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1 Problem 1

Problem Show that

foo lfm (x) ], (x)dx = Esin((m_n)z)
0 X -

m2 —n2

Solution
x? ”(x)+x]n(x)+(x —nz)] (x)=0
x? ”(x)+x]m(x)+(x —mz)] (x)=0

Dividing both equations by x? gives
2

ACRTACE: (1 - %)1 @) =0

1 2
%(x)+—],’n(x)+(1—m—2)]m(x)=o
X X

Multiplying the first ODE by xJ,, (x) and the second by xJ,, (x) gives (multiplying by just x
did not lead to a result that I could use).

X5 +]m]n+x( )]m]n_o

Xl + Jnli + x( )Mm =0

Subtracting gives
n? m?
(meLz' +July+x (1 - ;)fmfn) - (x]n]{é +uf+ X (1 - F)Jnfm) =0

2 2
x(]m] ]n] )+]m]n ]n]iln_x]m]n ((1_1;_2)_(1_m_)) ="

x2
Or
m? n?
X T = Tuli) + Tt = JuJin = XIJu ((1_?)_(1_;)) (1)
But the LHS above is complete differentia]ﬂ

(x (]m]/g _]n];ﬂ))/ = (]771]‘;1 _]n];,n) + x(]m]‘r’l _In]‘;n),
= Jn = JuJin + X U+ Tl = TiJin = Tl o)
= Juln = Tl + x(]m];l, _]n]{%:)



Hence using (2) in (1), then (1) simplifies to

2 2
Tt~ = e ([1- 55 ) - (1 -5
X

2

n®  m?
= XJin)n (F - _)

12
_ ]m]n 2 2
=l (12 )
Integrating both sides above gives
’ 7\ _ 2 2 oo]m]n
X Ul =TI = (2 = m?) fo o
Therefore
* Jon (X) Ju (%) 1 , RPN
J, = o) 0 T 0= T 0 3)

At x = 0 the expression x (], (x) [, (x) = J,,, () ];; (x)) = 0. And at x = co we can use the
asymptotic approximation given by



Let x — % I a, and let x — % - % = B, then the above becomes

1 (1 g
T ) ], (x) = \/zxcos (a)[ \/%sin (,8) - E (;) Cos (ﬁ)]

=2 cos@sin(§) - 2y 3= (1) cos@eon )

'y

= —i cos (a) sin (,B) -

1(1)\2
X n (;) X
2 11\
= cos (a) sin (ﬁ) - (;) cos (a) cos (ﬁ) (4)
Similarly
2 , 11\
Jn (O] (x) = —— cos (ﬁ) sin (a) — - (;) cos (ﬁ) cos (a) (5)

Substituting (4,5) into (3) gives (only the term as x — oo remains)

S e 1, 0 )= (05
2 2
(mz 2 [[ — cos () sm - % (91;) cos (@) cos (ﬁ)] - [—% cos (ﬁ) sin (a) - % (31_5) Ccos (ﬁ) cos (a)]]
2 2
= mz oy [ — cos (@) sm - % (31_() cos (a) cos (ﬁ) + % cos (ﬁ) sin (o) + % (31—6) cos (ﬁ) cos (a)]
(mz nz) ( — cos (@) sm + nix cos (,8) sin (a))
= - (m2 ) (sm () cos (ﬁ) cos (a) sin (ﬁ)) (6)
But
sin (&) cos (ﬁ) — cos (@) sin (ﬁ) sin (oz - ﬁ)
=nlfe- 5 - 5)- (-7 -5)
=smi|x 5 4 X > 1
. ( nrt Tt mrt 77)
=sin(x—-— - — - X+ — 4 —
2 4 2 4
. (mTc 1’171)
=sin|— - —
2 2
. Tt
= sin ((m —n) E)



Using the above in (6) gives
[T, 25 (0n—m 3)
0 x n (m2 - n2)

Which is the result required to show. QED.




2 Problem 2

Problem What linear second order ODE does the function x™], (axk) solves? Are there any
required relationships among m, 1, k? Use this to solve y”’ + x*y = 0

Solution

2.1 Part (a)
We know that the Bessel ODE

2
122 (1) + 2/ (t) + (tz - (%) Jz =0 1)

I am using the order as 2 instead of 71 to make it more general. At the end, % can always be

replaced back by n.
The ODE above has solution
z() =] : (t)
Hence using the transformation
t = axk (2)
The solution y (x) =z (axk) will becomes
JORSE (ax)

Therefore the question now is, how does ODE (1) transforms under (2)? From (2)
1

)

Hence
1
dx 1 (t)%‘1
dt  k\a
1
1 /t\&i !
-z 3) ®
Now
& _ dads
dt  dxdt

1

_dz 1 (t)%‘l 5)

" dxak \a



And
d?z _d (dz
a2 dr \dt

1
3 dldz 1 (t‘)E‘1
~ dt|dxak \a
_dzzdx 1 (t)%_l +dzd 1 (t)%‘l
"~ dx2dt | ak \a dx dt | ak \a

1_\? 1
S CONEF RO g

Using (5,6) then ODE (1) becomes

Writing y (x) = z (axk) so we do not have to keep writing z (axk), the above becomes

1 )2 1 1_
o oo dali-) ) oo () ol 3 oo

But ¢ = ax* and the above becomes

1 \2 1 1
1 (axk\¢ " 1 (1 axk\i 1 (ax¥\i " a\?
oo oo o) e -



Which is simplified more as follows

2 1 1 2
[y//( )( (; )) y (x) % (k 1) %J + axk (y/ (x) %%) + | g2x2k — % ]/(x) =
a2k //() x2 + (x) 1_1 i + axk /(x)lﬁ + | a2x2k — ﬁ : (x)_
Y 2k2 Y k x2k T B YW=
Zk(y”@c’ : (x2)+y (x)_(l_l) )*y’(x)f+ 2 (%) ]y -

k2 2k k ﬁ

x? 1 x a\’
Zy” () +y (x) = (——1)x+y (x)k a®x?k — 5 y(x) =

2
X%y (x) +y' (x) k (% -~ 1) x+y (x)kx + (k2a2x2k — k? % y(x) =

2.2
X2y (x) + xy’ (x) + (kzazka —~ kﬁ—(j y(x) =

(7)
We know that the above ODE has one solution as y (x) = Ja (axk) because this is how the
B

above was constructed. Now assuming that
w (x) = x"y (x)
= x"Ja (axk
o)
Then w(x) is the solution we want. This means we need to express (7) in terms of w (x)
instead of vy (x) in order to find the ODE whose solution is x™]« (axk).
B

Since y (x) = w (x) x™™ then

d
y ()= @"w)

= —mx"" 1w + x My’

And

d
Y’ (x) = . (—mx‘m‘lw + x‘mw’)
-m-1.,,7

=-m(-m-1)x"2w - mx" ' — mx w’ + x Mw”
=m(m+1)x" 2w - 2w mx"" 1 + x "
Substituting the above results back into (7) gives

kZ 2
—[86; )wx‘m =0

x? (m (m+1)x" 2w - 2w mx"™ 1 + x"”w”)+x (—mx‘m‘lw + x " ) (k2 22k



Dividing by x™"

k2o

x2 (m (m +1)x 2w - 2w'mx~ + w”) +x (—mx‘lw + w’) + (k2a2x2k o w=0
k?a?

m(m+1)w - 2xw'm + x*w” — mw + xw’ + (k2a2x2k ra w=0
k?a?

X*w” +w' (—2xm + x) + (kzazka +m(m+1)—m- 7 w=0
kzaz

2w’ + 1 -2m)xw’ + (kK22 +m? - ——|w=0 (8)
52

Hence the above ODE (8) will have the solution x™ [« (axk). We can now let n = % and the
B
above ODE becomes
x2w” + (1 -2m)xw’ + (kzazka +m? - kznz) w=0 9)

Has the required solution x™], (axk).

. TS 1
To answer the final part about the relation between 7, m, k. One restriction is that m = 5
One relation between the order 7 and k is that m? — k?n2 being a rational number. This
means

m? —k*n® = —

<z

Where N, M are integers.

2.2 Part (b)

Yy’ (0) + %%y (x) =0 1)
Comparing this ODE to one found in part (a), written below again, now using v (x) to make
it easier to compare

x%y" (x) + (1 = 2m) xy’ (x) + (k2a2x2k +m? - kznz) y(x) =0
(1-2m)
x

1
v’ (x) + v (x) + = (kzazxz" +m? - kznz) y(x)=0 (2)

To make (2) same as (1), we want (1 —2m) =0 or m = % Also need 2k = 4 or k = 2. Using
these the above reduces to

— 412

1
y” (x) + (4a2x2 +E— 3 ]y(x) =0

1. 1
Therefore, we need also that n% = 7 in order to cancel extra term above. Hence n = T Now
the above becomes

¥ (x) + 4a’x*y (x) = 0



10

2 1

1
Finally, if we let a Jora=z, then the above becomes

v’ (x) + x%y (x) = 0

Therefore, we found that

1
"t

1
)
k=2

1
=3

Hence the following solves the ODE
y (x) = x™],, (ax¥)

=V, (57

2.3 Appendix

To verify the above result, it is solved again directly. We first need to convert this ODE to
Bessel ODE. Let

1
Y =x2z(x)
Then
dy 1 _1 1

—x 2z +x27
dx 2

dy 1.3 1.1 1.1 1
— = ——x 22+ —x 27/ + =x 27’ + x2Z7”
dx? 4 2 2
1 .3 _1 1
= —Zx 27 +x 27" +x2z”

Substituting the above into (1) gives
1 3 _1 1 1
IR e x?x2z =0

1 _1 501 3
x2z" +x 272/ + (xZ ~ 1" 2)2 =0
3
Multiplying both sides by x2 gives
1
x%z2" +xz' + (x4 -~ Z) z=0 (2)

2
Where the derivatives above is with respect to x. Now let t = ~. Then

2
dz _dzdt _ dz
dx  dtdx dt



11

And
d*z  d%z (di dz
ﬁ—ﬁ(a)‘“a
d*z , dz
= F

Substituting the above into (2) gives
1
2 (217 ’ ’ 4
x“\xZ" +z2' )+ x(xzZ') +|x*-=]z=0
Where the derivatives above is with respect to f now. This simplifies to
1
x4z + 2x%7 + (x4 - Z) z=0

2
Butt = x?, hence the above becomes

1
4127 + Atz + (4t2 - Z) z=0

1
P2+t + |- —]z=0
16

This now in the form of Bessel ODE
22"+t + (P -n?)z=0
Where n = i. Hence one solution is

z(t) =], (t)
= ]411 65

2
But y (x) = Vxz(x) and t = x?, therefore the above becomes

2
() =V, (%) )

Which is the same as found in part (b)
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3 Problem 3

Problem Prove that |, (x)| <1 for all integers n
Solution

From the integral representation of |, (x) for integer n
1 rm
Ju@) =~ [ cos(n6 - xsin 6)do
Tt Jo
Then

|]n (X)l <=
T

f cos (nO — xsin 0) dO
0

max

IA

1 TC
— f |cos(nO —xsinO)| dO
T 0 max

1 7T
— M, [ do
Tt 0

1
=—M| 7
TC

max
= M|

Where |M| = |cos (16 — xsin 6)|max over 6 = 0 --- 7t. But this is 1 for the cosine function.
Hence

max

I ()l <1



13

4 Problem 4

Problem Starting with the integral formula for hypergeometric function, express the following
in terms of elementary functions ,F; (1,1,2;x) and ,F; (4,1,1; x)

Solution
. - 7 c-b-1 _
2@ b6 = F(b)l“(c—b)ftbl(l 7 (- ) dt M
_ T T'(a+n)T(b+n)x"
T(a)P(b)Zg) Tctn) nl (2)
41 Part (a)

Here a =1,b =1, c = 2. Therefore, using (1) representation gives

F (11,2 —ftlll D2 (1 - b)Yt
2F1 ( x) = TMr2-1 ( ) ( )
) Lo dt
S TOTA)Jy 1-tx
But I'(2) =1, (1) = 0, therefore the above becomes
F 1,12 f
oF1 (1, x) = 1—ix

_ [—ln(l—tx)r

X X
In(1-x)
x

:_(ln(l—x) _ —ln(l—O))

42 Part (b)

Here a = a,b =1,c = 1. Therefore (2) representation gives
I'c) T(@a+n)I(b+n)x"
F(a)F(b) Z T(c+n n!
1 F(a+n)F(1+n)x
T (a) Z Irad+n) n!
r (a + n) x"
- Z T@ n

2F1(a1 1; X)

n=0
Looking at few values



oF1(a,1,1;x)
Ta) _

I(a) _
T(a+1)

T'(a)
T(a+2) x2

[(a) 2!
T(a+3) x3

T'(a) 31

(@]

—_

W [N

14

Using the recursive relation I' (a + 1) = al’ (a), which works for integer and non integer 4,

then we see that
I'a+1) =al (a)
And
Fa+2)=T((a+1)+1)
=@+1)IT'(@a+1)
=(a+1)al (a)
And
F'a+3)=T({(a+2)+1)
=@+2)T'((a+2)
=(@+2)(a+1)al (a)

And so on. Hence the above now becomes

n | oF1(a,1,1;x)
01
al(a)
1 mx = ajc 2
(a+1)al(a) x= x°
2 T(a) E_z(a_”)zz ;
3| C O @+ )@ +2) 5

We see from the above the pattern of the sequence is as follows
2 3

X b
zFl(a,l,l;x):1+ux+a(a+1)§+a(a+1)(a+2)§+...

Comparing the above to the Binomial expansion given by
2 3

1 +z)n:1+nz+n(n—1)%+n(n—1)(n—2)z—+---

3!

(1)

(2)
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By replacing z — —x and n — —a, the above becomes

o ()’ (=)’
1-20" =1+ )+ () () -1) —= + () (o) -D((-a) - 2) —
x? . x> .
:1+ax+(a)(a+l)§+(a)(a+1)(a+2)§+

+ ...

Comparing the above to (1) shows it is the same series. Hence
2F1(a,1, ;) = (1=
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