HOMEWORK 10 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

4 1

=
7.3.4 We have ¥ = [6 1

} Z. We need eigenvalues and eigenvectors.

det {4EA _11_4 (4= (=1-A)—6
=X -31-10
— (A =5)(A+2)

For Ay = —2, we have
6 1 o 6 1
6 1 0 0
An eigenvector is ) = (—1,6).

For Ay = 5, we have

An eigenvector is U, = (1,1).

> o |1 1
#(t) = cre™* [ 6 ] + cpe® {1}

} Z and Z(0) = [(1)] . We need eigenvalues and eigenvectors.

Our general solution is

9 5

=
7.3.6 We have ¥’ = {—6 _9

det [9__6A _25_ A} =(9—AN)(=2-=X)+30
=M -7A+12
=(A=3)(A-4)

For A\ = 3, we have

5 5 b

An eigenvector is ] = (=5, 6).



For \y = 4, we have
5 5 o 11
—6 —6 0 0
An eigenvector is v, = (—1,1).

Our general solution is

Z(t) = cre™ [_6
To apply our initial conditions, we set ¢t = 0:

- -5 —1

I(O)—Cl|:6:|+62 _1]

We solve the system by reducing the augmented matrix:

-5 —1 1] ri+r, [-5 -1
6 1 0 5_1 0
5R2+R1 -0

>_1 0

So ¢ = 1 and ¢y = —6. Our particular solution is
-5 6
Sy 3t 4t
Z(t)=e |:6:|+€ [—6}

7.3.8 We have 7' = E :?

det hA P A} _
=M\ +4
Our eigenvalues are +2:. For A\; = 2i, we have
[1 —2 =5 } gt B {
1 —1—-22 0

5] + C2€4t {_11

)

1—2

|

i

-1 6
1

} Z. We need eigenvalues and eigenvectors.

(1= A)(=1—\)+5

v

An eigenvector is 7 = (5,1 — 2i). The corresponding complex-valued solution is

= A\t 5 2it
v1€ = .| e
L 1— 22}

5 o
1 22} (cos 2t + 7sin 2t)

5 cos 2t + Hesin 2t

5 cos 2t

| cos 2t + 1sin 2t — 27 cos 2t + 2sin Qt}

n Hsin 2t )
| cos 2t + 2sin 2t sin 2t — 2 cos 2t !



Having separated this into real and imaginary components, we now have two linearly
independent real-valued solutions. So our general solution is

f(t) _ . 5 cos 2t L Hsin 2t
— “Vlcos 2t + 2sin 2t 2 |sin 2t — 2 cos 2t

1 2
7.3.18 We have &/ = |2 7 Z. We need eigenvalues and eigenvectors.
2 1

— N =3 — o

7T—A 1 2 2 2 2
—(1—)\)det{ 1 7_/\]—2det[1 7_/\]+2det[7_/\ 1]

=(1=XN)[(T=A?—1] —2(14 —2Xx —2) +2(2 — 14+ 2))
= (1= A)(\? — 14\ +48) + 8\ — 48
=(1-=XN)A—=6)(A—8)+8(A—6)
=(A=06)[(1=A)(A—8)+8]
= (A—=6)(—=A*+9))
=-AA=6)(A—9)
For \; = 0, we have
1 2 2 1 2 2 1 2 2
2 7 1| 2t g3 g 2t g 1
2 1 7| 3 3 00 0
An eigenvector is v, = (—4,1,1)
For Ay = 6, we have
-5 1 55 1 5 5
9 1 1| 2t lgop g 2B g 9 g
2 1 1] ™ o 0 0 0 0 0
An eigenvector is v = (0,1, —1).
For A\3 =9, we have
-8 2 2 0 —6 6 0 0 O
2 -2 1| ZEtf g gooq | 2B 19 9 g
2 1 —2| YT olg 3 -3 0 3 -3
An eigenvector is U5 = (1,2, 2).
Our general solution is
—4 0 1
Ft)=c | 1| +coe® | 1 | +cze” |2
1 -1 2



7.3.38 We have the matrix

S O N
S w N o
= w O O
- O O O

I-Xx 0 0

det 2 2—X 0

. We need eigenvalues and eigenvectors.

0 3 3=

0 0 4

4—- A

0
0

0

=1-=-XM)2-=-NB=XN4-))

Here we used that the determinant of a lower triangular matrix is the product of the
diagonal entries. Alternatively, you can expand along the first row several times.

For \; = 1, we have

0000
2100
0320
00 4 3
If we set x4 = 4, we get 3 = —3, 29 = 2, and 7 = —1.
7 = (—1,2,-3,4).
For \y = 2, we have
-1 0 0 0 1 000
2 000 0310
0 310 00 4 2
0 0 4 2 0000
An eigenvector is v, = (0,1, —3,6).
For A3 = 3, we have
-2 0 00 1000
2 -1 00 01 00
0 3 00 00 41
0 0 41 00 00
An eigenvector is U3 = (0,0, 1, —4).
For A\, = 4, we have
-3 0 0 0 1 000
2 =2 0 0 01 00
0 3 —-10 0010
0 0 4 0 0000
An eigenvector is vy = (0,0,0,1).
Our general solution is
-1 0
Z(t) = 1€t _23 + cpe® + cze (1)
4 —4

4t

So an eigenvector is

_ o O O



Additional Problems:
1. (a) Let 1 =z, 29 = 2/, 23 = 2”. We get the system

/
T3+ 13— 202=0
TH = I3

/

(b) We have to rearrange some terms to write things in matrix form, but we get

x) 01 0 1
=100 1]z
xh 0 2 —1| |z
(c) We need eigenvalues and eigenvectors.
-2 1 0
det | 0 —A 1 | =—Xdet [_QA _11_ A]
0 2 —-1-2AX
=-AA+ )\ —2)

=-AA+2)(A-1)

For \; = 0, we have

01 0 010
00 1]—=1]001
02 -1 000
An eigenvector is 7, = (1,0, 0).
For Ay = 1, we have
-1 1 0 -1 1 0
0 -1 1| =0 —-11
0o 2 =2 0O 0 O
An eigenvector is o = (1,1, 1).
For \3 = —2, we have
210 210
02 1|—-|(0 21
021 000
An eigenvector is U5 = (1, —2,4)
Our general solution to this system is thus
1 1 1
() =c1 |0 + et | 1| +cze [ =2
0 1 4



(d) The first component of ¥ is 1 = x. So looking at that first component of our general
solution we can say that the general solution of our original equation is

z(t) = c1 + o€’ + cze”

2. (a) Our system looks like:

\ 20 I//,mw\

—

1226 b/ min 120 Lfain é® L 120 L/min

R

20 |-

(b) Note that each tank has constant volume. Our differential equations for the amount
of salt in each tank are:

T
= —-120%x —
x * 50
T )
h=120% — — 120 % —
2 " 20 " 30
) T3
h=120% — — 120 % —
s " 30 " 60
Writing this as a matrix equation, we have
-6 0 0
7=16 -4 0|7
0o 4 =2

(c) To solve, we need eigenvalues and eigenvectors:

—6—A 0 0
det 6 —4— )\ 0 =(=6—-XN)(—4—=XN)(=2-21)
0 4 —2-=A

For \; = —6, we have
000 310
6 2 0 - 1[0 1 1
0 4 4 000

We have eigenvector v; = (1, -3, 3).

For Ay = —4, we have
-2 0 0 1 00
6 0 0] —1]0 2 1
0 4 2 0 00



We have eigenvector v; = (0,1, —2).

For \3 = —2, we have
-4 0 0 100
6 -2 0 —1]0 1 0
0 4 0 000
We have eigenvector v; = (0,0, 1).
So our general solution is
1 0 0
F(t) =cre™® | =3| 4™ | 1 | +e3e7® |0
3 -2 1
100
We have the initial condition Z(0) = | 20 |. Plugging this in to our general solution,
0
we have
100 1 0 0 c1
20| =1 |—-3| +c| 1| +4+ec3|0f = —3c1 + ¢o
0 3 —2 1 3c1 — 2¢9 + 3

We can immediately back substitute to get ¢; = 100, co = 320, and c3 = 340. The
particular solution is

100 0 0
() =e % [ =300 +e | 320 | +e 2| 0
300 —640 340



