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1 Problem 4.1(a), Chapter 4

Find Fourier transform of (a) e=2t=Dy (t - 1)
Solution

X () = f (et

_ f 21 pmicot gy
1

— foo e—ZteZe—ia)tdt
1
— 2 f o t@+iw) gy
1

82 . (1>
— . [e—t(2+lw)]
-2+ iw) 1

Assuming Im (w) < 2 then

2

. (2e+ oy 0]
2

X(w) =

€ -2 ,—iw
:(2+ia))[ et ]

e—l(u

- 2+ iw)

2 Problem 4.3, Chapter 4

Determine the Fourier transform of each of the following periodic signals (a) sin (2711‘ + Z)
4
(b) 1+ cos (6nt + g)

Solution

21 Parta

Since this is periodic signal, then we can not use X (w) = f “x (t) e 7@t dt which is for aperiodic

signal. Instead we need to use 4.22 in the textbook which is

X ()= )] 2nad (@ - kay)
k=—o0
From sin (2nt + %) we see that wy = 27, hence

X(w) = i 21t (w — 2km)

k=—00



Writing sin (a) t+ E) = le"(wot“g)—lfz_]'(“)oipr%) = (LT giwot—( LT ) gmiwot shows that ay = ~e/7
0" T 4] ™ g 2j 2j 2j 1= 9

and a_; = —zlje_j 4 and a; = 0 for all other k. Hence above simplifies to

X(w) =2m (lel%) O(w —2m) + 27 (—l,e_f%) 5 (w + 2m)
2j 2j

= ?6‘]%5 (w—-2m) - ?e_]gé(a) + 27)

2.2 Partb

Since this is periodic signal, then its Fourier transform is

X(w) = i 21a;6 (w — kawg)

k=—0c0

From 1 + cos (6nt + g) we see that wy = 67, hence

X(w) = i 2ma;6 (w — 6km)

k=-c0
Writing 1 + cos (6nt + g) =1+ (%ei(wot+%) + %e_j(%”%)) =1+ (%eigej“’ot + %e_jge‘j“’(’t) shows that
a; = %e’g and a_; = %e_jg and ay = 1. Therefore the above becomes
X(w) =2ma_16 (w + 6m) + 21ayd (w) + 21a16 (w — 67)
= 2m (%e_]%) 5 (@ + 670) + 275 (@) + 27 (%ﬁ) 5 (w - 6m)

= ne_jgé(w + 671) + 270 (W) + nejgé(cu —6m)



3 Problem 4.5, Chapter 4

Use the Fourier transform synthesis equation (4.8) to determine the inverse Fourier transform

ofX ]a) |X ]a) |e;,<X(]w) where |X jw | =2w(w+3)—u(w-23)),4X (]a)) —ga) +77
Solution

4.8 is

x () = % f " X () dtda (4.8)

Hence

X(t) _ 2 f ]w e]AX ]w) ]a)tdw
f 2 (@ 4 3) - u (@ - 3) T ganggy
But u (w + 3) — u(w - 3) is one over w = -3 ---3 and zero otherwise. The above simplifies to

1 j(—§w+n) .
x(H)=— | 24\ 2 ed¥dw
21 -3

1 3 .3
= —f e 2%Vt d gy
TTJ_3

_ g ej(—g+t)a)da)
T J3
B i j(—§+t)w _ e](_ngt)m
ut ¢™ = -1 and fe dw = ———, hence the above becomes
i(-3+)
3
x(t) = %1+ [ej(_;H)W]
j (_E + t) -3
1 e]3(——+t) _ e—]S(—§+t)
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4 Problem 4.11, Chapter 4

Given the relationships y (t) = x (t)®h () and g (t) = x (3t)®h (3t) and given that x (f) has Fourier
transform X (]a)) and £ () has Fourier transform H (ja)), use Fourier transform properties to
show that g(f) has the form g (t) = Ay (Bt). Determine the values of A and B

Solution

The main relation to use is that if y (f) & Y (v) then y (at) = %Y( ) Therefore x (3t) &

%X(%) and 1 (3t) = %H(;—)) Hence since g (t) = x (3t) ® h (3t) then

6w =3x(5)31(3)

(2x(2)n(2)

But X(%) H(—) = Y(ﬂ). Therefore the above becomes

3 3
our-(0x3)

1
3

Inverse Fourier transform gives

1
g = 3V (3t)

Where in the above, we used %Y(g) < y(3t). Hence A =

1
5/

B=3



5 Problem 4.19, Chapter 4

Consider a causal LTI system with frequency response H (]a)) = ]m%g, For a particular input

x(t) this system is observed to produce the output y (t) = e7>'u (t) — e~#u (). Determine x (t).

Solution
y@) =xt)@h(t)

Taking Fourier transform gives

Y (w) = X(w)H (w)
Hence Y (@)
w
X = Hw

1 1 (4+jw)—(3+jw) 1

But y (t) = e3u (t)—e~*u (t), therefore, from table Y (w) = Crvmirer iy s e Ml EVER v

and the above becomes .

(3+ja)) (4+ja))

X(w) = H@)

But we are given that H (]a)) = . The above simplifies to

jw+3°

1

(3+ja)) (4+ja))
1
jw+3

1
Ao

X(w) =

From tables
x () = e *u (b



6 Problem 4.23, Chapter 4

4.23. Consider the signal

=1 0=1=1
0 0, elsewhere

Determine the Fourier transform of each of the signals shown in Figure P4.23. You
should be able to do this by explicitly evaluating only the transform of xy(f) and
then using properties of the Fourier transform.

x4(t) Xo(t)
Xo(—t) Xo(t) Xo(t)

(@) (b)
Xolt +1) Xt o) x4(t)
uo(t)
-1 0 1 t 0 1 t
(©) (@ Figure P4.23

Figure 1: Problem description

Solution



6.1 Parta

First we find the Fourier transform of x (). Since this is a periodic, then x; () < X, () and

Xy (@) = f " o (B et

1
= f e“te ot dt
0
1 —t(1+'w)
= f e\ gt
0

1 i) ]1

T 1tjo s

-1 (e_(“j“’) _ 1)

"1 + jw
1-— e—(1+jw)
1+jw

From table 4.1, property 4.3.5, Fourier transform of x (-f) = X (-w). Hence x, (-t) &= X, (-w).
Therefore, using the above result and taking its complex conjugate gives

1 ¢ (150)
X, (-0) = f_ﬁ



Therefore the Fourier transform of xq (t) + xo (-t) &= X; (w) = Xy (w) + Xy (-w) This is by
linearity property. Hence
Xq (w) = X (w) + Xp (-w)
1-— e—(l+]'a}) 1-— e—(l—ja})
Ttjo  1-jo
(1-jw) (1 - e‘(“f“)) +(1+jw) (1 - e_(l_j“’))
(1+jw)(1-jo)
1 - ¢ (14%) - jw (1 - e_(1+j“’)) + (1 - e_(l_j“’)) + jw (1 - e_(l_j“)))

1+ w?
1— ¢ (14@) - jw +ja)e_(1+j“)) + (1 - e_(l_jw)) +jw —ja)e_(l_jw)
- 1+ w?
1— ¢ (1+j@) +ja)e_(1+j‘”) +1-¢(17%) —ja)e_(l_j‘”)
1+ w?
-l +jwe eV +1 - e — jwe el
1+ w?
1-e¢! (ej‘" + e‘j“’) — jwe™! (ej‘" - e‘f“’)
1+ w?
N
:1+a)2_1+a)2(ejw+€]w)+1+a)2 j
1 2 2w _
= e(1+a)2) cos w + msma)

The following is a plot of the above

2e'Cos[w] 2ewSin[w]
mySol = - + H
14+ w? 14+ w? 14+ w?

Plot [mySol, {w, -Pi, Pi}, Ticks -» {Range[-Pi, Pi, Pi/ 2], Automatic},
AxesLabel -» {"w", "X(w)"}, BaseStyle - 12,
GridLines » {Range[-Pi, Pi, Pi/ 2], Automatic}, GridLinesStyle - LightGray,
PlotStyle » Red]

X(w)

1.2

Figure 2: Plot of X(w)



10

We see that X; (w) is even and real. This agrees with table 4.1, property 4.3.3 which says
that for real x () which is even, then its Fourier transform is real and even.

6.2 Partb

1_8—(1+ja)) 1_6—(1—]'(1)) 1_6—(1—]@)
o above. Hence —x (-t) &= -X; (-w) = - e T e There-

We found X, (w) =
fore

X () = Xp (w) = Xo (-w)
1-¢ () 1 (150)

1+jw " jw -1
(jw -1) (1 - e‘(“f“’)) +(1+jw) (1 - e‘(l‘fw))

(1+jw) (jo -1)
jw (1 - e_(1+j“’)) - (1 - e_(1+jw)) + (1 - e_(l_j‘”)) + jw (1 - e_(l_jw))
jo -1-w?-jw
jw — jwe 119) Z1 4 ¢ (1490) 11 o (599) 4y — jge(1579)
- (1 + a)z)
2jw —ja)e_(Hj(”) + o (1+iw) _ (1) —ja)e_(l_j(”)
- (1 + a)z)

2jw — jwe te TV + e leIV — el — jwelel

jw —w? -2
2jw — jwe™! (ej‘” + e‘f“’) —e! (ef“’ - e‘f‘")
B —@+wﬂ
_ e jwe™ (ef“’ ! e‘f“’) —et o e
—(1+cu2) —(1+a)2)
2jw 4 Cosw .1 sin(w)

Hence

2w Cos @ sin (w)
+ 2w

(1+a?) c(l+w?)  e(l+a?)
J

= —— (-2ew + 2w cos w + 2sin (w))
e (1 + a)2)

Xy () =]

We see that X, (w) is pure imaginary. This agrees with table 4.1, property 4.3.3 which says
that for real x (f) which is odd, then its Fourier transform is pure imaginary and odd.

The following is a plot of the above which shows that the imaginary part of X, (w) is odd



Clear["Global +"];

mySol = I/ (EXp[1] (1+W"2)) % (-2EXp[1] w+ 2w Cos[w] +2#Sin[w]);

Plot [Im[mySol], {w, -Pi, Pi}, Ticks » {Range[-Pi, Pi, Pi/ 2], Automatic},
AxesLabel -» {"w", "Im(X(w))"}, BaseStyle- 12,
GridLines » {Range[-Pi, Pi, Pi/ 2], Automatic}, GridLinesStyle - LightGray,
PlotStyle - Red]

Im(X(w))

1
>
3

-0.5

Figure 3: Plot of imaginary part of X(w)

11
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7 Problem 4.26, Chapter 4

4.26. (a) Compute the convolution of each of the following pairs of signals x(7) and h(?)
by calculating X(jw) and H(jw), using the convolution property, and inverse
transforming.

@) x(t) = te Zu(@), () = e Mu(t)
(i) x(t) = te 2u(t), h(t) = te " u(r)
(iii) x(2) = e "u(@), h(@®) = e'u(—1)

(b) Suppose that x(r) = e~ "Dy(t—2) and h(?) is as depicted in Figure P4.26. Ver-
ify the convolution property for this pair of signals by showing that the Fourier
transform of y(¢) = x(¢) * h(t) equals H(jw)X(jw).

-1 3 t  Figure P4.26

Figure 4: Problem description

Solution

7.1 Parta

Part i
y@)=x{t)@h(t)

Taking Fourier transform the above, convolution becomes multiplication
Y (w) = X(w)H (w)

Given that x () = te 2y (¢), then from tables X (w) = — > and given that & (t) = e*u (t) then

(2+j(u)
from table 4.2 H (w) = ﬁ. Hence the above becomes
1
Y (w) = 5

(2 +jw) (4 +ja))



13

Doing partial fractions. Let s = jo then
1 A B C
. = 5 + +
+s)°(4+s) (Q+s)° 2+s 4+s
_A(d+5)+B(2+5)(4+5)+CQ2+5)
2+5)° (4 +5)

Expanding numerator

1 =4A + 8B +4C + Bs?> + Cs* + As + 6Bs + 4Cs
1=(4A+8B+4C)+s(A+6B+4C)+s*>(B+C)

Comparing coefficients

1=4A+8B+4C
0=A+6B+4C
0=B+C

o =
_ oo ®

4
4
1

0O 9 >

1
=10
0

Gaussian elimination. Multiplying second row by 4 and subtracting result from first row
gives

4 8 4)(A 1

0 16 12||B|=|-1

0 1 1){C 0

Multiplying third row by 16 and subtracting result from second row gives

4 8 4)(A 1
0 16 12|[B|=[-1
0 0 4)(C 1
Backsubstitution. Last row gives C = 411' Second row gives 16B +12C = -1 or 16B = -1-12 (i),

hence 16B = -4, Hence B = —i. First row gives 4A +8B +4C =1 or 4A +8 (—i) +4 (i) =1or

4A-2+1=1. Hence A = % Therefore partial fractions gives

L) )

Q+5)2@+s) (2+s° 2+s 4+s

Replacing s back with jw

1 1 1 +1 1
2__ . - .
(2+]'a)) 42+ jw 44 +jw

Y (w) =

N =
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Applying inverse Fourier transform, using table gives

1 1 1
_ LDt Lo L4t
y(t) = 2te u(t) 46 u(t)+4e u(t)

Part ii
y@)=x{t)@h(t)

Taking Fourier transform the above, convolution becomes multiplication
Y(w) = X (w) H(w)

Given that x(f) = te2u (#), then from tables X (v) = — > and given that h(t) = te™#u (t)

2+ja))

then from table 4.2 H (w) = Hence the above becomes

(4+ja))2 .

1
Y(w) = 2 2
(2 + ja)) (4 + ja))
Doing partial fractions. Let s = jw then
1 A B C D

2 2 = 2t + 2t
Q+9) (4+5)° (Q+s5)° 2+5 (4+4s)° (@+s)
AW+ +B(Q+9)(@4+5)7)+C2+9)°+D(2+9)° @ +59))
B 2+5)* (4 +s)

Expanding numerator

1 =16A + 32B + 4C + 16D + 20sD + As% + 10Bs? + Bs® + Cs? + 852D + s°D + 8As + 32Bs + 4Cs
1= (16A+32B +4C +16D) + s (20D + 8A + 32B + 4C) + s> (A + 10B + C + 8D) + s* (B + D)

Comparing coefficients

1=16A+32B+4C +16D
0=8A+32B+4C + 20D
0=A+10B+C+8D

0=B+D

Or
16 32 4 16\(A) (1
8 32 4 20(|B| |0
1 101 8l|lc| |o
0 1 0 D) \o
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Gaussian elimination. replacing row 2 by result of subtracting 1/2 times row 1 from row 2

16 32 4 16)(A) (1
0 16 2 12(|B| |-
1 101 8f|c| |o
o 10 1)ip) (o

Replacing row 3 by result of subtracting % times row 1 from row 3

16 32 4 16)(A 1
0 16 2 12||B —%
3 =
0o 8 2 7|lc| |-
0o 1 0 1]lD 0

Replacing row 3 by result of subtracting % times row 2 from row 3

16 32 4 16)\(A) (1
0162128—%

-1 =\l 3
0o 0 + 1llc| |3
o 1 0 1J]\p) |o

Replacing row 4 by result of subtracting %6 times row 2 from row 4

16 32 4 16)(A) (1
0 16 2 12|[B| |-
00%1(:_%

-1 1 1
00 5 )W) \5

Replacing row 4 by result of subtracting % times row 3 from row 4

16 32 4 16|(A 1
0 16 2 12|({B| |[—-3

0 0 = 1]lc| f—?
o o o Z)b) (=
4 16
Backsubstitution phase:
-1 -1
471
1
D=-
4
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Third row gives ;C +D = % or _IlC + i = % - C= 31. Second row gives 16B + 2C +12D =

~ or 168 + 2(}1) + 12(}1) = -2 — B = —. First row gives 16A + 328 + 4C + 16D = 1 or

1 1 1 1
16A+32(_Z)+4(Z)+16(4_1):1’_>A:Z

Therefore partial fractions gives

1 __A B _C D
Q2+ @+s)° (2457 2+s (4+s5)? (“4+5)
1 1 11 1 1 1 1
= - - = + - + -
42+5)? 42+s 4@+s? 4@+s)

Replace s back with jw
1 1 1 N 1 1 N 1 1
(2+' )2 42 +jw 4( -V 4(4+'a))
jw 4+ ]a)) J
Applying inverse Fourier transform, using table gives

y () = gteu () = g u ) + gteu ) + e tu (b)

Y (w) =

N

Part iii
y@) =xt)@h(t)

Taking Fourier transform the above, convolution becomes multiplication

Y (w) = X(w)H (w)

Given that x (t) = e”'u (t), then from tables X (w) = (1:—) and given that h (t) = e'u (-t) then
jw
H(w) = ﬁ Hence the above becomes
1 1

Y (w) =

(1 +jo) (1-jaw)
Doing partial fractions. Let s = jw then

1 1 A B
Q+51-s) (0+s) 1-3

1 1 1 1
Hence A = ((1_5))52_1 =3 and B = ((l+s)) . =3 Hence

[9)

1 1 1

Y(O)): (1+]w)+§1_]a)

N =

Therefore , ,
_ St Zob(
y(t)—ze u(t)+23u( t)

The above means for t <0,y () = %ef and for t > 0,y (t) = %e‘t.



7.2 Partb

x()=e Dy (t-2), h(t) =u(t+1)—u(t-3). Let us first find X (w) and H (w)

X (@) = f Dy (¢ - 2) ety

—00

= f e~ (=2t 4y
2

00 .
= f etele it dt
2

_ Q2 0 0+iw) 44

2

2 0
[e—t(1+jw)]

e
2

1+ jw
__ 62’ (0 B e_z(l+jw))
1+jw

20 2(14iw)

1+jw
e—2—2j(u+2

C l+jw
2w

1 +jw
And

H(a)):foou(t+1)—u(t—3)e‘f°"tdt

= f et dy
-1

1 \3
= ]E (g_](Ut)_l

— ]la) (e—Sja) _ ejwt)

— le—j(u (e—jZa) _ ejZa)t)
jw
1 . y
= (e]2wt —e ]Zw)
jw
1 . (2wt _ pj2w
= ——e_]w _—
w J

2 .
= ——e ¥ sin Qw)
W

17
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Hence
Y (w) = H(w) X (w)
—2jw 2 .
- . (——e_]“’ sin (2a)))
l1+jw\ w
= — = _¢2we@ sin (2w
w (1 +jw) )
-2 )
= —6_3]w sin (2&)) (1)
@ (1 +jw
Now,

y(t)=x(t)@h(t)
= f‘x’ x(t)h(t-1)dr

Folding h (t). For t <1, then y(t) =0. For2<1+t<6o0orl<t<5

1+t
y (t) :f2 x (1) dt

1+t
= f e (2dr
2

1+t

(e( 2))
(e (1+£-2) _ p=(2~ 2))
(e (-1+t) _ )

For6<l+tort>5

t+1
y(t) = ft_3 x (1) dr

t+1
= f e (724
-3

- _ (e—(f—Z)):t

— (e~ (1+t-2) _ e—(t—3—2))

(
= _ (e—(—1+t) _ e—(t—S))
E

= _ (et = eS—t)
_ Pt _ ol
Hence
0 t<1
yt)=2 1-e*  1<t<5
et — el t>5



The above can be written as y (f)

y =(1-e")ut-1)-u-5)+ (" —e)ut-5)

19

=u(t-1)-u(t-5 - ut-1)-u(t-5)+(&" - u(t-5)

=u(t-1)—-u(-5-etu@-1)+etu(t-5)+e>tut-

=u(t-1)-u(-5-etut-1)+etu(t->5)

Taking the Fourier transform of the above from tables
1
u(t-1) = —e’ + 1o (w)
jw

1 ‘
u(t-5) = —e % + 116 (w)
jw

—jw
1-t
t-1) <
eu( ) 1+ jw
5 -5jw
Ty (t-5) =
eu( ) 1+ jw

Hence Y (w) is

1 . 1 e

Y(w) = —e7Y + 16 (w) — [ —e™% + o (w) | — _
Jw Jw 1+jw

—jw ~Sjw

= .le‘f“ - .le‘5f“’ LA
jw jw 1+jw 1+jw
—3jw —jw -5jw

S S T )
w \] Ji 1+jw 1+jw

—3jw ) e~ 3jw

2 (sin2w) — ,
w 1+jw
—3jw =3jw
2 (sin2w) — 2-
@ jtw

(Eij _ e—2jw)

sin 2w

e (11
=2e%gsin2w|— - ——
0 jtw
= 2¢7%% sin 2w ]-I-w——a)
a)(w+j)
]
w(a)+j)

= 2¢7%% sin 2w

= —2¢73% sin 20 ——
w (1 + ]a))

Comparing the above to (1) shows they are the same.

5) — ety (t - 5)

(2)

e~djw

1+jw

Hence this shows that Fourier transform of x (t) ® I () gives same answer as H () X (w)
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