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1 Problem 8, section 7.1

Transform the given differential equations into an equivalent system of first-order differential
equations.
X' +3x" +4x -2y =0
Y’ +2y —3x+y =cost

Solution

There are two second order ODE’s, hence we needs 4 states variables x;, xp, X3, x, where (it
is better and more standard to use x; notation for all state variables. The book uses x;,y;
which is not optimal. x; will be used here for all state variables)

Xp=x (1)
X, =X
X3 =Y
Xy =Y
Taking derivatives w.r.t time ¢ gives
xp=x
=X,
x5 =x"
= —(3x +4x - 2y)
= —4x1 — 3xy + 2x3
5=y
=Xy
=y

= —(2y’ —3x+y) + cost

= 3x; —x3 — 2x4 + cost
Or in Matrix form (if needed)

x] 0 1 0 O0fx 0
x5 _ -4 -3 2 0]|x N 0
X3 0 0 0 1] 0
Xy 3 0 -1 -2|[x4] [cost

¥ = A%+ f(b)



2 Problem 1 section 7.2

Verify the product law for differentiation (AB)' = A’B + AB’

A - to2t—1 Bo) - 1—t 1+¢
R % R Y AT
Solution
[+ 2t-1

1-t 1+¢

312 483
162 -4t +1) t(8P -4 +t+1)
(-2 + 12 + 3) (2 + t+ 4)

O

6P — 42+t St —AP + 12+t
_—t4+t3+3t 4+ 8+ 442

Taking derivative of each entry w.r.t f gives

, | 182 =8t+1 3231212 + 2t +1
(AB) =
413 +3t2 +3 413 + 312 + 8t
Now
dlt 2t-1
A= —
o=l ™|
RE
(312 -2
Hence
(1 2 |[1-¢ 1+¢
A'(H)B(t) =
B0 312 —t‘z][3t2 4¢3
[ oe-t+1 8P+l
|8 +32-3 (312 +3t-4)
| er-t+1 8P +t+1
|3 +32 -3 313+ 312 -4t
And
dll-t 1+t
B/(H) = —
dt| 3t2 4¢3

[ 1
et 1212

(1)

(2)



Hence

Therefore, from (2,3)

A'B+AB =

6t 122

[+ 2t -1|[-1 1
ADB® =], "1 H }

112t - 7) +(24£> - 12t +1)

| 613 £ +12t
122 -7t 248 122 + 4 @)
| e-# £ +12t
[ 62— t+1 S +t+1 122 7t 2413 — 122 + ¢
+
313 +3t2 -3 31> +3t* - 4t 613 £ +12t
_(6t2 —t+1)+ (12152 —7t) (8 +t+1)+ (248 - 122 + t)
(-3 +32-3)+ (6-) (38 +312—4t) + (£ +12t)
(182 —8t+1 328 — 122 + 2t +1
3 2 3 2 (4)
»—4t +3t°+3 4t° + 3t + 8t

Comparing (1) and (4) shows they are the same. Therefore (AB) = A’B + AB’ has been

verified.



3 Problem 5 section 7.2

Write the given system in the form X’ = P(t)X + j?(t)

X' =2x+4y + 3¢
Yy =bx—y -t

Solution

There are two first order ODE’s, hence we needs 2 states variables x;, x,. Let

Xp =X (1)
Xp =Y
Taking derivatives w.r.t time ¢ gives
xp=x
= 2x + 4y + 3¢!
= 2x; + 4x, + 3¢t
B=Y
=5x—y—t?
= 5x1 — Xy — tz
Or in Matrix form
O 0

SRARHRE

¥ = PR+ f(b)

W

Or using book notation

3et
+ P




4 Problem 9 section 7.2

Write the given system in the form X’ = P(t)X + j?(t)

Solution

There are three first order ODE’s, hence we needs 3 states variables xq, x,, x3. Let

X =3x-4y+z+t
Yy =x-3z+1#
7 =6y-7z+1

Taking derivatives w.r.t time ¢ gives

Or in Matrix form

Or using book notation

X=X
X2=Y
X3 =2
xp=x'
=3x—-4y+z+t
=03x1 —4xy + x5+t
B=Y
=x-3z+#
= x; — 3x3 + 12

xy =6y —7z+
:6X2—7X3+t3

P S

() f
x] 3 4 1]|[x t
=11 0 =3||x|+|H
x5 [0 6 —7||x] |

¥ =P+ f(H)

x’ 3 4 1||x t
vi=11 0 -3|y|+|t
z’ 0 6 -=7|lz| [£

(1)



5 Problem 15 section 7.2

First verify that the given vectors are solutions of the given system. Then use the Wronskian
to show that they are linearly independent. Finally, write the general solution of the system

Solution

The system is

X(t) = AX (1)
To verify each vector solution, we will check if the LHS is the same as the RHS. The LHS
of (1) is
d d |1
L2y = Lo
a0 = g H
= 2¢? !
1
= 2% (t) (2)
The RHS of (1) is
X1= X
U P
_[3 2 1
5 3| [1
_ 3 -1|[1
5 -3||1

= 2%,(F) 3)



Comparing (1,2) shows they are the same. Now we do the same for the second vector
solution. The LHS of (1) is

d d |1
- H=— —2t
2B = g 5
— —26_2t 1
_5_
= —2%,(t) (4)
The RHS of (1) is
3 -1
AX,= X
2 5 _3] 2
_ 3 -1 o2t 1
5 -3 5]
_ 2 3 1|1
5 -3||5
= o2t -2
-10]
_ _26—2t 1
5_
= —2%,(t) (%)

Comparing (4,5) shows they are the same. Both solution vectors verified. The Wronskian is
the determinant of the matrix whose columns are the vectors ¥;(t),%,(t). Hence

_ 2t —Zt) _ 2t 2t
o ot —5(6 e e“'e
et be

=5-1

Since the determinant is not zero (anywhere), then ¥;(t), X,(t) are linearly independent.

The general solution is linear combination of the basis vector solutions. Therefore

X(F) = c1X1(F) + cXp ()

1 1
+ cpe?
1 5

c16?t + cpe? ]

c1e? + 5eye?t

=ce?




6 Problem 19 section 7.2

First verify that the given vectors are solutions of the given system. Then use the Wronskian
to show that they are linearly independent. Finally, write the general solution of the system

0 1
X =1 1%
1 0

=l

hn

Il

Q

N

R

[EE—
L A R U Gy S

1
A
o =

Solution

The system is
X (t) = AX (1)

To verify each vector solution, we will check if the LHS is the same as the RHS. The LHS
of (1) is

= 2%(1) (2)
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The RHS of (1) is

01 1
A%=1 0 1%
110

[0 1 1][1
=e1 0 1|1
1 1 ofj1
2
=2
2
1
=221
1
= 2%, (t) (3)

Comparing (1,2) shows they are the same. Now we do the same for X,(t). The LHS of (1) is

p 1
— % () = —et
thz() 2 |V
-1
1
:—e_t O
-1

= —%,(t) (4)
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The RHS of (1) is

=—'0
-1
= -X(f) ®)

Comparing (4,5) shows they are the same. Now we do the same for ¥3(t). The LHS of (1) is

d i |°
2200 = Lot

=gl

-1

0

:—e_t 1

-1

= —%3(t) (6)
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The RHS of (1) is

01 1010
=¢fl1 0 11
1 1 o]
[ 0
=ef[-1
| 1
0
=—f1
-1
= —%3(t) (7)

Comparing (6,7) shows they are the same. All three vectors solutions verified. The Wronskian
is the determinant of the matrix whose columns are the vectors x;(t), X,(t), X3(t). Hence

2t -t
€ € 0 0 ot 2t ot
2t —t | — 2t _ -t
e 0 e =e e

—et et 2t _pt
2t —t —t
et —et —e

— eZt(e—Zt) _ e—t(et _ et)
=1-¢7%0)
=1

Since the determinant is not zero (anywhere), then ¥;(f), ¥,(t), X5(t) are linearly independent.
The general solution is linear combination of the basis vector solutions. Therefore

X(t) = c1%1(F) + cXp(t) + c3X5(t)

1 1 0
=11+ et 0 |+ c5e7| 1
1 -1 -1

c1?t + oyt
= c1e? + czet

c1e?t + coe™t + czet
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7 Problem 24 section 7.2

Find the particular solution of the indicated linear system that satisfies the given initial
conditions. The system of problem 15.

x1(0) = 0,x,(0) =5
Solution

The general solution is

X(t) = c1%1(F) + cXp ()

[xl(t)] =% 1 + cze‘Zt[;] 1)

x2(t)
T
=0 1 + Co 5

C1+0Co }
Two equations with two unknown. From first equation ¢; = —c,. Substituting in the second

At t =0, the above becomes

1+ 5C2

,
.5_
o
5_

equation gives 5 = —c; + 5c, or 4c, = 5. Hence ¢, = Z. Therefore ¢; = —Z.Therefore the
solution that satisfies the initial conditions is, from (1)

o) =Sl

() = () + %,0)
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8 Problem 28 section 7.2

Find the particular solution of the indicated linear system that satisfies the given initial
conditions. The system of problem 19.

011
X¥=1 0 1%
110
1
7126%1
1
_1_
Yz—e_t 0
__1_
_O_
72—€_t 1
1]

x1(0) =10, x,(0) = 12, x5(0) = -1

Solution

The general solution is

X(t) = 1%y (1) + cX(t) + c3X5(t)

xl(t) 1 1 0
x()| = c1e?|1| + ce7| 0 [+ cze7| 1 1)
x3(t) 1 -1 -1
At t =0, the above becomes
[10] 1 1 0
12| =c1|1|+cp) O [+ 3| 1
|1 1 -1 -1
—10- C1 +C
12| = C1+C3
[-1] | -c-c

Therefore

1 1 0][¢] [10
1 0 1fc|=[12 (2)
1 -1 -1)|es] |1
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The augmented system is

1 0 10]
1 0 1 12
1 -1 -1 -1
Ry — Ry, - R4
1 0 10
0o -1 1 2
1 -1 -1 -1
Rz — R3 - R4
1 0 10
-1 1 2
-2 -1 -11
Rs — Ry — 2R,
1 0 10
-1 1 2
0 0 -3 -15

Therefore the system (2) now is

1 1 0] 10
0 -1 1l|le|=]2 (3)
0 0 -3|les] [-15

Last row gives c3 = 5. Second row gives —c, + c3 = 2. Hence —c; =2 -5 = -3 or ¢, = 3. First
row gives ¢; + ¢, = 10. Hence ¢; =10 -3 = 7. Therefore

(o] 7
G| = 3
C3 5
Substituting these in (1) gives
xl(t) 1 1 0
x,(t)| = 7€ |1| + 3¢t 0 |+ 5e7f| 1
x3(t) 1 -1 -1

or
?(t) = ﬁl(t) + 372“) + 573(1{')
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9 Additional problem 1

There is a system of three brine tanks. Tanks 1 and 3 begin with 200 L of fresh water each
and tank 2 begins with 100 L of water and 10 kg of salt.

Water containing 2 kg of salt per liter is pumped into tank 1 at a rate of 15 L/min. The
well-mixed solution is pumped from tank 1 to tank 2 at a rate of 20 L/min, from tank 2 to
tank 3 at a rate of 20 L/min, and from tank 3 to tank 1 at a rate of 5 L/min. The well-mixed
solution is pumped out of tank 3 at a rate of 15 L/min.

(a) Draw and label a picture that illustrates this situation. (b) Let x(t), x5(t), x3(t) denote the
amount of salt (in kilograms) in tanks 1, 2, and 3 respectively after f minutes. Write down
differential equations for x{(f), x5(t), x5(t) .(c) Write the system of differential equations in (b)
as a matrix equation X’ = Px + f(t). What are the initial conditions x(0) ?

Solution

9.1 Part (a)

5 Liter/Min

A1t za(t)
l Salt: 0]

15 Liter/Min 20 Liter/Min 20 Liter/Min
— >
salt: 2 kg/Liter Salt: {3 gy Salt: {25
200 L of fresh water 100 L of fresh water 200 L of fresh water
10 Kg salt 15 Liter/Min

Vi(t), z1(t) Va(t), zo(2) Va(t), x3(t)

x;(t) is mass of salt in tank 4

Jalt: Z3(t)
Salt: SA0)

Figure 1: Diagram description of the problem

9.2 Part (b)

x}(t) = rate of flow in — rate of flow out
3 L kg L \x3(t) (kg L \x(t) (kg
- (sl () bl o (B - PlmmlomlE) o

x5(t) = rate of flow in — rate of flow out

3 L \x(t) (kg ~ L X (t) g
—(Zo(m)m(f)) (ZO(mm)w(L)) )

And
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And

x3(t) = rate of flow in — rate of flow out
_ (g L) 220) (ke )| _ (15( L) xs® (Kg)) _ (5(_L_) () (ke
g o I e R o | R

The volume of water at time ¢ is found as follows. V(t) = V(0) + (rate in-rate out)t. Therefore

Vi(t) = vV1(0)(L) + 15+ 5 - 20)(%}

= 200 + Ot (4)
= 200

And
L
=100 + Of (5)
=100

And

L
V5(t) = V3(0)(L) + (20 = 5 — 15)(ﬁ)t
=200 + 0t (6)

=200

We see from the above, that the volume of water in each tank is constant over time. Now,
substituting (4,5,6) into (1,2,3) gives the equations needed.

5 20
1) = 30 + ——q — ——
x(f) = 30+ 255%8 ~ 5501

1 1
=30+ —X3 — —X1 (7)

And

20 20

200"~ 100"
1 2

~10M 1072

X(t) =
8)

And

20 15 5

1002200~ 200"
2 1

= 10727 10

x3(t) =

9)



In summary, the differential equations are
, 1 1
xy(t) =30 + Eﬁ%(f) - Exl(t)
, 1 2
%5(0) = 500 - 15%0

2 1
x3(t) = 5%t = 75%:(0)

9.3 Part (c)
In Matrix form, the solution found in part b is
, 1 17
x1(t) —11—0 0 m x1(t) 30
, 2
xz(t) = o "1 0 x2(t) +|0
%] [0 & -Lllx®] Lo
1 -
, -1.0 S [lx®] |30
=5|1 2 0fjnm|+|0

0 2 -1 _X3(t) 0
¥ =P+ f(h)
The initial conditions are
x1(0) 0
x2(0) [ = (10] (kg)
X3(0) 0

18
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