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1 Problem 4, section 7.3

In Problems 1 through 16, apply the eigenvalue method of this section to find a general
solution of the given system. If initial values are given, find also the corresponding particular
solution.

x1(t) = 4x1(t) + x,(t)
x5(t) = 6x1(t) — x2(t)

Solution

This is a system of linear ODE’s which can be written as

X'(t) = AX(t)

x| |41 x1(t)
% | |6 1| %O

The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A

det(A-AI) =0

Expanding gives

Therefore

det[

Which gives the characteristic equation

A2-31-10=0
(A=5A+2)=0

The roots are therefore

Next, the eigenvectors for each eigenvalue are found.

eigenvalue -2

We need to solve A% = AT or (A — AI)3 = 0 which becomes
41 10[\o ] |

- (-2) o=

6 -1 0 1)e]| |

6 1] o] |

6 1| o] |

. . . -1 . .
Using first row, and letting v, =1 gives 6v; = -1 or v; = —. Hence the eigenvector is

o O o O

r —1 1
-
=| 6
01 =
1
normalizing the eigenvector gives
5 -1
| =
6

eigenvalue 5



We need to solve A% = AB or (A — AI)3 = 0 which becomes
4 1 1 o) ] [0

-6 e

6 -1 0 1|)w]| [O]

1 1o ] [O]

6 6w]| |0

Using first row, and letting v, =1 gives —v; = -1 or v = 1. Hence the eigenvector is

!

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity m, and we need to determine an additional
m — k generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors

]

5 1 1 No
L 1 .
-1 |

-2 1 1 No
6

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. The only problem we need to take care of is if
the eigenvalue is defective.

Since eigenvalue 5 is real and distinct then the corresponding eigenvector solution is

Yl(t) = e5t 51

Since eigenvalue -2 is real and distinct then the corresponding eigenvector solution is

fz(t) = E_Zt ?))2

Therefore the final solution is
Xp(t) = c1 X1 () + coXa(t)

Which is written as

Which becomes

6% — cpe?t ]

c1e + 60672

[ x (1) ] _
x5 (t)



2 Problem 6, section 7.3

In Problems 1 through 16, apply the eigenvalue method of this section to find a general
solution of the given system. If initial values are given, find also the corresponding particular
solution.

x7(t) = 9x1(t) + 5x,(t)
x5(t) = —6x1(t) — 2x5(t)

With initial conditions
x1(0) =1,x,(0) = 0

Solution

This is a system of linear ODE’s which can be written as

X'(t) = AX(t)

x| 9 5 x1(t)
x® || -6 -2 || %)

The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A

det(A - AD) = 0

SESIRTER

det 9-4 > =0
6 -2-1

Which gives the characteristic equation

Expanding gives

Therefore

A2—71+4+12=0
A-3)A-4)=0
The roots of the above are therefore
/\1 = 3
Az = 4

Next, the eigenvectors for each eigenvalue are found.

eigenvalue 3

We need to solve A% = AT or (A — AI)3 = 0 which becomes
9 5 1 o\ou | |
- o=
-6 -2 01wl |
6 5 | o] |
-6 -5 | Uy | B |

Using first row, and letting v, =1 gives 6v; = -5 or v; = ~ - Hence the eigenvector is

o o O O

=
U= ©
T
Normalizing gives
R -5
D1 =
1 6



eigenvalue 4

9 5

5

23]

We need to solve AB = AB or (A — AI)3 = 0 which becomes

01
Un

01

0

L 0 g
.
0

FMNY

Using first row, and letting v, =1 gives 5v; = -5 or v; = -1. Hence the eigenvector is

o] 7]

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity 7, and we need to determine an additional
m -k generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors

R

4 1 1 No
L 1 A
-5

3 1 1 No

6

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. The only problem we need to take care of is if
the eigenvalue is defective.

Since eigenvalue 4 is real and distinct then the corresponding eigenvector solution is

Yl(t) = ?}1641‘

Since eigenvalue 3 is real and distinct then the corresponding eigenvector solution is

?2(t) = 52€3t

Therefore the final solution is

T(t) = 1% (F) + coXo(t)
)| crett = + cpe’t ™
ne | 1| e

[ x1(f) ] _ [ —cpe* - 5eye’t } 1)

x,() cre* + 6c,e°

Which is written as

Which becomes



Since initial conditions are given, the solution above needs to be updated by solving for
the constants of integrations using the given initial conditions

x1(0) =1
XZ(O) =0

Substituting initial conditions into the above solution at t = 0 gives

1 _ —C1 — 5C2
0 c1 + 6C2
Adding first equation to second gives 1 = ¢,. From second equation this gives 0 = c¢; + 6 or

C1:—6

C1:—6

CZZ].

Substituting these constants back in Eq. (1) gives

xi(t) | | 6e* —5e
o) || 66 + 663



3 Problem 8, section 7.3

In Problems 1 through 16, apply the eigenvalue method of this section to find a general
solution of the given system. If initial values are given, find also the corresponding particular
solution.

x4(t) = x1(£) — 5x2(f)
x5(t) = x1(£) — x2(8)

Solution

This is a system of linear ODE’s which can be written as

X'(t) = AX(t)

xi@® [ |1 =5 || x(®)
) | |1 -1 || x0)

The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A

det(A - AI) = 0

23D

1-— -
det A >
1 -1-A1

Which gives the characteristic equation

Expanding gives

Therefore

A2+4=0
A2 =—-4

Therefore the roots are

/\1 = 21
/\2 = —21

Next, the eigenvectors for each eigenvalue are found.

eigenvalue 2i

We need to solve AB = AB or (A — AI)3 = 0 which becomes

1 -5 1 0o, ] [0]
- (2i) =
1 -1 01| w] 0]
1-2i =5 [ ] 0]
1 1-2i|o| |0]
From first row, letting v, =1 then (1 -2i)v; =5 or v; = % = (1£12;fi)52i) = (iif = (1+52i)5 =

1+ 2i. Hence
1+2i

- [ 01 }
Z)l = =
(%)
The second eigenvector is complex conjugate of the first. Therefore

o122
Uy = 1

eigenvalue —2i




The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity m, and we need to determine an additional
m -k generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors
, [ 1+2i ]
2i 1 1 No
L 1 .
[ 1-2i |
2 1 1 No 11

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. The only problem we need to take care of is if
the eigenvalue is defective.

Since eigenvalue 2i is complex, then the corresponding eigenvector solution is

Since eigenvalue —2i is complex, then the corresponding eigenvector solution is

Yz(t) = ?))28_21}

_ | 172
1

The complex eigenvectors found above, which are complex conjugate of each others, are
now converted to real basis as follows (Using Euler relation that ¢ = cos 6 +isin 0).

First we break X (f) into real part and imaginary part (we could also have done this using
X,(t), either one will work.

%®:£ﬂ1+y

[ ¢2it(1 + 2i)
2it

e

[ (cos2t +isin2t)(1 + 2i)
cos 2t + isin 2t

[ (cos 2t +isin2t) + 2i(cos 2t + i sin 2t)
cos 2t +isin 2t

[ cos 2t +isin 2t + 2i cos 2t — 2 sin 2t
cos 2t + isin 2t

(1)

[ (cos 2t — 2sin 2t) + (2 cos 2t + sin 2t)
cos 2t + i(sin 2t)

Therefore, using

%,(t) = Re(%,())
%,(t) = Im (%, (1))



From (1) this gives

N [ cos2t—2sin2t |
xq(t) =
| cos 2t
N [ 2cos2t+sin2t |
Xo(t) = .
sin 2¢

The final solution becomes

Or

Hence

X(t) = 1% (f) + %o (t)

xi(H) | cos(2t) — 2 sin(2t) N 2 cos(2t) + sin(2t)
Xy (1) - ¢ cos(2t) © sin(2t)

x1(t) = c1 cos(2t) — 2¢q sin(2t) + 2¢, cos(2t) + ¢, sin(2t)
X, (t) = ¢q cos(2t) + ¢, sin(2t)

x1(t) = (c1 + 2cy) cos(2t) + (¢, — 2c4) sin(2f)
X,(t) = c1 cos(2t) + ¢, sin(2t)
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4 Problem 18, section 7.3

In Problems 17 through 25, the eigenvalues of the coefficient matrix can be found by
inspection and factoring. Apply the eigenvalue method to find a general solution of each
system

xj(t) = x1 + 2xp + 2x3
x5(t) = 2x1 + 7xp + X3
Xé(t) = 2x1 + Xy + 7X3

Solution

This is a system of linear ODE’s which can be written as
X'(t) = AX(t)

Or in matrix form

xi(t) 1 2 2 x1(t)
) |=12 71 X, (t)
x5(t) 2.1 7 1] x3(t)
We start by finding the eigenvalues of A. This is done by solving the following equation
for the eigenvalues A

det(A-AI) =0
Expanding gives
12 2 100
det{| 2 7 1 |-A[ 0 1 0 ||=0
217 0 01
Or
1-4 2
det 2 7-4 1 =0

Expanding along first row gives

7-1 1 2 1 2 7-1
1 7-A R 7-A 2 1
A-A)(7-1)*-1)-2Q@F -21)-2) +22-2(7 - 1)) =0
A=-A)T=-AP=-(1-1)-47-A)+4+4-47-1)=0
A=-A)(T -2 -1+1-28+41+8-28+41=0
1-A)7-21)>*+91-49 =0
(1-2A)(A2-14A +49) +91-49=0
“A3+1512 - 631 +49+91 -49 =0
—A3+15A2 631 +91 =0
~A3+15A2 -541 =0

A3 —15)2 + 541 = 0

A(A2-151 +54) =0
AA=6)(A=9) =0

- +2 =0

-2

Therefore the roots are
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Next, the eigenvectors for each eigenvalue are found.

eigenvalue 0

We need to solve A% = AT or (A — AI)3 = 0 which becomes

122 10 0[\|o, | [O]
27 1|-0]010f|[wn|=|0
217 001 (f)los]| [0]
1 22 o, | [0]
2 7 1|[w|=]0
21 7| o] |0]

We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

1220
2710
2170
2 210
R2:R2—2R1: 03 -3/0
21 710
1 2 2|0
R3:R3—2R1:> 0 3 3|0
0 -3 3|0
12 2
R3 = R3 + Rz - 0 3 -3
0 0
The system in Echelon form is
12 2 || vy 0
03 3| vn|=|0
0 0 0 || vs 0

The free variable is v; and the leading variables are {v;,v,}. Let v; = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of free variables
gives v; = —4t,v, = t. Hence the solution is

U1 —4¢ -4
= |=| t [=t 1
U3 t 1
Letting t =1 the eigenvector is
-4 ]
=] 1
1

eigenvalue 6

We need to solve AB = AB or (A — AI)3 = 0 which becomes

122 10 0No| [0]
27 1|-6]0 10| wvn|=|0
217 001 f)lvs]| [0]
5 2 2w, ] [0O]
2 1 1| w|=]|0
2 1 1o ] [0
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We now apply forward elimination to solve for the eigenvector v. The augmented matrix is

-5 2 2|0
2 1 1|0
2 1 1]0
- 5 2 20|
_ '8 22
R2 = R2 + 5 - 0 5 5 0
2 11
- 5 2 2
9 9
Ry=Rs+—L= |0 - -
> 53
5 5
-5 2 2
9 9
R3 = R3 - RZ — 0 g g
0 0
The system in Echelon form is
-5 2 2 01 0
9 9 _
0 5 5 Uy | = 0
0 0 U3 0

The free variable is v; and the leading variables are {v;,v,}. Let v3 = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of the free
variable gives equations v; = 0,7, = —t. Hence the eigenvector is

U1 0 0
Ty=|ov [=| -t =t -1
U3 t 1
Letting t =1 the eigenvector is
0
Uy =| -1
1

eigenvalue 9

We need to solve A% = AB or (A — AI)3 = 0 which becomes

122 10 0No| [0]
2 71(-9010]||lv]|=]|0
217 001 f)los]| [0]
8 2 2o ] [O]
2 21 v, |[=]0
2 1 2)wvs] [0

We now apply forward elimination to solve for the eigenvector v. The augmented matrix is

-8 2 210
2 -2 110
2 1 =210
R -8 2 210
_ g _3 3
Rz = Rz + 1 - 0 2 > 0
2 1 =210
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R -8 2 210
Rs=Ry+—= |0 -2 2o
4 2 2
2 210
-8 2 210
Ry=R;+R;=> |0 -3 2|0
0 0|0
Therefore the system in Echelon form is
-8 2 2 (4] 0
3 3 _
0 —E E Uy = 0
0 0 0|[os 0

The free variable is v; and the leading variables are {v;,v,}. Let v; = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of the free
variable gives equations v, = é,vz = t. Hence the eigenvector is

t 1

% 2 2

6)3 =1 0 | = t =11
(%] t 1

Letting t = 1 the normalized eigenvector is

1
?}3 = 2
2

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity m, and we need to determine an additional
m —k generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors

e

0 1 1 No 1
L 1 |
o ]

6 1 1 No -1
L 1 |

1

9 1 1 No 2
2

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. Since eigenvalue 0 is real and distinct then the
corresponding eigenvector solution is

?C)l(t) = ?))180
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Since eigenvalue 6 is real and distinct then the corresponding eigenvector solution is

Yz(t) = 526&

Since eigenvalue 9 is real and distinct then the corresponding eigenvector solution is

73(15) = ?))389t

Therefore the final solution is
Xp(t) = c1 X1 () + caXa(t) + c3%5(t)

Which is written as

X1 (t) —4 0 1
() |=ci| 1 [+ -1 | +c3e”| 2
x5() 1 1 2

x1(t) = —4cqy + cze™t
xz(t) =C — C2€6t + 2C3€9t

x3(t) = ¢ + cpe® + 2c5e%
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5 Problem 38, section 7.3

For each matrix A given in Problems 38 through 40, the zeros in the matrix make its
characteristic polynomial easy to calculate. Find the general solution of X’(f) = AX(t)

0 00

o o N =

2
3
0

= o O

0
3
4
Solution

This is a system of linear ODE’s which can be written as

X(t) = AX()

Or
xi(t) 1 0 0 O[] x(8)
x5(t) 2 2 0 0[] x
x5(t) 0 3 3 0] x3(t)
xy(t) 00 4 4 x4(t)

We start by finding the eigenvalues of A. This is done by solving the following equation
for the eigenvalues A
det(A-AI) =0

Expanding gives

det

o o N =
S W N O
= W O O
= O o O
o o = O
o = O O

Therefore
1-A 0 0 0

2 2-A2 0 0
0 3 3-4 0
0 0 4 4-A

Since this is a lower triangular matrix, then the determinant is the product of the entries

on the diagonal Hence the characteristic equation is
1-A)2-1)B-1)E-1)=0

Therefore the roots are

A =1
Ay =2
A3 =3
Ay=4

Next, the eigenvectors for each eigenvalue are found.

eigenvalue 1

We need to solve A% = AT or (A — AI)3 = 0 which becomes

1000 100 O0N[o,] [O]
2200_(1)0100 v |_|0
0330 001 0| v 0
00 4 4 000 1][)v]| |O]
000 O0|[wv] [O]
2 100fo]| |0
0320wl [0
00 4 3fwvg] |0]
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We now apply forward elimination to solve for the eigenvector v. The augmented matrix is

0 00O0|O0
21 00]0
03 20]0
004 3|0

current pivot A(1,1) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 1 with row 2 gives

S O O DN
S W o =
- N © O
W o O O
o O©O o O

current pivot A(2,2) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 2 with row 3 gives

S O O PN
o O W -
= O N O
W o o O
o O o O

current pivot A(3,3) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 3 with row 4 gives

21 00]0
03 20]0
00 4 3|0
0 00O0j|O0

Therefore the system is now in Echelon form

S O©O O DN
S O W
S = N O
S W O O

I

w3

|

o oo O O

The free variable is v, and the leading variables are {v;,v,,v;}. Let vy = t. Now we start
back substitution. Solving the above equations for the leading variables in terms of the

. . . t t 3t L
free variable gives equations v; = -2 =503 =7 Hence the solution is

t 1

vy —= —=

’ A 1

) : 2

o | = % | =t %

3 4 4

U4 t 1

By letting t =1 the eigenvector is

01 -7
v i
) -
=| 2
=1
(%] ~1
Oy 1
Normalizing gives
-1
S| 2
| =
-3
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eigenvalue 2
We need to solve AB = AB or (A — AI)3 = 0 which becomes

rvl ;
(%}

-

U3

S O N =
S W N O
=~ W o O
=~ © O© O
o O O =
o o = O
o = o O
_ o O O

| U4 |

|
—_

o,
(%)

U3

o O ©O O O o o O

S o PN

S W o O
=~ = o O
N © O O

[ U4 |

We now apply forward elimination to solve for the eigenvector v. The augmented matrix is

-1 0 0 0(0
0 000
3100
0 4 2|0
-1 0 0 0(0
Ry, =Ry +2R; = 0 00070
3100
0 04 2|0

current pivot A(2,2) is zero. Hence we need to replace current pivot row with a non-zero
row. Replacing row 2 with row 3 gives

-1

o O W o
= © = O
N © O O
o O O O

0

current pivot A(3,3) is still zero. Hence we need to replace current pivot row with non-zero
row. Replacing row 3 with row 4 gives

-1 00 00

3100

0420

0000

The system is now in Echelon form. Hence

-1 0 0 0 n 0
0 310w |0
0 042w |0
0 0 0 0] v 0

The free variable is v, and the leading variables are {v;,v,,v3}. Let vy = t. Now we start
back substitution. Solving the above equations for the leading variables in terms of free

. . . t t .
variable gives equations v; = 0,0, = o3 =5 Hence the solution is

01 0 0
" ¢ 1
) ! 2
5 =| 6 |=t §
3 2 2
U4 t 1
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Letting t =1 the eigenvector is

(2] 0
v :
o || -
Uy 1
Normalizing gives

0
- 1
2=l .

6

eigenvalue 3

We need to solve AT = AT or (A — AI)G = 0 which becomes

1000 100 0w ] [0]
2200_(3)0100 v |_| 0
0330 001 0[] vs 0
00 4 4 000 1]|)]og] |0]
2 0 00][vy] [O]

2 -1 00w |0

3 00| o] |O

0 4 1] 9] [0]

We now apply forward elimination to solve for the eigenvector v. The augmented matrix is

2 0 0 0]0
2 -1 000
0 3 00/0
0 0 410
-2 0 0 0]/0
R, =R, + R, = 0 -107070
0 3 000
0 0 4 1|0
-2 0 0 0]0
Rs = Ry + 3R, = 0 -1 0010
0 000
0 0 410

current pivot A(3,3) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 3 with row 4 gives

-2 0 00]0

0 -1 00|0

0 0 4 1|0

0 0 0O0|O0

The system is now in Echelon form. Hence

-2 0 0 0| m 0
0 -1 00fov| |0
0 0 4 1]lw]| |0
0 0 0 0} vy 0
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The free variable is v, and the leading variables are {v;,v,,v;}. Let vy = t. Now we start
back substitution. Solving the above equations for the leading variables in terms of free

. . . t .
variable gives equations v; = 0,v, = 0,03 = —;. Hence the solution is

01 0 0
(%) 0 0
vs 1 1
Uy t 1
By letting t =1 the eigenvector is
U1
(%) 0
=1 1
(%] 1
[ 1
Normalizing gives
0
5 = 0
N
4

eigenvalue 4

We need to solve A% = AT or (A — AI)3 = 0 which becomes

1000 100 0w, ] [0]
2200_(4)0100 v |_|0
0330 001 0[] v 0
00 4 4 000 1]|)]og] |0]
3 0 0 0][ov;] [0O]
2 -2 0 0wl _|O
0 3 -1 0fw]| |oO
0 0 4 0]log] |0]

We now apply forward elimination to solve for the eigenvector v. The augmented matrix is

-3 0 0 0|0
2 =2 0 0|0
0 3 -1 0|0
0 0 4 0|0
-3 0 0 00 ]
2R, 0 -2 0 0|0
R2:R2+—$
3 0 3 -1 0|0
[0 0 4 00|
-3 0 0 0/0]
3R, 0 -2 0 010
R3:R3+—$
2 0 0 -1 0|0
0 0 4 0/0]
-3 0 0 0|0
0 -2 0 0|0
R4:R4+4R3:
0 0 -1 0|0
0 0 0 0|0
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Therefore the system in Echelon form is

30 0 0] 0
0 2 0 0o | |0
0 0 -1 0flo| |0
0 0 0 0] v 0

The free variable is v, and the leading variables are {v;,v,,v;}. Let vy = t. Now we start
back substitution. Solving the above equations for the leading variables in terms of the
free variable gives equations v; = 0,7, = 0,v3 = 0. Hence the solution is

U1 0 0
v | | 0] ; 0
U3 0 0
Uy t 1

Letting t =1 the eigenvector is

o O O

1

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity m, and we need to determine an additional
m — k generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors
=N
2
1 1 1 No
-3
L 4 .
e
1
2 1 1 No
-3
6
0
0
3 1 1 No
-1
L 4 .
0
0
4 1 1 No
0
1

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis.

Since eigenvalue 1 is real and distinct then the corresponding eigenvector solution is
-1
;C)l(t) = 51€t =¢f
-3
4



Since eigenvalue 2 is real and distinct then the corresponding eigenvector solution is

0

1
jC)z(t) = 62€2t = €2t

-3

6

Since eigenvalue 3 is real and distinct then the corresponding eigenvector solution is

3t _ Bt

4

?3(15) = 636

Since eigenvalue 4 is real and distinct then the corresponding eigenvector solution is

74(1’) = 64€4t = €4t

= o O O

Therefore the final solution is
Xp(t) = c1X1(t) + coXp(t) + caX3(t) + caXa(t)

Which is written as

() 1 0 0 0
t 2 1 0 0
) | ciet + cpe?t + c5e’t + cye*t
xa(t) -3 3 1 0
x4(6) 4 6 4 1
Or
x1(t) = —cqet

Xo(t) = 2c1et + cpe?t
x3(t) = =3cyet — 3cpe? — c5e3

x4(t) = 4cqet + 6cye% + 4 + oyt

21
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6 Additional problem 1

Consider the differential equation x'”(f) + x”(t) — 2x’(f) = 0. (a) Transform this into an
equivalent system of first-order differential equations. (b) Write the system from (a) as
X'(t) = AX(t) (the matrix A should be 3 x 3). (c) Use the eigenvalue method to solve
the system. (d) Using your solution to (c), what is the general solution x(t) to the given
differential equation?

Solution

6.1 Part (a)

Since this is a third order ODE, we need three state variables. Let

X1 =X
i
Xy =X

x3=x"

Taking derivatives of the above gives

Therefore the equations are

X1 =X
’r_

/ —
X5 =2Xy — X3

6.2 Part (b)

The equations in part (a) in matrix form are

x] 01 0]lx
xp[ =10 0 1 {lx

X3 0 2 -1f|x;

6.3 Part (c)

We start by finding the eigenvalues of A. This is done by solving the following equation
for the eigenvalues A

det(A-AI) =0
Expanding gives
01 0 100
det||0 0 1(-A[0 1 0f|=0
02 -1 0 01
Therefore
-A 1 0
det{| 0 -A 1 =0

0 2 -1-4A
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Expansion along first column gives

A1
2 -1-1
“AM(A)(-1-1)-2)=0
—A(A2+1-2)=0
“AA+2)A-1)=0

Hence the roots are A; = 0,1, = -2, 15 =1. For each eigenvalue we find the corresponding
eigenvector.

A=0

We need now to determine the eigenvector ¥ where

ol ol

(e}
I
N
Il

0
1 [-(0)
-1 i
0
1

T~ o o o
© O O u o ~
|
S O ©O o o o o o -
N ©O P, o o o o r o

I
N
Il
O O O O O o o o o

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

01 010
00 110
02 -1(0
[0 1 010
R3 = R3 - ZRl = [0 0 110
0 0 -1]0
0100
R3 = R3 + R2 = |0 1
0
Therefore the system in Echelon form is
01 0] o 0 |
0 01])ov|=]|0
0 0 0] vs 0 |

The free variable is v; and the leading variables are {v,,v;}. Let v; = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of free variable
gives equations v, = 0,v3 = 0. Hence the solution is

01 t 1
v |=]0|=to0
0 0

U3
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Letting t =1 the eigenvector is

Sl
o
I
©c o =

A=-2

We need now to determine the eigenvector ¥ where
AU =AY

AG - A3 =0

(A-ADB=0

o1 [

1
1 |-(=2) 0 v, | =
0

o = O
= o O

| | U3 |
ol [-2 0 0 [\ v |
-1 0 2 0 vy | =
-1 | 0 0 -2])| vs |

N © =2 N © =
|
—_

o O O O o O

01

O O O O O o o o o

S O DN
NN

0_
1 Uy =
1__’03_

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

2100
0210
0210
2 1 0
R3:R3—R2:> 021
0 00
Therefore the system in Echelon form is
210 0
02 1fov|=
0 0 0]f vs

The free variable is v; and the leading variables are {v;,v,}. Let v3 = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of free variable

. . t t .
ives equations v; = -,v, = —-. Hence the solution is
1= y"2 2

’ t 1
. ! :
_ 4 _ 4
(%) = _E =t _E
O3 t 1
Letting t =1 the eigenvector is
1
5 4
1
Which can be normalized to
(4] 1
(%] = -2
(%] 4
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We need now to determine the eigenvector v where
Av =AY
AG- A% =0
(A-AB=0

01

%)
| U3 |
_vl_

Oy | =

L= o
L Y S —
) |

~~

—_

N
S O = O O =

o = O O = O

| U3 |

(%1

_ o P O o = o o

Uy | =

O O O O O o O o o

=)

N
|

N

| U3 ]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

-1 1 010
0 -1 1|0
0 2 2|0
-1 1 0|0
Ry=R3+2R, = |0 -1 10
0 0 00
Therefore the system in Echelon form is
11 0] n 0
0 -1 1 (v |=]0
0 0 0]f v 0

The free variable is v; and the leading variables are {v;,v,}. Let v3 = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of the free
variable gives equations v, = t,v, = t. Hence the solution is

01 t 1
v, |=[t]|=¢1
U3 t 1
Letting t =1 the eigenvector is
1
U= 1
1
The following table summarizes the result found above.
A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
[ 1
0 |1 1 No 0
| 0
[ 1
-2 11 1 No -2
| 4
[ 1
1 |1 1 No 1
[ 1
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Now that we found the eigenvectors, then the solution is

X(t) = 1%y (t) + c%p(t) + c3X5(t)
= C1e/\1t?51(t) + Cze/lzt?}z(t) + C3€A3t?}3(t)

1 1 1
=c1| 0 [+ce?| -2 |+csef| 1 1)
0 4 1
Or
x1(t) = ¢ + cpe™? + cget
Xp(F) = —2c,e7% + c5et
x5(t) = 4ce™? + cqet
6.4 Part (d)

From the solution we found in part(c), which is the general solution in vector form, this
part is asking what is the solution to x"”/(t) + x”’(t) —2x’(t) = 0. Since the solution to this ode
is x(t), and this is the same as x;(t), then the solution to the ODE is

x(t) = 1 + cpe? + cqet

Which is the first row in the vector solution found in part(c).
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7 Additional problem 2

Consider the following system of brine tanks: There are three tanks. Tank 1 contains 20L
of water, tank 2 contains 30L of water, and tank 3 contains 60L of water. Fresh water is
pumped into tank 1 at a rate of 120 L/min. The well-mixed solution is pumped from tank
1 to tank 2, from tank 2 to tank 3, and out of tank 3 all at a rate of 120 L/min.

x1(#)
(a) Draw and label a diagram describing the system (b) Let X(t) = | —x,(t) | be the vector
x3(t)
function of the amount of salt in each tank at time t. Write a differential equation X'(t) =
AX(t) describing the system.(c) Find the general solution to the differential equation you
wrote in (b) using the eigenvalue method. (d) Initially, there is 100 kg of salt in tank 1
and 20 kg of salt in tank 2. Find the particular solution corresponding to these initial
conditions.

Solution

7.1 Part (a)

120 Liter/Min 120 Liter/Mix 120 Liter/Min
- > >
i O I S
20 L of fresh water 30 L of fresh water 60 L of fresh water
100 Kg salt 20 Kg salt 0 Kg salt

120 Liter/Min
Vl(t),ilfl(t) VQ(t)..’If2<t) Vg(f)..’l;(f) Salt: x3(t)

Va(t)

x;(t) is mass of salt in tank 4
Initial mass of salt is shown

Figure 1: Diagram description of the problem

7.2 Part (b)

We notice that, since the rate of flow in and out from each tank is the same, then volume
of water mix is constant and remain the same all the time in each tank. Hence

x}(t) = rate of flow in — rate of flow out

(10 LYo K€ _ fraof L) 0 ke
- 120{ o) - (ol ()
x1(t)

- —1zom 1)

And

x5(t) = rate of flow in — rate of flow out

o )10 (K& i L )220 (K
- (m(min) v1<t>( L )) (120(min) v2<t>( L ))

x1(t) B 120x2(t)
20 30

=120 (2)

And

x3(t) = rate of flow in — rate of flow out

3 L \x(t) (kg L \ x;(t) (kg
~ (ol o ) -0l
_anX2(®) x3(t)
=120 30 120 0

Therefore the differential equations are

xq(f) = —6x1(t)
x5(t) = 6x1(t) — 4xp(t)
x3(t) = 4xp(t) — 2x5(t)

(3)
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In Matrix form

] [-6 0 0]fx)
t)|[=16 -4 0 ||x()
x3(t) 0 4 -=2|[x3()

X = A%

7.3 Part (c)

We start by finding the eigenvalues of A. This is done by solving the following equation
for the eigenvalues A

det(A-AI) =0

Expanding gives

-6 0 0 100

det|]| 6 -4 0 [-A[{0 1 0 (|=0

0 4 -2 0 01

Therefore
-6-A4 0 0
det 6 —4-1 0 =0
0 4 -2-A

Since this is lower triangle matrix, then the determinant is the product of the elements
along the diagonal. Hence
(=6 =A)(-4-A)(-2-1)=0

Hence the roots are

Ay =-2
Ay = —6
Ay = —4

Next, the eigenvectors for each eigenvalue are found.

eigenvalue —6

We need to solve AT = AT or (A — AI)G = 0 which becomes

-6 0 0 1 0 0No, | [O]
6 -4 0 |-(-6))0 1 0|]|lov|=]0
0 4 -2 001 [)ws]| [0]
00 O0][o, ] [O]
6 2 0|lwv, [=]0
0 4 4[ovs| |0]

We now apply forward elimination to solve for the eigenvector v. The augmented matrix is

0 000
6 2 0]0
0 4 4|0

current pivot A(1,1) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 1 with row 2 gives

o O o
=~ O© N
= O O
o O O
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current pivot A(2,2) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 2 with row 3 gives

6 2 0]0
0 4 4|0
0000

Therefore the system is now in Echelon form

6 2 0] o 0
0 4 4 2)220
00 0] v 0

The free variable is v; and the leading variables are {v;,v,}. Let v3 = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of the free

. . . t S
variables gives equations v; = -, v, = —t. Hence the solution is

3
t 1
% 3 3
v |=| -t |=¢ -1
(%] t 1
Letting t =1 the eigenvector is
1
3
() =| -1
- 1 A
T
=| -3
| 3

eigenvalue —4

We need to solve A% = AT or (A — AI)3 = 0 which becomes

-6 0 0 1 0 0N[o, | [O]
6 -4 0 [-(-80 1 0]l v |[=]0
0 4 -2 001 )los]| [0]
2 001w, ] [0]
6 0 0| v |=]0
0 4 2[ov3] |0]

We now apply forward elimination to solve for the eigenvector v. The augmented matrix is

-2 0 00

6 0 0|0

0 4 2|0
-2 0 00
Ry=R,+3Ri= |0 0 0|0
0 4 20

current pivot A(2,2) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 2 with row 3 gives

o O

S B O
o N O
o O O
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Therefore the system in Echelon form is

2 0 0] v 0
0 42wvnl|=]o0
0 00| v 0

The free variable is v; and the leading variables are {v;,v,}. Let v3 = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of the free

. . . t oo
variable gives equations v, = 0,7, = —3. Hence the solution is

Ul 0 0
t 1
2 1= 72 |7 72
7)3 t 1
Letting t =1 the eigenvector is

Ul [ O

1

(%] = _E

03 | 1

[ 0

52(1’) = —1

| 2

eigenvalue -2

We need to solve A% = AT or (A — AI)3 = 0 which becomes

-6 0 0 1 00[\o] [0]
6 -4 0 |-(-2|0 1 0| w|=]0
0 4 -2 001 [)los]| [0]
4 0 0oy ] [O]

-2 0|l v [=]0

4 0] o] [O]

We now apply forward elimination to solve for the eigenvector . The augmented matrix is

-4 0 010
6 -2 010
0 4 010
-4 0 010
3R,
Ry, =R, + EB = |0 -2 010
0 4 010
-4 0 010
R3=R3+2R,= |0 -2 010
0 0 010
Therefore the system in Echelon form is
-4 0 0|l o 0
0 -2 0|l ov |=|0
0 0 0] v 0

The free variable is v; and the leading variables are {v;,v,}. Let v3 = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of the free
variable gives equations v; = 0,0, = 0. Hence the solution is
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Uy 0 0
v, |=1 0 |=¢0
U3 t 1
Letting t =1 the eigenvector is
0
()= 0
1

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity m, and we need to determine an additional
m — k generalized eigenvectors for this eigenvalue.

multiplicity

eigenvalue

algebraic m

geometric k

defective?

eigenvectors

-2

No

0

No

-6

No

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis.

Since eigenvalue -2 is real and distinct then the corresponding eigenvector solution is

751 (t) = 51 €_2t

Since eigenvalue —4 is real and distinct then the corresponding eigenvector solution is

3()2(t) = 7}28_4t

Since eigenvalue -6 is real and distinct then the corresponding eigenvector solution is

X3(t) = Tz

Therefore the final solution is

X(t) = 1% (t) + cXp(t) + c3X5(t)
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Which is written as

X1 (t) 0 0 1
x(1) | = e 0 [+ce | -1 |+ cie™®| -3
X3(t) 1 2 3
7.4 Part (d)
Initial conditions are
xl(O) 100
Xz(O) = 20
x3(0) 0

Hence the solution found in part(c) at t = 0 becomes

100 0 0 1
20 |=c1] O [+ -1 |+ ¢35 -3
0 1 2 3
Or in matrix form
0 0 1| ¢ 100
0 -1 -3|| ¢ |=] 20
1 2 3] ¢ 0

From first row, ¢3 = 100. From second row —c, —3c3 = 20 or ¢, = —20-3¢3 = -20-300 = -320
and from last row ¢; + 2¢; + 3c3 = 0 or ¢; = —2¢, — 3c3 = —2(-320) — 3(100) = 340. Hence

o 340
o | =] =320
c3 100

And the solution found at end of part (c) becomes

x1(t) 0 0 1
%@ | =34002| 0 | -320e7%| -1 |+100e6| -3
x3(t) 1 2 3

x1(f) = 100e7¢
Xo(t) = 320e~4 — 30076
x5(t) = 340e72 — 640e~4 + 300e~°

We see that as t — oo then there will be no salt left in any tank, since each x;(t) — 0, and
therefore only fresh water will remain in each tank, as expected.
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