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1 Problem 1

Problem Consider the following two elements of S
g1 = [54123]
g = [21534]

Find a third element g of this group such that ¢7'¢1¢ = ¢»
Solution

When ¢ lxg =y, we say that y is conjugate to x using g.

8871818 = 822
818 = 882 (1)
But the class of conjugate pairs is symmetric. This means that
g 88 =8
8871828 = 881
828 = 881 (2)

We have two equations (1,2). Let us now apply g1,9> on them. Let ¢ = [abcde] and the
goal is to determine the unknowns 4, b, c,d, e. Equation (1) becomes
[54123] [abcde] = [abcde] [21534]
[edabc] = [abcde] [21534] (1A)
Similarly for (2)
[21534] [abcde] = [abcede] [54123]
[baecd] = [abcde] [54123] (2A)
OK, this is some progress. But how are we going to find 4,b,c,d,e?. Let use try a =1 and
see what we get. If 2 =1 then (1A) implies e = 2 and (2A) implies b = 5. Now, if b = 5

then (1A) gives d = 4 and (2A) gives a = 3. Which is conflict with our assumption that
a =1 we started with.

Let us next assume that 4 = 2 and see if we get a conflict or not. If 2 = 2 then (1A) gives
e =1 and (2A) gives b = 4. Now, if b = 4 then (1A) gives d = 3 and (2A) gives a = 2. Good
no conflict so far. Now taking d = 3 then (1A) gives b = 5, which is a conflict of what we
found so far. So our starting guess of a2 = 2 is not correct.

Let us next assume that 2 = 3 and see if we get a conflict or not. If 2 = 3 then (1A) gives
e =5 and (2A) gives b = 1. Now using b =1 then (1A) gives d = 2 and (2A) gives a = 5,
which is conflict with our assumption that a = 3.

Let us next assume that 4 = 4 and see if we get a conflict or not. If 2 = 4 then (1A) gives
e = 3 and (2A) gives b = 2. Now using b = 2 then (1A) gives d =1 and (2A) gives a = 4.
Good. No conflict so far. So far we found a,b,e,d = 4,2,3,1. It must mean this case that
¢ = 5 since it it only entry left. Let us check if this works or not.

From above we have a candidate element to check which is
g = [42513]
Trying it on (1,2). From (1)

818 = 882
[54123] [42513] = [42513] [21534]

[31425] = [31425]
OK. Let us check (2)

828 = 881
[21534] [42513] = [42513] [54123]

[24351] = [24351]
Verified. Hence one element is ¢ = [42513] .

This means that



[42513]_1 [54123] [42513] = [21534]



2 Problem 2

Do the following matrices for a group?

LIk

Here z = ¢'3 . If not, add the minimum number of 2 X 2 matrices to form a group. Then
make a list of all possible subgroups.

Solution

The group G with elements ¢; must have the following properties (using matrix multiplica-
tion as the binary operation o)

1. gicgjis also an element in the group G

2. Binary operation is associative: (gi ° g]-) °Qx =gi° (gj ° gk)

3. There is element I called the identity element such that [ o g; = g;o[ = g; for all
g € G

4. Each group element g; has inverse gi_l such that g; o gi_l = gi_l ogi=1

01 0 22 10
the identity element, all products with it will also be in G. Looking at products with g,

_2001
82830 2Jl1 o
_Oz
122 0

0 z
But ( 5 ) is not in G. Hence it is not a group since not closed under the matrix multipli-
Z ————————————

) 10 z 0 01 ) )
Checking the first property. Let ¢ = Qo = ,83 = , then since g7 is

cation.

Adding this as new element and calling it g4

0 z

847 | 2 0
(0 22
8284 = z 0
(0 22

35 = 2 0

_(z 0)(0 22
8285510 2)(z o
0 2 0 €2 _(0 1
2 0) e o)1 o)
Which is in G. Now checking all products with g3 to see if they are in G.

(0 1)(z 0) (0 2%) _
88271 oflo 2) |z o) %
(01 02_220
8384= 11 o/lz2 o) |0 z

But now we see that

Is not in G. Calling the gs.

Check again if closed

Which is in G. And



But this is not in G. Adding the above as new element g¢

(0
36=(g 4
Checking again from the start that the group we have now is closed, which now contains

81/ 82,83, 84,85/ 86-
Checking all products with g,

z 0)(z O 2 0 22 0 22 0 22 0
= = = 2n = | = =
8282 0 ZZ 0 ZZ 0 Z4 0 613(4) 0 815 0 =z 86
_zOOl_Oz_
8283 =10 2Jl1 o) |22 o)™
_zOOz_OzZ_Ozz_
828410 2)(2 o) |4 o) 7|z o)
[z 0)(0 z2) (0 ) (0 1
8285710 2/lz o) |2 o) |1 o) ™%
_zOzZO_Z3O_ei2”O_1O_
8286 =10 2J/lo z) " lo B) | o e2) "o 1)
Checking all products with g3
(0 1)(z 0) (0 z%)_
882711 oflo 22) 7|z 0) 7%
C(o 1)(0 1) (1 0)_
8383—1010—01—81
(0 1)(0 z) (22 0)_
884711 o)l2 o) |lo z) %
_OlOzz_zO_
885711 o)lz o) lo )%
(0 1)(z2 0) _(0 =z)_
838611 oJlo z) |2 o)~
Checking all products with g4
(0 z)(z 0) (0 ) (0 1) _
848271 2 o)lo 2) 7|83 o)1 o) ™%
_0201_20_
g4g3_220 10_022 =42
(0 z)(0 z) (2 0) (1 0)_
§484=1 2 o)l2 o) " lo 2) (o 1) &
0 z\(0 z%) (22 O 2 0 z2 0 22 0
= = = 2 = = =
8485 = | 2 0)lz O 0 z* 0 ¢3® 0 ¢'3 0 z 86
(0 z)(z2 0) (0 z*) (0 2
848612 ollo z) |4 o) |z o)™




Checking all products with g5

(0 z 20_024_02_
gsgz_zO 0 z22) |22 0) |2 0 84
(0 zZ2)(0 1) (z* 0)_
8583—Z oll1 ol " lo 2—86
(0 22)(0 z) (z* 0) (z 0)_
88471, oll2 o) lo 2) " lo 2”&
_022022_230_10_
88571, oflz o) lo 2] lo 1)7&
(0 z2\(z2 0) _(0 2} (0 1) _
88 =1, oflo z) 7|22 o) |1 o) %

Checking all products with g¢

_(#* 0)(z 0) (2 0)_ (1 0)_
86827 o o 2)7lo 270 1)7%

(22 0)(0 1) (0 z*)_
8683—0210—20—85

_(#2 0)(0 z) (0 %) (0 1) _
863410 2|2 o) |2 o) |1 o)

(22 0)(0 z2) (0 z*) (0 =z)_
8685—0220—220—220—84

_220220_240_20_
g6g6_0202_022_022_g2

Therefore the group

2 R

Is closed under matrix multiplication. To check the associative property, which says that

gi° (g]- ° gk) = (gl- ° g]-) ogk for all 4,7,k in G. But from the property of matrix multiplication,
we know this property is already satisfied since the matrices are all of same order which is
2x2. Checking that There is element I called the identity element such that [og; = g;oI = g,

10
then we see that g; = (0 1) is clearly I in this case. Checking the last property: Each
group element g; has inverse g;! such that ¢;o ¢! = ¢;!1 o g; = L In this case ;! is the

inverse.

For ¢; then g{l is itself.

Checking ¢,
-1
4 [z 0) (22 0)_
82 %o 2] Tlo z) %
. _22020_230_10_1
82782 g 2Jlo 22) " |lo 2 lo 1)°
Checking g3



Checking for g4
-1
4 (0 z) (0 z)_
84 T2 o] T2 o)
1_0202_230_10_I
8784712 ofl22 o) {0 2)7 o 1)”
Checking g5
-1
4 (0 22} (0 22}
& 1, ol Tlz o] 785
_022022_230_10_1
878572 oflz o) o 2)7lo1)”
Checking g

4 _20220_230_10_1
86 °86 =g 2)lo z) " lo 22 lo 1)~

OK. All elements checked. Hence G is indeed a group.

81 82 83 84 85 86
e e e e e e e e e e

o~ 6 I e

Setting up the Group table. In this table ¢; = I the identity element.

o | I 818 |8|85]|8s
I |1 883|885 |8s
82|82 |8 |84]8 |8 |1
8 |8 |8 |1 |8 |82 |8
8418|882 |1 |8 |85
8585|848 &1 |8
868 |1 |8 |8 |84|8

Now we need to find all subgroups. By Lagrange theorem, we know for finite group such

as G above, all subgroups are of order that divides the order of G. This means the order
of the subgroups (if they exist) must be 2 or 3. (not counting order 1 which is just I and
order 6 which is the group G itself).

Let us consider possible subgroups of order 2 first. Since subgroup must include the identity
element ¢g; = I, then all possible subgroups of order 2 are the following

(L8], [Lgs], [18a] [Lgs] |1 g6]
Clearly each one of these is closed under o. Since [og; = g;oI = g; € G- But when checking

for the property that each group element g; has inverse ¢;! such that g;og71 = g7l og; =1,
then this fails unless each element is the same as its inverse. From earlier we found that

83 = &3
8 =8
&' =85

Only. This implies that out of the above 6 candidate subgroups of order 2 only the following
are subgroups

[L8s] [Lga] [Lgs]



We found 3 subgroups so far. Now we need to consider all possible subgroups of order 3.
Candidates are

[I/g2/g3]/ [I/g2/g4]/ [I/g2/g5] 7 [ng;ge] 7 [1133184] 7 [I/g3185] 7 [I/g3/g6] 7 [I/g4/g5] 7 [I/g4/g6] 7 [I/g51g6]
There are 10 candidates subgroups of order 3 above that we need to check. Easiest check
is if the subgroup is closed. We know they satisfy the associative property.

z 0)(0 1
82°83 = 0 211 o =84

Checking [I, 2, g3]

Not closed.

Checking [I, 9, g4]

z 00 z
82°84= 0 212 o =85

Not closed.

Checking [1, g2185]

_(z 0)(0 %) _
82g5—02220—83

Not closed.

Checking [I, 2, 86]

z 0)(z2 0
g20g6:(0 zz](O z):I
22 0)(z 0) (2® 0
g6°g2=(0 z](o zz)z(O z3)=l
Closed. Associativity is met since these are matrices of same order. Let check inverse

property: Each subgroup element g; has inverse gl-_l such that g; o gi_l = gi_l og; = I. In this
case g; ! is the inverse matrix.

4 [z 0) _(Z2 0)_
82 Zog 2| Tlo 2%
_1_220_1_2 0)
8 o 2] Tlo 2%

And ggl o g6 = 1. OK. Therefore [1182,86] is indeed a subgroup.

For ¢,

And g;' 0 g, =I. OK. And

Checking [I, 93, g4]

(01 OZ_ZZO_
§3°84= 11 oJl2 o) (o z) 736

But g is not in this subgroup. Hence not closed.

_01022_20_
83°85 =11 o)lz o) " lo 2|75

But g, is not in this subgroup. Hence not closed.

Checking [1, g3,85]




Checking [1, gg,ge]

(0 1)(z2 0) (0 =z)_
83°86 =11 olJlo z) 7|22 o] "4

But g, is not in this subgroup. Hence not closed.

(0 z)(0 z%) (2% 0] _
84°85 =12 o)lz o) o 278

But g5 is not in this subgroup. Hence not closed.

Checking [1, g4,g5]

Checking [I, 84, 86]

(0 z)(z2 0) _(0 %) (0 2%} _
84°8 =12 ollo z) {2 o) |z o) 7%

But g5 is not in this subgroup. Hence not closed.

Checking [11 85186]

(0 2\(z2 0) _(0 %) (0 1)_
2871z o)lo zJ7 |2 o) {1 o) 7

But g3 is not in this subgroup. Hence not closed.

All subgroups of order 3 are checked. Therefore the following are the subgroups found.
There are 4 in total

[1.85] [1.8a] . [1.85]. [ 82 86]

Or
1 0) (0 1
0 1)1 0
1 0 0 z
0 1)'\z2 0
1 0) (0 z2
0 1)'\z 0
1 0)(z 0)(z2 0O
0 1)'lo z2)'\0 =z
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3 Problem 3

The Lorentz transformation with velocity v along the x axis is described by

(f ) = M(@) (’:]

1 1 v
W ( 1). Show that the product of two such transformations is again a
-0 \0

Lorentz transformation. i.e. M (v,) M (v1) = M (vq,) and find vq,. Using this result, show
that these transformations form a group.

Where M (v) =

solution

The following diagram is used to help in understanding what we are trying to show.

M(vm) ( 7 t”)

Figure 1: Lorentz transformations involved

(et
£)-mof)

We need to show that, with the help of the diagram above, that

(’;] = M (vy) [’t‘) = M (v,) M (;) (f) = M (v1,) (f)

So we need to find M (vy,) and see if it is a Lorentz transformation also. In other words,

Given

And

1
to see if M (vq,) has the form of —— ( 012] and need to find what vy, is. Starting by

Y-, o121

(f] = M(vl>[’t‘]

finding M (v,). Given that




The above gives

1
x = (x + v1t)
1-0?
t = (v1x +t)
1-0?

1-07

FF

(x + U1t + 001X + Uyt
\/(1 02) (1 v ) UyX + ’02’011’ + 09X + t

1 (x +01t) + vy (v1x + 1)
Uy (x +01t) + (vyx + 1)

11

1 X (1 + Uzvl) + t('Ul + Uz))

J1- 0~ 0 + 32
(1 + 0201) ve

2 _ .2, 2.2
\/1—vl—vz+vzvl

(v1+02)
= ; . 1 (1+v201) (x)
1- vl Z)%+U%”U% (1+o201) 1 t

(v1+02)
+ t (1+’0201) ]
Up+01

(14+vp17)

(1+Z)21]1)
(1+Z)2'01)
But
1- v% - v% + v%v% 3 1+ 0102)2 — (0 + 02)2
(1 + 0201)2 (1 + 0201)2
Therefore
(v1+03)
(xﬁ) ___ v [ . 1 | (1+vzvl)] (x
17 > +0201
t R Vevemen SR AU
(1+Uz?)1)2

74

Jtc,,) = M (v1p)

Now it is in the form of Lorentz transformation. [

shows that
(v1+03)
1 1
M (012) = [(1+Z)201) (1+U2v1)
1 - @22 (o,
(1+v201)
v
But M (v) = \/1_0 (v 1]. By comparing to the above shows that
U1+ 0y
0 =
12 1+ V01

X(UZ + Ul) + t(l + Uzvl)

1)

Jtc) Comparing this (1)

Therefore what we did above is apply Lorentz transformation again M (v;) on result we
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obtained from M (v;) and we obtained a result which also a valid Lorentz transformation.
This means the group is closed under this transformation. We need to show associativity.
Which means

M (v3) [M (v3) M (v1)] = [M (v3) M (v2)] M (v1)
M (v3) M (v12) = M (v3) M (v7) (3)

But we found from the above that M (vy) M (v1) = M (v1,) results in vy, = fi;v; .
201

we can conclude that left side of (2) which is M (v3) M (v;,) will also result in
U1p + U3

Therefore

(7 R —
3 1+U37)12

01+0p
1+0201 ’

But vy, = therefore the above simplifies to

01+0
T, T 03
1+UzZ)1

U321 = —— o170,
1+ v3——2

U1 +0y +703 (1 + Uzvl)

1+vp01

1+ V01 + 0301 + 0y
U1+ 0y + 03 + 030,07

1+ 001 + V301 + V30,

And the right side of (3) which is M (vo3) M (v) also gives
_ Uty

V123 = 14+ 01093

U403

But again, vy3 = and the above simplifies to

1+v3v5
Up+03

01 +
0 _ 1 1+0v30y
123 — (R
140, 2%

0 (1 +'U3'02) + Uy + U3

1+0v309

B 1+ V30 + 010y + 0103

_ U1 + 030701 + Uy + U3 (BB)

B 1+ V30 + 010y + 0103
By comparing (3A) and (3B) we see they are the same. Hence associativity is satisfied.

Next we need to check the inverse property. What this means that for each M (v;) there
exist M1 (v;) such that M (v;) M~! (v;) = I. where the identity in this case is M (0) = I since

1 (1 0
e

'

1 1 -
Since M (v) = \/11_? (U ;]) then M (-v) = \/11_? (—v 10) and

1 1 v 1 1 -vo
M(”)M(’”):vl_—vz[v 1]v1—[ 1)

1 (1 o\(1 o
T 1-92lv 1)l-v 1
1 1-2 0

1-22 0 1-¢?

_1-72%(1 0
T 1-2210 1
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Which is the identity. Hence we showed that for each M (v;) there exists an inverse M (-v;).
All properties of group have been satisfied. Hence the given Lorentz transformation forms
a group.
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4 Problem 4

Using [Xl-,X ] = Cng where ij are the structure constants and a summation over k is
implied.

1. Show that c;-‘z- = —cfj

2. Prove the Jacobi identity [[X;, X;], Xi |+ [[X; X¢], X;] + [ X0 X1, X;] = 0
3. Show that the Jacobi identity implies céjc% -+ c}kc}? + cfdcz? =0

Conditions (1,3) are the only conditions on the structure constants. Any set of real numbers
ij obeying these two conditions defines a Lie algebra.

4.1 Part (1)
The commutator of 2 generators (X;, Xj) is linear combination of the generators. Hence
X, X;] = XiX; - XX, = cEXg (1)
Therefore, we also have
X5, Xi| = XX; - X;X; = kX (2)

Adding (1) and (2) gives
(XX = XiX;) + (X;X; = X;X;) = kX + chX

0=X; (ci; +c}‘i)

0 = k k
k _ _k

42 Part (2)
Applying the commutator relation
X, Xi] = X;X; - X;X;
Let LHS of the Jacobi identity be A. Applying the above to each term in A gives
A= [(XX - X)X+ [(XXe - XiX;), X0 ]+ [(60X0 = XiXa), X (1)

We want to show that A = 0. Now, applying commutator relation again each term of the
above gives for the first term

[(xiX; - X;X;), Xi | = (XX, - X,X3) Xge = Xp (XX, - X;X))
= XZX]Xk - X]Xle - XleX] + XkX]XI (2)
And for the second term in (1)
[(XiXk - X X)), Xi| = (XX = XiX)) X; = X; (XX, - X X))
= XiXi X; - Xi X X; - XXX + XiXi X (3)
And for the third term in (1)
[(XX; - XiXp), X = (X X; - XiXp) X; - X; (XX, - XiXp)
= X, XiX; - XX X; - XX X; + XXX (4)
Substituting (2,3,4) back into (1) gives
A = (XX Xy - XXXy - X XiX; + XX X))
+ (XXX, = XXX, = XXX + XX X;)
+ (XXX, - XX X; - XXX, + XX X,)

We see that all terms cancel each other. Hence A = 0 which is what we wanted to show.
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4.3 Part (3)
The Jacobi identity is
(1% 5], %] + ([ %] 3]+ [ X, 5] = 0

Applying [XI,X]] cijl on each term in the LHS above gives, where the summation index

| is used in each term, which is OK to do since the terms are separated from each others
0= [cl..xl, Xi ]+ [clkxl, i+ ek X
ol X4, Xl + b [X, Xi] + ;[ X0, Xj]

Now, applying [Xl, X]] -]-Xm again on each term above and now using m as the summa-

tion index gives
0= Cz]clkX + ckch X+ cklcl]

I m I m
( CiiClk + CixCri + cklcl] ) X
l m I m )

= CjjCl + CiCli + Cricly

Which is what the problem asked to show.
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