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1 Problem 3 Chapter 3

For the continuous-time periodic signal x (t) = 2 + cos (%nt) +4sin (%nt) determine the funda-

mental frequency w, and the Fourier series coefficients a; such that x () = ZZO:_OO aelkwot

Solution

The signal cos (?n ) has period ZT—T = %ﬂ Hence T; = 3 and the signal sin(%nt) has period
T

z—n:—or Tz_é herefore the LCM of3,§is
T, 5 5

6

3m = -

m 5n

m_2

n 5

Hence m = 2 and n = 5. Therefore T = 6. Therefore
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@y TO
3 27
6
_n
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Hence
x(t) =Y, axeffoot 1)
k=—0c0
Where
1 T
a = f x (t) e Tkwot (2)
To

To find a; for the given signal, instead of using the above integration formula, we could
write the signal x (f) in exponential form using Euler relation and just read the g; coefficients
directly from the result. The signal x (f) can be written as

.21 .21 .57 .51
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ejZmot + e—jZa)Ot eijOt _ e—jSa)Ot

=2+ +4
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1. 1 y o
=2+ Eefz“’ot + Ee‘fzwot + 2ief>wot — 2je /5wt (3)

x() =2+




Comparing (3) to (1) shows that the coefficients are

ag =2
1
B=7
1
ap =37
as =2j



2 Problem 10 Chapter 3

Let x [n] be real and odd periodic signal with period N = 7 and Fourier coefficients a;. Given
that a5 = j, a1 = 2j,ay7 = 3], determine the values of ay,a_1,a_5,a_3.

Solution

For discrete signal

Where

Since the signal x [r] is real, then we know that a; = a*,. And since x [#] is odd then we know
that a; is purely imaginary and odd. The Fourier coefficients repeat every N samples which
is 7. Hence a5 = a9 = a; and a4 = a9 = a, and a;7 = a;9 = a3. And since a; is odd then

a9 =10

a1 = —a_q
ay = —a_p
a3 = —a_3

But we know from above that a; = a;5 =j and a, = a5 = 2j and a3 = a7 = 3j then the above
gives

ag = 0
a1 =-j
a_p = —2]



3 Problem 16 Chapter 3

For what values of k is it guaranteed that a; = 0?
3.16. Determine the output of the filter shown in Figure P3.16 for the following periodic
inputs:
@ xi[n] = (=D)"
(b) x[n] =1+ sin(‘%’n + %)

© x3ln) = S5 () Fuln - 4k]

H(E")
]
—on _5m _19x a 55 .« Ol & g M 197 51 27 o
3 1 12 3 3 12 1 3
Figure P3.16

Figure 1: Problem description

Solution

The output of discrete LTI system when the input is x[n] = a,e" is given by y[n] =
a,H (ej”) ¢"@ where H (ej‘“) is given to us in the problem statement. Hence, to find y [n] we
need to express each input in its Fourier series representation in order to determine the a,,.

3.1 Parta

Here x; [n] = (-1)" = (ef”)n = ¢, To find the periodN, let xy [n] = x; [n + N] or
enm = pi(n+N)m
= " INT

2n 2n _ . . .
Hence N = 2. Therefore wg = N=7 -7 and x; [n] = Eszol ael " = gy + g;¢™. Comparing

this to ¢"™ shows that
ag=0
a =1
Now that we found the Fourier coefficients for x; [n] then the output is

N-1
yi[n] = Y a,H (jkay) e
k=0

=agH (0)e® + a1 H (]n) e



But ag =1,4; =1 and the above becomes
y1 [n] = H (jm) "™
From the graph of H (jka)o) given, we see that at w = 77, H (]71) = 0. Therefore
yaln] =0
3.2 Partb
Here x; [n] =1 + sin (%nn + Z) The first step is to find the period N

Xy [n] = xz[n+ N]

. (3m 4 . [(3n 1
1+SID(§1’I+Z)—1+SID g(n'f‘N)'l‘Z)
3 3

=1+ sin —nn+—ﬂN+z

8 8 4

. 3 e 3n
=1l+sin{{—n+—-]+—N

8 4 8

Hence 2N = 27tm or %] = 2 Since these are relatively prime, then N = 16 is the fundamental
period. Therefore

N-1 '
xp[n] = )] agelkwor
k=0

2 2 T
where wy = = = == = Z. The above becomes
N 16 8
5 on
=n
xp[n] =), axe" 1)
k=0
But
3n i 3n b4

3
1+sin(—nn+z):1+e -
2

1 :3n ¢ 1 _3n T
=1+ =d5"1 - —¢75"e7% 2)
2j 2j

Comparing (1) and (2) shows that ag =1,a5 = leeiz,a_g, = —lee_jz. But a_3 =a_3,16 = 443 due
to periodicity (and since we want to keep the index from 0 to 15. Therefore
ag = 1

ﬂ3:%€]‘%
]



And all other g, = 0. Now that we found the Fourier coefficient, then the response y, [1] is
found from

N-1
>, a,H (jkwo) efknwo

k=0
aoH (0) + aH (]3%) 5" 4 aH (j13g) S35

= L (37 i (L1 %) (187 i
o

Yo [1]

From the graph of H(jka)o) given, we see that at « =0,H(0) =0 and at w = %,H(j‘%n) =1

137 (.13n

and that at w = =, H ]?) =1. Hence the above becomes

Y2 [7’1] = (21]67%)61%11 + (—zlje_jZ)eil%nn

131 .31
But ¢73 " = ¢/ 3" since period is N = 16. Therefore the above simplifies to

Y2 [n] = (21]3&)61%” + (—21]5_]%)61_%”11

() A5
e 4 8 —e 4 8




4 Problem 20 Chapter 3

(¢) Determine the output y(¢) if x(¢) = cos(t).

3.20. Consider a causal LTI system implemented as the RLC circuit shown in Figure
P3.20. In this circuit, x(¢) is the input voltage. The voltage y(r) across the capac-
itor is considered the system output.

X
T+
[\
/

Il
N ||

=<

=1F

— Figure P3.20

(a) Find the differential equation relating x(¢) and y(¢).

(b) Determine the frequency response of this system by considering the output of
the system to inputs of the form x(r) = /¢’

(¢) Determine the output y(¢) if x(¢) = sin(?).

- m emE em o sw s mmE =

Figure 2: Problem description

Solution
41 Parta
Input voltage is x (t). Hence drop in voltage around circuit is
. di
x(t) = Ri(t) +LE +y(t)

Now we need to relate the current i (f) to y (t). Since current across the capacitor is given by
. d . . . dy . . . .
i(t)y=C d—z then replacing i (f) in the above by C d—f gives the diffeential equation

_rcW oMY
X(t) = RC% + LC@ +y(t)

LCy” (1) + RCy' (1) +y (t) = x (1



But L =1,R =1,C =1 therefore

v +y B +y)=x()

4.2 Partb

Let the input x () = é®t. Therefore y (t) = H (w) @' where H (w) is the frequency response
(Book writes this as H (ej“)) but H (w) is simpler notation).

Hence

¥ (t) = H(w) joe®!

’" . \? jwt
Yy’ () = H() (jw) &
= —H (w) w?e/®*
Substituting the above into the ODE gives
~H () w?e®* + H (w) jwe®! + H (w) &t = e/t
Dividing by ¢! # 0 results in
~H(w) w? + H(w)jw + H(w) =1

Solving for H (w) gives

H () (-0? +jw +1) =1 1)
1

Hl@)= —w? +jw +1

4.3 Partc

Since we now know H (w) then the output y (f) when the input is x (t) = sin (¢) is given by

yO = Y acH (kay) oo @)

k=—00

Where g, are the Fourier coefficients of sin(f) and wy is the fundamental frequency of x (f).

Since sin (f) = sin (Z%t) then 2?71 =1and T = 27. Hence wy = 1. And since sin (t) = 21] (eft -~ e‘jf)

then a; = zlj,u_l = —21],. Eq. (2) becomes
y(H) = a_1H (-wp) €70 + a1 H (w) &/*

1 .1 .
= -—H(-1)e/t + =H(1)e" (3)
2 2]



Now we need to find H(-1),H (1). From (1)

1
H(-1) = 5
~(-17 - j (1) +1
3 1
-1+ +1
1
j
And
1
H(+1) = 5
-(+1)"=j(+1) +1
3 1
C-1-j+1
_1
j
Therefore (3) becomes
11 ., 11,
(t) = —==eTt+ ==¢!
I 2] 2jj
1 . 1
= —— _]t JR— ]t
2],26 + 2]23
— le_jt —_ le].t
2 2

Hence

y(t) = —cos(t)

10



5 Problem 28 Chapter 3

11

k=1

3.28. Determine the Fourier series coefficients for each of the following discrete-time
periodic signals. Plot the magnitude and phase of each set of coefficients a;.
(a) Each x[n] depicted in Figure P3.28(a)—(c)
(b) x[n] = sin(27rn/3) cos(mn/2)
(¢) x[n] periodic with period 4 and

x[n] = 1—sin% for0 < n =<3
(d) x[n] periodic with period 12 and

x[n] =1 —sin%n for0 = n <11

Figure P3.28

Figure 3: Problem description
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Solution

5.1 Parta

First signal

The signal in P3.28(a) has period N = 7. Therefore x[n] = 21]:]:_01 age"k@0) We need to deter-
2n

mine a;. Since wy = ~ = then

N-

Z x[n]e —jkaon

>_|

B
Il
o

—k2Zn
x[n]e’" N

z| = zw
T

n=0
6 o 27

n=0

\1|*—‘

We first notice that x[n] = 0 for n = 5,6 and x[n] = 1 otherwise. Hence the above sum

simplifies to
4

a = L ) T
7 n=0
. . M-1 M a=1 . .
Using the relation Y, ~ ' a" =q 1_m to simplify the above where now M =5 gives

- a#l

2w\

a = P k=0,1,---6

11—
=7 o



This is plot of |a|

x[n_] :=DiscreteDelta[n] + DiscreteDelta[n - 1] + DiscreteDelta[n - 2] + DiscreteDelta[n - 3] + DiscreteDelta[n - 4];
ak[k_ ] :=1/7Sum[x[n] Exp[-Ik2Pi/7n], {n, @, 6}]

data = Table[ak[k], {k, @, 6}];

absAk = Abs [data] // N

(0.714286, 0.25742, 0.17814, 0.0635774, 0.0635774, 0.17814, 0.25742}
ListPlot[absAk, Mesh » All, Filling - Axis, Axes » {True, False},
Ticks -» {Range[©, 6], None}, DataRange - {©, 6},

AxesLabel -» {"k", None}, PlotLabel - "|a[k]|",
BaseStyle » 12, PlotStyle -» {Thick, Red}]

[a[K]l

Figure 4: Plot of |ay|

This is plot of the phase of a;

arg = Arg[akData] // N

{@., -1.7952, -0.448799, 0.897598, -0.897598, 0.448799, 1.7952}

ListPlot[ 180 / Pi arg, Ticks » {Range [0, 6], None},
LabelingFunction » (Callout[Round[Last[#1], ©.1], Automatic] &),
Axes » {Automatic, None}, AxesLabel » {"k", None},
PlotLabel -» "Phase in degrees", PlotRange - All, DataRange -» {0, 6},
Mesh - All, Filling - Axis]

Phase in degrees
102.9

oe
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N
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-51.4

-102.9

Figure 5: Plot of phase of a;
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second signal

The signal in P3.28(b) has period N = 6. Therefore x[n] = EkN_Ol k@) We need to deter-

. 2n 2n
mine a;, where wg = ~ =5 Hence
1 N=1 _
ay = N x [n] e Tkwon
n=0
1 5 2n
_ jk—n
=z E x[n]e’ 6
n=0

We first notice that x[n] = 0 for n = 4,5 and x[n] = 1 otherwise, Hence the above sum
simplifies to

1Sy _p2n
ak:—Ze] 6"

n=0
. : M-1 M a= o .
Using the relation Y, " 'a" ={ 1_m to simplify the above, where now M = 4 gives
- a#1
L omy4
1 1 - (3_]k 6 )
A = —————5— k=0,1,---5
6 1 %
. 87
11-¢7%
=7 o 27
6 —]k?



This is plot of |a|
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absAk = Abs[akData] // N

[alk]|

ak[k ] :=1/6 (1-Exp[-Ik8Pi/6])/ (1-Exp[-Ik2Pi/6])
akData = Table[Limit[ak[n], n > k], {k, @, 5}1;

(0.666667, 0.288675, 0.166667, 0., 0.166667, 0.288675)

ListPlot[absAk, Mesh -» All, Filling -» Axis, Axes - {True, False}, Ticks -» {Range[©, 5], None},
DataRange -» {0, 5}, AxesLabel -» {"k", None}, PlotLabel » "|a[k] |", BaseStyle » 12,
PlotStyle » {Thick, Red}, PlotRange - All]

This is plot of the phase of a;

Figure 6: Plot of |a]

ak[k_]1:=1/6 (1-Exp[-Ik8Pi/6])/ (1-Exp[-Ik2Pi/6])
akData = Table [Limit [ak[n], n-> k], {k, ©, 5}];
arg = Arg[akData] // N

(0., -1.5708, 0., 0., 0., 1.5708)

ListPlot[ 180 / Pi arg, Ticks -» {Range[@, 5], None},
LabelingFunction » (Callout [Round[Last[#1], ©.1], Automatic] &),
Axes -» {Automatic, None}, AxesLabel » {"k", None}, PlotLabel » "Phase in degrees",
PlotRange -» All, DataRange -» {0, 5}, Mesh » All, Filling - Axis]

Phase in degrees

90.

Figure 7: Plot of phase of a;



Third signal

16

The signal in P3.28(c) also has period N = 6. Therefore x[n] = Esz_Ol ael"k@0)  'We need to

. . 2
determine a;. Given that wy = ﬁn then

1 ,
— IT] 2 x[n] e Tkawon

n=
5 . 271
E x[n]le?*e"

Where x[0] = 1,x[1] = 2,x[2] = -1,x[3] = 0,x[4] = -1,x[5] = 2. Hence the above sum

becomes

(1 +2¢7%% -

o 2T o 2TT o 2T
k2o k2 k2
e e 40— +2e]65)

o 4n

. 8m . 107
o i gl
—e’e —e e +2¢ 6)
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This is plot of |a|

ak[k ]:=1/6 (1+2Exp[-I1k2Pi/6] -Exp[-I1k4Pi/6] -Exp[-I1k8Pi/6] +2Exp[-I1k10Pi/6])
akData = Table[Limit[ak[n], n-> k], {k, @, 5}]1;
absAk = Abs [akData] // N

{@.5, 0.666667, 7.40149 x 107, 0.833333, 7.40149 x 10 V7, 0.666667 }

ListPlot[absAk, Mesh » All, Filling - Axis, Axes » {True, False}, Ticks -» {Range[©, 5], None},
DataRange » {0, 5}, AxesLabel » {"k", None}, PlotLabel - "|a[k] |", BaseStyle - 12,
PlotStyle » {Thick, Red}, PlotRange -» All]

|a[k]|

Figure 8: Plot of |ay|

This is plot of the phase of a;

Phase in degrees
180.

Figure 9: Plot of phase of a;
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52 Partb

x[n] = sin (271%) cos (ng)

The first step is to find N, the fundamental period. Since sin (A) cos (B) = % (sin (A + B) + sin (A — B))
then

n n n n
in (27’(— + n—) + sin (27’(— - 7'(—))
3 2 3 2

(7 s 1
sin| g7 | + sin | =mn

To find the period of sin (Znn) = sin (gn(n +N)) or sin(gnn) = sin(gnn + gnN). Hence
7 . . m 7 _
¢7N = 2mum which gives & = —. Hence N = 12.

The period of sin (lnn) = sin (ln (n+ N)) or sin (%nn) = sin (%nn + 17IN). Hence %nN =2mm

or % 112 Hence common period is N = 12. Now that we know N then
1 N-1 _
ap = — x [n] e Tkwon
€= N EO [n]

Where w, = i—; The above becomes
L 27
Z sin (27’( ) Cos ( n) PEiavic
2
1 1\ _q2= 2 2 3 3\ -
1245 = 0 + sin [27= | cos [ 7= | e 72 + sin (272 | cos 52 4 gin (272 | cos (2 | e 523
3 2 3 3 2
+sin (2= cos|mt=]e" 12 + sin 2n coS e 12 +sin|2n—=|cos|m=|e ' 12
3 2 3 2
. 7 7 12T 9 9 _ixtng
+sin|27n=|cos[n= e’ 2" +sin 27z cos K58 +sin (2= |cos|n= e/ 12
3 2 3 2
10 10\ _ix27qg 2n
+ sin (27’(?) cos (n?)e *3210 4 gin (2n—) cos( )e k51

Which simplifies to (many terms go to zero)
. 4n . 8m o 27 o 27
124, = %\/ge_]kﬁ + %\/ge_]kﬁ _ %\/?_)e_]kﬁg _ %\Ee_jkﬁm

Hence

3 ln
;/;( ]k12+e]k12_ 1z —e]klz)
Evaluating these for k =0--- N -1 gives

ag =
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3

10
11

Hence the |a;| and phase are

phase (degree)

A agl

k

90

— 1 <H

10
11

90

— 1 <H

~I <
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6 Problem 47 Chapter 3

Consider the signal x (t) = cos (2nt) since x () is periodic with a fundamental period of 1, it
is also periodic with a period of N, where N is any positive integer. What are the Fourier
series coefficients of x(f) if we regard it as a periodic signal with period 3?

Solution

The Fourier series coefficients for cos (2nt) are found from Euler relation. Since wy = 27
rad/sec, then

1. 1 .
COSs (a)ot) = Eeijt + Ee—]a)oi.‘

Comparing the above to

x(t) =) agelkoot

k=—00

Show that a; = % and a_; = % and all other a; = 0.

Similarly, if the period happened to be 3, then wy = %ﬂ and now x(f) can be written as

cos (2mt) = cos (3wt). Therefore doing the same as above gives
Ccos (3a) t) = 1 J3wot 4 le—j?)a)ot
0f) =3 >

Comparing the above to x(t) = Z:’:_w ae/*ot shows that a; = % and a_3 = % and all other
ay = 0.
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