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1 Problem 6.2

Consider a discrete-time LTI system with frequency response H (Q) = |H (Q)] /"¢ H( and real
impulse response & [n]. Suppose that we apply the input x [n] = sin (Qon + q)o) to this system.

The resulting output can be shown to be of the form y[n] = |H (Q0)| x [n —ng] provided that
arg H (Q)g) and Q are related in a particular way. Determine this relationship.

solution

From standard LTT theory, the output is given by
yInl = |H(Qo)|sin (Qon + ¢ + arg (H (Q)) 1)
Comparing the above to
|[H (Qo)|x [1n = n9] = |H (Qp)| sin (Qg (1 = 10) + ¢by) 2)
Shows that

sin (QO (Tl - 7’10) + ¢0) = sin (Qon + ¢0 + arg (H (Qo)))
sin (Qon - Qono + QD(]) = sin (Qon + ¢0 + arg (H (Qo)))

Hence we need
-Qony = arg (H(Qyp))

Since the input is periodic of period 27tk for k integer, then the above can also be written as
-Qong + 21k = arg (H (Qg))

This is the relation needed.



2 Problem 6.5

Consider a continuous-time ideal bandpass filter whose frequency response is

H (@) 1 w.<|wl £ 3w,
W) =
0 elsewhere

(a) If h(t) is the impulse response of this filter, determine a function g(f) such that h (f) =
sin w,t

( it

trated or less concentrated about the origin?

)g(t). (b) As w, is increased, does the impulse response of the filter get more concen-

solution

2.1 Parta

Let f(t) = %(;Jct which is a sinc function. The following is a sketch of H (w) and of the CTFT
of f(t), i.e. F(w) which we know will be rectangle since Fourier transform of rectangle is
sinc.

H(w) F(w)
1
1
- - W
3w, —WwWe 0 we 3w, —w. 0  w,
Fourier Transform of Fourier Transform of
the given filter h(t) f(t) = & sin(wct)

Figure 1: Sketch of CTFT of filter and sinc function

sin w.t

The relation between and its CTFT is given in this sketch

it
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Fourier Transform of
1 o
f(t) = = sin(wet) f(t) = = sin(wet)

Figure 2: Sketch of sinc function and its CTFT

Now, we know that, since & (t) = f (t) g (t), then by modulation theory, this results in 2nH (w) =
F(w) ® G (w). In this, we are given H (w) and F (w) but we do not know G (w). But looking at
H(w) and F (w), we see that if G(w) happened to be two Dirac impulses, one at —2w, and
one at +2w,, then convolving F (w) with it, will give 2nH (w). So we need G (w) to be the
following

G(w) =210 (w +2w,) + 0 (v —2w,))

And now F (w) ®G (w) will result in H (w). The factor 2t was added to cancel the 27t from the
definition of modulation theory. But cos (2w.t) has the CTFT of 7 (0 (w +2w,) + 6 (v — 2w,)).
This shows that G (w) is the Fourier transform of 2 cos (2w,t). Therefore

g (t) =2cos Qw,.t)

2.2 Partb

sinw

Since f (t) = —
at origin, since the first loop cut off is given by —. So this gets closer to origin. And since
W

t . . .
— then we see as w, increases, the sinc function becomes more concentrated

h(t) = f () (2 cos 2w,t)) then h (t) becomes more concentrated around the origin as well.




3 Problem 6.7

A continuous-time lowpass filter has been designed with a passband frequency of 1000 Hz,
a stopband frequency of 1200 Hz, passband ripple of 0.1, and stopband ripple of 0.05. Let
the impulse response of this lowpass filter be denoted by k(). We wish to convert the filter
into a bandpass filter with impulse response

g (t) = 2h (t) cos (40007tt)
Assuming that |[H (w)| is negligible for for |w| > 40007, answer the following questions. (a) If
the passband ripple for the bandpass filter is constrained to be 0.1, what are

the two passband frequencies associated with the bandpass filter? (b) If the stopband ripple
for the bandpass filter is constrained to be 0.05, what are the two stopband frequencies
associated with the bandpass filter?

solution

3.1 Parta

Let f (t) = 2 cos (40007tt). By modulation theory multiplication in time becomes convolution
in frequency (with 27 factor)

1
gy =h®ft) » —Hw)®F(w) (1)

Where H (w) is the CTFT of ki (t) and F (w) is the CTFT of 2 cos (40007t) which is given by
(since it is periodic)
F(w) =2 2 2140 (w — nawy)
n=-—0o
Where a; are the Fourier series coefficients of cos (40007tt). In the above wy = 40007t. But we
know that a_; = % and a; = % from Euler relation. Hence the above becomes

1 1
F(w)=2 27156 (w +400077) + 2715(5 (w —40007)

=271 (0 (w + 40007) + 6 (w — 400077))

Now that we know F (w) we go back to (1) and find the CTFT of g(t) which is

G(w) = %H(a}) ® (27 (6 (w + 400077) + 6 (w —400071)))

= H(w) ® ((0 (w +40007) + 6 (w — 400071)))

The above shows that bandpass filter is the lowpass filter spectrum but shifted to the right
and to the left by 40007. This is because convolution with impulse causes shifting. The
following diagram shows the result



H(w) (low pass filter)

8(w 4 40007) 6(w — 4000m)
—40007 0 40007 T w
Wpass = 1000hz wstop = 1200hz
= 20007 = 24007

G(w) (bandpass filter)

\J

—40007 0 / 40007

wy = 40007 — 20007 = 20007 wy = 40007 + 20007 = 60007

Figure 3: Sketch of bandpass filter

Therefore the two bandpass stop frequencies are

w1 = 60007t = 3000 hz
wy = 20007t = 1000 hz

The same on the negative side.

3.2 Partb

Per instructor, we do not need to account for ripple effect in this problem. Therefore this is
the same as part (a).



4 Problem 6.17

For each of the following second-order difference equations for causal and stable LTT system:s,
determine whether or not the step response of the system is oscillatory: (a) y[n] +y[n—1] +

vl =21 =x[n] (b) y[n]-y[n-1]+ Jy[n-2] = x[n]

solution

41 Parta

Taking the DFT of the difference equation y[n] + y[n—1] + }Ly [n—2] = x[n] gives

Y (Q) + 7Y (Q) + }Le‘zfQY(Q) = X(Q)

A step response means that the input is a step function. Hence x[n] = u[n]. Therefore

-y —jon _ v —jon _ 1
X@Q)=%"  x[nle7"=%" e/ =-—-. The above becomes

1n=0 1-e
1
1 -9
1 1
—i0Q , 1 .
1=e771 4 o0 4 2729

B
Y (Q) (1 +e 2+ Ze‘ZJQ) =

Y(Q) =

Let ¢/ = x for now to make it easier to factor the RHS. The above becomes

1 1
1‘x1+x+ix2
1 4

Tl —x4+4x+22
4

T A-x)(x+2)

Y(Q) =

Using partial fractions on the RHS gives

4 A B C

C-0@+2? 1-x x+2 (x+27
CAG+2’+Bx+2)(1-2)+C(1-x)
- (1 - %) (x +2)°

Hence

4=Ax+2*+B(x+2)(1-x)+C(1-%)
=A(®+4+4x)+B(x-x2+2-2x) + C-Cx
= Ax?2 +4A + 4xA - Bx - Bx2 + 2B+ C - Cx
=(4A+2B+C)+x(4A-B-C)+x*(A-B)



Comparing coefficients gives

4A+2B+C =4
4A-B-C=0
A-B=0
. . _ 44,4
Solving gives A = 3B =35,C= 3. Hence
4
YQ=—"""—
(1-x)(x+2)
A B C

+ +
I-x x+2  (x+2)?

4 1 4 1 4 1
91-x 9x+2 3(x+2)>

But x = ¢7?. The above becomes

vy 41 4 1
( )_61—e—fﬂ+§2+e-f9+

4 1 4 1 4 1

T91-0 9 1 o) 3 1 0\
2(1509) 21+ L))
4 1 4 1 4 1

= - - + — + —
91-¢72 1814 1,0 3 \2
¢ 1+ 3¢ 4(1+ %e‘JQ)

41 4 1 11
T 91-¢72 187,10 3 \2
¢ 1+5¢7 (1+§e-10)

and (n+1)a"u[n] & !

From tables, using au[n] < Applying these to the

1-ae /@ (1—ae‘f9)2 )
above gives
y(n) = gu [n] - E%u [n] + % (n+1) (—%) u[n]
= (g—% +%(n+1)(—%) )u[n]
= (%+%(n+1)(—%) )u[n]

Q=

(1 +(n+1) (—%) )u[n]

The following is a plot of y[n]



y[n 1:=1/3 @1+ (n+1)%(-1/2)"n)
DiscretePlot[y[n], {n, @, 13}, PlotRange » All, AxesLabel -» {"n", "y[n]"}]

y[n]
0.7

v
0.6
0.5
0.4
0.3 1

0.2

0.1

2 - 6 8 10 12

Figure 4: Plot of reponse y[n] to step input

The above shows the response is oscillatory.

4.2 Partb

This is similar to part (a) except for sign difference. Taking the DFT of the difference
equation y [n] —y[n-1] + }Ly [n—2] = x[n] gives

Y(Q) - e 7Y (Q) + }Ie—zfﬂy Q) = X(Q)

A step response means that the input is a step function. Hence x[n] = u[n]. Therefore

X(Q) =% x[n]e¥ =3 /M= —1—3*19' The above becomes
. 1 .. 1
_ Q4 Z,21Q —
Y (Q)) (1 e+ 43 ) =
1 1

Y(Q) = .
©) 1—5_]01—6‘]'Q+A]Ie‘zfQ

Let ¢7? = x for now to make it easier to factor the RHS. The above becomes

v L 1
S l-xpoy4 le2
4
1 4
T 1-x4-—4x+2x2
4

T 10 @-27
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Using partial fractions on the RHS gives

4 A B C

A-0@-20 1-x x-2 z-27
_A@-2°+B(x-2)1-x)+C1-x)
- (1-x) (x - 2)?

Hence
4=Ax-2"+Bx-2)1-x)+C(-%)
:A(x2+4—4x)+B(x—x2—2+2x)+C—Cx
= Ax? +4A - 4xA +3Bx - Bx2 - 2B+ C - Cx
=(4A-2B+C)+x(-4A+3B-C)+x*(A-B)

Comparing coefficients gives

4A-2B+C =4
-4A+3B-C=0
A-B=0

Solving gives A =4,B =4,C = —4. Hence

4
YQ)=—"—"7"=
1-x)(x-2)
A B C
= + +
I-x x-2 (x-27
1 1 1
=4 +4 -

But x = ¢7. The above becomes

Y@ =4 a4 1
IR S ) (e—jQ _ 2)2
_a iy ! 4 !
- -iQ N\ 2
1= (1 - 1e—19) (—2 (1 - le—JQ))
Syt 1
T e 1o \2
tme? 1-ged 4(1—1e-10)
1 1 1
=4 -
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1

From tables, using au[n] < —.
(1—116_]9)

and (n+1)a"u[n] &

Applying these to the

1-ge/Q

above gives
y(n) = 4u[n] —2%1/1 [n] - % n+1) (%) un]
= (4—1—%(n+1)(%) )u[n]

:(3—%(n+1)(%) )u[n]

The following is a plot of y[n]

y[n1:=((3-1/3n+1)*(1/2)"n)
DiscretePlot[y[n], {n, @, 40}, PlotRange - All, AxesLabel -» {"n", "y[n]"}]

y[n]
3.0 R R R R R

2.5

2.0

n
10 20 30 40

Figure 5: Plot of reponse y[n] to step input

The above shows the response is not oscillatory. The reason is that sign difference in y [ - 1]

term in the difference equation. y [n] -y [n-1] + iy [n-2] = x[n].
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5 Problem 6.22

R N Figure P6.21
6.22. Shown in Figure P6.22(a) is the frequency response H(jw) of a continuous-time

filter referred to as a lowpass differentiator. For each of the input signals x(z) below,
determine the filtered output signal y(z).

(@) x(t) = cos(Qmt + 6)

(b) x(t) = cos(4mt + 0)

(¢) x(1)is a half-wave rectified sine wave of period, as sketched in Figure P6.22(b).
sin2mt, m=<t=(m+1)

x(t) =

0, (m+ %) = t = m for any integer m

H (jw)| +H (jw)

(NIE]

-3

-37 é*rr o) 3m

[SIE]

(b) Figure P6.22
£ 73 Shown in Fionre PA 232 ic |H( i) for a lawnace filter Natermine and cketeh the

Figure 6: Problem description
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solution

5.1 Parta

The relation between the input and output is given by

x(t) = cos(2nt + @) y(t) = |H(2m)| cos(2nt + ¢ + ar}g(H(Qw))

—_— H(UJ)

Figure 7: Output of LTI when input is sinuosidal

Since |H (w)| = %(u then |H 27)| = g and from the phase diagram arg (H (2n)) = % Therefore

y(t) = [H (2m)| cos 27t + 0 + arg (H ((2m))))

_2 (2 t+0+ n)
= 3 cos|2m >
But cos (x + %) = —sin (x), hence the above can be simplified to

y() = —; sin (27t + 0)

5.2 Partb
Since |H (w)| = 0 for w =4, then y(t) =0

5.3 Partc

X(w) =271 2 ;.0 (w — kwy)

Looking at x (t) shows that its period is T = 1. Hence w, = 27. The above becomes

X(w) =271 i a0 (w — k27)

k=—00

Hence
Y (w) = X(w)H (w)

But |[H (w)| = 0 outside |w| = 37. Then only k = 0,k = -1,k = +1 will go through the filter.
Hence

1
Y (w) = (2n ) @b (@ - k271))H(a))
k=-1

= (27 (agd (w) + a_10 (w + 27) + 410 (w — 27))) H (w) (1)



To find ag,a_q,a;. From

1 .
A = — f x () eTkwot gt
Ty Jr,

1
= f x () e k2t gt
0

Looking at x (t) shows that its period is Ty = 1. Hence wy = 27. From above

aozj:x(t)dt

1

= fi sin (27tt) dt
0

_ | cos(2mt) %
[

1
=5 (cosmt—=1)

1
T
And

1
a_lzf x (f) @2t dt

0

1

= f ? sin (27t) @27 dt
0

!
1
And
1 o
4y = f x () e 2t
0

1

= f ? sin (27t) e 2t
0

_J
1

Hence (1) becomes

Y (w) = (271 (16 (w) + 16 (w +2m) - 16 (w - ZH)))H(a})
iy 4 4

(2n (16 (w) + 15 (@ +27) - Ls (w - 2n))) |H (w)| e/ 28 H(@)
iy 4 4

14



At w =0,Y (w) =0 since |H(w)| =0 at w = 0. And at w = 27,

Y (w) = (2n (——)) |H (277)| ¢/ 218 H2m)
“[en [
1

2 .n
22
3

And at w = 27,

Hence the spectrum of Y (w) is

1 1
3 3
—127'(' * I

21
Figure 8: Y(w)

But the above is the Fourier transform of
1
y(t) = 3 cos (2mt)

Which is therefore the output of the filter.

15



6 Problem 6.27 (a,b,c,d)

16

(c) Determine s(0) and s(e0), where s(¢) is the step response of the filter.

6.27. The output y(z) of a causal LTI system is related to the input x(¢) by the differential
equation

% +2y(t) = x(1).

(a) Determine the frequency response

Y(jw)
X(jw)

H(jw) =
of the system, and sketch its Bode plot.

(¢) If x(t) = e 'u(t), determine Y(jw), the Fourier transform of the output.

(b) Specify, as a function of frequency, the group delay associated with this system.

Figure 9: Problem description

solution

6.1 Parta
y' () +2y () = x(t)
Taking the Fourier transform gives
joY (@) +2Y (w) = X (w)
Y (@) (2 +jw) = X ()

Hence

Using Matlab, the following is the Bode plot

clear all;

s =+tf('s");
sys = 1 / (2+s);
bode(sys) ;

grid
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Bode Diagram

0 I
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o
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Magnitude (dB)
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=)
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2
o 451 =
(2]
@
<
o
90 = . . P S ; ; I S S S | . , PR S ——
10t 10° 10? 102
Frequency (rad/s)
Figure 10: Bode plot
6.2 Partb

In class, it was mentioned that group delay is given by derivative of the Phase of the Fourier

transform. Since H (w) = ﬁ, then

arg (H (w)) = —arctan (%)

. d . 1 . .
Hence, using the rule — arctan (ax) = —° then using a = - the derivative of the above
b dx 1+a2x2 2
ecomes

=OIN -

d
g (H (@) = ~—— 2
w
1+(—) w?
2
_ 2
4 + @2
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6.3 Partc

Since x (t) = e'u (t) then now
Y (w) = X(w) H(w) 1)

But

00

x (t) e Tt dt

00

e teTiotdt

X(w) =

=

00

|: e—t(1+jw)
- (1 + ]w) .
1 e—t(1+'w) ®
— (1 +]'a)) [ ] ]0
_
- (1 +jo)
1
14w

o

0-1)

Assuming Re (w) > 1. Hence (1) becomes

1 1
Y(w) = (1 +ja))(2+jw)

6.4 Partd
To find y (t)
1 1 \__A B
1T+jw)\2+jw) 1+jw 2+ jw
Hence A = ( L ) =1land B = (L) = —1. Therefore
2+jw w=j 1+jw w=2j
1 1
Y (w)

:1+ja)_2+ja)

From tables

y(t) = (e‘t - e‘Zt) u (f)
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