Dy + 26 =1 -2m)a,)y™ + Y, (e —1-2m)a,y" =0

m=0 m=n-1

Considering the second term above for now.

2 (2e =1 -2m)a,y™ =0
=n-1

e -1-2m)a,, =0 m=nm=n-1

m

(1B)



Looking at case m = n
e -1-2n)a, =0

but a, # 0 since that is the highest order of the power series. If 4, = 0 then the dominant
term of the power series is lost. This means (2¢ =1 —2n) = 0 or

1
e=n+ > (10.4.34)

Looking atcasem =n -1

e-1-2(n-1))a,_; =0
2e-1-2n+2)a,.1 =0
(e +1-2n)a,_1 =0

1
Bute=n+ > hence the above becomes

1
(Z(n + E) +1- Zn)an_l =0

n+1+1-2n)a,, =0
Zan_l =0

This means
a,_ 1= 0 (2)
Now looking at case m < n — 2 from Eq. (1C) above

n-2
3 ((m+2)(m + Dayen + (2 =1 = 2m)a,,)y™ = 0
m=0
(m +2)(m +1)a,.o + (2e =1 - 2m)a,, = 0
_ —(e-1-2m)
A2 = (m+ 2)(m + 1)am

1
Bute =n+ > therefore the above becomes

-{4n+%)—1—m@

2 T i ) m 1)
—(2n —2m)
= a
(m+2)(m+1)"
2(n —m)
=— 3
m+2)(m+1) " ®)
If nis even then n—1is odd. Then a,,_; = 0 from (2). But due to the recursive formula (3),
this implies a; = a3 = a5 --- = 0. Which means all odd terms in the solution polynomial
vanish. And if n is odd, then n —1 is even. Therefore a,,_; = 0, But due to the recursive
formula (3), this implies ay = a, = a4 --- = 0. Which means all even terms in the solution

polynomial vanish.

Now Eq. (3) is the recursive relation used to determine all coefficients a;. For m = 0, (3)
gives

fy = —Nag (4)

Form =1, (3) gives



For m =2, (3) gives

_ —2(n - 2)11
@E)
-22(n -2)
T
22(n -2
Sl L) 6)
For m =3, (3) gives

. 2(n-3)

BT BrE+"
_ 2(n-3)-2%(n-1)
GO

22n-3)n-1
ST e, )

For m =4, (3) gives

_ 2(n-4)
6 Gr)@+
_ 2(n—-4)2%(n-2)n
GG

-23(n —4)(n - 2)n

= al ag (8)

And so on. Therefore the solution to the Hermite ODE (2) is

2 "
m=0
= ag + ay + ay? + azy® + agyt + asy® + agy® + -
2(n - 1)a1y3 N 22(n - 2)na S 23(n-3)(n - 1)a - 23(n—4)(n - Z)na

3| TR 5! 1Y 6!
9)

ay

u

_ 2 6
—ﬂ0+ﬂ1y—7’lﬂ0y - oY + ...

Which can be written as

2(n-2 2 -4)n-2
=y T TS, )

2(n-1) 23(n-3)(n-1)
+a1(y— TR S gy’ +

Or
u(y) = agug + aju

Where u4, u, are two linearly independent solutions for the second order Hermite ODE
where

2(n-2n B 23(n—4)(n - 2)”y6 4.

o =1-ny’+ ———y 6!
22(n-1) 22(n-3)(n-1)
=y - — y2 + 5 aP + -

For even n the solution u((y) will eventually terminates, and for odd n the solution u4(y)
eventually terminates. The even Hermite polynomials Hy, H, Hy, --- are found from u(y)
forn =0,2,4,--- and the odd Hermite polynomials H;, H3, Hs, --- are found from u(y)
forn =1,3,5, ---. The Hermite polynomials need to also be normalize at the end. The
even Hermite polynomials are the following



Forn=0

22m-2n , 2m-4m-2n |
TR 6! Y +) i

up(y) = ao(l - ny* -
n=0
= 5[0

Therefore
Hy(y) = a9

To find a(, the normalization f_ ” e‘yan, (Y)H,(y)dy = 2"n!\1 6, is used, where Hy(y) =
ay in this case. This gives

e oy =

| " e addy = Vr
& [ etiy=r
RENCRN

ag = 1
Hence ay =1 and
Hy(y) =1
Forn=2
22(n-2)n 23(n—4)(n-2)n
o(y) :ao(l—nyz+ e o Yot
n=
= a(1 - 212

Therefore

Ha(y) = ao(1 - 24°)
To find gy, There is an easier way to normalize H,(x) than using the normalization
integral equation as was done above. This method will be used for the rest of the problem

as it is simpler. It works as follows. H,,(y) = (1 - ZyZ) is normalized as follows. The
coefficient in front of the largest power in " is forced to be 2". In the above, the largest
power is y2. Hence n = 2. Therefore the coefficient is 22 = 4. But the coefficient is —2.
Therefore the whole expression is multiplied by —2. This means a4, = —2. Hence

Hy(y) = -2(1 - 217)
For Hy(y) (This is not required to find, but found for verification)

Forn=4

up(y) = ap|1 —ny? + TR o

22(4-2)4 ,
a7

22(7/1 — Z)n 4 23(7’1 - 4)(” ~ 2)ny6 4+ )
n=4

= ag|1 -4y +

4
= ag[1-4y% + §y4)

Therefore
4
Hy(y) = ao(l — 4y + 5y4)

Hy(y) = ag (1 — 4% + %y‘*) is normalized as follows. The coefficient in front of the largest

power in y" is forced to be 2. In the above, the largest power is y*. Hence n = 4. Therefore



the coefficient is 2* = 16. But the coefficient is %. Therefore the whole expression is
multiplied by 12. This means a3 = 12. Hence

Hy(y) = 12(1 — 4 + %y‘*)

Now the odd Hermite polynomials are found. These are found from u, (y)

Forn=1

2(n -1 22n-3)(n-1
ul(y):al(y— (n3! )y 2 5!)(n )a1y5+~-)

n=1

Hence

Hi(y) = a1y
Hi(y) = ayy is normalized as follows. The coefficient in front of the largest power in
y" is forced to be 2". In the above, the largest power is y. Hence n = 1. Therefore the
coefficient is 2! = 2. But the coefficient is 1. Therefore the whole expression is multiplied
by 2. This means a; = 2. Hence

Hy(y) =2y

Forn =3

2(n-1) 23(n-3)(n-1)

up(y) = ﬂl(]/ Y Y+ 50 ay’ + o
’ ) n=3
23-1) 5
=m\y- 31 y

Hence

2
Hi(y) = m (V - §V3)

Hs(y) = 1y (y - §y3) is normalized as follows. The coefficient in front of the largest power

in y" is forced to be 2". In the above, the largest power is y>. Hence n = 3. Therefore

the coefficient is 2> = 8. But the coefficient is —%. Therefore the whole expression is
multiplied by —12. This means a; = —12. Hence

2
Hs(y) = —12(3/ - 51/3)
The following gives the final results

Hy(y) =1
Hy(y) =2y
Hy(y) = -2(1 - 21%)

2
Hi(y) = —12(1/ - 51/3)

4
Hy(y) = 12(1 — 4y + §y4)

1.2 Part?2

This part verifies the results obtained in part 1 above for m,n < 2 using

(o0]

[ e H@H.Wy =276, (1)



Forn=0,m=0

Eq (1) becomes

(o]

[ e HoHowy = Vr
| iy =y

But | ” ¢V’ dy is the Gaussian integral which is /7 . Hence

Vi =R
Verified.

Forn=0,m=1

Eq (1) becomes
[ e Ho )y =0

f B e‘yz(Zy)dy =0

2f ye‘yzdy =0

But y is odd, and eV is even. Hence the LHS is integral over odd function. Hence it
must be zero. Therefore
0=0

Verified.

Forn=0,m=2

Eq (1) becomes

[ erHyHmy =0

[ (20 -22))ay =0

f e—yz(—z + 4y2)dy =0
-2 f eVdy + 4 f vV dy =0

But | “ e Vdy = \/n and [ “ReVdy = %, therefore the above becomes

-2+/n +4(%) =0
24/ +2ym =0

0=0
Verified.

Forn=1,m=1

Eq (1) becomes

[ et m@meiy =297

j: B e‘yz(Zy)(Zy)dy =2vn
4foo eV dy = 2\



But [ “2eVdy = % The above becomes
2vn =2vn

Verified.

Forn=1,m=2

Eq (1) becomes

[ ePmmmey =0

[ ()21 - 22y = 0
foo eV (8y3 - 4y)dy =0
8 foo eV dy — 4[00 ye Vdy =0
Both integrals in the LHS are zero, since both are odd functions. Therefore
0=0

Verified.

Forn=2,m=2

Eq (1) becomes
f_ Z eV Hy(y)Ha(y)dy = (421
[ oA o
[
16 f_ Z ytedy - 16 f_ ioyze‘yzdy +4 f_ Z ey = 8y

But [ yle¥dy = S and [ yPe¥dy = 7y and [ e¥dy = v The above be-
comes

16(9\/5) - 16(%«/%) +4yn =8yn

4
1241 =8y +4vr =8y
8y =8+

Verified. This completes the solution.



2 Problem 3 (10.4.4)

10

o o [

Py
Py

Py

Py

the interval —1 < z < 1.

Problem 10.4.4. Consider the Legendre Equation
(1—22)y" —2zy +1(1+ 1)y =0 (10.4.40)

Argue that the power series method will lead to a two term recursion relation and
find the latter. Show that if | is an even (odd) integer, the even(odd) series will
reduce to polynomials, called P;, the Legendre polynomials of order I. Show that

1 (10.4.41)
N (10.4.42)
%(3952 ~ 1) (10.4.43)
-1~(5x - 32) (10.4.44)

(The overall scale of these functions is not defined by the equation, but by conven-
tion as above.) Pick any two of the above and show that they are orthogonal over

Figure 2: Problem statement

Solution

2.1 Part1l

The Legendre ODE is given by 10.4.40 as (L is used instead of / as it is more clear because

I looks like 1, depending on font used.)

(1 _ xZ)y//

Let the solution be

Then

And

4

-2xy+L(L+1)y=0

y

o
= Do
n=0

o
y = Y, naxt!
n=0

(o]
= ) na,x"!
n=1

Z n(n —1)a,x"2
n=1
Z n(n —1)a,x"2
n=2

Substituting the above results back in (10.4.40) gives

(10.4.40)

(1 -~ xz) i n(n —1)a,x"2 - 2x i na,x" '+ L(L +1) i a,x" =0
n=2 n=1 n=0

Z n(n —1)a,x" 2 — x? Z n(n—1)a,x" 2 - 2 2na,x" + Z L(L +1)a,x"

Zn+2)n+1)an+2x —Zn(n 1)a,x" —EZnax +2L(L+1)a XP=0 (1)
— n=0

For n = 0 only the above gives
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(n+2)(n+1)a,x"+LIL+1)a,x" =0
2a, + L(L + 1)00 =0

L(L+1)
a, = — 5 ag

Forn =1 only Eq (1) gives

(n+2)(n+1)a, x" —2na,x™ + L(L+1)a,x" =0
(3)(2)&3 — 2&1 + L(L + 1)[11 =0
_ 2a, — L(L + 1)5[1

6
C2-L(L+1)

6

as

aq

And for n > 2, Eq(1) gives the recusive relation

(n+2)(n+1)a,,, —nn-1a, -2na, + L(L+1)a,)x" =0
(n+2)(n+1)a,., —n(n-1a, —2na, +L(L+1)a, =0
n+2)n+Ma,, =mn-1)+2n—-L(L +1))a,

Hence the two term recursive is

_nn-1)+2n-L(L+1)

= 1
e m+2)n+1) " O
Forn =2
nmn-1)+2n-L(L+1)
ay = a
! (n+2)(n+1) 2
202-1)+4-L(@L+1)
= a
@) ’
_6-LL+D)
T2 2
Buta, = _L(L+1)a0 hence the above becomes
6—L(L+1)(-L(L +1)
a, = ap
12 2
Forn =3
nn-1)+2n—-L(L+1)
a5 = a
> (n+2)(n+1) 3
3 3(3—1)+6—L(L+1)a
T (B+2B+1) O
C12-L{L+1)
- 20 °
Butaz = Mal, hence the above becomes

u—L@+1“2—ML+D )
a5 = aq

20 6

And so on. The solution becomes
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y= i a,x"

n=0
— 2 3 4 5
=dag+ a1X + axX* + azx” + aux” + asx” + .-

s L(L+1)u0x2+ 2-L(L+1) e _(6—L(L+1))(L(L+1))a0x4+ (12—L(L+1))(2—L(L+ 1)
2 6 12 2 20 6

)a1x5 +

_ a0(1 L+, (6—L(L+1))(L(L+1))x4+ ) +a1(x+ 2-LL+1) 5 (12—L(L+ 1))(2—L(L+1))x5 N )

2 12 2 < - ¢
Or
y(x) = agyo(x) + ayy,(x)
Where
o) =1 - L(L2+ Do (6 - Ll(é + 1))(L(L2+ 1))x4 .

Where v, y; are two linearly independent solutions. The even Legendre polynomials
are obtained from y(x) for integer L = 0, 2,4, --- and the odd Legendre polynomials are
obtained from y;(x) for integer L =1, 3,5, ---.

ForL=0
y(x) = ao(1)
Since all higher terms vanish. Choosing ay = 1 then
Po(x) =1

ForL=2

~ LL+1) , (6-LIL+1)\(LL+D),

y(x)—ao(l > X ( B > x* 4
_ ao(l _2(2+ 1)x2 ~ (6 -2(2+ 1))(2(2 + 1))x4 N )
2 12 2
= ao(l — 3x2)

Since all higher terms vanish. Choosing ay = —% then

Py(x) = %(sz ~-1)
ForL =1

Since L is odd, then y,(x) is used now.

o) = al(H 2—L(6L+1)x3 N (12—L2(0L +1))(2—L(6L +1))x5 N )
_ a1(x+ 2-(141) 5 (12— (1 +1))(2— (1 +1))x5 N )
6 20 6

=mX

Since all higher terms vanish. Choosing a; =1 then

Pi(x) =x
For L =3
Y = ayfx + 2—L(L+1)x3 N (12—L(L+1))(2—L(L+1))x5 N )
6 20 6
S 2_3(3+1)x3 N (12_3(3+1))(2_3(3+1))x5 N )
6 20 6

5
=aq|x - —x3)



Since all higher terms vanish. Choosing a; = —g then
3 5
P3(x) = —=[x - =23
() 2@ 3x)
1
- 3
= §(5x - Sx)
Summary
Po(X) =1
Pi(x) =x

2.2 Part2

To show any two are orthogonal over —1 < x < 1. Selecting Py(x) and P;(x), then

1 1
]: 1 Po(x)P1(x)dx = f 1 xdx

1_ 1
=511,
= 2a-1)
=0

Hence Py(x) and P;(x) are orthogonal to each others. Verified.

13



3 Problem 3 (10.4.5)
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Problem 10.4.5. The functions 1, x, x2,- - - are linearly independent—there is no
way, for example, to express x> in terms of sums of other powers. Use the Gram—
Schmidt procedure to extract from this set the first four Legendre polynomials (up
to normalization) known to be orthonormal in the interval —1 < z < 1.

Figure 3: Problem statement

Solution

Let
{lx)} = {1,x,x2, X3, ]

Where |x;) =1, |xp) = x, |x3) = x* and so on. Let

Py = |x1)
=1

P, 1 _\F
Pol| ')
Pl

Py = |xp) = Po(Polx2)

1 1
Zx—\/;<\/;|x2>

Normalizing gives

POI

And

1 1
:x——f xdx
2J4
=x-0

=x

Normalizing gives

P = Py B X X —\/gx
A \/ﬁ \f 2
f x%dx 3
L1
Py = |x3) — (Po{Pylx3) + P1{P1lx3))

=2 _ \/7 \/7|x3)+\/7x(\/7x|x3>J
=22 - 2f 2dx+2xf_1xx2dx)

And

1 31 3 1
=x2 - _[x_ + =x x3dx]
213 "2,

11
_2 [t
=2 53[0 -1°]+ )
11
=x2-(==(2
1
:xz——



Normalizing

And

15

Ps = |xg) = (Po(Polxs) + P1(P1lxg) + Pp(P;lx4))

Normalizing

\/7\/7|x4>+\/ix(\/7x|x4)+\/7 3x% - (\/7 3x% - |x4>]
s [ waed xxsdx+§(3x 1) [ (3 -1)eas)

%f Bx + xf 4dx+ (332 - )f(x —x)dx)
HRE RS

el el

g[1 - (-] + E"[l - (—1)5])

Lo+ %x[Z])

3
-1 2
3

8
Py
P.= -3
1P
x® - x
\/f_i(x3—§x) x3——x)dx
x3—§x
8
175
_ (175 (5 3
"V \* 5

_(25)() N §x
B 8 5
= \/Z (5x3 - 3x)



16

These are the first 4 Legenrdre polynomials. The scaling is different from the last problem
due to difference in method used to normalize them. The following table shows the final
result and difference in scaling.

P, Problem 10.4.5 result | Problem 10.4.4 result
1

Po(x) | /3 1

Py(x) g X X
5 (2,2 1(n.2

Py(x) \/g (3x2-1) >(3x%-1)
7 (5,3 (.3

P3(x) \/g (Sx —3x) 5(5x - 3x)
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4 Problem 4 (10.4.10)

Problem 10.4.10. Solve Laguerre’s Equation which enters the solution of the hy-
drogen atom problem in quantum mechanics

ry" +(1—2z)y +my=0 (10.4.65)

by the power series method. Show that there is a repeated root and focus on the
solution which is regular at the origin. Show that this reduces to a polynomial
when m is an integer. These are the Laguerre polynomials L,,,. Find the first four
polynomials choosing cy = 1. Show that Ly and L are orthogonal in the interval
0 < x < oo with a weight function e~*. (Recall the gamma function.)

Figure 4: Problem statement

Solution

Since the ODE is singular at x = 0 then Frobenius series is used. Let

(ee)
— AS n
y=x chx
n=0
o

n=0
Hence
oo
Yy = )1+ s)e,x s
n=0
(oe]
y' = E(n +5)(n+s—1)c,x"*2
n=0

Substituting this in the ODE (10.4.65) gives

x Y+ s)(n+s5 =1, a2+ (1—x) D(n+5)c, a1 +m Y c,x" =0

n=0 n=0 n=0
00 oo o -
Z(n +35)(n+s—1)c,x" 71 + Z(n +5)c, x5l — Z(n +8)0, XS + m Z C, "+ = 0
n=0 n=0 n=0 11=0
s oo
D +5)( +5=1) + (1 +))c, X"+ Y (m = (1 + 5))e,x"™* = 0
n=0 n=0

To make all power on x the same, the second sum is rewritten by shifting the index. This
gives

i((n +5)(n+s-1)+ (n+5s))c, a1 + i(m —(n-=14+9))c, x5 1=0
n=0 n=1

Forn =20
(n+s)(n+s-1)+ 1 +5s))c,x"*1 =0
(n+s)y(n+s—=1)+(n+s))cyg=0
But by definition ¢y # 0. Therefore the indicial equation is
m+s(n+s-1)+(n+s)=0
But n = 0. This becomes
ss—1)+s=0
2—-s5s+s5=0
s2=0
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Hence root is s = 0 (repeated root). Since there is a repeated root, then this is degenerate
case. First solution y;(x) is the assumed form but with s = 0. This means

(o]
y1(x) = 20 ), ¢, x"
n=0

(o)
- e
n=0

And the second solution is

Yo(x) =y Inx + x° Z b, x"
n=0

=1y Inx+ Z b, x"
n=0
But this solution y,(x) is not bounded at x = 0 due to Inx blowing up at origin. The
regular solution is only y1(x). So y1(x) will be used from now on and not y,(x). Therefore

[ee)
yi(x) = Y nc,x"
n=0

vy (x) = i n(n —1)c,x" 2

n=0
Substituting the above in ODE (10.4.65) gives

(o] (e¢] (o]
x Y nn-1e,x" 2+ (1-x) Y, ne,x L +m Y c,x" =0
n=0 n=0 n=0
(o) (e0) o0 (e0)
Z nn —1)c,x" 1 + Z ne,x" 1 — Z nc,x" + Z mc,x" =0
n=0 n=0 n=0 n=0

Z(n(n -1) +n)e, X1+ Z(m —n)c,x" =0
n=0 n=0

To make powers on x the same, the index of the first sum is shifted to give

i (m+1n+m+1))c,1x"+ i(m —-n)c,x" =0
n=0

n=-1

But when n = -1 the first sum is zero. So the first sum index can start n = 0 which gives

i((n +1n+ (n+1))c, 1 x" + i(m —n)e,x" = 0
n=0 =0

Now the sums are combined to give

2[((11 +1n+ (n+1))c,q + (m—n)c,]x" =0
n=0
Hence recursive relation is

(n+1)n+m+1))c 4 +(m—-n)c, =0

n—-m
Cpoq = c
LT+ Dn+m+1) "
. on-m .
T2 +2n+1"
Forn=0
C1:—I’I1CO
Forn=1
1-m
= c
27 1+2+1 ¢
_1—mc
=—
1-m
= (omep)
m? —m




Forn=2
2-m
3= ———C
370244412
2-m
= c
5 ©
2—m(m?—m
= Co
9 4
(2- m)(m2 —~ m)
= c
36 0
—-m3 + 3m? - 2m
= C
36 0
Forn =3
_ n-m
4= nz+2n+1c3
3-m
_ o3
9+6+1
_3-m —m® + 3m? - 2m
~ 16 36 “
(3- m)(—m3 +3m? - 2m)
= C
(16)(36) 0
m* — 6m3 + 11m? — 6m
= C
576 0
And so on. The solution becomes
Y1(X) = co + C1X + 0% + c3x° + cgxt + -+
m? —m ) —m3 + 3m? - 2m 3 m* — 6m3 + 11m? — 6m .
= Cy — McCpyX + CoXx + CoX + CoX +
36 576
. +m2—m2+—m3+3m2—2m3+m4—6m3+11m2—6m4+
— -m
“ S 36 x 576 *

Setting ¢y =1, the solution is

m2—m , —m®+3m*-2m , m*-6m®+1lm*-6m ,
y1(x) =1 -mx + 7 ¥ + 6 X’ + =76 X+

For integer m these are polynomials given by

Form=20
Lo(x) =1
Since rest of terms are zero.
Form=1
Lilx)=1-x

Since rest of terms are zero.
Form=2
Ly(x)=1-2x+ %xz
Since rest of terms are zero.
Form =3

2.3, -3+3(3%)-6

3
Ly(x) =1-3x+ X+ X

3, 1
=1-3x+2x%— =53
X 2x 6X
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Since rest of terms are zero. Hence

Lo(X) =1
Lix)=1-x

1
Ly(x)=1-2x+ Exz

3 1
Ly(x) =1-3x+ Exz —~ EXS
Or
Lo(x) =1
Ll(X) =1-x

Ly(x) = %(2 —4x + xz)

Ls(x) = %(6 —18x + 9x? - x3)

The following shows that L, (x), L,(x) are orthogonal on 0 < x < co with weight ™

S S 1
j;) Ly (x)Ly(x)e *dx = j; (1- x)(E(Z —4x + xz))e‘xdx

ol 1 5
- f (——x3 + =x2 - 3x + 1)e‘xdx
s \ 27 T2

1 (o] 5 o0 (o)
= _—— f x3eXdx + = f x2e¥dx -3 f xe dx +
2Jy 2Jy 0

To evaluate these integrals the following relation will be used

(e}
f x"e™ = n!
0

Therefore
f e ¥dx=3!=6
0
f x2eXdx =21=2
0
f xe ¥dx=1'=1
0
And

f et = e = ~(0-1) =1
0

Using these results gives

f Y LWLy dx = ——(6) + 2(2) - 3(1) + 1
. 29* 5

=0
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This shows that L;(x), L,(x) are orthogonal on 0 < x < co with weight e™*. This complete

the solution.
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