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1 Problem 7, section 6.2

In Problems 1 through 28, determine whether or not the given matrix A is diagonalizable.
If it is, find a diagonalizing matrix P and a diagonal matrix D such that P"'AP = D

|

solution The first step is to determine the characteristic polynomial of the matrix in order
to find the eigenvalues of the matrix A. This is given by

6
2

-10
-3

det(A - AI) = 0
22 H: ]
2 -3 01
det[6—/\ -10 ]:
2 3-4
6-A)(-3-1)+20=0
A2-31+2=0
(A-2)(A-1)=0

The eigenvalues are the roots of the above characteristic polynomial. From the above, these
are

M
Ay

2
1

This table summarizes the result

eigenvalue

algebraic multiplicity

type of eigenvalue

1

1

real eigenvalue

2

1

real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=1

We need now to determine the eigenvector ¥ where

([

AT

(A -

6 -10 (1 0|\
-

2 -3 01
6 -10] [1 o)
2 3| |0 1]

5 -10 |
2 -4 |

- AU =

(%))

(%)
01

(%)

AT =B
0
AT =0

01

01

o O O o o O

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented

matrix is

Therefore the system in Echelon form is

5 -100 |

2 40|

R, =R 2R1=>—5
2 — N2 5 0
5 -10 | o |

0 0 ||on]




The free variables are {v,} and the leading variables are {v;}. Let v, = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables.
First row gives 5v; = 10t or v; = 2t. Hence the eigenvector for this eigenvalue is

HEH

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as
v 2
L [
(%) 1

Or, by letting t =1 then the eigenvector is
01 _ 2
(%) B 1

We need now to determine the eigenvector ¥ where

A=2

AT = A0

AB-AB=0

(A- A3 =0

6 -10 (1 oo, | [O]
e e

2 -3 [0 1()|v,| |O]

6 10 [2 0o ] [O]

2 -3 (0 2]) o] |O]

4 0o ] [0]

2 —5_va___0_

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

0

0

R, 4 -10]0
RZZRZ——ﬂ 0

4 -10
2 -5

2 0 0

Therefore the system in Echelon form is

M HEH

The free variables are {v,} and the leading variables are {v,}. Let v, = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables.

. . 5¢ ..
First row gives 4v; =100, or v; = > Hence the solution is

HEH

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

—
I <
N —
S—

Il

~
—
— N>
S



Which can be normalized to

The following table summarizes the result found above.

A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
53
1|1 1 No
L 1 .
]
211 1 No
L 2 .

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns
are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

Where

Therefore

:

-10
-3

A =PDpP!

[ A, O
| 0 A

[ 2 5
12

A = PDpP!

25
1 2

H

1o 2]

o2

25
1 2

]_1




2 Problem 15 section 6.2

In Problems 1 through 28, determine whether or not the given matrix A is diagonalizable.
If it is, find a diagonalizing matrix P and a diagonal matrix D such that P"'AP = D

3 31
2 =21
0 0 1

Solution

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A-AI)=0
3 31 1 00
det|][ 2 -2 1 [-A{ 0 1 0 [|=0
0 0 1 0 01
3-4 -3 1
detf 2 -2-1 1 =0
0 0 1-A |
Expanding along last row gives
+ 3-4 -3
ra-nf ot =

1-A)B-A)(-2-1)+6)=0
1-A)(A2-A)=0
1-MAA-1) =0

The eigenvalues are the roots of the above characteristic polynomial. These are seen to be

A1:0
AZZ].
A3:1

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue
0 1 real eigenvalue
1 2 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.
A=0

We need now to determine the eigenvector ¥ where

3 31

2 21

0 0 1
3 31
2 21
0 0 1

-(0)

SN W oo o o o -

O O O O O o o o o




We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

3 -3 1|0
2 -2 1]0
0 0 110
-3 10
2Ry 1
R2 = Rz - T = (0 0 3 0
0 0 1
3 31
Ry=R;-3R,=> [0 0 3
0 0 O
Therefore the system in Echelon form is
-3 1| v 0
1
5 Uy = 0
0 0|l o 0

The free variables are {v,} and the leading variables are {v,v3}. Let v, = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free
variables. Second row gives v; = 0. First row gives 3v; —3v, = 0 or v; = t. Hence the solution
is

01 t
(%) = t
(%] 0

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01 1

Uy | = 1

U3 0
Or, by letting ¢ =1 then the eigenvector is

01 1

Oy | =

O3 0

A=1

We need now to determine the eigenvector 7 where

AT = AT

AT-AT =0

(A-AB=0

3 31 10 0]\ v | 0 |
2 2 1|-Mlo1o0|||lov|=]0
0 0 1 00 1| uvs [ 0 |
3 31 10 0]\ o [ 0 |
2 2 1|-1010]||lov|=]0
0 0 1 00 1| uvs [ 0 |
2 3 1] oy [0 ]

2 31| ov|=]|0

0 0 0] v | 0 |




We will now do Gaussian elimination in order to solve for the eigenvector. The augmented

matrix is
2 -3 1|0
2 -3 1|0
0 0 0/0
2 -3
Ry=R;-R;= |0 0
0 0
Therefore the system in Echelon form is
2 31| v
0 0 O0f v |=
0 0 0] vs

110
0]0
0|0
0
0
0

The free variables are {v,,v3} and the leading variables are {v,}. Let v, = t. Let v3 =s. Now
we start back substitution. Solving the above equation for the leading variables in terms

. . . 3t s . .
of free variables. First row gives 2v; — 30, + v3 = 0 or v; = — — ~. Hence the solution is

v 3t s
1 2 2

(%] = t

(% S

2 2

Since there are two free Variable, we have found two eigenvectors associated with this

eigenvalue. The above can be written as

3t

o1 2 2

Oy | = t |+ 0

U3 0 | S
3
2

=t 1 |+s

0_

By letting t =1 and s = 1 then the above becomes
3

01 ] E -
Uy | = 1 [+ 0
(% 0 1

Hence the two eigenvectors associated with this eigenvalue are

=R
2 2
11| 0
0]] 1
Which can be normalized to o
3 -1
2] 0
[0 ][ 2
The following table summarizes the result found above.
A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
[ 1
01 1 No 1
| 0
(3 -1
112 2 No 2 0
| 0 2




Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvalues found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A =pPDp!
Where
[0 0 0
D=(01 0
[0 0
[1 3 -1
P=]1 2
[0 0
Therefore »
3 -3 1 1 3 -1 0 0O 1 3 -1
2 -2 11|=]11 2 0 010 1 2 0
0 0 1 00 2 0 01 00 2



3 Problem 19 section 6.2

In Problems 1 through 28, determine whether or not the given matrix A is diagonalizable.
If it is, find a diagonalizing matrix P and a diagonal matrix D such that P"'AP = D

1 1 -1
-2 4 -1
-4 4 1

Solution

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A - AI) =0
1 1 -1 100
detl]| =2 4 -1 [-Al0 1 0 [[=0
4 4 1 001
1-4 1 -
detf -2 4-1 -1 |[=0
4 4 1-1]

-A2+6A2-111+6=0

Expanding along first row gives

4-1 -1
4 1-A |4 1-a| |4 4
A=A)@E =D)L =) +4)— (21 = A)—4) — (-8 +4(4-A)) =0

A3 +6A2-131+8- (21 —6) - (8—4A) =0
A3+ 6A2-111+6=0
A3 -6A2+111-6=0

(1-2) - - =0

Trying A =1

1¥-6+11-6=0
0=0

A3-6A2+111-6

= = A2-51+6. This can be factored

Hence (A —1) is a factor. Doing long division
as (A —2)(A — 3). Therefore

A3 —6A2+ 111 =6 = (A = 1)(A - 2)(A - 3)

Hence the eigenvalues are

Alz
AZZZ
A3:3

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue

1 1 real eigenvalue

2 1 real eigenvalue

3 1 real eigenvalue




10

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=1

We need now to determine the eigenvector 7 where
AT =AY
AT- 3 =0

(A- A3 =0
1 No ] [
-2 4 -1 |-@]o0 vy | =
4 4 1 0 |05 |
1 [ v, |

0

0

Oy | =

_ o O = O O

4 4 1 | s |

o R, O O = O

-1 U1 ]
-2 3 -1 Oy | =
-4 4 0 || v |

o O O O o o o o o

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

0 1 -1]0
-2 3 -1|0
-4 4 010

current pivot A(1,1) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 1 with row 2 gives

-2 3 110

0 1 -1|0

-4 4 0|0
-2 3 -10
R3 = R3 - 2R1 — 0 1 -110
0o -2 210
-2 3 110
R3 = R3 + 2R2 - 0 1 —1 0
0 0 010

Therefore the system in Echelon form is

-2 3 -1 01 0
01 -1|lw|=|0
0 0 0 | o 0

The free variables are {v3} and the leading variables are {v;, v;}. Let v3 = . Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables.
Second row gives v, = v; = t. First row gives —2v; + 3v, —v3 = 0 or —2v; = -3t +t = -2t.
Hence v; = t. Therefore the solution is

01 t
(%) = t
U3 t

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as
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Or, by letting t =1 then the eigenvector is

01

Uy | =

_ ok

U3
A=2

We need now to determine the eigenvector 7 where

AT = AT

AT-AB=0

(A-ADB =0

1 1 -1 [1 0 0\ v | 0 |
2 4 1 (-0 10|||lo]|=]0
-4 4 1 |0 0 1f)los]| |[0O]
1 1 1] [20 0]\ [0 ]
24 1 (-[{0 2 0| v |=]0
-4 4 1 [0 0 2f)lws]| |O]
-1 1 -1][ v [ 0 ]

22 “1{vl=|0

4 4 -1 v | |0]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented

matrix is
-1 1 -1|0
-2 2 -11]0
-4 4 -11|0
-1 1 -1{0 |
Rz = R2 - 2R1 — 0 0 1 0
-4 4 -1|0 |
-1 1 -1|0 |
R3 = R3 - 4R1 == 0 0 110
|0 0 3]0
-1 1 -1]0]
R3 = R3 — 3R2 — 0 0 0
0 0 010
Therefore the system in Echelon form is
-1 1 1] v 0
0 0 1 v, |=10
0 0 O U3 0

The free variables are {v,} and the leading variables are {v1, v3}. Let v, = t. Third row gives
v3 = 0. First row gives —v; + v, = 0 or v; = t. Hence the solution is

01 t
Uy =
(%] 0

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as
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Or, by letting t =1 then the eigenvector is

01 1
Uy =1
(%] 0

A=3
We need now to determine the eigenvector 7 where
AU = A7
AG-AG=0
(A-ADG=0
1 1 -1 Nol |
2 4 1|-03)
-4 4 1

0 01

0 Uy
1)l vs |

1—01-

0

0 Uy | =
3 L vs |
—1-—01-

0
1
0
0
3
0
1
1 -1 Uy | =
4

o O O O o o o o o

—2_>’03_

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

-2 1 -1|0

-2 1 -1|0

-4 4 210
-2 1 -110
Rz = R2 - Rl — O 0 0 0
-4 4 2|0
-2 1 -11]0
R3 = R3 - 2R1 — 0O 0 010
0 2 010

current pivot A(2,2) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 2 with row 3 gives

-2 1 -11]0
0 2 010
0 0 00

Therefore the system in Echelon form is

21 1]~ 0
02 0| wl|=lo0
0 0 0 | o 0

The free variables are {v;} and the leading variables are {v,v,}. Let v3 = . Now we start
back substitution. Solving the above equation for the leading variables in terms of free

. . . . t
variables. Second row gives v, = 0. First row gives —2v; = v; = t. Hence v; = -3 Therefore
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Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

1
01 >
(%) =t O
U3
Or, by letting ¢ =1 then the eigenvector is
- - r _1 7
01 >
Oy | = 0
| U3 ]
Which can be normalized to o
4] -1
Uy = 0
| U3 ]

The following table summarizes the result found above.

A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
T8
1|1 1 No 1
L 1 B
]
2|1 1 No 1
| 0]
[ -1
3|1 1 No 0
| 2

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A =pPDp!
Where
[1 0 0
D=]10 20
|0 0 3
[1 1 1
P=(11 O
10 2
Therefore .,
1 1 -1 11 1911 00{(11 -1
24 -1|=111 0 0 2 0 11 0
-4 4 1 1 0 2 0 0 3 1 0 2
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4 Problem 7 section 6.3

In Problems 1 through 10, a matrix A is given. Use the method of Example 1 to compute
A

1
0
0

S N W
N © O

Solution

If A is diagonalizable, then by first writing A = PDP~! then A° = PD°P~!. And since D is
diagonal matrix, it is easy to raise it to power. So the first step is to diagonalize A as we
did in the above problems.

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A-AI)=0
1 30 1 00
det]] 0 2 0|-Al0 1 0 =0
00 2 0 01
1-A 3 0
det|] 0 2-A 0 =0
0 0 2-1
Expansion along the first column gives
2-A 0
1-2) =
0 2-A

1-)2-1)2-1)=0

Therefore the eigenvalues are

This table summarizes the result

eigenvalue

algebraic multiplicity

type of eigenvalue

1

1

real eigenvalue

2

2

real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=1

We need now to determine the eigenvector ¥ where
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AG = Av
AT - A3 =0

(A- A3 =0

0 rvl

o

= (D)

Un

S N W
—_

[ U3 |
01

Uy | =

©S N W UV o o

N © O
|
o =, O O = O

o o =B O O =

a s O O
o o =
_ o O

[ U3 |
01

Uy | =

S O O
S = W

O O O O O o o o o

- o o

| U3 ]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

0 300
0100
0010

(0 3 0|0

R4
RZZRZ—?: 0 0 010
0 0 1(0

current pivot A(2,3) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 2 with row 3 gives

0 300
0 01]0
0 000
Therefore the system in Echelon form is
0 3 0|y 0
00 1] ov|=]0
0 0 0][ vs 0

The free variables are {v;} and the leading variables are {v,,v;}. Let v; = t. Now we start
back substitution. Second row gives v = 0. First row also gives v, = 0. Hence the solution
is

01 t
(%) =10
(%] 0

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01

Uy =t

o o =

U3
Or, by letting t =1 then the eigenvector is

01

Oy | =

o o =

03
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We need now to determine the eigenvector v where
AT = A7

AB- A% =0

(A-ADG=0

o1 [

Uy | =
| U3 ]
o]

Uy | =

N © ©O = O O

S o N ©O O -
SO N O © -, O

| U3 |
o]

(%) =

o O W

0
0

o O O O O o o O O

o o o

| U3 |

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

-1 3 0]0
0 0 00
0 000

Therefore the system in Echelon form is

-1 3 0] o 0
0 00fwl=]o0
0 0 0| v 0

The free variables are {v,,v3} and the leading variables are {v;}. Let v, = t. Let v3 = s. Now
we start back substitution. First row gives —v; = —3v, = —3t. Hence the solution is

01 3t
(%) = t
U3 S

Since there are two free Variable, we have found two eigenvectors associated with this
eigenvalue. The above can be written as

Ul 3t 1 O

Uy | = t +10

U3 0 | S
3] 0
=t{ 1 [+s] 0

0 | 1

By letting t =1 and s =1 then the above becomes

'Ul 3 O

Uz = 1 + 0

O3 0 1

Hence the two eigenvectors associated with this eigenvalue are

3 0
1|0
0 1

The following table summarizes the result found above.



algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
=B
11 1 No 0
[ 0 |
EARE
22 2 No 1[0
0[] 1

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A = PDP!
Where
(1 0 0
D=0 20
0 0 2
(1 3 0
P=(010
| 0 0 1
Therefore
1 30 1 301 0O0(1 30
0 20|={01O04J0201J]0T10
0 0 2 0 01 0 02001
Now that we have diagonalized A, we can finally answer the question.
5 o 5 -1
1 30 1 3 0 0 1 30
020 =1010P0 20 010
002| [oo01f]oo02]loo01
13 0o o130
= 0 25 0 0
01 0 25 01
3 0o o130
= 1 0 32 0
01 0 32]l0 o0
But i
3 1 0 O 1 9% 0
I 1 0 32 0 |=]0 32 0
01 0 32 | 0 0 32
Therefore
130 [19% oft3o0]
IO 2 =0 32 0 010 (1)
0 0 0 0 32]0 01
-1
1 30
We know needtofind [ 0 1 0 | .The augmented matrix is
0 01
1 30100
010010
0 01001



Rl d Rl - 3R2

1001 -320
01001 O
0010 01

Since left half is now I then the right half is the inverse. Therefore

Hence (1) becomes

96
32

o o =

S N W

N © O
Il

o o =

O =

— o O

93 0 ]
32 0
0 32|

o O = O O =

o o -
S = W
_ o O
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5 Problem 13 section 6.3

Find A0,
1 -1 1
2 -2 1
4 -4 1
Solution

If A is diagonalizable, then by first writing A = PDP~! then A'° = PDP~1. And since D is
diagonal matrix, it is easy to raise it to power. So the first step is to diagonalize A as we
did in the above problems.

Find the eigenvalues and associated eigenvectors of the matrix

1 -1 1
2 21
4 41

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A - AI) = 0
1 -1 1 1 00
det|[ 2 -2 1 [-A] 0 1 0 ][=0
4 -4 1 0 01
1-A -1 1
detf] 2 -2-A1 1 =0
4 -4 1-A
(1—)\)_2_A 1 +2 1 +2 —Z—A:O
-4 1-Al 4 1-A] |4 -4

A-ND(-2-DA-N)+4)+20-A) -4+ (-8)-4(-2-1) =0
A3 —A4+2-21-2+4A =

A-A3=0

A1-A2)=0

Therefore the eigenvalues are

A1:0
Azzl
A3:—1

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue
-1 1 real eigenvalue
0 1 real eigenvalue

1 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=-1
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We need now to determine the eigenvector v where

AT = AT

AB-AT7=0

(A-AB=0

(1 -1 1 10 0]\ v | 0 |
2 2 1|-(-D{0 1 0f[wv]|=|0
| 4 -4 1 001 )[wvs]| [0]
(1 -1 1 -1 0 0\ » [ 0 ]
2 21|-10 -1 0 v, |=|0
| 4 -4 1 0 0 -1|)lvs] 0]
2 -1 1][o, ] [O]

2 -1 1o |=]|0

4 -4 21 vs] 0]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

2 -1 1
2 -1 1
4 -4 210
2 -1 110
Rz = R2 - Rl = (0 0 0]0
4 -4 2|0
2 -1 110
R3 = R3 - ZRl = (0 0 0]0
0 -2 00

current pivot A(2,2) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 2 with row 3 gives

2 -1 1|0
0 -2 00
0 0 00

Therefore the system in Echelon form is

2 -1 1| vy 0
0 -2 01|lov|[=]0
0 0 0] vs 0
The free variables are {v;} and the leading variables are {v,v,}. Let v; = t. Now we start
back substitution. Second row gives v, = 0. First row gives 2v; +t =0 or v; = —%. Hence
the solution is ,
2 -5
v, |=| O
U3

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as
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Or, by letting t =1 then the eigenvector is

— U - r 1 7
1 2
(%3 = 0
| U3 ]
Which can be normalized to
01 -1
Uy = 0
[ U3 |

A=0

We need now to determine the eigenvector 7 where

AT = AT

AB-A3=0

(A-ADG =0

1 -1 1 100w ] [0]
2 2 1(-0]010||lwvnl|=]|o0
4 -4 1 00 1])los]| |[0]
1 -1 1 00 0No| [0]
[2—21—000 v, |=]0
4 -4 1 00 0]) o] |[0]
1 -1 1w ] [O]

2 21w l=]o0

4 -4 1| vs| [0)]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

1 -1 10

2 2110

4 -4 110
-1 1
R2 = R2 - 2R1 = (0 0 -1
-4 1
-1 1
R3 = R3 - 4R1 - 0 0 -1
-3
-1 1
R3 = R3 - 3R2 = |0 0 -1

0 0 010
Therefore the system in Echelon form is

-1 1 4] 0
0 -1 |lo|=]0
0 0 ||l vs 0

The free variables are {v,} and the leading variables are {v,v;}. Let v, = t. Now we start
back substitution. Second row gives v; = 0. First row give v; —t = 0 or v; = t. Hence the
solution is
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Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01 1

Uy | = f1

U3 0
Or, by letting t =1 then the eigenvector is

01 1

Oy | =

(%] 0

A=1

We need now to determine the eigenvector ¥ where

AT = AT

A - A3 =0

(A-AB=0

1 -1 1 [1 0 0\ v | 0 |
2 2 1|-Mlo10]||lov|=]0
4 —4 1 [0 0 1] v [ 0 |
1 -1 1] [100])n [ 0 ]
[2-21—010 v, |=|0
4 —4 1| [0 0 1]|)]vs [ 0 |
0 -1 1] v [ 0 |

2 311 ov|=|0

4 4 0| vs | 0 |

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

0 -1 10
2 -3 1|0
4 -4 0|0

current pivot A(1,1) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 1 with row 2 gives

2 -3 110
0 -1 110
4 -4 010
2 -3 110
R3:R3—2R1: 0 -1 1 0
0 2 =20
2 -3 1
R3:R3+2R2:> O —1 1
0 0 010

Therefore the system in Echelon form is

2 -3 1 0 0
0 -1 1 (%))
00 0] o
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The free variables are {v;} and the leading variables are {v,v,}. Let v3 = t. Now we start

back substitution. From second row —v, +t = 0 or v, = ¢t. First row gives 2v; —3v, +t =0 or

201 =30, —tor vy = % = t. Hence the solution is

01 t
(%) =|t
U3 t

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01 1
(%) =11
U3 1

Or, by letting ¢ =1 then the eigenvector is
4] 1
Uy | = 1
(%] 1

The following table summarizes the result found above.

A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
[ -1
-1]1 1 No 0
| 2
=0
0 |1 1 No 1
0
]
1 |1 1 No 1
L 1 B

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns
are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A =PDp!
Where
1 0 0
D=10 -1 0
0 0 O
1 -1 1
P=1 0 1
1 2 0
Therefore B
1 -1 1 1 -1 1 1 0 0|1 -1 1
2 -2 11=11 0 1 0 -1 0 1 1
4 -4 1 1 2 0 0O 0 O 1
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Now that we have diagonalized A, we can finally answer the question.

0 L 10 -1
1 -1 1 1 -1 1 1 0 0 1 -1 1
2 =21 =11 O -1 0 1 0
4 1 1 2 0flo 0 o] |1
1T 1fftool1 <111
=11 0 1 010 1 0 1
1 ojlooo]l1 2 o
1 -1 1 1 00 1 -1 0
But{1 0 01 0f[=1 0 O [ Theabovebecomes
1 0 0O 1
10 -1
1 -1 1 1 -1 011 -1 1
2 =21 =]1 1 0 1 1)
4 -4 1 1 1 2 0

1 -11100
0 010
2 0 01
R, - R, - Ry
1 -1 1 1
01 0-110
1 0 0
R3 = R3 - R4
1 -1 1 1 00
01 0 110
0 3 -1 -1 01
R3 — R3-3R,

1 -1 1 1 0 0
01 0 -1 1 O
0 0 -1 2 31

Now we start the reduced Echelon phase.

R; — —Rj3
1 -1 1 1 0 0
01 0 -11 0
0O 01 -2 3 -1
Ri = Ry —R;
1 -1 0 3 -3 1
01 0 -1 1 O
0 01 -2 3 -1
Ri > R +R,

100 2 -2 1
010-1 1 0
001 -2 3 -1
Since left half is now I then the inverse is the right half of the above augmented matrix.

Hence
2 -2 1

Pl=|l-1 1 0
-2 3 -1
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Substituting the above in (1) gives

— o 7
Y= o

—
o
S —
o O O @ o
T oo T 9o
— = = O N O

10 _
-1 1
21| =
4 1 _

1
2
4

|
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6 Problem 25 section 6.3

In Problems 25 through 30, a city-suburban population transition matrix A (as in Example
2) is given. Find the resulting long-term distribution of a constant total population between

0.9 01
A=
[ 01 09 ]

The first step is diagonalize A = PDP~! and then evaluate A in the limit as k — co. Writing

the city and its suburbs.

Solution

A as
9 1
_| 10 1
A=| 1 90]
10 10

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A - Al) = 0
9 1
= = 10
T 1o 01
2 _ 1
det‘ 10 1 10 1 ] =0
0 10

1 , 1
— (101 -9*-— =0
100" T

1 2
—((10A -9 -1) =0
100(( ) )
101 -9*-1=0
10012 - 1804 +80 =0
18 8
A2 )+ — =
10" 100
8
A-DA-—=]=0
( >( 10)
Hence the eigenvalues are
Al :1
4
A, = -
275

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue

1 1 real eigenvalue
E 1 I eigenval
- real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=1
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We need now to determine the eigenvector v where
AT =AY

AB- A% =0
(A-AB=0

0 01

O =

- ()

} [1 0
1o 1

RN
[ o1 o1 | _

(%}

Sles|=

(%)

—_

01

—
| ——
—— Sl-glv

sl-5|ve
8'“’5"“ [

(%}

|
o o O o o o

10 10 L

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

1 1
Bl
o 1l0

11,
Ry=R,+R;=> | 10 10
2 2 1 ‘0 0]

Therefore the system in Echelon form is

E HEH

The free variables are {v,} and the leading variables are {v,}. Let v, = t. Now we start back
substitution. First row gives v; = t. Hence the solution is

HEN

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

4
/\:g

We need now to determine the eigenvector ¥ where
AU = AU
AT-A3=0
(A-AB=0

0 01

e
—
Bl-sle

—_
L

(%)

01

—
sl-5le

(%)

01

S —
|
——
sl-8l= cuiw o

|
o O o o o o

Sl-gl= s <
‘ ,

(%)
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We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is
11,
[110 0 ]
w 1wl
11

Ry=R,-R, = [E 10

HEH

The free variables are {v,} and the leading variables are {v,}. Let v, = t. Now we start back
substitution. First row gives v; = —t. Hence the solution is

HEN

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

—

0
0
Therefore the system in Echelon form is

1 1
[10 10

0 0

The following table summarizes the result found above.

A | algebraic geometric defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors

]

111 1 No
- 1 .
=n

: 1 1 No

5 1

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A = PDP-!
Where
b [ 1 0]
= 4
:Og
1 -1
P =
_1 1]
Therefore
9 1 r -1
[5 E} [1—1”1 0]1—1
1 9 = 4
= = 11 o z|11
And
k : k -1
[%11_0] 1 4 10]1—1
1 9 = 4
= = 11 ]o {1 1]
-1
1 | 0 |[1 4
= 4k 1 1
v o (3




k
As k — oo the term (g) — 0. Hence in the limit the above becomes

* L At ol[1 al
lim| ¥ ¥ | = - -
| = 2 1 1 ][oof1 1

-1 T 11
-1 1 -1 1 1 - =
But = L =1 =| 2 % |. The above becomes
1 1 -1 111 1 2l 11 - =
det 2 2
1 1
koo ]
. 2 1 10 11
khm 01| = 2 2
"l ol [T Ol 3
11
=| % %
[ 2 2 |
Therefore
?C)k:AkFC)O
1. — — 1- Ak—>
fim i = fim 4%
11 Co
=1t i
L2 2 0
1C0+150
=1 e+ i
[ 350t 520 |
1
=(Co + Sp) i
2 |

This means in long term each city will have half of the initial total population.

29
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7 Additional problem 1

Solution

7.1 Part (a)

To show A is similar to itself, we need to show there exist P, such that A = PAP~1, where P is
matrix whose columns are linearly independent and hence invertible. Let P = I (the identity
matrix of same size as A). Hence A = [AI"!. Since (a) I has linearly independent columns
(basis vectors) and (b) I is clearly invertible and (c) A = IAI"! is true: Post multiplying
both sides by I gives AI"! = IA. But AI"! = Al and IA = Al which means Al = Alor A= A
which is true.

7.2 Part (b)

We are given that
A = PBP! (1)

We need to show that B = PAP~. Starting with (1) given relation, and post multiplying
both sides by P gives

AP = PBP'P
AP = PB

Since PP = I. pre multiplying both sides by P! gives

P'AP =B
PAP =B

Let P~! = Q. Then the above can also be written as

B = QAQ™!
Hence B is similar to A.
7.3 Part (c)
We are given that
A = PBP™! 1)
And that
B=QCQ™"! (2)

We need to show that A = VCV ™! for some invertible matrix V. Substituting (2) into (1)
gives

A=P(QCcQ )Pt
= (PQ)C(Q'P)
But QP! = (PQ)_l. The above becomes
A= (PQ)C(QP)"

Let PQ = V. The above becomes
A=VCy1

Hence A is similar to C.
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8 Additional problem 2

Solution

?C)n = AnyC)O

i

8.1 Part (a)

To find eigenvalues and eigenvectors of A.

[ o

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A - AI) =0
11| 1
det -A 0 =0
10 0 1
[1-1 1
det =0
1 -1
A2-1-1=0

The eigenvalues are the roots of the above characteristic polynomial. Using the quadratic

formula A = ;—z + 2—1a\/bz —4qc = % + %\/(—1)2 -4(-1) = %i %\/1 +4 = % + %\/5 Hence

.
R
|
+

R
|
N = N =
|
N‘&N‘&I

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue
1 5 .

5+ ? 1 real eigenvalue

1 5 .

S 1 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

R
/\—E+T

We need now to determine the eigenvector 7 where

AT = AT

AT-A3=0

(A- A3 =0

11| (1 V51 oo |_[0]

1ol \2 2)Jo1]]|w]| [0

[[1 1] LS 0 Yo ] o]
10 1.5 (o | |0
L 0 2+2_‘2‘ -

[ 1 +5 1r T -

5T o 1 (%] _ 0

1 _l_ﬁ UzJ 0

2 2 1" - -
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We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

1 5
1 5
1 =20
R 15
RZZRZ_ 1 fr— 2 2 1 0
1_45 0 olo
2 2

Therefore the system in Echelon form is

S AN

The free variables are {v,} and the leading variables are {v;}. Let v, = t. Now we start

5 —
v = —t. or U1 = t or

1-45

back substitution. First row gives (1 - %)vl = —t. Hence —

2
2(V5+1) t_z(x/§+1)t_\/g+1
(BB &2

(%) t

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

MRk

Or, by letting t =1 then the eigenvector is

2

:ﬁ

t. Hence the solution is

2] t. Or vy =

Which can be normalized to

[6)]

\/_

2

—
—
[
[eo TN
S
I
—
N =
|
|5
N——
—
[eo TN o
_ o
I
N —_
Il

_vl, o]

\/g _'Uzd__o

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

1 \/5

2t (1 0
5 1

L2310
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R 1y
Ry =R, - 1\@: 2
2

+ —

E
2
Therefore the system in Echelon form is

1,45
2tz |||
0 0 || o2 0
The free variables are {v,} and the leading variables are {v,}. Let v, = t. Now we start back

i) [ o -2(1-+5)
1445 (1+v5)(1-v5)

substitution. First row gives (1+ t which simplifies to

B -2(1-v5)t  (1-v5)

t
v = = Hence the solution is

-4 2
[ o, ] [ (o ]
= 2
(%) t

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

5
)01 =—tor 01 =

Or, by letting ¢ =1 then the eigenvector is

_Ul_ (1-5) ]
= 2
| U2 | 1

Which can be normalized to

[0, ] [1-+5]

»Uz | 2

The following table summarizes the result found above.

A algebraic geometric | defective associated

multiplicity | multiplicity | eigenvalue? | eigenvectors

—1+ 5—
AL 1 No V5
2 2
- [ 1-+5 |
L AN Y 1 No V5
2 2

8.2 Part(b)

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns
are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A =PDP!
Where
1+\/§ 0
D=| 2
0o ¥
L 2
p_|1+V5 1-45
2 2
Therefore
1+5 -1
11| [1+v5 1-46 || == 0 |[1++5 1-+5
10| | 2 2 g ¥ 2 2
2




And now we can write

1 1] [1+v5 1-v5 [ 25 0 [[1445 1-45 ]
1o|] | 2 2 || o LS 2 2
1445 1-+5] (%) 0 1+v5 1-v5 |
| 2 I | (%)” 2 2
1+5 1-5

Using hint, let

8.3 Part (c)

Since

B EEU L B

1 0

n

2

2 2 2 2

0 (1 —ga)n

?C)n = An?()

gl

Then using result from part b, we can now write

But

?C}n = AnYO

1 [ 2(p”+1 2(1 3 g0)n+l

4p-2| 20" 2(1-¢)

1 ¢-1]1

-1 0
1| 291 - 2(1 - go)wr1 2(p(1 - qo)nﬂ —2¢"t1 4 20 +2
4p-2 29" - 2(1 - qp)n 2q0(1 - (p)n - 20" + 2p¢"

: n+1

1 291 -2(1-¢)
4(P_2_ 29" —2(1—(p)n
1 —§0”+1 B (1 B (P)n+1
20-1] ¢"-(1-9)

g

= ¢ ~1.61803 and —— =1-¢ = -0.61803. The above becomes

34

(1)



But %,

[ "Jﬂ, hence
f

n

9" =(1-g)
fn=— o1
_1.61803" — (-0.61803)"
- 2(1.61803) — 1
_1.61803" - (-0.61803)"
- 2.2361

Check: we see from problem statement that fo =0, f; =1,
formula above for f;,

(plz _ (1 _ (p)lz
20 -1

14+B 12_ .
( : Z(H\/(E)l
2
:144\/5

V5

=144

fr2 =

12

2

1+\/§)

Verified OK.

35

-+ f1p = 144. Let us check the
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