Physics 3041 (Spring 2021) Solutions to Homework Set 5

1. (a) Problem 9.1.6. (5 points)

a(1,1,0) + b(1,0,1) + ¢(3,2,1) = (a+ b+ 3c,a+ 26, b+ ¢) = (0,0,0),
=a=—-2¢c, b=—c, a+b+3c=0.

The above linear combination of the three row vectors is a null row vector for any nonzero value
of ¢ with a = —2¢ and b = —c. Therefore, the three row vectors are linearly dependent.

a(1,1,0) +b(1,0,1) +¢(0,1,1) = (a + b,a+ ¢,b+ ¢) = (0,0,0),
=>a=-b=—- b=—-—c=>b=c=-—c=0=a=0.

Therefore, the above three row vectors are linearly independent.

(b) Problem 9.2.1.(ii). (10 points)
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(c) Problem 9.2.3. (10 points)
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2. Use Tr 0, = 0, 022 =1, and 0,0 = i), €30 to obtain the components of a general 2 x 2
matrix in the basis of {01, 09, 03, I }, where o; represents the Pauli matrices and I is the identity
matrix. (15 points)

M = {‘CL Z} = a0y + Bos + yos + 61, I = H (” = Tr(I) =2
Tr(M) = a+d = Tr(aoy + Bogy + yo3 + 01) = aTr(oy) + BTr(03) + yTr(o3) + 0T (1) = 20
a+d
T2

Tr(Moy) = Tr(ao? + Bosoy + yo30q, + 610y) = aTr(o}) + BTr(o01) + YTr(o30:) + 6Tr(Ioy)
= aTr(I) + BTr(—io3) + YTr(ios) + 6Tr(01) = 2

1 1 a b 01 1 b a b+ c
a:§Tr(M01):§Tr({C d]{l 0}):§Tr{d c]: 5




Similarly, we obtain
1 1 a b 0 —i
B—éTr(Mag)—ﬁTr<{ d}[z 0 ]

1 1 a b 1 0 1 a —b a—d
VZETY(MU?’):?TYQC dHo —1]):§Tr{c —d}: 2

3. Problem 9.2.5. (10 points)

o

VA+WPE=(V+WIV+W)=(VIV)+{(VIW) + (W|V) + (W|W)
= V2 +(VIW) +(VIW)* + |[W|* = |[V]* + 2Re(V W) + |[W]?
S|V 2VIW) + W2 < VP4 2VIW] + W] = (V] + [W])?
= |V +W|<|V]+|W].

For the equality |V + W/| = |V| + |W] to hold, we must have Re(V|W) = [(V|W)| and
[(VIW)| = |[V||W]. From the first condition, (V|W) is real and positive. From the second
condition (see proof of the Schwarz inequality in the textbook),
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Because (V|W) is real and positive, a is also real and positive.

4. Problem 9.3.5. (20 points)
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In general, if MTM = [ and N'N = I, then we have (NM)T(NM) = MTNTNM =
MTM =1.

5. Problem 9.5.6, but only for the proof without doing the inverse matrix part. (10 points)

For a Hermitian operator €2 with non-degenerate eigenvalues, we have
Q\wi):wi]wi% Z:1, 2, e, N

We can then expand an arbitrary vector as

n

V)= wilw).

i=1

The characteristic polynomial satisfies P(w;) = 0, so

sz Q) |w;) = sz w;)|wi) = ZOM% = P(Q) =0.



6. Problem 9.5.10. (20 points)
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It is clear from the above results that M and N share a common eigenbasis

{lox = =1), |oy =2), |wy =3)}.



