4.3.24(a)

(a) v(y) = u(eY) solves a constant coefficient second-order ordinary differential equation
with a double root r, and hence v(y) = ¢; e"¥ 4+ c,ye™¥. Therefore,

w(@) = ¢ 2| +cylz | log|z].

(c) u(z,y) = %r4cos49—l—2'r2c:0529—1—6 = %:ﬁl — Zmzyz—i— %y4—1—2:c2 —2y%+6

(d) u(z,y) =rcosf = z.

4.3.33
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where a,,b,, are the usual Fourier coefficients of h(6).

u(r,0) =
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First, if C = p f | h(6) | d6, then the Fourier coefficients are bounded by
—1Tr

lan| <= [ |h(8)cosnd|d o
miom <_f | h(0)|d6 = C.
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Thus, the summands in (4.115) are bounded by
|a,r" cosn® +b, r'"sinnd| < rn(lan | +1b, |) <2Cr}.

oo
According to the Weierstrass M test, since the geometric series » . 2Cr), < oo

converges, the series (4.115) converges uniformly. n=1 Q.E.D.

4.3.42

Given such a curve, let 4 > 0 be the minimum distance between C and the boundary
02, which is positive since C' is assumed to lie in the interior of {2 and both curves are
compact (closed and bounded). Let (z;,y;) € C, ¢ = 0,...,n, be a finite sequence of
points on the curve with (z,v,) = (z,y) and such that the distance from (z,,y;) to
(T301,Y541) 18 < 56, which implies that the disk centered at (z;,y;) whose boundary
circle passes through (z; +1:Y; +1) is contained in Q. Using the preceding argument, a
straightforward induction then shows that

M* = ”(93'01 yo) = “($1ay1) = “(mzayz) = = “(mna'yn) = u(z,y),
as desired. Q.E.D.



4.3.46
The rescaled function %(z,y) = u(Rz, Ry) satisfies the boundary value problem (4.101) on
the unit disk, and hence by (4.126)

- —’.i"2 2
u(r,0) =a(r/R,0) = %f_ﬂ h(®) 1+T2/R212(Tjg)005(9¢) de.

4.4 4(a)(c)
(a) Elliptic when z # 0; parabolic when z = 0.
(c) Parabolic when x + t # 0; degenerate when t = —z.

4.4.11

By the chain rule,
@_i@ 82u_i2 8211.__82_u and hence 82u+82u_82u_82u
oy ot oy: = ot2  ot?’ oz? = oy?  0z2 o2

Thus, this complex change of variables maps the elliptic Laplace equation to the hyper-
bolic wave equation, and the type is not preserved.

4.4.16

False. The equation is elliptic and so has no real characteristics.



