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1 Problem 3 Chapter 3

For the continuous-time periodic signal 𝑥 (𝑡) = 2 + cos �2𝜋3 𝑡� + 4 sin �5𝜋
3 𝑡� determine the fun-

damental frequency 𝜔0 and the Fourier series coe�cients 𝑎𝑘 such that 𝑥 (𝑡) = ∑∞
𝑘=−∞ 𝑎𝑘𝑒𝑗𝑘𝜔0𝑡

Solution

The signal cos �2𝜋3 𝑡� has period
2𝜋
𝑇1

= 2𝜋
3 . Hence 𝑇1 = 3 and the signal sin �5𝜋

3 𝑡� has period
2𝜋
𝑇2

= 5𝜋
3 or 𝑇2 =

6
5 . Therefore the LCM of 3, 65 is

3𝑚 =
6
5
𝑛

𝑚
𝑛

=
2
5

Hence 𝑚 = 2 and 𝑛 = 5. Therefore 𝑇0 = 6. Therefore

𝜔0 =
2𝜋
𝑇0

=
2𝜋
6

=
𝜋
3

Hence

𝑥 (𝑡) =
∞
�
𝑘=−∞

𝑎𝑘𝑒𝑗𝑘𝜔0𝑡 (1)

Where

𝑎𝑘 =
1
𝑇0

�
𝑇
2

−𝑇
2

𝑥 (𝑡) 𝑒−𝑗𝑘𝜔0𝑡 (2)

To find 𝑎𝑘 for the given signal, instead of using the above integration formula, we could
write the signal 𝑥 (𝑡) in exponential form using Euler relation and just read the 𝑎𝑘 coe�cients
directly from the result. The signal 𝑥 (𝑡) can be written as

𝑥 (𝑡) = 2 +
𝑒𝑗

2𝜋
3 𝑡 + 𝑒−𝑗

2𝜋
3 𝑡

2
+ 4

𝑒𝑗
5𝜋
3 𝑡 − 𝑒−𝑗

5𝜋
3 𝑡

2𝑖

= 2 +
𝑒𝑗2𝜔0𝑡 + 𝑒−𝑗2𝜔0𝑡

2
+ 4

𝑒𝑗5𝜔0𝑡 − 𝑒−𝑗5𝜔0𝑡

2𝑖

= 2 +
1
2
𝑒𝑗2𝜔0𝑡 +

1
2
𝑒−𝑗2𝜔0𝑡 + 2𝑖𝑒𝑗5𝜔0𝑡 − 2𝑖𝑒−𝑗5𝜔0𝑡 (3)

Comparing (3) to (1) shows that the coe�cients are

𝑎0 = 2

𝑎2 =
1
2

𝑎−2 =
1
2

𝑎5 = 2𝑗
𝑎−5 = −2𝑗
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2 Problem 10 Chapter 3

Let 𝑥 [𝑛] be real and odd periodic signal with period 𝑁 = 7 and Fourier coe�cients 𝑎𝑘.
Given that 𝑎15 = 𝑗, 𝑎16 = 2𝑗, 𝑎17 = 3𝑗, determine the values of 𝑎0, 𝑎−1, 𝑎−2, 𝑎−3.

Solution

For discrete signal

𝑥 [𝑛] =
𝑁−1
�
𝑘=0

𝑎𝑘𝑒𝑗𝑘𝜔0𝑛

=
𝑁−1
�
𝑘=0

𝑎𝑘𝑒
𝑗𝑘 2𝜋𝑁 𝑛

Where

𝑎𝑘 =
1
𝑁

𝑁−1
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘𝜔0𝑛

=
1
𝑁

𝑁−1
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘
2𝜋
𝑁 𝑛

Since the signal 𝑥 [𝑛] is real, then we know that 𝑎𝑘 = 𝑎∗−𝑘. And since 𝑥 [𝑛] is odd then we
know that 𝑎𝑘 is purely imaginary and odd. The Fourier coe�cients repeat every 𝑁 samples
which is 7. Hence 𝑎15 = 𝑎9 = 𝑎1 and 𝑎16 = 𝑎9 = 𝑎2 and 𝑎17 = 𝑎10 = 𝑎3. And since 𝑎𝑘 is odd
then

𝑎0 = 0
𝑎1 = −𝑎−1
𝑎2 = −𝑎−2
𝑎3 = −𝑎−3

But we know from above that 𝑎1 = 𝑎15 = 𝑗 and 𝑎2 = 𝑎16 = 2𝑗 and 𝑎3 = 𝑎17 = 3𝑗 then the above
gives

𝑎0 = 0
𝑎−1 = −𝑗
𝑎−2 = −2𝑗
𝑎−3 = −3𝑗
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3 Problem 16 Chapter 3

Chap. 3 Problems 253 

3.13. Consider a continuous-time LTI system whose frequency response is 

I x sin(4w) 
H(jw) = -x h(t)e-jwtdt = w 

If the input to this system is a periodic signal 

x(t) = { ~ l, O:s:t<4 
4:St<8 

with period T = 8, determine the corresponding system output y(t). 

3.14. When the impulse train 

x[n] = L o[n - 4k] 
k=-X 

is the input to a particular LTI system with frequency response H(eiw), the output 
of the system is found to be 

(57T 7T) y[n] = cos 2 n + 4 . 

Determine the values of H(eikrr/2 ) fork = 0, 1, 2, and 3. 

3.15. Consider a continuous-time ideallowpass filterS whose frequency response is 

H(jw) = { 1, 
0, 

lwl :s: 100 
lwl > 100 · 

When the input to this filter is a signal x(t) with fundamental period T = 1r/6 and 
Fourier series coefficients ak. it is found that 

s 
x(t) ~ y(t) = x(t). 

For what values of k is it guaranteed that ak = 0? 

3.16. Determine the output of the filter shown in Figure P3.16 for the following periodic 
inputs: 
(a) x 1[n] = (-1)" 
(b) x2[n] = 1 + sin(3; n + 'i-) 
(c) x3[n] = ~~=-oc(~r-4ku[n- 4k] 

"IT 57r 
3 12 

"IT 

Figure P3.16 

Figure 1: Problem description

Solution

The output of discrete LTI system when the input is 𝑥 [𝑛] = 𝑎𝑛𝑒𝑗𝑛𝜔 is given by 𝑦 [𝑛] =
𝑎𝑛𝐻�𝑒𝑗𝜔� 𝑒𝑗𝑛𝜔 where 𝐻�𝑒𝑗𝜔� is given to us in the problem statement. Hence, to find 𝑦 [𝑛] we
need to express each input in its Fourier series representation in order to determine the
𝑎𝑛.

3.1 Part a

Here 𝑥1 [𝑛] = (−1)𝑛 = �𝑒𝑗𝜋�
𝑛
= 𝑒𝑗𝑛𝜋. To find the period𝑁, let 𝑥1 [𝑛] = 𝑥1 [𝑛 + 𝑁] or

𝑒𝑗𝑛𝜋 = 𝑒𝑗(𝑛+𝑁)𝜋

= 𝑒𝑗𝑛𝜋𝑒𝑗𝑁𝜋

Hence 𝑁 = 2. Therefore 𝜔0 =
2𝜋
𝑁 = 2𝜋

2 = 𝜋 and 𝑥1 [𝑛] = ∑𝑁−1
𝑘=0 𝑎𝑘𝑒𝑗𝑘𝜔0𝑛 = 𝑎0+𝑎1𝑒𝑗𝜋𝑛. Comparing

this to 𝑒𝑗𝑛𝜋 shows that

𝑎0 = 0
𝑎1 = 1

Now that we found the Fourier coe�cients for 𝑥1 [𝑛] then the output is

𝑦1 [𝑛] =
𝑁−1
�
𝑘=0

𝑎𝑛𝐻�𝑗𝑘𝜔0� 𝑒𝑗𝑛𝑘𝜔0

= 𝑎0𝐻 (0) 𝑒0 + 𝑎1𝐻�𝑗𝜋� 𝑒𝑗𝑛𝜋

But 𝑎0 = 1, 𝑎1 = 1 and the above becomes

𝑦1 [𝑛] = 𝐻 �𝑗𝜋� 𝑒𝑗𝑛𝜋

From the graph of 𝐻�𝑗𝑘𝜔0� given, we see that at 𝜔 = 𝜋,𝐻 �𝑗𝜋� = 0. Therefore

𝑦1 [𝑛] = 0
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3.2 Part b

Here 𝑥2 [𝑛] = 1 + sin �3𝜋
8 𝑛 +

𝜋
4
�. The first step is to find the period 𝑁

𝑥2 [𝑛] = 𝑥2 [𝑛 + 𝑁]

1 + sin �
3𝜋
8
𝑛 +

𝜋
4 �

= 1 + sin �
3𝜋
8

(𝑛 + 𝑁) +
𝜋
4 �

= 1 + sin �
3𝜋
8
𝑛 +

3𝜋
8
𝑁 +

𝜋
4 �

= 1 + sin ��
3𝜋
8
𝑛 +

𝜋
4 �

+
3𝜋
8
𝑁�

Hence 3𝜋
8 𝑁 = 2𝜋𝑚 or 𝑁

𝑚 = 16
3 . Since these are relatively prime, then 𝑁 = 16 is the funda-

mental period. Therefore

𝑥2 [𝑛] =
𝑁−1
�
𝑘=0

𝑎𝑘𝑒𝑗𝑘𝜔0𝑛

where 𝜔0 =
2𝜋
𝑁 = 2𝜋

16 = 𝜋
8 . The above becomes

𝑥2 [𝑛] =
15
�
𝑘=0

𝑎𝑘𝑒
𝑗𝑘𝜋8 𝑛 (1)

But

1 + sin �
3𝜋
8
𝑛 +

𝜋
4 �

= 1 +
𝑒
𝑗� 3𝜋8 𝑛+𝜋

4 � − 𝑒
−𝑗� 3𝜋8 𝑛+𝜋

4 �

2𝑗

= 1 +
1
2𝑗
𝑒𝑗

3𝜋
8 𝑛𝑒𝑗

𝜋
4 −

1
2𝑗
𝑒−𝑗

3𝜋
8 𝑛𝑒−𝑗

𝜋
4 (2)

Comparing (1) and (2) shows that 𝑎0 = 1, 𝑎3 = 1
2𝑗𝑒

𝑗𝜋4 , 𝑎−3 = − 1
2𝑗𝑒

−𝑗𝜋4 . But 𝑎−3 = 𝑎−3+16 = 𝑎13
due to periodicity (and since we want to keep the index from 0 to 15. Therefore

𝑎0 = 1

𝑎3 =
1
2𝑗
𝑒𝑗

𝜋
4

𝑎13 = −
1
2𝑗
𝑒−𝑗

𝜋
4

And all other 𝑎𝑘 = 0. Now that we found the Fourier coe�cient, then the response 𝑦2 [𝑛] is
found from

𝑦2 [𝑛] =
𝑁−1
�
𝑘=0

𝑎𝑛𝐻�𝑗𝑘𝜔0� 𝑒𝑗𝑘𝑛𝜔0

= 𝑎0𝐻 (0) + 𝑎3𝐻�𝑗3
𝜋
8
� 𝑒𝑗3

𝜋
8 𝑛 + 𝑎13𝐻�𝑗13

𝜋
8
� 𝑒𝑗13

𝜋
8 𝑛

= 𝐻 (0) + �
1
2𝑗
𝑒𝑗

𝜋
4 �𝐻 �𝑗

3𝜋
8 � 𝑒𝑗

3𝜋
8 𝑛 + �−

1
2𝑗
𝑒−𝑗

𝜋
4 �𝐻 �𝑗

13𝜋
8 � 𝑒𝑗

13𝜋
8 𝑛

From the graph of 𝐻�𝑗𝑘𝜔0� given, we see that at 𝜔 = 0,𝐻 (0) = 0 and at 𝜔 = 3𝜋
8 , 𝐻 �𝑗3𝜋8 � = 1

and that at 𝜔 = 13𝜋
8 , 𝐻 �𝑗13𝜋8 � = 1. Hence the above becomes

𝑦2 [𝑛] = �
1
2𝑗
𝑒𝑗

𝜋
4 � 𝑒𝑗

3𝜋
8 𝑛 + �−

1
2𝑗
𝑒−𝑗

𝜋
4 � 𝑒𝑗

13𝜋
8 𝑛

But 𝑒𝑗
13𝜋
8 𝑛 = 𝑒𝑗

−3𝜋
8 𝑛 since period is 𝑁 = 16. Therefore the above simplifies to

𝑦2 [𝑛] = �
1
2𝑗
𝑒𝑗

𝜋
4 � 𝑒𝑗

3𝜋
8 𝑛 + �−

1
2𝑗
𝑒−𝑗

𝜋
4 � 𝑒𝑗

−3𝜋
8 𝑛

=
𝑒
𝑗�𝜋4 +

3𝜋
8 𝑛�

− 𝑒
−𝑗�𝜋4 +

3𝜋
8 𝑛�

2𝑗

= sin �
3𝜋
8
𝑛 +

𝜋
4 �
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4 Problem 20 Chapter 3

254 Fourier Series Representation of Periodic Signals Chap.3 

3.17. Consider three continuous-time systems S1, S2, and S3 whose responses to a complex 
exponential input ei51 are specified as 

sl : ej5t --7 tej5t, 

S2 : ej5t ----7 ejS(t-1), 

S3 : ei51 ----7 cos(St). 

For each system, determine whether the given information is sufficient to conclude 
that the system is definitely not LTI. 

3.18. Consider three discrete-time systems S1, S2, and S3 whose respective responses to 
a complex exponential input ei""12 are specified as 

sl : ej7rnl2 ----7 ejmz/2u[n], 

s2 : ej7rn/2 ----7 ej37rnl2, 

s3 : ej7rn/2 --7 2ej57rn/2. 

For each system, determine whether the given information is sufficient to conclude 
that the system is definitely not LTI. 

3.19. Consider a causal LTI system implemented as the RL circuit shown in Figure P3.19. 
A current source produces an input current x(t), and the system output is considered 
to be the current y(t) flowing through the inductor. 

1f1 

Figure P3. 19 

(a) Find the differential equation relating x(t) and y(t). 
(b) Determine the frequency response of this system by considering the output of 

the system to inputs of the form x(t) = eiwt. 
(c) Determine the output y(t) if x(t) = cos(t). 

3.20. Consider a causal LTI system implemented as the RLC circuit shown in Figure 
P3.20. In this circuit, x(t) is the input voltage. The voltage y(t) across the capac­
itor is considered the system output. 

+ 
x(t) 

R=1H L=1H 

Figure P3.20 

Chap. 3 Problems 255 

(a) Find the differential equation relating x(t) and y(t). 
(b) Determine the frequency response of this system by considering the output of 

the system to inputs of the form x(t) = ejwr. 
(c) Determine the output y(t) if x(t) = sin(t). 

BASIC PROBLEMS 

3.21. A continuous-time periodic signal x(t) is real valued and has a fundamental period 
T = 8. The nonzero Fourier series coefficients for x(t) are specified as 

Express x(t) in the form 

a,= a*_ 1 = j,as =a-s= 2. 

x(t) = L Ak cos(wkt + cf>k). 
k=O 

3.22. Determine the Fourier series representations for the following signals: 
(a) Each x(t) illustrated in Figure P3.22(a)-(f). 
(b) x(t) periodic with period 2 and 

x(t) = e -r for - 1 < t < 1 

x(t) 

x(t) 

~ I / , I ~ / 
-5 -4 -3 -2 -1 2 3 4 5 

(b) 

x(t) 

~ 
(c) Figure P3.22 

Figure 2: Problem description

Solution

4.1 Part a

Input voltage is 𝑥 (𝑡). Hence drop in voltage around circuit is

𝑥 (𝑡) = 𝑅𝑖 (𝑡) + 𝐿
𝑑𝑖
𝑑𝑡

+ 𝑦 (𝑡)

Now we need to relate the current 𝑖 (𝑡) to 𝑦 (𝑡). Since current across the capacitor is given
by 𝑖 (𝑡) = 𝐶𝑑𝑦

𝑑𝑡 then replacing 𝑖 (𝑡) in the above by 𝐶𝑑𝑦
𝑑𝑡 gives the di�eential equation

𝑥 (𝑡) = 𝑅𝐶
𝑑𝑦
𝑑𝑡

+ 𝐿𝐶
𝑑2𝑦
𝑑𝑡2

+ 𝑦 (𝑡)

Or
𝐿𝐶𝑦′′ (𝑡) + 𝑅𝐶𝑦′ (𝑡) + 𝑦 (𝑡) = 𝑥 (𝑡)

But 𝐿 = 1, 𝑅 = 1, 𝐶 = 1 therefore

𝑦′′ (𝑡) + 𝑦′ (𝑡) + 𝑦 (𝑡) = 𝑥 (𝑡)

4.2 Part b

Let the input 𝑥 (𝑡) = 𝑒𝑗𝜔𝑡. Therefore 𝑦 (𝑡) = 𝐻 (𝜔) 𝑒𝑗𝜔𝑡 where 𝐻 (𝜔) is the frequency response
(Book writes this as 𝐻�𝑒𝑗𝜔� but 𝐻 (𝜔) is simpler notation).

Hence

𝑦′ (𝑡) = 𝐻 (𝜔) 𝑗𝜔𝑒𝑗𝜔𝑡

𝑦′′ (𝑡) = 𝐻 (𝜔) �𝑗𝜔�
2
𝑒𝑗𝜔𝑡

= −𝐻 (𝜔)𝜔2𝑒𝑗𝜔𝑡
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Substituting the above into the ODE gives

−𝐻 (𝜔)𝜔2𝑒𝑗𝜔𝑡 + 𝐻 (𝜔) 𝑗𝜔𝑒𝑗𝜔𝑡 + 𝐻 (𝜔) 𝑒𝑗𝜔𝑡 = 𝑒𝑗𝜔𝑡

Dividing by 𝑒𝑗𝜔𝑡 ≠ 0 results in

−𝐻 (𝜔)𝜔2 + 𝐻 (𝜔) 𝑗𝜔 + 𝐻 (𝜔) = 1

Solving for 𝐻 (𝜔) gives

𝐻 (𝜔) �−𝜔2 + 𝑗𝜔 + 1� = 1 (1)

𝐻 (𝜔) =
1

−𝜔2 + 𝑗𝜔 + 1

4.3 Part c

Since we now know 𝐻 (𝜔) then the output 𝑦 (𝑡) when the input is 𝑥 (𝑡) = sin (𝑡) is given by

𝑦 (𝑡) =
∞
�
𝑘=−∞

𝑎𝑘𝐻 (𝑘𝜔0) 𝑒𝑗𝑘𝜔0𝑡 (2)

Where 𝑎𝑘 are the Fourier coe�cients of sin (𝑡) and 𝜔0 is the fundamental frequency of 𝑥 (𝑡).
Since sin (𝑡) = sin �2𝜋

𝑇 𝑡� then
2𝜋
𝑇 = 1 and 𝑇 = 2𝜋. Hence 𝜔0 = 1. And since sin (𝑡) = 1

2𝑗
�𝑒𝑗𝑡 − 𝑒−𝑗𝑡�

then 𝑎1 =
1
2𝑗 , 𝑎−1 = − 1

2𝑗 . Eq. (2) becomes

𝑦 (𝑡) = 𝑎−1𝐻 (−𝜔0) 𝑒−𝑗𝜔0𝑡 + 𝑎1𝐻 (𝜔0) 𝑒𝑗𝜔0𝑡

= −
1
2𝑗
𝐻 (−1) 𝑒−𝑗𝑡 +

1
2𝑗
𝐻 (1) 𝑒𝑗𝑡 (3)

Now we need to find 𝐻 (−1) ,𝐻 (1). From (1)

𝐻 (−1) =
1

− (−1)2 − 𝑗 (−1) + 1

=
1

−1 + 𝑗 + 1

=
1
𝑗

And

𝐻 (+1) =
1

− (+1)2 − 𝑗 (+1) + 1

=
1

−1 − 𝑗 + 1

=
1
𝑗

Therefore (3) becomes

𝑦 (𝑡) = −
1
2𝑗
1
𝑗
𝑒−𝑗𝑡 +

1
2𝑗
1
𝑗
𝑒𝑗𝑡

= −
1
2𝑗2

𝑒−𝑗𝑡 +
1
2𝑗2

𝑒𝑗𝑡

=
1
2
𝑒−𝑗𝑡 −

1
2
𝑒𝑗𝑡

= − �
1
2
𝑒𝑗𝑡 −

1
2
𝑒−𝑗𝑡�

Hence
𝑦 (𝑡) = − cos (𝑡)
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Chap. 3 Problems 257 

3.25. Consider the following three continuous-time signals with a fundamental period of 
T = 112: 

x(t) = cos( 41Tt), 

y(t) = sin(47Tt), 

z(t) = x(t)y(t). 

(a) Determine the Fourier series coefficients of x(t). 
(b) Determine the Fourier series coefficients of y(t). 
(c) Use the results of parts (a) and (b), along with the multiplication property of the 

continuous-time Fourier series, to determine the Fourier series coefficients of 
z(t) = x(t)y(t). 

(d) Determine the Fourier series coefficients of z(t) through direct expansion of z(t) 
in trigonometric form, and compare your result with that of part (c). 

3.26. Let x(t) be a periodic signal whose Fourier series coefficients are 

k = 0 
otherwise· 

Use Fourier series properties to answer the following questions: 
(a) Is x(t) real? 
(b) Is x(t) even? 
(c) Is dx(t)ldt even? 

3.27. A discrete-time periodic signal x[n] is real valued and has a fundamental period 
N = 5. The nonzero Fourier series coefficients for x[n] are 

Express x[n] in the form 

x[n] = Ao + L Ak sin(wkn + cflk). 
k=l 

3.28. Determine the Fourier series coefficients for each of the following discrete-time 
periodic signals. Plot the magnitude and phase of each set of coefficients ak· 
(a) Each x[n] depicted in Figure P3.28(a)-(c) 
(b) x[n] = sin(27Tn/3)cos(7Tn/2) 
(c) x[n] periodic with period 4 and 

x[n] = 1 - sin :n for 0 :5 n :5 3 

(d) x[n] periodic with period 12 and 

[ ] 1 · 1rn f 0 11 x n = - sm 4 or :5 n :5 
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x[n] 

111 .. 11111 .. 11111.~lllll .. lllll .. lllll .. ll 
-14 -7 0 7 14 21 n 

(a) 

x[n] 

.llll .. llll .. llll.~llll .. 1111 .. 1111 .. 1111. 
-18 -12 -6 

2 

0 

(b) 

x[n] 

(c) 

Figure P3.28 

6 12 18 n 

n 

3.29. In each of the following, we specify the Fourier series coefficients of a signal that 
is periodic with period 8. Determine the signal x[n] in each case. 

(a) ak = cos(k;) + sin(3!7T) (b) ak = { ~~n(k:;7), ~:; ~ 6 

(c) ak as in Figure P3.29(a) (d) ak as in Figure P3.29(b) 

. 111 . 111 . 111 . 111 .
1 

111 . 111 .111 . 11 
-8 0 8 16 k 

(a) 

ak 
2 

I 1,il 1I11 ... 11li1:.i11111 ... 11 I 
-8 0 8 16 k 

(b) 

Figure P3.29 

3.30. Consider the following three discrete-time signals with a fundamental period of 6: 

(27T ) . (27T 'TT) x[n] = 1 +cos 6 n , y[n] = sm 6 n + 4 , z[n] = x[n]y[n]. 

Figure 3: Problem description

Solution

5.1 Part a

First signal

The signal in P3.28(a) has period 𝑁 = 7. Therefore 𝑥 [𝑛] = ∑𝑁−1
𝑘=0 𝑎𝑘𝑒𝑗𝑛(𝑘𝜔0). We need to

determine 𝑎𝑘. Since 𝜔0 =
2𝜋
𝑁 = 2𝜋

7 , then

𝑎𝑘 =
1
𝑁

𝑁−1
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘𝜔0𝑛

=
1
𝑁

𝑁−1
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘
2𝜋
𝑁 𝑛

=
1
7

6
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘
2𝜋
7 𝑛
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We first notice that 𝑥 [𝑛] = 0 for 𝑛 = 5, 6 and 𝑥 [𝑛] = 1 otherwise. Hence the above sum
simplifies to

𝑎𝑘 =
1
7

4
�
𝑛=0

𝑒−𝑗𝑘
2𝜋
7 𝑛

Using the relation ∑𝑀−1
𝑛=0 𝑎𝑛 =

⎧⎪⎪⎨
⎪⎪⎩

𝑀 𝑎 = 1
1−𝑎𝑀

1−𝑎 𝑎 ≠ 1
to simplify the above where now 𝑀 = 5 gives

𝑎𝑘 =
1
7

1 − �𝑒−𝑗𝑘
2𝜋
7 �

5

1 − 𝑒−𝑗𝑘
2𝜋
7

𝑘 = 0, 1,⋯6

=
1
7
1 − 𝑒−𝑗𝑘

10𝜋
7

1 − 𝑒−𝑗𝑘
2𝜋
7



10

This is plot of |𝑎𝑘|

In[ ]:= x[n_] := DiscreteDelta[n] + DiscreteDelta[n - 1] + DiscreteDelta[n - 2] + DiscreteDelta[n - 3] + DiscreteDelta[n - 4];

ak[k_] := 1 / 7 Sum[x[n] Exp[-I k 2 Pi / 7 n], {n, 0, 6}]

data = Table[ak[k], {k, 0, 6}];

absAk = Abs[data] // N

Out[ ]= {0.714286, 0.25742, 0.17814, 0.0635774, 0.0635774, 0.17814, 0.25742}

In[ ]:= ListPlot[absAk, Mesh → All, Filling → Axis, Axes → {True, False},

Ticks → {Range[0, 6], None}, DataRange → {0, 6},

AxesLabel → {"k", None}, PlotLabel → "|a[k]|",

BaseStyle → 12, PlotStyle → {Thick, Red}]

Out[ ]=

0 1 2 3 4 5 6
k

|a[k]|

Figure 4: Plot of |𝑎𝑘|

This is plot of the phase of 𝑎𝑘

In[ ]:= arg = Arg[akData] // N

Out[ ]= {0., -1.7952, -0.448799, 0.897598, -0.897598, 0.448799, 1.7952}

In[ ]:= ListPlot[ 180 / Pi arg, Ticks → {Range[0, 6], None},

LabelingFunction → (Callout[Round[Last[#1], 0.1], Automatic] &),

Axes → {Automatic, None}, AxesLabel → {"k", None},

PlotLabel → "Phase in degrees", PlotRange → All, DataRange → {0, 6},

Mesh → All, Filling → Axis]

Out[ ]=

102.9

25.7

-51.4

51.4

-25.7

-102.9

0.

0 1 2 3 4 5 6
k

Phase in degrees

Figure 5: Plot of phase of 𝑎𝑘
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second signal

The signal in P3.28(b) has period 𝑁 = 6. Therefore 𝑥 [𝑛] = ∑𝑁−1
𝑘=0 𝑎𝑘𝑒𝑗𝑛(𝑘𝜔0). We need to

determine 𝑎𝑘, where 𝜔0 =
2𝜋
𝑁 = 2𝜋

6 . Hence

𝑎𝑘 =
1
𝑁

𝑁−1
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘𝜔0𝑛

=
1
6

5
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘
2𝜋
6 𝑛

We first notice that 𝑥 [𝑛] = 0 for 𝑛 = 4, 5 and 𝑥 [𝑛] = 1 otherwise, Hence the above sum
simplifies to

𝑎𝑘 =
1
6

3
�
𝑛=0

𝑒−𝑗𝑘
2𝜋
6 𝑛

Using the relation ∑𝑀−1
𝑛=0 𝑎𝑛 =

⎧⎪⎪⎨
⎪⎪⎩

𝑀 𝑎 = 1
1−𝑎𝑀

1−𝑎 𝑎 ≠ 1
to simplify the above, where now 𝑀 = 4

gives

𝑎𝑘 =
1
6

1 − �𝑒−𝑗𝑘
2𝜋
6 �

4

1 − 𝑒−𝑗𝑘
2𝜋
6

𝑘 = 0, 1,⋯5

=
1
6
1 − 𝑒−𝑗𝑘

8𝜋
6

1 − 𝑒−𝑗𝑘
2𝜋
6
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This is plot of |𝑎𝑘|

In[ ]:= ak[k_] := 1/ 6 (1 - Exp[- I k 8 Pi/ 6])/(1 - Exp[- I k 2 Pi/ 6])

akData = Table[Limit[ak[n], n → k], {k, 0, 5}];

absAk = Abs[akData] // N

Out[ ]= {0.666667, 0.288675, 0.166667, 0., 0.166667, 0.288675}

In[ ]:= ListPlot[absAk, Mesh → All, Filling → Axis, Axes → {True, False}, Ticks → {Range[0, 5], None},

DataRange → {0, 5}, AxesLabel → {"k", None}, PlotLabel → "|a[k]|", BaseStyle → 12,

PlotStyle → {Thick, Red}, PlotRange → All]

Out[ ]=

0 1 2 3 4 5
k

|a[k]|

Figure 6: Plot of |𝑎𝑘|

This is plot of the phase of 𝑎𝑘

In[ ]:= ak[k_] := 1 / 6 (1 - Exp[- I k 8 Pi / 6]) / (1 - Exp[- I k 2 Pi / 6])

akData = Table[Limit[ak[n], n → k], {k, 0, 5}];

arg = Arg[akData] // N

Out[ ]= {0., -1.5708, 0., 0., 0., 1.5708}

In[ ]:= ListPlot[ 180 / Pi arg, Ticks → {Range[0, 5], None},

LabelingFunction → (Callout[Round[Last[#1], 0.1], Automatic] &),

Axes → {Automatic, None}, AxesLabel → {"k", None}, PlotLabel → "Phase in degrees",

PlotRange → All, DataRange → {0, 5}, Mesh → All, Filling → Axis]

Out[ ]=

90.

0.0.0.

-90.

0.

0 1 2 3 4 5
k

Phase in degrees

Figure 7: Plot of phase of 𝑎𝑘
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Third signal

The signal in P3.28(c) also has period 𝑁 = 6. Therefore 𝑥 [𝑛] = ∑𝑁−1
𝑘=0 𝑎𝑘𝑒𝑗𝑛(𝑘𝜔0). We need to

determine 𝑎𝑘. Given that 𝜔0 =
2𝜋
𝑁 then

𝑎𝑘 =
1
𝑁

𝑁−1
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘𝜔0𝑛

=
1
6

5
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘
2𝜋
6 𝑛

Where 𝑥 [0] = 1, 𝑥 [1] = 2, 𝑥 [2] = −1, 𝑥 [3] = 0, 𝑥 [4] = −1, 𝑥 [5] = 2. Hence the above sum
becomes

𝑎𝑘 =
1
6
�1 + 2𝑒−𝑗𝑘

2𝜋
6 − 𝑒−𝑗𝑘

2𝜋
6 2 + 0 − 𝑒−𝑗𝑘

2𝜋
6 4 + 2𝑒−𝑗𝑘

2𝜋
6 5�

=
1
6
�1 + 2𝑒−𝑗𝑘

2𝜋
6 − 𝑒−𝑗𝑘

4𝜋
6 − 𝑒−𝑗𝑘

8𝜋
6 + 2𝑒−𝑗𝑘

10𝜋
6 �
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This is plot of |𝑎𝑘|

In[ ]:= ak[k_] := 1 / 6 (1 + 2 Exp[-I k 2 Pi / 6] - Exp[-I k 4 Pi / 6] - Exp[-I k 8 Pi / 6] + 2 Exp[-I k 10 Pi / 6])

akData = Table[Limit[ak[n], n → k], {k, 0, 5}];

absAk = Abs[akData] // N

Out[ ]= 0.5, 0.666667, 7.40149 × 10-17, 0.833333, 7.40149 × 10-17, 0.666667

In[ ]:= ListPlot[absAk, Mesh → All, Filling → Axis, Axes → {True, False}, Ticks → {Range[0, 5], None},

DataRange → {0, 5}, AxesLabel → {"k", None}, PlotLabel → "|a[k]|", BaseStyle → 12,

PlotStyle → {Thick, Red}, PlotRange → All]

Out[ ]=

0 1 2 3 4 5
k

|a[k]|

Figure 8: Plot of |𝑎𝑘|

This is plot of the phase of 𝑎𝑘

Out[ ]=

0.

180.

0.0.

0 1 2 3 4 5
k

Phase in degrees

Figure 9: Plot of phase of 𝑎𝑘

5.2 Part b

𝑥 [𝑛] = sin �2𝜋
𝑛
3
� cos �𝜋𝑛

2
�

The first step is to find𝑁, the fundamental period. Since sin (𝐴) cos (𝐵) = 1
2
(sin (𝐴 + 𝐵) + sin (𝐴 − 𝐵))

then

𝑥 [𝑛] =
1
2
�sin �2𝜋

𝑛
3
+ 𝜋

𝑛
2
� + sin �2𝜋

𝑛
3
− 𝜋

𝑛
2
��

=
1
2 �

sin �
7
6
𝜋𝑛� + sin �

1
6
𝜋𝑛��

To find the period of sin �7
6𝜋𝑛� = sin �7

6𝜋 (𝑛 + 𝑁)� or sin �7
6𝜋𝑛� = sin �7

6𝜋𝑛 +
7
6𝜋𝑁�. Hence

7
6𝜋𝑁 = 2𝜋𝑚 which gives 𝑚

𝑁 = 7
12 . Hence 𝑁 = 12.
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The period of sin �1
6𝜋𝑛� = sin �1

6𝜋 (𝑛 + 𝑁)� or sin �1
6𝜋𝑛� = sin �1

6𝜋𝑛 +
1
6𝜋𝑁�. Hence 1

6𝜋𝑁 =

2𝜋𝑚 or 𝑚
𝑁 = 1

12 . Hence common period is 𝑁 = 12. Now that we know 𝑁 then

𝑎𝑘 =
1
𝑁

𝑁−1
�
𝑛=0

𝑥 [𝑛] 𝑒−𝑗𝑘𝜔0𝑛

Where 𝜔0 =
2𝜋
12 . The above becomes

𝑎𝑘 =
1
12

11
�
𝑛=0

sin �2𝜋
𝑛
3
� cos �𝜋𝑛

2
� 𝑒−𝑗𝑘

2𝜋
12 𝑛

12𝑎𝑘 = 0 + sin �2𝜋
1
3�

cos �𝜋
1
2�

𝑒−𝑗𝑘
2𝜋
12 + sin �2𝜋

2
3�

cos �𝜋
2
2�

𝑒−𝑗𝑘
2𝜋
12 2 + sin �2𝜋

3
3�

cos �𝜋
3
2�

𝑒−𝑗𝑘
2𝜋
12 3

+ sin �2𝜋
4
3�

cos �𝜋
4
2�

𝑒−𝑗𝑘
2𝜋
12 4 + sin �2𝜋

5
3�

cos �𝜋
5
2�

𝑒−𝑗𝑘
2𝜋
12 5 + sin �2𝜋

6
3�

cos �𝜋
6
2�

𝑒−𝑗𝑘
2𝜋
12 6

+ sin �2𝜋
7
3�

cos �𝜋
7
2�

𝑒−𝑗𝑘
2𝜋
12 7 + sin �2𝜋

8
3�

cos �𝜋
8
2�

𝑒−𝑗𝑘
2𝜋
12 8 + sin �2𝜋

9
3�

cos �𝜋
9
2�

𝑒−𝑗𝑘
2𝜋
12 9

+ sin �2𝜋
10
3 � cos �𝜋

10
2 � 𝑒−𝑗𝑘

2𝜋
12 10 + sin �2𝜋

11
3 � cos �𝜋

11
2 � 𝑒−𝑗𝑘

2𝜋
12 11

Which simplifies to (many terms go to zero)

12𝑎𝑘 =
1
2√

3𝑒−𝑗𝑘
4𝜋
12 +

1
2√

3𝑒−𝑗𝑘
8𝜋
12 −

1
2√

3𝑒−𝑗𝑘
2𝜋
12 8 −

1
2√

3𝑒−𝑗𝑘
2𝜋
12 10

Hence

𝑎𝑘 =
√3
24

�𝑒−𝑗𝑘
4𝜋
12 + 𝑒−𝑗𝑘

8𝜋
12 − 𝑒−𝑗𝑘

16𝜋
12 − 𝑒−𝑗𝑘

20𝜋
12 �

Evaluating these for 𝑘 = 0⋯𝑁 − 1 gives

𝑘 𝑎𝑘
0 0
1 −𝑗

4
2 0
3 0
4 0
5 𝑗

4
6 0
7 −𝑗

4
8 0
9 0
10 0
11 𝑗

4

Hence the |𝑎𝑘| and phase are
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𝑘 𝑎𝑘 |𝑎𝑘| phase (degree)

0 0 0 0
1 −𝑗

4
1
4 −90

2 0 0 0
3 0 0 0
4 0 0 0
5 𝑗

4
1
4 90

6 0 0 0
7 −𝑗

4
1
4 −90

8 0 0 0
9 0 0 0
10 0 0 0
11 𝑗

4
1
4 90
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6 Problem 47 Chapter 3

Consider the signal 𝑥 (𝑡) = cos (2𝜋𝑡) since 𝑥 (𝑡) is periodic with a fundamental period of 1, it
is also periodic with a period of 𝑁, where 𝑁 is any positive integer. What are the Fourier
series coe�cients of 𝑥(𝑡) if we regard it as a periodic signal with period 3?

Solution

The Fourier series coe�cients for cos (2𝜋𝑡) are found from Euler relation. Since 𝜔0 = 2𝜋
rad/sec, then

cos (𝜔0𝑡) =
1
2
𝑒𝑗𝜔0𝑡 +

1
2
𝑒−𝑗𝜔0𝑡

Comparing the above to

𝑥 (𝑡) =
∞
�
𝑘=−∞

𝑎𝑘𝑒𝑗𝑘𝜔0𝑡

Show that 𝑎1 =
1
2 and 𝑎−1 =

1
2 and all other 𝑎𝑘 = 0.

Similarly, if the period happened to be 3, then 𝜔0 = 2𝜋
3 and now 𝑥(𝑡) can be written as

cos (2𝜋𝑡) = cos (3𝜔0𝑡). Therefore doing the same as above gives

cos (3𝜔0𝑡) =
1
2
𝑒𝑗3𝜔0𝑡 +

1
2
𝑒−𝑗3𝜔0𝑡

Comparing the above to 𝑥 (𝑡) = ∑∞
𝑘=−∞ 𝑎𝑘𝑒𝑗𝑘𝜔0𝑡 shows that 𝑎3 =

1
2 and 𝑎−3 =

1
2 and all other

𝑎𝑘 = 0.
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