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1 Section 73, Problem 8

Figure 1: Problem statement

Solution

𝑐𝑛 = �𝑓 (𝑥) , 𝜙𝑛 (𝑥)�

= �
𝑏

1
𝑝 (𝑥) 𝑓 (𝑥) 𝜙𝑛 (𝑥) 𝑑𝑥

But 𝑝 (𝑥) = 1
𝑥 and 𝜙𝑛 (𝑥) = �

2
ln 𝑏 sin (𝛼𝑛 ln 𝑥) and 𝑓 (𝑥) = 𝑥 therefore the above becomes

𝑐𝑛 = �
𝑏

1

1
𝑥
𝑥
�

2
ln 𝑏

sin (𝛼𝑛 ln 𝑥) 𝑑𝑥

=
�

2
ln 𝑏 �

𝑏

1
sin (𝛼𝑛 ln 𝑥) 𝑑𝑥

But 𝛼𝑛 =
𝑛𝜋
ln 𝑏 , therefore

𝑐𝑛 = �
2

ln 𝑏 �
𝑏

1
sin �

𝑛𝜋
ln 𝑏

ln 𝑥� 𝑑𝑥

Let 𝑠 = 𝜋 ln 𝑥
ln 𝑏 , hence

𝑑𝑠
𝑑𝑥 =

𝜋
ln 𝑏

1
𝑥 . When 𝑥 = 1 → 𝑠 = 0 and when 𝑥 = 𝑏 → 𝑠 = 𝜋. The above

becomes

𝑐𝑛 = �
2

ln 𝑏 �
𝜋

0
sin (𝑛𝑠)

ln (𝑏)
𝜋

𝑥𝑑𝑠

But ln 𝑥 = 𝑠
𝜋 ln 𝑏, hence 𝑥 = 𝑒𝑠

ln 𝑏
𝜋 , and the above becomes

𝑐𝑛 =
√2 ln (𝑏)

𝜋 �
𝜋

0
𝑒𝑠

ln 𝑏
𝜋 sin (𝑛𝑠) 𝑑𝑠 (1)

Using

�𝑒𝑎𝑥 sin (𝑏𝑥) 𝑑𝑠 =
𝑒𝑎𝑥

𝑎2 + 𝑏2
(𝑎 sin 𝑏𝑥 − 𝑏 cos 𝑏𝑥)

Where in our case 𝑎 = ln 𝑏
𝜋 and 𝑏 = 𝑛. Applying the above gives

�
𝜋

0
𝑒𝑠

ln 𝑏
𝜋 sin (𝑛𝑠) 𝑑𝑠 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑒
ln 𝑏
𝜋 𝑥

� ln 𝑏
𝜋
�
2
+ 𝑛2

�
ln 𝑏
𝜋

sin 𝑛𝑥 − 𝑛 cos 𝑛𝑥�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜋

0

=
1

� ln 𝑏
𝜋
�
2
+ 𝑛2

�𝑒
ln 𝑏
𝜋 𝜋 �

ln 𝑏
𝜋

sin 𝑛𝜋 − 𝑛 cos 𝑛𝜋� − (0 − 𝑛)�
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But sin 𝑛𝜋 = 0 since 𝑛 integer, giving

�
𝜋

0
𝑒𝑠

ln 𝑏
𝜋 sin (𝑛𝑠) 𝑑𝑠 =

1

� ln 𝑏
𝜋
�
2
+ 𝑛2

[−𝑏𝑛 cos 𝑛𝜋 + 𝑛]

=
𝜋2

(ln 𝑏)2 + 𝜋2𝑛2
�−𝑏𝑛 (−1)𝑛 + 𝑛�

=
𝜋2 �𝑏𝑛 (−1)𝑛+1 + 𝑛�

(ln 𝑏)2 + 𝜋2𝑛2
Hence (1) becomes

𝑐𝑛 =
√2 ln (𝑏)

𝜋
𝑛𝜋2 �1 + (−1)𝑛+1 𝑏�

(ln 𝑏)2 + (𝜋𝑛)2

= �2 ln (𝑏)
𝑛𝜋 �1 + (−1)𝑛+1 𝑏�

(ln 𝑏)2 + (𝜋𝑛)2

Where 𝑛 = 1, 2, 3,⋯, which is the result required to show.
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2 Section 73, Problem 10

Figure 2: Problem statement

Solution

2.1 Part (a)

𝜙𝑛 (𝑥) = �
2
𝑐

sin (𝛼𝑛𝑥) 𝑛 = 1, 2, 3,⋯

𝛼𝑛 = 𝜋
2𝑛 − 1
2𝑥

Since 𝜙𝑛 (𝑥) are complete, then we can represent 𝑓 (𝑥) using 𝜙𝑛 (𝑥) as generalized Fourier
series using

𝑓 (𝑥) =
∞
�
𝑛=1

𝐵𝑛𝜙𝑛 (𝑥) 0 < 𝑥 < 𝑐

To find 𝐵𝑛, since 𝜙𝑛 (𝑥) are orthonormal eigenfunctions then

𝐵𝑛 = �𝑓 (𝑥) , 𝜙𝑛 (𝑥)�

= �
𝑐

0
𝑝 (𝑥) 𝑓 (𝑥) 𝜙𝑛𝑑𝑥

But problem (7) section 72 is 𝑋′′ + 𝜆𝑋 = 0 which implies that 𝑝 (𝑥) = 1. Hence the above
becomes

𝐵𝑛 = �
𝑐

0
𝑓 (𝑥)

�
2
𝑐

sin (𝛼𝑛𝑥) 𝑑𝑥

=
�
2
𝑐 �

𝑐

0
𝑓 (𝑥) sin (𝛼𝑛𝑥) 𝑑𝑥

Which is the result required to show.

2.2 Part (b)

Theorem 2 section 15 gives the conditions on 𝑓 (𝑥) for it to have a Fourier sine series which
converges to 𝑓 (𝑥) where 𝑓 (𝑥) is continuous and converges to mean value of 𝑓 (𝑥) where
𝑓 (𝑥) have a jump discontinuity.
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Since 𝑓 (𝑥) is piecewise continuous in this problem, then for those regions where 𝑓 (𝑥) is
continuous between 0 < 𝑥 < 𝑐, the series found in part(a) converges to 𝑓 (𝑥) and is valid
Fourier sine series representation of 𝑓 (𝑥) there.
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3 Section 74, Problem 1

Figure 3: Problem statement

Solution

Solution (6) is given by

𝑢 (𝑥, 𝑡) =
∞
�
𝑛=1

𝐴𝑛 exp �−𝛼2𝑛𝑘𝑡� cos (𝛼𝑛𝑥) (6)

Where

𝐴𝑛 =
2ℎ

ℎ + sin2 𝛼𝑛
�

1

0
𝑓 (𝑥) cos (𝛼𝑛𝑥) 𝑑𝑥

But 𝑓 (𝑥) = 1 which reduces the above to

𝐴𝑛 =
2ℎ

ℎ + sin2 𝛼𝑛
�

1

0
cos (𝛼𝑛𝑥) 𝑑𝑥

=
2ℎ

ℎ + sin2 𝛼𝑛
[sin (𝛼𝑛𝑥)]

1
0

=
2ℎ

ℎ + sin2 𝛼𝑛
sin (𝛼𝑛)

Hence (6) becomes

𝑢 (𝑥, 𝑡) = 2ℎ
∞
�
𝑛=1

sin (𝛼𝑛)
ℎ + sin2 𝛼𝑛

exp �−𝛼2𝑛𝑘𝑡� cos (𝛼𝑛𝑥)

But from example 1, section 72 we are given that tan (𝛼𝑛𝑐) =
ℎ
𝛼𝑛
. But 𝑐 = 1 in this problem,

hence

tan (𝛼𝑛) =
ℎ
𝛼𝑛

Which is what required to show.
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4 Section 74, Problem 4

Figure 4: Problem statement

Solution

4.1 Part (a)

𝑢 (0, 𝑡) = 0 means that the left surface is kept at fixed temperature which is zero. And
𝑢𝑥 (1, 𝑡) + ℎ𝑢 (1, 𝑡) = 0 means that the surface heat transfer takes place at face 𝑥 = 1 into the
medium at temperature zero. To solve the PDE, we first check the boundary conditions
by writing them as

𝑎1𝑢 (0, 𝑡) + 𝑎2𝑢𝑥 (0, 𝑡) = 0
𝑏1𝑢 (1, 𝑡) + 𝑏2𝑢𝑥 (1, 𝑡) = 0

Then 𝑎1 = 0, 𝑎2 = 0. Hence 𝑎1𝑎2 = 0. And 𝑏1 = 1, 𝑏2 = ℎ. Then since it is assumed that
ℎ > 0 per section 26, then 𝑏1𝑏2 ≥ 0. And since 𝑞 (𝑥) = 0 from the PDE itself, then we know
that eigenvalues are 𝜆 ≥ 0.

Let 𝑢 = 𝑋 (𝑥) 𝑇 (𝑡) then the PDE becomes

𝑇′𝑋 = 𝑋′′𝑇
𝑇′

𝑇
=
𝑋′′

𝑋
= −𝜆

Hence the Sturm Liouville problem is

𝑋′′ + 𝜆𝑋 = 0
𝑋 (0) = 0

𝑋′ (1) + ℎ𝑋 (1) = 0
Where 𝑝 (𝑥) = 1.

Case 𝜆 = 0

Solution is

𝑋 (𝑥) = 𝐴𝑥 + 𝐵
At 𝑥 = 0

0 = 𝐵
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Hence solution becomes

𝑋 (𝑥) = 𝐴𝑥
At 𝑥 = 1 the second boundary conditions gives

𝐴 + ℎ𝐴 = 0
𝐴 (1 + ℎ) = 0

For non trivial solution 1 + ℎ = 0 or ℎ = −1. But we assumed that ℎ > 0. Therefore 𝜆 = 0
is not eigenvalue.

Case 𝜆 > 0

Let 𝜆 = 𝛼2, 𝛼 > 0. Hence solution is

𝑋 (𝑥) = 𝐴 cos (𝛼𝑥) + 𝐵 sin (𝛼𝑥)
At 𝑋 (0) = 0

0 = 𝐴
The solution becomes

𝑋 (𝑥) = 𝐵 sin (𝛼𝑥)
At 𝑥 = 1 the second boundary conditions gives

𝐵𝛼 cos (𝛼) + ℎ𝐵 sin (𝛼) = 0
𝛼 cos (𝛼) + ℎ sin (𝛼) = 0

tan (𝛼) = −
𝛼
ℎ

Therefore the eigenvalues are given by solution to

tan (𝛼𝑛) = −
𝛼𝑛
ℎ

𝑛 = 1, 2, 3,⋯

And eigenfunctions are

𝑋𝑛 (𝑥) = sin (𝛼𝑛𝑥)
The normalized eigenfunctions are

𝜙𝑛 (𝑥) =
𝑋𝑛 (𝑥)
‖𝑋𝑛 (𝑥)‖

But

‖𝑋𝑛 (𝑥)‖
2 = �

1

0
𝑝 (𝑥)𝑋2

𝑛 (𝑥) 𝑑𝑥

= �
1

0
sin2 (𝛼𝑛𝑥) 𝑑𝑥

=
1
2 �

1

0
1 − cos (2𝛼𝑛𝑥) 𝑑𝑥

=
1
2

⎛
⎜⎜⎜⎜⎝1 − �

sin (2𝛼𝑛𝑥)
2𝛼𝑛

�
1

0

⎞
⎟⎟⎟⎟⎠

=
1
2 �
1 −

1
2𝛼𝑛

[sin (2𝛼𝑛𝑥)]
1
0�

=
1
2 �
1 −

sin (2𝛼𝑛)
2𝛼𝑛

�

=
1
2
−

sin (2𝛼𝑛)
4𝛼𝑛
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But sin (2𝛼𝑛) = 2 sin𝛼𝑛 cos𝛼𝑛 and 𝛼𝑛 = −ℎ
sin(𝛼𝑛)
cos(𝛼𝑛)

, therefore the above becomes

‖𝑋𝑛 (𝑥)‖
2 =

1
2
+
2 sin𝛼𝑛 cos𝛼𝑛
4ℎ sin(𝛼𝑛)

cos(𝛼𝑛)

=
1
2
+

cos2 𝛼𝑛
2ℎ

=
ℎ + cos2 𝛼𝑛

2ℎ
Hence

𝜙𝑛 (𝑥) =
𝑋𝑛 (𝑥)

�
ℎ+cos2 𝛼𝑛

2ℎ

=
�

2ℎ
ℎ + cos2 𝛼𝑛

sin (𝛼𝑛𝑥)

Now we use generalized Fourier series to find the solution. Let

𝑢 (𝑥, 𝑡) =
∞
�
𝑛=1

𝐵𝑛 (𝑡) 𝜙𝑛 (𝑥) (1)

Substituting this back into the PDE gives
∞
�
𝑛=1

𝐵′𝑛 (𝑡) 𝜙𝑛 (𝑥) = 𝑘
∞
�
𝑛=1

𝐵𝑛 (𝑡) 𝜙′′
𝑛 (𝑥)

But 𝜙′′
𝑛 (𝑥) = −𝜆𝑛𝜙𝑛 (𝑥) = −𝛼2𝑛𝜙𝑛 (𝑥). The above becomes

∞
�
𝑛=1

𝐵′𝑛 (𝑡) 𝜙𝑛 (𝑥) = −𝑘
∞
�
𝑛=1

𝐵𝑛 (𝑡) 𝛼2𝑛𝜙𝑛 (𝑥)

𝐵′𝑛 (𝑡) + 𝑘𝛼2𝑛𝐵𝑛 (𝑡) = 0
The solution is

𝐵𝑛 (𝑡) = 𝐵𝑛 (0) 𝑒−𝑘𝛼
2
𝑛𝑡

Hence (1) becomes

𝑢 (𝑥, 𝑡) =
∞
�
𝑛=1

𝐵𝑛 (0) 𝑒−𝑘𝛼
2
𝑛𝑡𝜙𝑛 (𝑥)

At 𝑡 = 0 the above becomes

𝑓 (𝑥) =
∞
�
𝑛=1

𝐵𝑛 (0) 𝜙𝑛 (𝑥)

Therefore

𝐵𝑛 (0) = �𝑓 (𝑥) , 𝜙𝑛 (𝑥)�

= �
1

0
𝑝 (𝑥) 𝑓 (𝑥) 𝜙𝑛 (𝑥) 𝑑𝑥

=
�

2ℎ
ℎ + cos2 𝛼𝑛

�
1

0
𝑓 (𝑥) sin (𝛼𝑛𝑥) 𝑑𝑥

Therefore

𝐵𝑛 (𝑡) = 𝐵𝑛 (0) 𝑒−𝑘𝛼
2
𝑛𝑡

=

⎛
⎜⎜⎜⎜⎜⎝
�

2ℎ
ℎ + cos2 𝛼𝑛

�
1

0
𝑓 (𝑥) sin (𝛼𝑛𝑥) 𝑑𝑥

⎞
⎟⎟⎟⎟⎟⎠ 𝑒

−𝑘𝛼2𝑛𝑡

and solution (1) becomes

𝑢 (𝑥, 𝑡) =
∞
�
𝑛=1�

2ℎ
ℎ + cos2 𝛼𝑛

��
1

0
𝑓 (𝑥) sin (𝛼𝑛𝑥) 𝑑𝑥� 𝑒−𝑘𝛼

2
𝑛𝑡

�

2ℎ
ℎ + cos2 𝛼𝑛

sin (𝛼𝑛𝑥)

=
2ℎ

ℎ + cos2 𝛼𝑛

∞
�
𝑛=1

��
1

0
𝑓 (𝑥) sin (𝛼𝑛𝑥) 𝑑𝑥� 𝑒−𝑘𝛼

2
𝑛𝑡 sin (𝛼𝑛𝑥)
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Which is what required to show.

4.2 Part (b)

We need to show that the solution found in part (a) also satisfies the PDE when −1 < 𝑥 < 1
𝑢𝑡 = 𝑘𝑢𝑥𝑥 − 1 < 𝑥 < 1, 𝑡 > 0

With boundary conditions (9)

𝑢𝑥 (−1, 𝑡) = ℎ𝑢 (−1, 𝑡)
𝑢𝑥 (1, 𝑡) = −ℎ𝑢 (1, 𝑡)

And initial conditions (10)

𝑢 (𝑥, 0) = 𝑓 (𝑥)
When 𝑓 (𝑥) is odd.

The solution found in 𝑎 already satisfies the above PDE with the second boundary con-
ditions in (9). Since sine is odd then the solution in part(a) is also odd. Then its partial
derivative is even in 𝑥, hence the first boundary conditions in (9) is also satisfied

𝑢𝑥 (−1, 𝑡) = ℎ𝑢 (−1, 𝑡) = −𝑢𝑥 (1, 𝑡) = ℎ𝑢 (1, 𝑡)
Finally we know that 𝑢 (𝑥, 0) = 𝑓 (𝑥) for 0 < 𝑥 < 1. Furthermore when −1 < 𝑥 < 0 the fact
that 𝑢 and 𝑓 (𝑥) are odd enables us to write

𝑢 (−𝑥, 0) = −𝑢 (𝑥, 0) = 𝑓 (−𝑥) = −𝑓 (𝑥)
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5 Section 77, Problem 2

Figure 5: Problem statement

Solution

Solve

𝑢𝑡 = 𝑢𝑥𝑥 0 < 𝑥 < 1, 𝑡 > 0
With boundary conditions

𝑢𝑥 (0, 𝑡) − ℎ𝑢 (0, 𝑡) = 0
𝑢 (1, 𝑡) = 1

With ℎ > 0. And initial conditions 𝑢 (𝑥, 0) = 𝑓 (𝑥).

Because the second B.C. is not zero, we need to introduce a reference function 𝑟 (𝑥) which
satisfies the nonhomogeneous boundary conditions.

Let 𝑟 (𝑥) = 𝐴𝑥 + 𝐵. When 𝑥 = 0 then the first BC gives

𝐴 − ℎ𝐵 = 0
And the second BC gives

𝐴 + 𝐵 = 1
From the first equation 𝐴 = ℎ𝐵. Substituting in the second equation give ℎ𝐵 + 𝐵 = 1 or
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𝐵 (1 + ℎ) = 1 or 𝐵 = 1
1+ℎ . Hence 𝐴 = ℎ

1+ℎ . Therefore

𝑟 (𝑥) = 𝐴𝑥 + 𝐵

=
ℎ

1 + ℎ
𝑥 +

1
1 + ℎ

=
ℎ𝑥 + 1
1 + ℎ

(1)

To verify. 𝑟𝑥 =
ℎ

1+ℎ . When 𝑥 = 0 then 𝑟 (0) = 1
1+ℎ . Hence 𝑟𝑥 (0) − ℎ𝑟 (0) =

ℎ
1+ℎ − ℎ

1
1+ℎ = 0

as expected. And when 𝑥 = 1 then 𝑟 (1) = 1 as expected. Now that we found 𝑟 (𝑥) then we
write

𝑢 (𝑥, 𝑡) = 𝑣 (𝑥, 𝑡) + 𝑟 (𝑥)
Where 𝑣 (𝑥, 𝑡) is the solution to the homogenous PDE

𝑣𝑡 = 𝑣𝑥𝑥 0 < 𝑥 < 1, 𝑡 > 0
With boundary conditions

𝑣𝑥 (0, 𝑡) − ℎ𝑣 (0, 𝑡) = 0
𝑣 (1, 𝑡) = 0

We can now solve for 𝑣 (𝑥, 𝑡) using separation of variables since boundary conditions are
homogenous. Separation of variables gives

𝑋′′ + 𝜆𝑋 = 0
𝑋′ (0) − ℎ𝑋 (0) = 0

𝑋 (1) = 0
Using problem 5 section 72, the eigenfunctions and eigenvalues for the above are

𝜙𝑛 (𝑥) =
�

2ℎ
ℎ + cos2 𝛼𝑛

sin (𝛼𝑛 (1 − 𝑥)) 𝑛 = 1, 2,⋯

tan (𝛼𝑛) =
−𝛼𝑛
ℎ

With 𝛼𝑛 > 0. Hence the solution 𝑣 (𝑥, 𝑡) using generalized Fourier series is

𝑣 (𝑥, 𝑡) =
∞
�
𝑛=1

𝐵𝑛 (𝑡) 𝜙𝑛 (𝑥) (2)

Substituting into the PDE 𝑣𝑡 = 𝑣𝑥𝑥 gives
∞
�
𝑛=1

𝐵′𝑛 (𝑡) 𝜙𝑛 (𝑥) =
∞
�
𝑛=1

𝐵𝑛 (𝑡) 𝜙′′
𝑛 (𝑥)

= −
∞
�
𝑛=1

𝐵𝑛 (𝑡) 𝛼2𝑛𝜙𝑛 (𝑥)

Therefore the ODE is

𝐵′𝑛 (𝑡) + 𝛼2𝑛𝐵𝑛 (𝑡) = 0
The solution is

𝐵𝑛 (𝑡) = 𝐵𝑛 (0) 𝑒−𝛼
2
𝑛𝑡

Hence (2) becomes

𝑣 (𝑥, 𝑡) =
∞
�
𝑛=1

𝐵𝑛 (0) 𝑒−𝛼
2
𝑛𝑡𝜙𝑛 (𝑥)

And since 𝑢 (𝑥, 𝑡) = 𝑣 (𝑥, 𝑡) + 𝑟 (𝑥) then

𝑢 (𝑥, 𝑡) =
∞
�
𝑛=1

𝐵𝑛 (0) 𝑒−𝛼
2
𝑛𝑡𝜙𝑛 (𝑥) +

ℎ𝑥 + 1
1 + ℎ

Now we find 𝐵𝑛 (0) from initial conditions. At 𝑡 = 0 the above becomes

0 =
∞
�
𝑛=1

𝐵𝑛 (0) 𝜙𝑛 (𝑥) +
ℎ𝑥 + 1
1 + ℎ

−
ℎ𝑥 + 1
1 + ℎ

=
∞
�
𝑛=1

𝐵𝑛 (0) 𝜙𝑛 (𝑥)
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Hence

𝐵𝑛 (0) = �−
ℎ𝑥 + 1
1 + ℎ

, 𝜙𝑛 (𝑥)�

= −�
1

0
𝑝 (𝑥)

ℎ𝑥 + 1
1 + ℎ

𝜙𝑛 (𝑥) 𝑑𝑥

= −�
1

0

ℎ𝑥 + 1
1 + ℎ �

2ℎ
ℎ + cos2 𝛼𝑛

sin (𝛼𝑛 (1 − 𝑥)) 𝑑𝑥

= −
1

1 + ℎ�

2ℎ
ℎ + cos2 𝛼𝑛

�
1

0
(ℎ𝑥 + 1) sin (𝛼𝑛 (1 − 𝑥)) 𝑑𝑥 (3)

But

�
1

0
(ℎ𝑥 + 1) sin (𝛼𝑛 (1 − 𝑥)) 𝑑𝑥 = �

1

0
sin (𝛼𝑛 (1 − 𝑥)) 𝑑𝑥 + ℎ�

1

0
𝑥 sin (𝛼𝑛 (1 − 𝑥)) 𝑑𝑥

= �
cos (𝛼𝑛 (1 − 𝑥))

𝛼𝑛
�
1

0
+ ℎ �

𝛼𝑛𝑥 cos (𝛼𝑛 (1 − 𝑥)) + sin (𝛼𝑛 (1 − 𝑥))
𝛼2𝑛

�
1

0

=
1 − cos (𝛼𝑛)

𝛼𝑛
+
ℎ
𝛼2𝑛
[𝛼𝑛𝑥 cos (𝛼𝑛 (1 − 𝑥)) + sin (𝛼𝑛 (1 − 𝑥))]

1
0

=
1 − cos (𝛼𝑛)

𝛼𝑛
+
ℎ
𝛼2𝑛
[𝛼𝑛 − sin𝛼𝑛]

=
𝛼𝑛 − 𝛼𝑛 cos (𝛼𝑛) + ℎ𝛼𝑛 − ℎ sin𝛼𝑛

𝛼2𝑛
But

sin(𝛼𝑛)
cos(𝛼𝑛)

= −𝛼𝑛
ℎ or ℎ sin (𝛼𝑛) = −𝛼𝑛 cos (𝛼𝑛) or −ℎ sin𝛼𝑛 = 𝛼𝑛 cos (𝛼𝑛), hence the above

simplifies to

�
1

0
(ℎ𝑥 + 1) sin (𝛼𝑛 (1 − 𝑥)) 𝑑𝑥 =

𝛼𝑛 + ℎ𝛼𝑛
𝛼2𝑛

=
1 + ℎ
𝛼𝑛

Therefore (3) becomes

𝐵𝑛 (0) =
−1
1 + ℎ�

2ℎ
ℎ + cos2 𝛼𝑛

�
1 + ℎ
𝛼𝑛

�

= −
1
𝛼𝑛�

2ℎ
ℎ + cos2 𝛼𝑛

Hence final solution becomes

𝑢 (𝑥, 𝑡) =
ℎ𝑥 + 1
1 + ℎ

+
∞
�
𝑛=1

𝐵𝑛 (0) 𝑒−𝛼
2
𝑛𝑡𝜙𝑛 (𝑥)

=
ℎ𝑥 + 1
1 + ℎ

+
∞
�
𝑛=1

𝐵𝑛 (0) exp �−𝛼2𝑛𝑡�
�

2ℎ
ℎ + cos2 𝛼𝑛

sin (𝛼𝑛 (1 − 𝑥))

=
ℎ𝑥 + 1
1 + ℎ

+
∞
�
𝑛=1

−
1
𝛼𝑛�

2ℎ
ℎ + cos2 𝛼𝑛

exp �−𝛼2𝑛𝑡�
�

2ℎ
ℎ + cos2 𝛼𝑛

sin (𝛼𝑛 (1 − 𝑥))

=
ℎ𝑥 + 1
1 + ℎ

− 2ℎ
∞
�
𝑛=1

sin (𝛼𝑛 (1 − 𝑥))
𝛼𝑛 �ℎ + cos2 𝛼𝑛�

exp �−𝛼2𝑛𝑡�

Which is what required to show.
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