Physics 3041 (Spring 2021) Solutions to Homework Set 10

1. (10 points) Given
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make a 3D integral and use the transformation from Cartesian to spherical coordinates to

evaluate -
/ z? exp(—a2?)dx.
0

oo poo

_xz_y2_22d.1:dydz—/ _IQdas/ e_yzdy/ e dy = (Vr)?

—00

[.].].
/ / / T Gy — / / / " 2 gin 0 drdfde

/ / sinf df /0 o

/O ) X 2 % (27) = 4 /oo r2e”" dr
= /0 ey = _ Y1 / e d

2. Follow the lecture example of deriving the gravitational field of a thin shell and calculate
the gravitational potential of such a shell over all space. (10 points)
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Due to spherical symmetry, we only need to consider the potential along
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‘ the z-axis. For a point at z = r > R, the potential is
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Similarly, for a point at 2z’ = r < R, the potential is
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3. Follow the lecture example of deriving the gas pressure and calculate the number of gas
particles hitting the container per unit area per unit time. Give your answer in terms of the
net number density and the average speed of these particles. (10 points)

Consider an area element AA perpendicular to the z-axis. The number of particles with
velocity between v and ¢ + dv that hit AA during an interval At is

AN =dn-AA - (v,At) = f(v)v,dvdu,du, (AAAL),

so the net number of particles hitting the container per unit area per unit time is
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where n is the net number density. So we obtain
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4. Derive the expressions of the quantum mechanical orbital angular momentum operators L,,
L,, L, in spherical coordinates. Show that
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in spherical coordinates. (40 points)

The orbital angular momentum operator is
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It is clear from the above figure that
€p = €,cos) —e,sinb, €, = e, cos P+ €,sin @, €y = —€,sin ¢ + €, cos .

So we obtain
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where we have used

dé, = é4sinfdg + e9dl), déy = é4cosdp — é,df, dé, = —é, sinfdp — ég cos Ode.



5. Consider ¢(x,t) for 0 <z < L. Given that ¢(0,¢) = ¢(L,t) = 0 and

[ Asin(2rz/L), 0<x<L/2,
Wﬁ’o)_{ 0, L)2<z<L,
find ¢ (x,t) that satisfies the following partial differential equation:
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where A, L, i, and p are positive constants. (30 points)
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